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ABSTRACT: We study 1+ 1-dimensional SU(N) gauge theory coupled to one adjoint multiplet
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conditions, we derive the effective action for the quantum mechanics of the holonomy and the
fermion zero modes in perturbation theory up to order (gL)3. When the adjoint fermion mass-
squared is tuned to g2N/(27), the effective action is found to be an example of supersymmetric
quantum mechanics with a nontrivial superpotential. We separate the states into the Zy
center symmetry sectors (universes) labeled by p = 0,..., N — 1 and show that in one of
the sectors the supersymmetry is unbroken, while in the others it is broken spontaneously.
These results give us new insights into the (1, 1) supersymmetry of adjoint QCDsg, which
has previously been established using light-cone quantization. When the adjoint mass is
set to zero, our effective Hamiltonian does not depend on the fermions at all, so that there
are 2NV~ degenerate sectors of the Hilbert space. This construction appears to provide an
explicit realization of the extended symmetry of the massless model, where there are 22V—2
operators that commute with the Hamiltonian. We also generalize our results to other gauge
groups G, for which supersymmetry is found at the adjoint mass-squared g?h" /(27), where
hY is the dual Coxeter number of G.
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Introduction

Adjoint QCDs is a 1 + 1-dimensional gauge theory with non-Abelian gauge group G and a

multiplet of Majorana fermions in the adjoint representation. This model has been studied

extensively in the case of G = SU(N), starting with [1-3]. In particular, following the success

of light-cone quantization in deriving the meson spectrum of the 't Hooft model [4], which

has its fermions in the fundamental representation, similar methods have been used to study

the large-N limit of adjoint QCD5. Here the spectrum is considerably more complicated,

with an infinite number of Regge trajectories of “gluinoballs,” and yet the low-lying bound

state masses can be determined numerically with good precision [3, 5-8].



There are some particularly interesting values of the fermion mass for which the spectrum
reveals special properties of adjoint QCD2. When the fermion mass m = 0, the lightest
bound states are a fermion with squared mass of approximately M]% ~ 5.7¢*N/(2r), followed
by a boson of squared mass M7 ~ 10.8 g?N/(2m) [3, 9].1 The m = 0 model has a mass
gap but no confinement [7, 10, 11], which makes it qualitatively similar to the Schwinger
model [12]. However, having a mass gap is atypical for 2D gauge theories with massless
fermionic matter (see [13] for a list of gapped such models). When the fermion mass is

N
msusy = 94/ 5 (1.1)

these lowest states have their masses adjusted such that they form a degenerate boson-fermion

tuned to m = +mgysy,? with

pair at mass M]% = M? ~ 25¢>°N/(2m).> The equality of the boson and fermion masses
follows from a (1,1) supersymmetry of adjoint QCDs2, whose prior derivations rely in an
essential way on light-cone quantization [2, 16, 17]. Indeed, while the original space-time
action is not manifestly supersymmetric at m = +mgysy, in light-cone quantization one
integrates out the gauge field and the right-handed fermions, obtaining an action purely in
terms of the left-handed fermions. One can then construct explicit supercharges Q* and Q~
that anti-commute with each other and square to the light-cone momentum PT and to the
light-cone Hamiltonian P~ respectively, thus generating the (1,1) supersymmetry algebra.
Our new results presented here provide strong evidence that the supersymmetry is also
present on a spatial circle of any size, with the periodic boundary conditions for the fermions.

Although light-cone quantization has been very useful for studying adjoint QCD4 and
other 2D gauge theories [1-3, 6-9, 18], it does have some significant limitations, at least in
its current formulation. In particular, it is difficult to gain access to the different topological
sectors of the theory. However, in adjoint QCDgy with SU(N) gauge group there are N
distinct topological sectors [19], also referred to as universes [11]. These are distinguished
by a Zy one-form symmetry (which is the center symmetry of the SU(V) gauge theory),
whose generator has eigenvalue e?™?/N  with p=0,1,..., N — 1, in the pth universe. (For
the theory on a line, one can construct the pth universe by placing probe fermions of N-ality
p and N — p at x = Foo, respectively.) Furthermore, it is known from considerations of
the topological line operators that when m = 0, each universe contains many degenerate
vacua such that the total number of vacua is 2V~1 [11]. It is not yet known how to construct
these vacua using light-cone quantization.

Much of the interesting physics of adjoint QCD3 relies on the presence of the multiple
universes. For instance, the pth string tension is the energy density of the ground state in the
pth universe. At m = 0, the degeneracy of the vacua implies the theory is not confining [11],
as was argued early on using other methods [10]. For any m > 0, the p # 0 universes

'There is a factor of 2 difference in the definition of g* between [3, 4, 9] and the convention used here,
namely g2, = 292 ..o. The g used here is the standard definition of Yang-Mills coupling.

2The two values m = mgusy are related to each other by the discrete chiral rotation (Zs),, which acts as
P = 7.

3The coefficients in these expressions show very weak dependence on N [9, 14, 15], and the values quoted
in the main text are accurate for any N ranging from 2 to infinity.



have nonzero energy density and the theory is confining. In particular, at m = mgusy,
this nonzero energy density indicates the spontaneous breaking of supersymmetry in the
p # 0 universes. We thus expect to see a massless Majorana fermion (i.e. a Goldstino) in
the spectrum of each nontrivial universe [20].

Recently, new approaches to adjoint QCDs have been developed using lattice gauge
theory methods, both in the Hamiltonian [21] and Euclidean [22] formulations. The Zy
one-form symmetry is preserved on the lattice, and thus the universes can be cleanly separated
and studied. So far, the Hamiltonian approach has only been carried out explicitly for the
SU(2) theory. In this case, one finds exact degeneracy of the p = 0 and p = 1 universes
at m = 0 (which in the special case of SU(2) is also implied by the mixed anomalies of
the theory [21, 23]), and there is clear evidence for the presence of the Goldstino mode in
the p = 1 universe at m = mgysy.

Motivated by the success of the lattice methods, in this paper we study the adjoint
QCDg theory analytically on a small spatial circle with periodic boundary conditions for
the adjoint fermions. These boundary conditions have been used extensively in studies
of some higher-dimensional gauge theories compactified on a circle [24-26], leading to the
idea of adiabatic continuity. There have been previous studies of the small circle limit of
adjoint QCDs, but mostly with anti-periodic boundary conditions [27-29].* In that case,
the effective theory on a small circle has been found to be the quantum mechanics of the
Cartan components of the holonomy of the gauge field, with a nontrivial potential resulting
from integrating out the heavy fermion modes. There are important physical differences
between periodic and anti-periodic boundary conditions. In particular, the anti-periodic
case is relevant for studying the theory at finite temperature, as was first done in [2], and a
Hagedorn transition is expected to occur when the adjoint fermions are massive, leading to
a deconfined phase for circle radii smaller than some Lt [30]. In contrast, with periodic
boundary conditions there is no deconfinement transition, and the theory remains confining
down to arbitrarily small radius [23].

There are also marked differences in the effective theory on a small circle. With periodic
boundary conditions for the fermions, the effective quantum mechanics involves not just
the Cartan components of the holonomy variable, but also the Cartan components of the
zero modes of the fermion [23]. Like in the anti-periodic case, the holonomy acquires a
potential from integrating out the non-zero fermion modes. At leading order in gL, one can
approximate this potential with that of an (/N — 1)-dimensional bosonic harmonic oscillator
of frequency g/N/(27), and the Cartan components of the fermion zero modes describe an
(N — 1)-dimensional fermionic harmonic oscillator of frequency |m|.> The combined system
becomes a model of supersymmetric quantum mechanics [31-33] when m? = g? N/(27), which
is the same value of m? where supersymmetry occurs in the light-cone treatment. This is
one of our main results. Furthermore, as we will show in section 2, for the SU(/N) theory
one can study how the states of the simple system of harmonic oscillators get split among

“See, however, [23].

SFor a general group G, the oscillators are rank(G)-dimensional, and the frequency of the bosonic oscillator
is gy/hV/(2m), where h" is the dual Coxeter number of G. See section 3 for more details, including the
definition of the dual Coxeter number.



the N universes. We find that at the supersymmetric mass, supersymmetry is unbroken in
the trivial sector, p = 0, while it is spontaneously broken in all others.

One can systematically compute corrections in gL to the leading order harmonic oscillator
picture presented above. In section 4, we determine the action of the effective quantum
mechanics theory up to order (¢L)3. As we show in more detail in section 6, this action still
takes a supersymmetric form when m = +mgygy. This observation leads us to conjecture
that, at these values of the mass, adjoint QCDy preserves supersymmetry when placed on a
circle of any length using periodic boundary conditions for the fermions. This is consistent
with, and extends, the supersymmetry found in the infinite length limit using the light-cone
quantization [2, 3, 16, 17].

Another remarkable feature of our small circle expansion is that, for m = 0, the
Hamiltonian does not contain the fermions at all, at least to the order that we have calculated.
This provides a simple way to understand the large family of symmetry operators, some of
them non-invertible, of adjoint QCD3 on a circle with periodic boundary conditions [11].
In particular, for gauge group SU(N) our results suggest the existence of 2V~! degenerate

22N=2 operators that commute with the Hamiltonian for any circle size L. (For

(@)

vacua® and of
general gauge group G, we have 2'#°K(G) degenerate vacua and 22127%(G) guch operators.) Our
results, therefore, provide evidence that the non-invertible symmetries of adjoint QCDg [11]
continue to be present when space is compactified into a circle.

The rest of this paper is organized as follows. In section 2 we start by describing the SU(V)
adjoint QCDy theory on a small circle, emphasizing the supersymmetry at m? = g?N/(27).
In section 3 we generalize this analysis to an arbitrary gauge group. In section 4 we go
beyond the leading-order analysis and systematically compute corrections in gL. In section 5
we comment on the number of vacua and the operators that commute with the Hamiltonian
at the massless point. In section 6 we specialize to m = mgysy and show that the effective
theory from section 4 can be written in a manifestly supersymmetric form. We end with a
discussion of our results in section 7. Several technical details can be found in the appendices.

2 Leading order effective theory for SU(IN) gauge group

Let us start by analyzing the SU(N) adjoint QCDs theory at leading order in the small
circle expansion. We will generalize this analysis to an arbitrary simply-connected gauge
group in section 3.

2.1 Effective potential for the holonomy

The action governing the dynamics of the adjoint QCDsy theory in Lorentzian signature is”

1 . §
S = /dt dz tr (—292FWF“” + iy Dyp — m@Zn/)) , (2.1)

At leading order in the small circle limit, this was noted already in [23].

"We do not include the four-fermion operators considered in [23]. The beta functions for these operators,
calculated in [34], vanish when they are absent, implying that they cannot be induced along the RG flow.
Since the four-fermion operators are local, the RG arguments show that they are not induced either when
space is a real line or a circle. Our small circle expansions are indeed consistent with the local four-fermion
not being induced.



where the gauge covariant derivative and field strength are defined as D, = 0, — i[A,, ] and
F = 0,A, — 0,A, —i[A,, A, respectively, and tr denotes the trace in the fundamental

L' = —jog, which

representation. To be concrete, we choose the convention v° = o9, 7
implies that n* = ${v",7"} = diag(1,—1). This basis of y-matrices is purely imaginary,
and the Majorana condition is simply ¥* = 1, so that ¢ = ¢T~°. The chirality matrix
is v° = 4% = 7.

When the length of the circle is small, we can perform a Kaluza-Klein reduction on
the circle. Most modes of the fermion and gauge field acquire masses of order 1/L and can
be integrated out, yielding an effective action for the light modes, which carry energies of
order g. With periodic boundary conditions for the adjoint fermion, there are two types

of light modes: the holonomy variable

L
Q= Pexp lz/ d$Ax] ) (2.2)
0

and the fermionic modes corresponding to the zero-modes of the covariant derivative operator
D,. To derive the effective action, we should carry out the path integral for all the heavy
modes while keeping the light modes fixed. To leading order in gL, the only contribution
from integrating out the heavy modes will be a potential for the holonomy. Following the
well-known calculations of effective potential for the holonomy [35], it was derived for adjoint
QCDy with periodic boundary conditions [23] and takes the form

1 &1

Vet () 2 traq;(Q27), (2.3)

7L =

where the trace is taken after writing the SU(V) group element € in the adjoint representation.
A derivation of the above result is reviewed in appendix A.

The minimum of the potential (2.3) was determined in [23]. Since the solution to the
minimization problem constitutes the first step in our small circle expansion, let us review
it here. One can pass to a gauge where in the fundamental representation 2 is a diagonal
matrix written as

Q:diag{ewl,em...,ei“N}, ai+as+---+ay=0. (2.4)
We can think of {2 as arising from the gauge field configuration where
[
A; =0, A, = Edlag{al,ag,...,aN}. (2.5)

Let us denote by a the N-dimensional vector @ = (aj,as,...,ay); we restrict it to the
hyperplane a; + a2 + --- + ay = 0 in order for 2 to be an SU(N) matrix, or equivalently
for A to be valued in the su(N) Lie algebra. The form (2.4)—(2.5) does not fully fix the
gauge, however. Indeed, we can still perform gauge transformations that permute the a;,
or that shift (a;,ar) — (a; + 27, a, — 27) for any given j # k while leaving all the other q;
the same. These gauge transformations can be used to bring a to a form where the a; are
non-increasing with ¢, a; > as > --- > ay, and the difference between any two a; does not



exceed 27 in absolute value. In other words, a; — a; € [0,2n) for all i < j. Another way of
characterizing the space of such configurations is as a simplex with NV vertices
o — <27rk‘ 2k 2m(k— N) 27T(k—N)>
k - N AR ] N b N PR ] N )
N—k k

(2.6)

with £k = 0,1,..., N — 1, that lies within the hyperplane a; + a2 + --- + ay = 0. We call
this simplex the fundamental domain. The vertices (2.6) are identified with each other
under gauge transformations.

Noting that the adjoint trace is related to the trace in the fundamental representation
via traq; Q" = |tr Q"> — 1 for any group element €2, and evaluating the sum over n in (2.3),
we can write the effective potential as
S (Liaefl@s0)) 4 Lip(e'—49) ) 4 (N ne
mL 6

1<j

Vest (2.7)

Within the fundamental domain, since a; — a; € [0,2m) for i < j, we can use the identity
Lig(e®®) + Lig(e %) = —%f + 3(z — m)?, which holds for all z € [0,2n]. A little bit of algebra
then gives the further simplification

N N
=57 (a? + 2mia;) + const . (2.8)
7L “

=1

Vesr

Under the constraint ) ; a; = 0, the effective potential is minimized for

([ N-1 N-3 N -1 2.9
a*—TI‘N,T&'N,...,ﬂ'N . .

One can verify that a. is the average of all the vertices (2.6) of the fundamental domain,
a, = % Z{CV:_II Vg, SO @y lies right at the center of the fundamental domain.

The situation here should be contrasted to the case of anti-periodic boundary conditions
for the fermions, in which case the effective potential takes a form that is very similar to (2.3):

1 & (-1 .
VA (Q) = E% Z (nQ) traq;(27) . (2.10)
n=1

A similar calculation gives that in the fundamental domain

1
V" = 5= min(a; — aj,27 — (a; — a;))? + const . (2.11)

To minimize this expression, we should choose a; — a; = 0 or 27 for all © < j, which is a
condition that is obeyed only by the vertices of the fundamental domain. (Recall that these
vertices are identified with each other under gauge transformations.) Thus, we can take

a’f = v, = (0,0,...,0) (2.12)

as the minimizing configuration of the potential.® In both the periodic and anti-periodic cases,
the potential for small fluctuations around the minimum is that of a harmonic oscillator.

8Even though the minima are equivalent one find N distinct ground states, one localized near each vertex wvy,.



2.2 Effective action at leading order

To obtain the full leading-order theory for the light modes in the Kaluza-Klein reduction on
the circle, we need to add the classical action to the effective potential (2.8). In the diagonal
gauge (2.4), the zero-modes of D, are spatially constant fields valued in the Cartan, and so
the light degrees of freedom for the holonomy and can be embedded in the full fields as

Opa [ 4. .
% {dlag{a*la Ax2; - - ,CL*N} + g\/Zdlag{ql(t)7 qQ(t)7 B qN(t)}} ’

Y(t,x) = & diag{x1(?), x2(t),.... xn (1)},

where the prefactors multiplying the fluctuations ¢;(t) and x;(t) were chosen for convenience.
The fluctuations ¢;(t) and x;(t) obey >, ¢; = 0 and Y, x; = 0 in order for the A, and %
to be valued in the su(V) algebra. We can use the notation q and x for the N-component

A#(t’ .%') =
(2.13)

vectors whose components are ¢; and ;.
Inserting (2.13) into the action (2.1) and adding in the effective potential (2.8) yields
the following leading order action

SLo—/dt< q—fq q+ix" - x —mx" ’YX) (2.14)

Recall, however, that both g and x are constrained by the requirement that the sums of the
components of each of these vectors vanishes. These constraints can be solved with the help
of the weight vectors for the fundamental representation of su(/N). The fundamental weight
vectors of su(N) form a collection of coefficients wj,, with ¢ =1,...,N,anda=1,... N — 1,
that obey the properties

J

N N b N-1 1 1
Zwia =0, Zwiawib = L, Z WigWjq = = ((5,']‘ — ) . (2.15)
=1 =1 2 a=1 2 N

Conceptually, w;, represents the eigenvalue of the ith basis vector in R under the 7% Cartan
element of su(N), where the Cartan elements are normalized such that tr(7%7T%) = §9/2.
Explicit expressions for w;, can be found in any group theory textbook (see for instance
eq. (13.9) of [36]),? but we will not need them here. While g and x were defined as constrained
N-component vectors, we can define ¢ and x to be unconstrained N — 1-component vectors

N N
CI’ZQZU_J}(]@, )ZZQZU_J})@', 1172 = (wﬂ,wig,...,wi(]\,_l)> s (2.16)
i i=1

with components denoted by g, and x,, respectively. Using the third equation in (2.15)
we can derive the inverse formulas

¢ = q- W, Xi = X - W - (2.17)

In our notation, eq. (13.9) of [36] becomes

0 ifa<i—2,
win = 4 — 4 ifa=i—1,
ta v/ 2a(a+1)
1 ifa=71.

v/2a(a+1)



Plugging these expressions into (2.14) and using the second equation in (2.15), we find an
equivalent form of the leading order action, now written in terms of the unconstrained ¢ and :

1. . Ng¢2_ _
SLoz/dt <2q-q—gq-q+

The expression (2.18) describes N — 1 bosonic and N — 1 fermionic harmonic oscillators

XXX v°>2> . (2.18)
of frequencies wg = ¢ % and wr = |m/|, respectively. This is immediately suggestive of
emergent supersymmetry at wg = wp, where the fermionic oscillator gaps line up with their
bosonic couterparts giving rise to Fermi/Bose degeneracy.

In addition to the dynamics given by (2.18), there is a subtlety related to the pa-
rameterization (2.13). In [27], it is shown that the coordinate change from A, to the
parameterization (2.13) in the Hilbert space formalism is accompanied by the Jacobian

(a*i + g\@qz-) - (a*j + g\@qg')

5 : (2.19)

J [a* + g\/fq} x H sin?
1<j
and for the Hamiltonian to be hermitian wave functions must vanish when the Jacobian
does. This is reminiscent of transitioning from Cartesian to spherical coordinates in quantum
mechanics, where one picks up a Jacobian ~ r? and the radial wave function must vanish
at the origin.

The vanishing locus of the Jacobian (2.19) coincides with the boundaries of the funda-
mental domain. Thus, to obtain a well-defined quantum mechanical problem, we need to
impose Dirichlet boundary conditions on wavefunctions on the fundamental domain. This will
not change the conclusions for periodic fermions, as the leading order effective potential (2.8)
confines the energy eigenfunctions to the interior of the fundamental domain and corrections
from the boundary conditions are exponentially small in (¢gL)~!. Had we instead imposed
anti-periodic boundary conditions on the adjoint fermions, the minimum of the effective
potential would have been in a corner of the fundamental domain and the Dirichlet boundary
conditions would have severely changed the bosonic levels [27].

2.3 Effective Hamiltonian and symmetries

To study the leading order spectrum, let us pass from the action (2.18) to the Hamiltonian
1, . Ng*, . 1 .
Hyo=-p- P+ ——q7 7+ -mx" -7°%, (2.20)
2 4 2

where the canonically conjugate momentum operators p’ obey [qq, pp] = dap, and we also have

{Xg, Xf } = 054 Tt is straightforward to determine the spectrum of the Hamiltonian (2.20):

N
2m
and N — 1 two-level systems (i.e. fermionic harmonic oscillators), each with energies +m/2.

we have the tensor product of N —1 (bosonic) harmonic oscillators with frequency wp = g

A nontrivial feature of this limit is the action of the various symmetries of the original
adjoint QCDsy theory on the spectrum mentioned above. The internal symmetries (i.e. not
spacetime symmetries) of SU(N) adjoint QCD are [23]

78 x (Zo)p for N =2,

20 (2.21)
ZN X (Z2)0:| X (ZQ)F, for N > 2,

m#0



for non-vanishing mass m and

m =10

{Z[Q” X (Za)p % (Zn)y . for N =2, 022)

(28 % (22)c] x (Za)r x (Z2)y, for N >2,

in the massless case. The various factors here act as follows. The fermion parity (Zz2)r
acts as 1 — —1), and it leaves A, invariant. The discrete chiral rotation (Z2), present as a
symmetry only when m = 0, acts as ¥ — 79, and it also leaves A, invariant. The charge
conjugation (Zs)c acts non-trivially only for N > 2, and it is implemented by 1 — ¢’ and
Ay — —Ag, where the transpose is taken in the fundamental representation. Finally, the
center symmetry ZE%,] acts on extended objects rather than on local fields, and, in particular,
fundamental Wilson lines carry charge e N under it. Denoting the operators generating the
symmetries (Z2)p, (Z2)y, (Z2)c, and Zg\l,} as F, V, C, and U, respectively, we write down
their algebra as derived for periodic fermions in [23]:

Uuc =cut, UF =FU, FC=CF,
Vi=1, uy = (-1)N"vu, (2:23)
FV = ()N rF, cv = (-1 e,

The N-dependent signs that arise in the relations involving V represent mixed anomalies,
which imply that the relations involving V are realized projectively on the Hilbert space.
While (Z3)y is a symmetry only at m = 0, for m # 0 it acts by sending m — —m. In other
words, if H(m) is the Hamiltonian for adjoint mass m, we have

VH(m)V™! = H(—m). (2.24)

This relation implies that the spectrum of H(—m) is the same as that of H(m), but the
corresponding eigenstates of H(m) and H(—m) may have different &, F, and C quantum
numbers, as dictated by (2.23).

We will now discuss each of these symmetries in more detail and determine how they
act on the effective degrees of freedom.

Center symmetry. Up to a gauge transformation, the generator of the Zy center symmetry
of SU(N) acts by multiplying the holonomy group element € in (2.4) by e2™/N. Thus,
under the action of the Zy generator, the set of eigenvalues {e@} should get mapped
to the new set {e%} = {e%ei‘“}. However, determining the individual transformations
a; — a; is complicated by the fact that we chose to work in the gauge where the a; are
ordered in decreasing order a1 > ag > --- > ay with no two a; being farther apart than 2.



Nevertheless, it is not hard to check that the transformation

all = a2 + Qﬁﬂ— , emﬁ — e%eiaz ’
a/2 = as + 2% N eiaé — 6%6m3 ,
(2.25)
ag\f—l =an + 2% , em?\l—l — e%eiaz\r ,
CL?V =a1+ 2% — 27, eialN — e%eial

obeys all the desired properties.

From (2.25) one can infer how the center symmetry acts on the fluctuations ¢; and ;. The
q; are defined to be proportional to the differences between a; and the center of the fundamental
domain in (2.9). Using (2.9) and (2.25) one can verify that ¢; = g~ %/2\/gL(a; — a.;) and
¢, = g7'/%\/gL(d, — a.;) are related by

G — 4=din (2.26)

for all ¢, with the cyclic identification gx+1 = ¢1. The geometric significance of this equation
is that the Zy center symmetry acts in the effective theory as a Zy discrete rotation about
the center of the fundamental domain. As given in (2.25), the action of the center symmetry

2mi/N

generator on the holonomy 2 involves a multiplication by e as well as a permutation of

eigenvalues. The latter is a gauge symmetry transformation that is needed in order to keep
a; in the fundamental domain, and it should accompany the center symmetry transformation
when acting on any operators. In particular, the x; should also transform under the center
symmetry as

Xi = Xi= Xitl- (2.27)
In terms of the N — 1-component vectors ¢ and X, the transformations (2.26) and (2.27)
can be restated as follows. Using (2.16)—(2.17), we see, for instance, that ¢ gets mapped

under (2.26) to ¢ = >, 2Wiqiy1 = >; 2W;(Wiy1 - ). Thus, defining the (N — 1) x (N — 1)
orthogonal matrix

N
U= 2dw),, (2.28)
=1

we have that conjugation by the center symmetry generator U gives
UgUt=Ug, UpU =Up, UXU ' =UY, (2.29)

where we also included the transformation under the Zy generator of the canonically conjugate
momentum p.
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Charge conjugation. Adjoint QCD also enjoys charge conjugation which, up to gauge
transformations, acts on the 2d fields by ¢ — 7 and A, — —Ag, with the transpose
being performed in the fundamental representation. As the light modes retained in the
effective theory are valued in the Cartan, the transpose in the charge conjugation operation
can be neglected. However, a simple change a; — —a; would break the gauge condition
a1 > ag > -+ > ay. To preserve the gauge condition, we should additionally perform the
gauge transformation that flips the order of the eigenvalues. Thus, on a;, charge conjugation
should act by sending

a; — a; = —AN41—i - (2.30)

From (2.9) and the fact that we should perform the gauge transformation that reverses the
order of the a; on all quantities, this immediately implies that

L = i
4 qz/ AN +1—i (2.31)
Xi = Xi = XN+1—i-

The transformation properties of the N — 1-component vectors ¢ and ¥, can be inferred as

follows. Using (2.16)—(2.17), we see, for instance, that ¢ gets mapped under (2.31) to § =

— 22 2WigN 41— = — 2_; 20 (W 1i-1-¢). Similarly, x gets mapped to X' = — 3=, 2W; W 4i—1-X-

Thus, defining the (N — 1) x (N — 1) orthogonal matrix

N
C=)> 200y, . (2.32)
i=1
we find that the charge conjugation generator C acts by

cqct=-Cq, cpc—t=0p, cxct=cy. (2.33)

Fermion parity and chiral rotation. Both fermion parity F and the chiral rotation V act
only on the fermions as 1) — — and ¢ — +°¢, while leaving A4, invariant. Thus, we have
FqFr'=q, FXF'=-X,

e S (2.34)
Viv— =¢, VXV =X,

where in the last equation 7° acts on the spinor indices of each of the components of Y.

2.4 Mode expansion basis that diagonalizes U and F

As can be seen from (2.34), the fermion number F and the chiral rotation V act diagonally
on the basis of fluctuations ¢ and ¥, but the center symmetry U and charge conjugation C
non-trivially. As can be seen from the algebra (2.23), it should be possible to pass to another
basis where U and F act diagonally, while C and V do not. This basis will be useful for
splitting up the states into universes and into fermions and bosons.

For the bosons, let us introduce the creation and annihilation operators a;f) and ay,
respectively, with p = 1,..., N — 1, defined by

N ‘
/wz owijp (0
= Nj=1e ’ wj.(q—i_wp)’

N .
_‘__ i _27r'ijp_". _)_l_’
ap_,/N;e - (7-15).

(2.35)
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with w = gw/%. It is straightforward to check that [a,, a;r?,] = 0py. The inverse relation
can be written explicitly

N 1 _2mipj _,
q:\/w—NZe N wj(ap%—aT_p),
]7p

(2.36)
2mipy
P=14/ % ZeTp]u_}j(a; —a—p),
Jp
with p being identified modulo N. The fermion field can be similarly decomposed
N 1 2mipj 1 1
" : (2.37)
1 Z 2mijp <1> RN
Cp=—F=) € wj
\/N j=1 ?
where the fermionic creation and annihilation operators obey {c,, cL,} = Opp-
The symmetry generators U, C, F, V act on the creation operators by
L{a;L{_lzez?\fma;, UCLU_lzepr;,
Fal F'=al, Fd Ft=—d,
calcl = — e i Cele ! = —2me i (2.38)
a,, =—e al,, cp =e cly,
Ty-1 _ ,f Ty-1_
Va, V=" =a,, Ve, Voo =icp.

The action on the annihilation operators can be found by conjugation of the relations in (2.38).
In terms of the creation and annihilation operators, the leading order Hamiltonian (2.20) is

N—-1
1 1
Hio = Z [w (alap + 2) +m (chp - 2)] . (2.39)
p=1
One can check that, as expected, U, F, C commute with Hy,o, while V commutes with Hy,o
only when m = 0. (More generally, VH oV~ ! = HLO‘m—)—m') At the supersymmetric points
m = tw, the Hamiltonian (2.39) can be written as a square of a supercharge

- Lo.0n, (2.40)

m=w 2

with Q = V2w Z]])V:_ll apcjj form = w and Q = V2w Zi)v:_ll apc—p for m = —w.

Hio

2.5 Universes and leading order spectrum

We can construct the spectrum of the Hamiltonian by acting on the Fock vacuum |0), which
is annihilated by all a, and ¢,, with the creation operators a; and cIT,. Since per (2.38)
these creation operators have definite & and F charges, the states constructed this way
will be simultaneous eigenstates of Hy o, U, and F. Let us assume that the Fock vacuum
is invariant under U and F:

Uloy =10y, F10) =10) . (2.41)
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At the supersymmetric values m = 4w, center symmetry and the supersymmetry
commute [,Q] = 0 which implies that we have a genuine supersymmetry where each
universe transforms into itself. One can further compute the Witten index Z,, = tr,[(—1)%]

2mipz

in the pth universe as follows. Consider the weighted sums of the Z, graded by e”~

N1 2mipz
I(z) = e N I, (2.42)
p=0
where z € {0,1,..., N — 1} is a parameter. (Z(z) is the discrete Fourier transform of Z,,.)
The refined index Z(z) can be identified with Z(z) = tr[(—1)fU?e=H], where the factor

2mipz
N

of U? gives the grading e , and e PH serves as a regulator at intermediate steps. The
refined index Z(z) is independent of § because H is @-exact. The refined index can be
computed as a product of bosonic and fermionic contributions, Z(z) = Zp(z)Zr(z). The
bosonic contribution is itself a product over the p harmonic oscillators. For the pth harmonic
oscillator, the state (a;fy)” 0) has H = w(n + 1) and U = e?mP/N wwhere the latter follows
from the fact that the vacuum has Zy charge 0 and aITD has Zy charge p. Summing over all

the states and taking the product over all p, we obtain

N1 R 1 2mipzn N-1 1
Ip(z) = [Z B (n3)+ = ] = 1] = i - (2.43)

_Bw
=1 Ln=0 pmie2 —e 277N

The contribution of the fermionic oscillators is also a product over the p fermionic oscillators,
Bm Bm | 2miz
where each oscillator contributes e 2 —e” 2 + Np, where the first term corresponds to

|0) and the second to CITJ |0). Thus,

N-1 )
Tp(z) = [ % —e 557 (2.44)
p=1

It is clear from (2.43) and (2.44) that when m = w the refined index Z(z) = 1. Comparing
this expression with (2.42), we conclude that

1, f =0,
7, = orp (2.45)
0, forp=1,...,N—1.

As we will now see in examples, this is consistent with the fact that supersymmetry is
spontaneously broken in all the non-trivial universes, and only in the p = 0 universe is
supersymmetry unbroken. When m = —w, one can show that Z(z) = (=1)V~12 which
implies that (2.45) also holds when N is odd, but when N is even we have

-1, f =
Ip:{ or p

’ (2.46)
0, for p #

SIS

The supersymmetry now is unbroken only in the p = N/2 universe and unbroken in the
others. The relation between the indices at m = +w is consistent with the algebra (2.23) as
well as the fact that the axial symmetry transformation changes the sign of m.
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a) The states constructed by acting repeatedly with al upon |0) and o , respectively.
1 1

p=0 p=1 p=0 p=1
T _ 9
VS
(b) The spectrum in both universes at (¢) The spectrum in both universes at a
m = 0. The ground states are at en- supersymmetric point m = w = %. The
ergy w/2. ground state is at zero energy.

Figure 1. The spectrum for the leading-order SU(2) theory where blue and red lines signify bosonic
and fermionic states, respectively. The dashed lines correspond to excitations created by aJ{ acting
upon |0) and ¢! |0).

In the examples below we focus only on the supersymmetric point at m = w, since, as we
just mentioned, the spectrum at m = —w can be obtained from (2.23)—(2.24). For the SU(2)
theory, the supersymmetry at m = w manifests in a particularly simple way. There is a single
bosonic creation operator aJ{, and a single fermionic creation operator c];. Starting from either
|0) and cJ{ |0), we can act repeatedly with aJ{, generating two ladders of states which each
alternate between the p = 0 and p = 1 universes. These ladders are depicted with m = 0 in
figure 1(b). When we set m = w, the fermionic states are shifted up one rung in the ladder,
which leads to a supersymmetric spectrum as shown in figure 1(c). In particular, in the p =0
universe the supersymmetry is unbroken. There is a unique bosonic ground state at zero
energy, and then all excited states exhibit a boson-fermion degeneracy, so that the Witten
index equals 1. In the p = 1 universe the supersymmetry is spontaneously broken, and so the
p = 1 ground state also exhibits boson-fermion degeneracy, with the fermionic ground state
interpreted as a goldstino mode. In this universe, the Witten index clearly vanishes.
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(a) The states constructed by acting repeatedly with aJ{ (dashed) or ail (dotted) upon |0), cil |0},
¢l 10Y, or ¢lel | |0), respectively.

3
(b) The spectrum in the three universes at (c) The spectrum in the three universes at the
m = 0. The ground states are at energy w. supersymmetric point m = w = g % The

ground state is at zero energy.

Figure 2. The leading order spectrum of the SU(3) theory. Blue and red lines denote bosonic and
fermionic states, respectively.

To illustrate the more general case, we can consider the SU(3) theory. The construction
of states is depicted in figure 2. To make the diagrams more symmetric, we refer to the
p = 2 universe equivalently as p = —1. We can generate bosonic states by acting with
the two bosonic creation operators all on either |0) or c];cT_l |0), and fermionic states by
acting with the bosonic creation operators on cTﬂ |0). When m = 0, there is boson-fermion
degeneracy but not within each universe, as shown in figure 2(b). When we set m = w, one
can check explicitly that the states all line up such that once again we have an unbroken
supersymmetric spectrum in the p = 0 universe, and broken supersymmetric spectra with

goldstinos in the p = +1 universes.

3 Leading order effective theory for arbitrary gauge group

The analysis of the previous section can be generalized to the adjoint QCD+ theory with an
arbitrary simply-connected gauge group G. Both the gauge potential A, and the Majorana
fermion are valued in the Lie algebra g = Lie(G). For SU(N.), the fundamental and adjoint
traces are related via the dual Coxeter number hY as trpmng = 2}% traqj. The latter form is
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G dim G rank hY
SU(N) N2 -1 N-1| N
Spin(N) | sN(N—1) | [sN] | N -2
USp(2N) | N2N+1)| N | N+1

Gs 14 2 4
Fy 52 4 9
Eg 78 6 12
E, 133 7 18
Ex 248 8 30

Table 1. Simply connected gauge groups and some of their properties.

well-defined for any algebra, so we use it to write the Lorentzian action as

S = % / dt dz traq; (—;QQFWF‘“’ + ity Dy — mw) . (3.1)
See table 1 for key data of simply-connected Lie groups, including h".'°

As in the SU(V) case, on a small circle most modes of the fermion and the gauge field
acquire masses of order 1/L, and one can write down an effective theory in terms of the
holonomy and the zero modes of the covariant derivative operator D, acting on the fermion.
The holonomy variable €2 defined just as in (2.2) acquires the potential given by the same
expression as in (2.3). To determine the minimum of this potential, one can then take A; =0
and A, to be a constant in the Cartan subalgebra as in (2.5), restricted to lie within an
appropriately defined fundamental domain.

To define the notion of a fundamental domain for arbitrary G, let us establish some
notation. Let H%, with a = 1,...,rank(G), be a basis of Hermitian operators ((H%)" = H?)
for the Cartan subalgebra of g. We can write H for the vector of operators whose components
are H*. More generally, for a quantity X that is valued in the Cartan subalgebra, we will
write X® for the corresponding components and X for the rank(G)-dimensional vector of
components. We have X = X-H , with the inner product being the standard one on Rra2k(G),

The non-zero H eigenvalues of the states of the adjoint representation are the roots
&, which are vectors in R™#5(G) | [ |@) = @|a). To each @ there corresponds a Lie algebra
element E¥ obeying the commutation relations

[H*, H’ =0, [H®, E%] = o"E“,

= = — - =/ = =/ = = 32
[Ea,Efa] a - H, [Ea’Ea] — g:(;‘?é EaJra , ( )

where a® is the ath component of @, as well as (E9)T = E~%. A general Lie algebra element
Y can be decomposed into Cartan and root components Y and Y@ respectively, as in

Y=Y H+> YET. (3.3)

10The dual Coxeter number is defined in general as follows. If g is the largest root and p'is the Weyl vector

defined as half the sum of all positive roots, then the dual Coxeter number is hY =1 + T{%’g .
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Finally, let us normalize the generators such that

trag(HOH?) = 3" a%a = hV6™,  traqy(H EY) =0, traq(BYE™Y) = V6%, (3.4)
a

where 1" is the dual Coxeter number as in (3.1). This normalization ensures that the largest
root has unit length, since in general one can show that tr,q; H*H b= |§\2hv6“b, where 6
is the largest root. See section 13.2.4 of [37].

For example, in the G = SU(N) case, there are N(N — 1) roots d;; = w; — W, with
i # j, and where w; are the fundamental weight vectors introduced around (2.15). For a
diagonal matrix X = diag{ X1, Xo,..., X, }, we have X =2 > Xiw; as in (2.16). We also
have h¥ = N in (3.4), which is consistent with (2.15).

With this notation, the analogs of (2.4) and (2.5) for general G can be written as

A=0, A, =-a-H, Q=@ (3.5)

where @ is a vector in R™*%(%), Let us now discuss the restriction to the fundamental domain.
In the SU(N) case, this restriction arose as a consequence of the gauge transformations that
send (aj, a;) — (a; + 27, a; — 2m) for some i # j and those that permute the a;. In terms of
a=2),a;w;, a gauge transformation of the first type can also be written as

a—ad+ 471'521‘]' , (3.6)

where we used &;; = w; — w;. This is a translation by 47 times the root vector &@;;. More
generally, a translation of @ by 47 times any vector of the root lattice would also be a gauge
symmetry. Similarly, the transformation that interchanges a; with a; while keeping all the
other diagonal entries the same can be written as

a—a+ 2(aj — az)zﬁz + 2(@1' — aj)w]' =d-— 2(6 . 071])07” R (37)

where we used a; = @ - w;. This is a reflection of @ about the unit vector ;.
Both types of transformations generalize to arbitrary G almost with no change. For
arbitrary G, the (time-independent) gauge transformations act as

Ay = gAugt —i(0ug)g . Y = gvgt. (3.8)

For the first type of gauge transformation, we consider g(t,z) = e**/L for some Cartan
element K = K - H. In order for g(t,0) = g(t,L), K needs to obey e = 1. Such
transformations translate A, by K/L and they translate a by K:

i—it+ K. (3.9)

It was shown in [38] that, when G is simply connected, the condition e!® = 1 implies that
K belongs to the lattice generated by 2ra@", where @V = 2@/ |@|* are the coroots of G. By
identifying points differing by such a shift, the space of @ then splits into gauge-equivalent
unit cells, and it will be most convenient to restrict ourselves to the Wigner-Seitz unit cell,
obeying the property that @ is closer to the origin than it is to any other lattice point.
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(a) SU(3) (b) G2

Figure 3. The coroots of SU(3) and Ga, with red dots denoting positive co-roots and blue dots
denoting negative coroots. The solid line is the boundary of the Wigner-Seitz cell (3.11), the dashed
line is the boundary of the fundamental domain (3.14), and the minimum of the effective potential
within the fundamental domain is denoted with a cross.

One can show that the generators 27@" include the minimum-norm elements of the lattice,
and so this condition implies

1
@ € Wigner-Seitz cell < |a-2rd"| < 3 |27r62\/|2 for all a. (3.10)

We can use @ = 2@/ |@|* on the Lh.s., as well as |@"||@| = 2 to simplify this condition to
a € Wigner-Seitz cell <= |d-d| < 2w for all &. (3.11)

The second type of gauge transformations, which generalize (3.7) to arbitrary G, are
those with
T

Fa ETHET)] (3.12)

g =exp |t
Such transformations generate the Weyl reflections:

A @ G g 0a™ T (3.13)
|l
This transformation splits the @ space into gauge-equivalent Weyl chambers. The fundamental
Weyl chamber is that for which @ - & > 0 for all positive roots & > 0.
Thus, combining the two transformations (3.9) and (3.13), we can restrict our attention
to the intersection between the fundamental Weyl chamber and the Wigner-Seitz unit cell.
We call this region the fundamental domain F. Examples of F for SU(3) and G2 are given

in figure 3. Explicitly, it is defined by

F={a:a -ael0,2n) for all @ > 0} . (3.14)
With @ € F, we have
1 © 1 ... 2r a-a 1\2
V(@) = — —etndd _ 20 N 3.15
() wL%:nZ::anQ L&>0<27r 2) (3.15)
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We can evaluate the sum over roots using 35+ a%a® h 5% (see (3.4)) and Y gu0d = 2p
(by definition of the Weyl vector ﬁ) This gives
Ve (@) = — a1y
() = 7 (8W2a Wa o+ const) (3.16)
Thus, in the fundamental domain, the minimum of the effective potential is unique and
located at!!

4

(3.17)

This expression generalizes (2.9) to arbitrary G.
Finally, we can obtain the leading order effective action by considering fluctuations of @
around @y, and restricting to the Cartan modes of the adjoint fermion :

1 = . — o 1 N —
A =0, szz(a*—i-g\/fq(t))'ﬂ, =X 4. (3.18)
From (3.16), the potential for ¢'is Vog = %(j’ -¢. To obtain the full effective action, we should
substitute the ansatz (3.18) into (2.1) and add the contribution of the effective potential.

The result is just (2.18) with N replaced by the dual Coxeter number h":

1. . hYg? i - m
S :/dt —§-G— 774+ -7 v — —=xT 2% . 3.19
LO <2qq 5 a5 X =5 X X (3.19)

The action (3 19) is that of rank(G) bosonic and fermionic harmonic oscillators of frequencies
wp=yg and wr = |m|, respectively. As discussed around (2.19) in the SU(N) case, all
Wavefunctlons should obey Dirichlet boundary conditions at the boundaries of the fundamental
domain. Since the minimum of the potential is within the fundamental domain, the Dirichlet
boundary conditions have an exponentially small effect on the energy levels.

4 Subleading effective theory

The effective action (3.19) should be viewed as the leading-order piece of an effective action
for the adjoint QCDs theory on a small spatial circle of circumference L. In this section
we will develop the subleading corrections and write the next several terms of the effective
action as a power series in gL < 1.

We will begin by passing to Euclidean signature with ¢ = —ir, which will simplify
the remainder of the computation. Identifying —iS with the Euclidean action Sg, we find
that (2.1) becomes

1 1 .
Sk = v / d7 dz traq; <92fo + 97 (Dr —iy°Da) ¥ + mwTv%) : (4.1)

"'We can verify that @. indeed belongs to the fundamental domain as follows. Let @ > 0 be a positive root.
We need to show that @. - @ € (0,27). That d. - & > 0 follows from the fact that §- & > 0, which in turn
follows from - &; = |d;|* /2 > 0 for every simple root &@; and that the positive root & can be written as a
linear combination of simple roots with non-negative coefficients. To show that a@. - @ < 27, first note that if
g is the largest root, then 6 — @ is also a non-negative root, so g - (9”, @) > 0, or equivalently p- & < p'- g.
This implies @, - @ = 757 & < 757" 6= 2% (hY — 1) < 2m, where we used the definition of the dual Coxeter
number h¥ = 1+ 20 - 7 in the convention where # has unit length. We have thus shown that @. - & € (0, 27),
S0 @« belongs to the interior of the fundamental domain F.
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Our procedure will be to fix a gauge, add the requisite ghost contribution to the action, and
then expand around the solution corresponding to the minimum (3.17) of the leading-order
effective potential for the holonomy. We will find an effective theory of bosons and fermions,
coming from holonomy degrees of freedom and adjoint fermion zero modes respectively. In
section 6, we will show that it exhibits supersymmetry order-by-order when the adjoint
fermion mass is m = £mgygy, with

hV
msusy = 9/ 5 - (4.2)

On our spacetime S! x R, we can make a gauge transformation to fix the spatial component

4.1 Gauge fixing

of the gauge field to be independent of x and aligned with the Cartan subalgebra:
0, A2 =0,  AY=0. (4.3)

The remaining zero mode of A, leads to a 7-dependent holonomy of the gauge field around
the spatial circle,

Q1) = ¢ Jy doAa(r) _ etlAa() (4.4)

This choice of gauge should be accompanied by a ghost action via the standard Faddeev-
Popov procedure. Our gauge-fixing condition can be represented as

f(A) =0,  with  f(A,) =L (0,A%) H" + Y AJEY. (4.5)
To restrict the path integral to gauge configurations with f(A,) = 0, we insert a factor of

(4)
1 :/DAd(f(A(A))det (%) , (4.6)

where A(7,z) € g is the parameter of a gauge transformation and AELA) = A, + D,A is the
transformed gauge field. To evaluate the functional determinant, we note that 04, = D, A =
O\ — i[A,, A] can be written in the Cartan-Weyl basis as

5Au =Y (O A H + 3 (9 — i( A, - @)AT) BT (4.7)
a a
Evaluating f(A, + 0A,) using (4.5) gives

Of(Au) = LY (@A H" + " (0,47 — i( A, - @)AT) B (4.8)

We can read off that, up to constant factors, the Fadeev-Popov determinant is the product
of det(—02) for each of the Cartan directions and det (i@w + A, - 62) for each root direction
a@. These determinants can be reproduced from a Gaussian path integral of adjoint-valued
anticommuting ghosts ¢ and ¢. The ghost action can be taken to be

Sghost = /dT dx l% tr (¢Dyc) + Z & (—0?% - i@x)cal . (4.9)

The second term does not couple to the dynamical gauge field and can be dropped for the
purposes of this calculation.
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4.2 Small circle scaling

We will now rewrite the action on S! x R in terms of dimensionless fields in a manner that
facilitates deriving the effective action order-by-order in gL. For the gauge field, we want to
expand around the configuration A, = %, with a, as in (3.17), and A, = 0. Furthermore,

following (3.18) we set

Au(r,z) = % (@ + voLd(r)) - . (4.10)

where § = ¢'/?q is dimensionless, so that O(1) values of ¢ correspond to O(g) energies.
Likewise, we set

A (m,x) = g®(1,x) (4.11)

so that ® has an analogous scaling behavior. For the ghost field and the fermion, we rescale
by L~1/2 to get dimensionless fields, and we separate out the zero mode X(7) of the fermion:

1 1
(1, 2) = ﬁx(ﬂ 7T

1
ﬁC(T,SU) .

In terms of these fields, our goal will be to integrate out the “heavy” modes ®, C, and ¥ and

U(r, x),
(4.12)
c(r,x) =

obtain an effective theory of the “light” modes g and x. The light modes are independent of
x and valued in the Cartan, while the heavy modes either have nonzero momentum along
the S! direction or are valued in the roots of g.

We can also pass to dimensionless versions of the spacetime coordinates. Since the
momenta are of order L~ and we are interested in energies of order g, we will use

,7_

gT, z=xz/L. (4.13)
In terms of these rescaled fields and coordinates, we can write the full action as
SE + Sghost = SL + Su + SHL, (4.14)

where the three terms are as follows. The action for the light modes is
S; = / d7tr ((ﬁ;qa)(a;qa) + xL0:xa + TgnxanyOXa> . (4.15)

All terms in this piece are O ((¢L)°) (in particular, we treat m/g as O(1)). The action
for the heavy modes is

Sy = /d% dz tr (2((835@ —ilay, ®))% — iUTT?(0; 0 — ila,, U]) + 2iC(05C — i[as, C}))

+ 070U + %\IIT’)/O\IJ —ivT (o, qz]) : (4.16)
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The terms on the second line are subleading in gL. Finally, there are terms involving
interactions between heavy and light modes:

Sy = /d% dz tr (\/}L( — UTy0[q, W] + 2i(05® — i[a., B])[®, 4] + 2C[g, C])

(4.17)
— 20" [®, 0] - [cb,qP) -
Again, terms on the second line are subleading in gL.
4.3 Feynman rules
The effective action for the light modes ¢ and x can be expressed as
Sestla: X] = Stla, x] — log/D[CI),\I/,C] e~ Su[®V,C]=SuL[®,V,C5q,x]
Lo L3
:SL+<SHL>C_§<SHL>C+6<SHL>C+ ) (418)

where (.. .). denotes a connected correlator calculated from the path integral over heavy modes.

To compute these connected correlators, we will write down explicit Feynman rules
in terms of frequency and momentum modes of the fields expanded in the Weyl-Cartan
basis. We will denote frequency modes proportional to €7 by w € R and momentum modes
proportional to e2™"® by n € Z. Edges will be labeled either by a root o or an index a
of the Cartan subalgebra.

The propagators for the heavy fields can be read off from (4.16). The propagator for
the heavy mode ® of the gauge field is given by either!?

MWW = Do(w,n),  n#0), (4.19)
w,n
a
_
or MMVWWWW = D 5 (w, n) (4.20)
w,n

depending on whether the propagating field is aligned with a Cartan direction a or a root
«. The function on the right hand side is

gL
(2mn — Q)%

12The kinetic term for the heavy fields does not include a quadratic term for the spatially constant part of
® valued in the Cartan. It appears linearly in the second line of (4.16), and this term should be interpreted as

Dg(w,n) = (4.21)

a Lagrange multiplier imposing the constraint of charge neutrality
/dx > o au et <.
a>0

In our perturbative calculation, this contraint will be automatically satisfied because the unperturbed vacuum
as well as all the interaction vertices are uncharged.
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The ghost fields can be taken to lie only in the roots, as explained after (4.9), and the
ghost propagator is

a
.......... = Hz 5(w,n) (4.22)
w,n
where I
g
H E . an— 4.2
olo.m) = 5" (4.23)

For the heavy modes of the fermion, ¥, we will keep the subleading quadratic terms from (4.16)
in the propagator in order to regulate the short time behavior, and expand in gL after
evaluating diagrams. The propagator for W is then given by

L = Go(w,n), (4.24)
w,n
_a
——— =Gg,alw,n), (4.25)
w,n

with

—i(gLw) + (2mn — Q)Y® + mLA°
(9Lw)? + (2mn — Q)* + (mL)*

The interaction terms between ® and ¥ in the second line of (4.16) correspond to

Gg(w,n) =gL (4.26)

the vertices

KQ
)
Qy

— _id,, = G, (4.27)
a
C_Vv /—»// .
— « (3 =11
. — —§Nga/ P (428)
(&}

where the structure constants Ng‘g, are those appearing in (3.2), and momentum/frequency
labels and momentum/frequency-conserving delta functions have been dropped for clarity.

The terms in (4.17) couple the light modes to the heavy modes via the following vertices
(blue external lines will always denote light modes):

w a n w a,n
— _ (gL)™2 5. — _ 1 ol
a == qfa(w), @ =—(gL)"2(2mn—\-A)AaGa(w),
L a L
—_— ¢ 1 _ .
a AV, =(gL) " 2duqa(w), a =10 Xa(w), (4.29)

Q
I
N | —

Ql
)

Q1
o
eyl
Q

€
~
Q)
A

S
N
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Again we have dropped most of the momentum/frequency labels, and all of the momentum/fre-
quency-conserving delta functions.

By following these Feynman rules, we would find divergent integrals for some diagrams.
See appendix B.1 for an example. To remedy this, we point-split the interaction vertices
connecting a gauge boson with two fermions. In momentum space, the point-splitting
procedure corresponds to multiplying the vertex by a factor

5

)

w .
e e /WQ,QQ e S _
s, @) (430)

CN\\wr, a1

The gray lines indicate that the same procedure applies whether the lines are for light or
heavy fields.

4.4 Perturbative calculation

We will now use the Feynman rules derived in the previous section to compute the effective
action up to order (gL)3, following (4.18). We group the terms according to their order
in gL and the light fields they involve.

From the Feynman rules, we see that heavy propagators all carry factors of gL, and we
can effectively treat all external gluon legs as carrying factors of (gL)*l/ 2 provided we keep
track of an extra factor of gL for the four-point vertex with two external gluon lines in (4.29).
Furthermore, each loop integral will contribute a factor of (gL)~!.

For a particular Feynman diagram, let ny be the number of external gluon legs, ny
be the number of external fermion legs, ngs be the number of four-point vertices, n; be the
number of internal vertices (all of which are three-point), and n, be the number of heavy
propagators. The number of loops ny is then given by

ne=np— ((ng —n4) +np+mn;)+1. (4.31)
Thus, the lowest order at which such a diagram could contribute is
(gL)np+n4—ng/2—ng _ (gL)nf+ng/2—1 (gL)ni ’ (4‘32)

and so for a given set of external legs we can simply organize the diagrams by the number
of internal vertices. For some diagrams, the leading-order contribution suggested by this
argument will turn out to vanish.

4.4.1 The cancellation of diagrams without fermions

We can construct a family of diagrams with no external fermion legs or internal heavy
fermions. Equivalently, these diagrams have only external gluon legs and a single internal
loop of either the heavy gluon fields or the ghost fields. These are the diagrams we would
calculate in order to derive the effective action of a pure gauge theory on a small circle. The
pure gauge theory would have no corrections beyond the leading-order effective action, and
we can test our setup by showing this explicitly.
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As an example, consider the two diagrams with a single external gluon leg and only
ghost and gluon internal propagators:

Dglue = '\’\/\%7 Dghost = ’V\M"\ \,' . (4'33>

Following our Feynman rules, we find

Dglue = _qa < 2 / (2mn — @, - @) Dg,.(w', ”)> ;

n=—oo

Dgpost = qa < Z / Hz (' n)> )

n=—oo

(4.34)

Note there is an extra factor of —1 in Dgpes; due to the loop of the anticommuting ghost.
Since (2mn — Q)Dg(w',n) = —Hg(w',n), we see that Dgiye + Dghost = 0.

We can generalize this reasoning to diagrams with ng external gluon legs. There is only
one way we can draw a diagram with ghosts, and we need to include a factor of (ny — 1)! for
the different contractions and another factor of n%,' for the identical vertices. Thus, we find

771‘1’? § ( 1)t Ga, (w1)- “an, (wmg)
(4.35)

For the diagrams with gluon loops, we can have 0 < ny4 < |ny/2| four-point vertices. The

n=—oo

power of (27rn — d, - @) in the integrand will be —2(ng — n4) + (ng — 2n4) = —ny, and so each
diagram will yield an expression with the same structure as (4.35) but with a different prefactor.
There is a factor of m for identical vertices, a factor of 2"~ 1(n, — ny — 1)! for
different contractions, a sign of (—1)"~"™ from the three-point vertex factors and a factor of
(1/2)™ for the four-point vertex factors. Combining these and summing over n4 gives

[rg/2] _1\ng—naong—22n4—1 _ —1)"g
Z ( 1) 42 4 <ng n4> :( 1) ) (4.36)

ng — Ny Ny

n4=0
Thus, this sum cancels the contribution from the ghost diagram, and so at any order in gL
we can ignore all diagrams that do not involve fermion lines.
4.4.2 The vanishing of one-particle reducible diagrams

If a diagram can be disconnected by cutting a single internal fermion or gluon line, then it
must vanish. Indeed, consider a generic such diagram:

(4.37)
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The light external fields all have zero momentum and are aligned with a Cartan direction.
Conservation of momentum and the structure of the vertices would then require that the
internal line also has zero momentum and is aligned with a Cartan direction, but then it would
not be one of the heavy fields we are integrating out and the diagram should be discarded.

4.4.3 Non-vanishing diagrams

We will now give the values of diagrams that contribute to the effective action up to order
(gL)3. The diagrams that make nonzero contributions are summarized in table 2. We have
checked that diagrams with any other set of external legs only give nonzero contributions
at O ((gL)7/2) or higher.

The diagrams will involve the following tensor structures constructed from the roots:

Aa:Z ngn27m—a*-d’),

— |20 — @, - a

B, = Z a’al Z

a>0

1270 — @, - @)

2 9 (4.38)
sgn(2mn — @y - &
Cape = Y a®a’a”} T
550 m |27m—a - a|
Duer = ¥ atolaal! Y ——
50 |27mn — al

The two contributing diagrams with one external gluon leg are

WNO = _(glé)inﬂ /dTAaCYa +0 ((gL)7/2> y
3gv (4.39)
vwv% = (9]32)7Th /dTAacja +0 ((g1)""?) .

See appendix B for the details of how these diagrams are computed. The other diagram
we could draw with two internal vertices vanishes at O ((gL)3/ 2), and its subleading terms
are too suppressed to contribute to our effective action:

'vvvv@ 0 ((gL)

The three contributing diagrams with two external gluon legs are

[SIEN]

) (4.40)

2
'W\N\O\va» /drl GaGa — (gL)? 27 — Bay@a@s | + O((gL)"),
21V
_ ol [ 7 Bagads + O((91)"). (4.41)

L)2hY o
= —(94)77 / dr Bap@as + O((9L)*) .
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External legs Internal vertices

; DO W
C

P O g
. D

e BB

Table 2. The diagrams with nonzero contributions to the effective action (4.60). Several other
diagrams with two internal vertices can be drawn, but only contribute at O ((gL)7/ 2) or higher.

aX
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Note that the leading order term in (4.41) reproduces the harmonic potential derived in (3.16).
There are two other diagrams we could draw with two internal vertices, but they end up
vanishing at O ((¢L)?):

W%%\w = vvv@::z)\/\/\A =0((gL)"). (4.42)

The only relevant diagram with two external fermion legs is

Sy, (

5= [+ Ollar), (443

The three contributing diagrams with three external gluon legs are

).

5
L)2m? o
= _(92)92 /dT CabeQaqpqe + O <(9L)

N|©

2(

5
L §h\/ o 9 (444)
= 972 / d7 CapeQadpec + O ((gL)g) ,

5
L)zhY _ 9
= —(ggr/dTCabCQaQbQC+O ((gL)g> .

There are six more diagrams with two internal vertices which end up not contributing:

O @&
@@M@DMM Y

The two relevant diagrams with a single external gluon leg and two external fermion
legs are

N|©

5
L)zm _ 9
= (g; / dr CachcXijYOXb +0 ((gL)g) ’ (446)

5
L)2m _
= (gz)g / A7 Cane@exa "X + O ((91)

Nj©

) (4.47)
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The five contributing diagrams with four external gluon legs are

Ty S

L)3m?2 o

= —& / AT DapeaGa@sdca + O((gL)%), (4.48)

3hV
/ dr Dapeaiadsieda + O((9L)%), (4.49)

Shv
/ dr Dapeddadvdcds + O((9L)°), (4.50)

3h\/
/ A Dapea@a@odcds + O((gL)°), (4.51)
gL )3hY

o) / dr Dapeadadvieda + O((gL)%) . (4.52)

There are eleven more diagrams with two internal vertices that do not contribute:

EA A T -

_ _ %\ _ (4.54)
Sy,

— % 2 = ;@:Ji‘ = E\:\@;i = O((gL)%). (4.55)
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Finally, the four relevant diagrams with two external gluon legs and two external

fermion legs are
_ X

gL 3m _
g) / AT Dapeadedaxi " xo ,

(

3
gL)’m = =

(

3
glL)°m _
= g) /dT DabchchngYOXba

L 3m _
— (92)9 /dT DabchchXg'YOXb'

4.5 Combined effective action

(4.56)

(4.57)

(4.58)

(4.59)

By adding up all the diagrams from section 4.4, we find the Euclidean effective action

Set = [ d7 Leg, where

1 h\/2

.. g 1 . m
Leg = 5%% + ?QaQa + §XaTXa + EXaT’YOXa

s _1(hVg® m?
g2 )4
+(gL)2g™ > ( 5 5 | At

3hVg?  m?
2 _— —
+ (gL)*Bap [( i >

51 hWWg?  m? 3m
+(gL)2g2Cupe l( ﬂg — ) daqvqe + QqCXGTWOXb]

m
Qa b + QXE'VOXb]

2
<5hV92 m2

- ) qaqbq9cqd + 3mQCQdX£70Xb]

L)3¢D
+(g)g abcd[ An 9

+0((gL)7?).

The symmetric tensors appearing here are defined in (4.38).
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It is straightforward to pass from (4.60) to the effective Hamiltonian:

1 hY g2 m
Heg = ipapa + Tﬁ‘h‘h + §X£70Xa
3 1 h\/QQ m2
+(9L)29 2 ( 27_[_ _7 AaQa
3nVg?  m? m
2 _m7 m g
+ (9L)"Bap K yy 5 | 4+ 5 Xa Y Xb (4.61)
5 1 hVg?  m? 3m
+ (9L)2 g2 Cupe K — 5 | GaGbac + TQCXZ:’YOXb
5h\/92 m2
+ (9L)*9Daped K o ) dadbdcda + 3maeqaxty°xs | + O((9L)™?).

This expression should be viewed as an expansion in the dimensionless parameter gL, with
the extra powers of g in the various terms appearing for dimensional reasons. The term
proportional to (gL)™ will give a contribution to the energy proportional to g(¢gL)". Note
that for SU(N), the coefficient A, vanishes due to the center symmetry.

4.6 Examples

Let us provide a couple of small N examples where the sums in (4.38) can be evaluated in
closed form. For G = SU(2), the effective Hamiltonian can be written in terms of a single
bosonic variable ¢, its conjugate momentum pi, and a single fermionic variable 1:

Hog®) = 517% + g + §X1T70X1 + (gL)2£ P N EXITVOM

ox 1 4 [\2r 7 72
31¢(5) [ (592 m?2 (4.62)
+(gL)Pg= || o= — | af +3maixT"xa | + O((gL)"/?).
167 2 2

For G = SU(3), we have two bosonic and two fermionic variables, and the effective
Hamiltonian is

Hog™ = 2 (0} +93) + % (aF +a3) + 5 (" + 337 %)
+ (gL)2398§T(§ ) Kigj - nj) laf + 03] + 5 [ + 3" xe
1) ¢ (4.2
+ (gL)gg%3 [C (47 3247r4< (47 3)} [(37{2 - nj) (—qi” - 3q1q§)

3m
+ 5 (2007 + and ) xe - Q1X1T’70X1>}

<1igj — nj) [q% + q%r

+m gt (3xT7"x +x810xs) + dagx {2 e + 63 (333 xe + xlTvoxl)H

1089¢(5
+(9L)%g 12877(5 )

+0((gL)"?), (4.63)

where ((s,a) is the Hurwitz zeta function.

,31,



We can compare (4.62) with the numerical results obtained using the Hamiltonian lattice
formulation of SU(2) adjoint QCD4 developed in [21]. From (4.62), we see that at m = 0
we have a harmonic oscillator of frequency

WiV (m = 0) = \/ > (1 MERC) (gL)Z) (4.64)

473

plus perturbations of higher order in gL. At least up to order O(gL)3, the fermions completely
decouple. The spectrum is a deformation of that shown in figure 1(b). Thus, in the spectrum
of the p = 0 universe, the lowest fermionic excitation has energy Er; — Ey = w%U@) (m =0).
In figure 4(a), we compare the leading-order correction to this energy difference with lattice
data using 10 sites, and find good agreement in the small-circle limit.

We can perform the same check at m = mgysy. There we have bosonic and fermionic

oscillators of equal frequency

2

7¢(3
W3 (m = mgusy) = wp' P (m = msysy) = \/‘(jT (1 + 24753) (QL)Q) , (4.65)

and the spectrum is a deformation of that shown in figure 1(c). Thus, in the p = 0 universe,
the lowest bosonic excitation and lowest fermionic excitation each have energy

2 7C(3
EB,l_EOZEF,l_E0:i+ SG)

VT 2n7/2

Comparing this leading-order correction with N = 10 lattice data in figure 4(b), we again

(gL)? + O ((gL)3) . (4.66)

find good agreement. The slight splitting of the bosonic and fermionic levels on the lattice
is due to the finite lattice size.

An important subtlety in both of these plots is that, on a finite lattice, the leading-order
effective potential for the holonomy is not exactly given by (2.8). In particular, the frequency
of the leading-order bosonic oscillator is not -~ but rather ——%——, where N is the

VT N sin(w/Ns)
number of lattice sites. These of course agree in the large-Ng limit, and for Ng; = 10 the
difference is less than 1%. Nevertheless, in figure 4 we have made this finite- Ny adjustment

so that the constant term in the expansion matches the gL, — 0 limit of the lattice data.

5 Comments on the massless point

As noted in section 2.3 in the G = SU(N) case, the adjoint QCDy theory for arbitrary m
is invariant under a Zs fermion parity symmetry, a Zo charge conjugation symmetry, and
a Zy one-form center symmetry. Analogous symmetries are also present for an arbitrary
gauge group, with the only difference being that the precise center symmetry depends on
G. In the effective quantum mechanics, these symmetries of adjoint QCD2 become ordinary
symmetries generated by unitary operators F, C, and U, respectively.

The massless point is distinguished in that it also exhibits a Zy chiral symmetry, whose
analog in the effective quantum mechanics is generated by the unitary operator V. However,
at least to order (¢L)? in the small circle limit something much stronger is true: as can be seen
from (4.61), when m = 0 the effective Hamiltonian is completely independent of the fermions.
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Figure 4. (a) The lowest fermionic excitation for the SU(2) lattice theory with N, = 10 sites at
m = 0, compared with the value derived from (4.62). (b) The lowest fermionic and bosonic excitations
for the SU(2) lattice theory with Ny = 10 sites at m = mgysy (with this value slightly adjusted for
the finite lattice), compared with the value derived from (4.62). The slight splitting of the bosonic
and fermionic levels is a finite-lattice effect.

Since there are rank(G) two-component fermions, and each such fermion corresponds to a
two-level system, it follows that every energy level of the effective theory is 274"K(G)_degenerate.
One can relate the degenerate states by acting with the fermion zero modes x,.

This picture is reminiscent of the symmetries and vacuum degeneracy of the G = SU(V)
adjoint QCDy theory in the infinite-volume limit. As shown in [11], in the infinite-volume
limit the adjoint QCDs theory is invariant under a large set of non-invertible zero-form
symmetries, whose consequence is that there are 2V~! vacua related by the action of the
corresponding topological defect lines, once the theory is compactified on a large circle. The
algebra of these line defects was determined in [11] for small values of N. One can take this
comparison one step further and show that the number of vacua in each universe obtained
in [11] (see also [22]) matches the corresponding quantity in our small circle effective theory,
and moreover that the number of topological defect lines with a given charge under the
center symmetry also matches the analogous count for the operators built out of the fermion
zero modes in our effective theory.

The counting in our effective theory proceeds as follows. Recall from section 2.4 that
instead of working with x,, it is more convenient to work with the creation and annihilation
operators C;f) and ¢, defined in (2.37) (1 < p < N — 1), which, as per (2.38), have charges p
(mod N) and N —p (mod N) respectively, under the generator U of the Zy center symmetry.
Assuming that the Fock vacuum |0) has vanishing Zy charge, we can immediately determine
the Zy charges of the states obtained by acting with any number of ¢!’s on |0), and also
the charges of the operators built out of the ¢ and the ¢! operators.

For N = 2, we have 2¥~! = 2 vacua, and the only fermionic creation and annihilation
operators are c]i and cj, both with Zs charge 1. Thus, the vacua split as 2 = 1 + 1, with
one vacuum (|0)) with Zg charge 0, and one vacuum (c{ |0)) with Zg charge 1. We have four
operators acting on the space of these two vacua, which split as 4 = 2+ 2, with two operators
(1, c]icl) of Zy charge 0, and two operators (cJ{, c1) of Zy charge 1.

For N = 3, we have 2V =1 = 4 vacua. The operators c}r and co have Zs3 charge 1, while cg
and c¢; have Zsz charge 2. The four vacua split as 4 = 2 4+ 1 4 1, with two vacua (|0), c‘ic; |0))
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with Zs charge 0, one vacuum (c]; |0)) with Z3 charge 1, and one vacuum (cg |0)) with Zs
charge 2. The 16 operators acting on the space of the 4 vacua split as 16 = 6+ 5+ 5 as follows:

6 operators (1, c{cl, cécz, c];c;, cica, c]ic;clcg) with Zj3 charge 0, 5 operators (cJ{7 ca, cgcl,

ciclcg, c{cg@) of Z3 charge 1, and 5 operators (c; ct, CJ{CQ, céczcl, c{cgcl) of Z3 charge 2.

For N = 4, we have 2V~! = 8 vacua and 64 operators acting on them. The splitting of
the 8 vacua into the four universes is 8 = 2+ 2 + 2 + 2, and the splitting of the 64 operators
according to their Z4 charges is 64 = 16 + 16 + 16 + 16.

For N =5, we have 2¥~! = 16 vacua and 256 operators acting on them. The splitting of
the 16 vacua into the five universes is 16 = 4 + 3 4+ 3 + 3 + 3, and the splitting of the 256
operators according to their Zs charges is 256 = 52 + 51 4+ 51 4 51.

For N = 6, we have 2V~ = 32 vacua and 1024 operators acting on them. The splitting
of the 32 vacua into the six universes is 32 =6+5+ 5+ 6+ 5+ 5, and the splitting of the
1024 operators according to their Zg charges is 1024 = 172 4+ 170 4+ 170 + 172 + 170 + 170.

For N = 7, we have 2V~ = 64 vacua and 4096 operators acting on them. The splitting of
the 64 vacua into the seven universes is 64 = 104+94+9+9+9+9+9, and the splitting of the
4096 operators according to their Z7 charges is 4096 = 586 + 585 4 585 + 585 + 585 4 585 + 585.
It is straightforward to generalize this analysis for larger values of N.

The counting of the vacua in each universe matches those in appendix F of [11] obtained
for 2 < N < 6 in the infinite volume limit, suggesting that these degeneracies may persist

for any circle length. Another check of this proposal is the following. Appendix G of [11]

+
m7

Z3 charge m —n (mod 3), one can deduce that out of the 16 lines, 6 have Zj charge 0, 5

gives a list of topological lines of the N = 3 theory. Using the fact that the lines o, ,, have

have Zs charge 1, and 5 have Zs charge 2. This count matches that of the operators acting
on the fermionic Hilbert space given above.

6 Supersymmetry

In section 2, we saw explicitly by computing spectra that the leading-order effective theory

1. . hY g? 1 m
L= SGaGa + ——data + 5Xq 0Xa + 5 Xa ¥ Xa (6.1)
. . N .
becomes supersymmetric at m = £mgysy, with mgusy = g1/ 5 as in (4.2). We could also

see this more abstractly from the supersymmetry transformations

hV
0qq = GT’YOXaa 5Xa = (:F“ %QG + (87"](1)'70) €. (62)

One can verify that the transformation of (6.1) vanishes up to a total derivative when
m = tmgyusy, and so this transformation leaves the action invariant.

In fact, the effective action in (4.60) is supersymmetric order-by-order, up to the highest
order (gL)? that we have computed. To see this, we can write a more general supersymmetric
action in terms of a superpotential h(q,):

1 Oh oh 1 0%h
L = ~6.6 i . r. | Y T 0 ) .
Jdada + (8%) (aq) X (aqaa%)xav Xb (6.3)
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This action is invariant under the supersymmetry transformation [33]

oh
6¢a =€""Xa,  Oxa= [( > + (3Tqa)70] €. (6.4)

0qq

The action (6.1) and transformations (6.2) correspond to the choice h = IFmSgSY Gaqa-

We can add terms of higher order in gL to the superpotential in order to reproduce (4.60).
In particular, the choice

B 1
h = Fmgusy (qaqa + (gL)32g7 12 Auqa + §(QL>QBaanQb
(6.5)

_|_

N | —

1
(9L)*2 g Capetaange + 5(gL)3gDabcdqaqz)chd +0 ((gL)7/ 2) )

in terms of the tensors defined in (4.38) reproduces (4.60) exactly when m = tmgysy.

To make a connection with the existing literature on quantum mechanical models with
N = 2 supersymmetry, we can define the complex fermions 1, = x. — ix? which are
the superpartners of the real bosonic variables ¢,, where a = 1,...,rank(G). Then the
lagrangian (6.1) corresponds to a N' = 2 sigma model with flat target space metric g, (for a
review, see [33]). It is possible that at higher orders in the small circle expansion the metric
will deviate from flat. If so, the supersymmetric sigma model lagrangian will contain the
4-fermion term ~ Rgpeqtt®Py 0%, which includes the Riemann tensor of the target space.
We leave a study of such possible terms for future work.

6.1 Multiple adjoint flavors

Arguments from lightcone quantization suggest that if we have 2D QCD with a massive
adjoint fermion and massless fermions in arbitrary other irreps, the theory is supersymmetric
when the adjoint mass is tuned to a value depending on the total Dynkin index of the
(reducible) matter representation [17]. We can straightforwardly extend our calculation to
check this in the case of multiple adjoint flavors, with only one flavor given a nonzero mass.

We start by making the replacement
Ny

V(D =iy D) +me %y — > WDy = iy D)+ mpp T | (6.6)
f=1

in the action (4.1). When we carry out the perturbative calculation as in section 4.4 but with
this modified action, there will be an extra factor of Ny for each diagram with an internal
fermion loop. In particular, the first diagram in (4.41) will be multiplied by a factor of Ny,
which means the leading-order effective potential for the holonomy is similarly rescaled, and
thus the location @, of its minimum is unchanged. In addition, for diagrams with external
fermion lines, we have to sum over all the fermion flavors.
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To order (gL)3, these are the only changes we need to make, and so it is straightforward
to modify (4.60) and find the following effective action:

1. . hYN 92 1 . m
Lot = Sdado + — 27 quga + > [XgTXZ: + =L XZZTVOXﬂ
2 e — 12 2

3hYNrg2 Y pmd m
+ (gL)* [( 47Tf - f2 L) Basgaar + TfBabxf:Tva{f
7

5 hYNg® > pm] 3m (6.7)
+ (gL) 291/2 [( Wf - f2 ! CabeQa@pqe + Z Tf abCQngT’VOXl{
!

5hYNsg? > pm3
+(9L)%g [( 47rf - f2 ! Dabcdanchqcl+Z3meabcdchde:T70X£
f

+O((gL)™?).
If we then set the masses to

NyhY

o

my = £mgusy = *g my =0 for f=2,..., Ny, (6.8)

we see that (6.7) is the product of a supersymmetric theory for the holonomy and zero modes
of the massive fermion with a free theory for the modes of the other Ny — 1 fermion flavors.

7 Discussion

In this work, we studied 2D gauge theory with an arbitrary simply-connected gauge group
G coupled to a Majorana fermion in the adjoint representation of GG, quantized on a spatial
circle of length L with periodic boundary conditions. In the limit gL < 1, most modes
of the gauge field and the fermion have energies of order (¢gL)~!. We showed that there
are rank(G) remaining low-energy modes of the gauge field, corresponding to its holonomy

around the circle, and also rank(G) low-energy modes of the fermion. Furthermore, we have
h\/

o201
quantum mechanics of these low-energy modes is supersymmetric. This result implies that the

found that, when the fermion mass is set to m = £mgysy, with mgysy = ¢ the effective
supersymmetry of the theory, previously demonstrated for infinite volume using the light-cone
techniques, is also present on a circle with periodic boundary conditions. The presence of
this extra “accidental” symmetry of adjoint QCD4y at m = +mgysy makes it tempting to
ask if the model could be integrable for these values of the mass. The connections between
2D large-N gauge theories and integrability is a fascinating research direction [39-41], and
we hope to return to this question in the future.

It would be interesting to generalize our small-circle perturbation theory to fermions in
arbitrary representations of the gauge group. In [17], it was found that 2D QCD with a massive
adjoint fermion and massless fermions in other irreps has a supersymmetric point where the
adjoint mass depends on the Dynkin index of the total (reducible) fermion representation.
We expect this finding to also hold in the small-circle limit. More generally, it would be
useful to determine the effective action for an arbitrary 2D gauge theory quantized on a
small spatial circle.
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It is worth contrasting the supersymmetry obtained in the 2D gauge theory with one
adjoint Majorana fermion with the manifest (1,1) supersymmetry present in the Lagrangians
of related models. The first related case is the theory of dim G massless free fermions obtained
by removing the gauge field from the massless adjoint QCDsy theory. It is known that in this
theory one can construct supercurrents that are cubic in the fermions, in both the left-handed
and right-handed sectors separately [42]. Another related theory is the (1, 1)-supersymmetric
gauge theory, sometimes called SQCDs, that can be obtained from the circle reduction of
N =1 SQCD in three dimensions [43]. The matter content of the latter theory consists of
a 3D gauge field and a Majorana gluino. Upon reduction to two dimensions, the 3D gauge
field gives rise to a 2D gauge field and a real adjoint scalar, while the 3D adjoint Majorana
fermion gives rise to the 2D adjoint Majorana. The Lagrangian of SQCD; also includes a
Yukawa coupling between the fermion and the scalar with a coefficient related to g. In order
to preserve (1,1) supersymmetry, the adjoint fermion and scalar must be massless in this
case. This theory was studied using light-cone quantization in [43, 44] (see [45] for a review)
and, in contrast to the adjoint QCDa, its spectrum appears to be gapless. Interestingly, the
light-cone supersymmetry of adjoint QCD4 is a mix of the light-cone supersymmetries of the
two other theories we just mentioned: the supercharge QT has the same form as in the free
fermion theory [2], while @~ has the same form as in SQCDy after setting the scalar field to
zero [45]. Studying SQCDs3 on a small circle could provide further insight into this model.

A remarkable feature of our quantum mechanical effective action (4.60) is that, for
m = 0, the fermions do not appear in the Hamiltonian at all. Therefore, they encode
the topological sector of the model. For G = SU(N), this gives rise to 2V~1 degenerate
vacua distributed among the N universes. In our small-circle expansion, these vacua appear
directly as the Hilbert space generated by the N — 1 zero modes of the fermion. It would be
interesting to study, following our section 5, the precise connection of these results with the
non-invertible symmetries of adjoint QCDy uncovered in [11]. Combining these perspectives
on the symmetries of this model may lead to further insights, and we hope to develop this
connection further in the future.
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A One-loop effective potential for holonomy

To evaluate the effective potential in (2.3), we need to integrate over the quantum fluctuations
for the heavy fields while keeping the light holonomy mode fixed. At leading order, we can
restrict the gauge field to have a constant value corresponding to a given holonomy €2, and then
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compute the partition function over a Euclidean time interval A7 and extract the potential via
Z[)] = e A7 Verr()) (A1)
The constant gauge field Ai} that corresponds to a non-trivial holonomy ¢ is

Al = %%, with  Peldo w42 _ X _q (A.2)
We decompose the gauge field as A, = Af} + 0A,, where 64, are the fluctuations to be
integrated out. For the fermion field v, we simply integrate over all heavy modes. Furthermore,
we can take the heavy fermion modes to be massless, since corrections proportional to the
fermion mass are suppressed by (gL).
To evaluate the partition function, we compute the path integral of the thoery (2.1) with
a gauge-fixing prescription. For our purposes it will be convenient to work in the Feynman
gauge with respect to the background field gauge, which amounts to adding a gauge fixing
term and Faddeev-Popov ghosts to the Euclidean action (4.1)

_ b
2RV

1

1 _
S / d7 da tra; (292FWFW - g—sz}(SAl,DQ“éA” + v Db
(A.3)

+&D; DM — icDi S A, c]> ,

with DS&A“ = 0,0A" — i[Aff,éA“] = 0 being the background covariant derivative, c, ¢
the anti-commuting scalar ghosts transforming in the adjoint representation, and ~% the
Euclidean gamma matrices.'?

We then expand the Euclidean action (A.3) to second order in 0A4,, ¥, and the ghost
fields. The background gauge field (A.2) is flat, F/ﬁ, = 0, so the full field strength is
F. = Df}(SA,, — Df}éA# — 1[0 A, 0A,], which implies that the only quadratic terms in the

expanded action are
1 1 _
§=59 / dr dz traq; (QMVDSDWMV + Yy Dilp + EDSD%) + higher order. (A.4)
g

In general, in d-dimensional QCD with one direction compactified into a circle of length L
with a holonomy € and a fermion in a real representation R, the path integral evaluates to [35]

—log Z[Q] = d—2

1
tr’ log (—ngj) b tr'log (DR) , (A.5)

where ngj = (0, — Z'AS)2 is the background gauge-covariant Laplacian acting on a scalar field

in the adjoint representation, P = @ — ZAQ is the background gauge-covariant Dirac operator
acting on a spinor field in representation R, and tr’ is the trace over only the heavy modes.
In (A.5), the first term comes from the gauge field and the ghosts, and the second term comes
from the fermions. When d = 2 the first term vanishes, and because the background gauge
field Aff has vanishing field strength, we have lﬁ% = 1D%, where D% is now the background

BWe take = 1,2, and 7° = 7%, 7' = ivp, such that {vy%, 7%} = 26", In (A.3), ¥ = ¢ T~3.
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gauge covariant Laplacian acting on a scalar field transforming in the representation R and 1
is the 2 x 2 identity matrix. The logarithm of the partition function can then be simplified to

“log Z[0) = —i log(—1P%) = —%tr’ log (~D3) . (A.6)

From (A.1) we then find

2 AT (A.7)

The eigenvalues corresponding to the zero-modes of D, = 9, — iL~'X are independent of X,
and so we can replace tr’ with tr by adding a constant shift to the potential. We then find

Ver(Q) = A%trlog (= (0 = L7 X8,0)%)

_[dw 2 -2 2
_/%ZtrRlog(w +L (27m—X)> (A.8)
neZ
2 &1 -
= 771-7% Z ﬁ tI‘R(eln ) 5
n=1
which coincides with (2.3) when choosing R to be the adjoint representation.

B Feynman diagrams

The computation of the effective action for the zero modes is mostly a straightforward
application of the Feynman rules described in section 4.3 to evaluate the diagrams in table 2.
However, a few diagrams requires extra care. In this appendix, we give more detailed
evaluations of some representative diagrams.

B.1 Tadpole diagram

Many of the loop integrals appearing in the diagrams in table 2 are ill-defined until we use
the point-splitting procedure (4.30). One example appears in

= Z(q_a(w - O)Qa) Z/ ;eie sen(@)e’ tr[’Y5G6*-d’(w/7 n)] ) (B'1>

where the factor of €@« follows from (4.30). We have

2gL(27n — @y - @)
T o] = B.2
r [7 a.a(w ,n)} (gLw')? + (27n — ds - @)% + (mL)?’ 22

and thanks to the point-splitting the integral over w’ converges and is given by

e—eEn/gL

' e~ "o/
B,

5 eiesgn(&)w/ tr['y5Ga*-&(wla TL)] - (27rn - 6* ’ O_Z)
™

-39 —



where E, = /(2mn — @, - @)2 + (mL)2. After performing the sum over n, we can take the
regulator € to 0 and find

. 9 L e—eEn/gL C_L'* .a )
lg% Z(27Tn—a*'a)En——1—|—2{ o }—l—@((gL)). (B.4)

n=—0oo

wvv@ an w=0) ZO {aa ( {a* ' } - 1)} +0 ((gL)3/2> (B.5)

Finally, using (3.17), we find that this diagram vanishes to leading order.

Thus,

B.2 Leading ¢? diagram

Another diagram whose evaluation is somewhat subtle is the leading quadratic term

(Yo = o1 [ S et un-) (B.6)
a>0

!/
x> / (Zineiesgn(&)(ww tr[y°Ga.a(w + «',n)y° Ga.a(w', )]

To evaluate it, we first perform the integral over w’ and expand to leading order in gL:

d 2 si _ 2¢[2mn—u]
2w tesgn (@) (w+2w’ )tl“[ 5G (w + W' n)’ysGu(w’, n)} _ s Ewe = n C’)((gL)3) .
7r w
(B.7)
After summing over n, we can take the regulator € to 0 and obtain a finite limit:
2sin ew _2¢2mn—u|  g],
li L =22 B.8
im Z e 9 - (B.8)

e—0 w -

Using this result, and evaluating the integral over w by returning to position space, we
find a contribution

s = o f e 3 o) + 0517 (B.9)

to the effective action.

B.3 Two-loop diagram

To illustrate the calculation of a two-loop diagram, we take a representative example:

+> Z N‘i‘t,a N, araGaa (W, n)Gaa(w+ ' ,n+n)|. (B.10)
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In the first term on the second line, one of the fermion lines carries a mode in a Cartan
direction, while in the second term on the second line both fermion lines carry modes in root

iesgn(d)w

directions. The point-splitting factor e is important when carrying out the frequency

integrals using residues. After performing the integrals, the diagram takes the form

WW% ) /d 0a)Ci.a+ 0 ((gL)?) , (B.11)
a>0

where we have defined

Caa = 2a*Cqa0 + Z N‘i‘t,a N o 2Caaaar (B.12)
orall

and

sgn(2mn’ — Q') sgn(2w(n +n') — ) —
Cog = 3 BCT Qs )= @+ @)

(B.13)

n,n’

The sign functions appearing here arise from the ¢ — 0 limit in the form lim,_q ﬁ =sgnw,
so we should take sgn0 = 0. In appendix C we show that

Cog=-—% sgn(2mn —d- @) (B.14)

T~ 12mn—a-al?

Thus, putting everything together, we find

vwv%i:::z): L)h” /qua Z ng';f;” a|_’)+(’)((gL)7/2). (B.15)

C A group theory sum

In this appendix, we will carry out the sum needed in (B.12). We start by recalling a few
facts about Lie algebra representations.
In the adjoint representation, we choose the normalization

(HY|H") = 6%,  (EY|E~) = 5% (C.1)

with (X]Y) = & traqj(XY) denoting the Killing form. As pointed out in Footnote 11, the
inner product between the leading order potential minimum @, and any root & is bounded by

—21 < a-a < 2m. (C.2)
Lastly, the quadratic Casimir in adjoint representation is

ZH“H“ +Y (BB~ + E9E%) = h'1 (C.3)
a>0
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C.1 Doing the sums

To evaluate (B.12), we need to do the sums
S = 2a* Z sgn(2mn’) sgn(2w(n+n') — d. - a) — 1], (C.4)
= > ZNE‘T‘ fa@Jﬂi, [sen(2mn’ — @, - @) sgn(2r(n+n') — @, - (@+a)) —1] ,
a'#—a n'

where @ is held constant. The first sum S; is can done using

Z[l —sgn(n)sgn(n —z)] = (2|z| +1)sgnzx, (C.5)

n

with sgn0 = 0 and = ¢ Z. This leads to

Sy = 24> (2 {“2 O‘J —on+ 1) sgn(2mn — @, - &)
T
=2a2(20(a > 0) — 2n — 1) sgn(27n — @, - &), (C.6)

where used the bounds (C.2) on @, - @ to swap the floor function for an indicator function
on positive roots.
For the second sum Sp, we can also immediately do the n’ sum using

> _[1—sgn(n —z)sgn(n —y)] = 2(|z] — [y])sen(z —y), (C.7)

n

where z,y ¢ 7, which yields
Sy=2 Y NILINY,

—a,a+a’

A(0(@ >0)—0(@+d >0)+n)sgn(@-a—2mn). (C.8)

To proceed, we need to unpack the product of structure constants
Ngg,“ N% sra = (E~S|E~YEY|EY) (C.9)

where E% is understood to act in the adjoint. This resembles the Casimir and can indeed be
related to it, but takes a bit of manipulations of each of the three terms in Ss.

The last term in S only depends on & through the structure constants, thus we
need to solve

Z N?f_t,a gaa—i—a — Z <E—62‘E_52’E52/’E62>:Z<E—&|E—@"E@’/‘E&>_&'2

ﬂ/# */# a al
= O‘\ZH’H“rZE 'EY + EYE-Y)|EY) —2a®  (C.10)

a’'>0
= (E *a\02|Ea>—2o72:hV— 2a% . (C.11)

The first two terms of Sy can be put into the form of a commutator. To do this we first
need to rewrite the two terms as follows

S NSEINT sab(@ >0)= > (EV|ETEYET) (C.12)
&£ 0<d'#—d
=Y (E~Y|ESEYEY) - &%0(d < 0),
a'>0
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and

3 NN, s ab(@+d > 0)

—a,0+Q
&#—d
= Y (EYEY|EYY(E-Y|EY |EY) (C.13)
al,a>0
= Y (E"Y|EYEY) (B-Y|E~YEY)
a’'a” >0
=> (<E‘d"\E&E‘&|E&">—Z(E‘&"IE&IHZ'> <H"E‘&\E°_‘"'>>
a’>0 7
= Y (E-Y|EYETY|EY) — 0(a > 0)a2 .
a’”>0

Their difference can now be evaluated as a commutator

N NGEINT, o (0@ >0)-0(@+d >0)]= Y (B |[E=% BV EY) 6 +20(d > 0)
&'#—a a'>0

=—2p-d—a*+20(a>0)a*. (C.14)
Finally, we can add up S; and S5 and arrive at the final result
Si+85=2[a%(20(@>0)~2n—1)— (—20-3—G*+20(d>0)a%) —n(h" —267) | sgn(27n—d.-d)

’Qa} Sen (2N —Gu-&) = — ' [27n—d, -d, (C.15)
™

which leads to the result quoted in (B.14).
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