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Abstract

Augmented Lagrangian (AL) methods have proven remarkably useful in solving optimization
problems with complicated constraints. The last decade has seen the development of overall
complexity guarantees for inexact AL variants. Yet, a crucial gap persists in addressing non-
smooth convex constraints. To this end, we present a smoothed augmented Lagrangian (AL)
framework where nonsmooth terms are progressively smoothed with a smoothing param-
eter ng. The resulting AL subproblems are ni-smooth, allowing for leveraging accelerated
schemes. By a careful selection of the inexactness level ¢; (for inexact subproblem reso-
lution), the penalty parameter p;, and smoothing parameter n; at epoch k, we derive rate
and complexity guarantees of o /€3/%) and o /€) in convex and strongly convex regimes
for computing an e-optimal solution, when p; increases at a geometric rate, a significant
improvement over the best available guarantees for AL schemes for convex programs with
nonsmooth constraints. Analogous guarantees are developed for settings with p; = p as well
as nx = 7. Preliminary numerics on a fused Lasso problem display promise.
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1 Introduction

We consider the nonsmooth convex program, defined as
minamp; { f(x) | g0 < 0. (NSCopt)
Xe

where f : X — Ris areal-valued convex function and is possibly nonsmooth (but smooth-
able), X C R”" is a closed and convex set, and g(x) = (g1(Xx), g2(X), ..., gm x) 7T that
eachg; : X - R,i =1,2,.--,m is a possibly complicated nonsmooth (but smoothable)
convex function. Generally, the presence of such constraints precludes usage of projection-
based methods to ensure feasibility of iterates. In deterministic regimes, a host of approaches
have been employed for contending with complicated constraints, a subset of which include
sequential quadratic programming [18, 43], interior point methods [8], and augmented
Lagrangian (AL) schemes [38, 39]. Of these, AL schemes have proven to be enormously
influential in the context of scientific computing [1, 9, 13], and more specifically in nonlinear
programming in the form of solvers such as minos [16, 28] and lancelot [10] as well
as more refined techniques [15, 17]. There has been a significant interest in deriving overall
complexity bounds [24, 44] in convex regimes when the Lagrangian subproblem is solved
via a first-order method. However, such bounds tend to be poor when constraints are pos-
sibly nonsmooth; e.g. standard AL schemes display complexity guarantees of O(e~>) for
computing an e-optimal solution in such settings (see Table 1).

Gap and Relevance: Existing ALM schemes for nonlinear and nonsmooth convex
constraints display poor overall complexity in inner (subgradient) steps. Such models
are relevant when addressing compositional and risk constraints.

1.1. Related work. Before proceeding, we discuss related prior research. (a) Aug-
mented Lagrangian Methods. The augmented Lagrangian method (ALM) was proposed by
Hestenes [19] and Powell [37] with a comprehensive rate analysis subsequently provided by
Rockafellar [38]. The ALM framework relies on solving a sequence of unconstrained (or
relaxed) problems, requiring the minimization of a suitably defined augmented Lagrangian
function £,(x,A) in X, where p and A denote the penalty parameter and the Lagrange
multiplier associated with g, respectively. In high-dimensional settings, the Lagrangian sub-
problems cannot be solved exactly, leading to the development of variants that allow for
inexact resolution of the Lagrangian subproblem. Kang et al. [21] presented an inexact accel-
erated ALM for strongly convex optimization with linear constraints at a rate of O(1/k?),
where k is the iteration counter. Non-ergodic convergence guarantees were provided in [24,
25], where either smoothness of f [24] or a composite structure [25] is assumed. Overall
complexity guarantees were first provided by Lan and Monteiro [24], Aybat and Iyengar [4],
Necoara et al. [29] and most recently Lu and Zhou [26], where the latter three references
allowed for conic settings. In fact, Lu and Zhou [26] showed that in conic convex settings
with smooth nonlinear constraints, by introducing a regularization, the overall complexity is
improved to O (e‘1 In(e~! )) with a geometrically increasing penalty parameter. Nedelcu et
al. [30] considered convex and strongly convex regimes. Notably, Necoara et al. [29] derived

an overall complexity of O(e_%) and O(e~") for smooth settings objective, respectively.
More recently, Xu [44] considered nonlinear but smooth regimes in proposing an inexact
ALM (under a suitable boundedness requirement) with complexity guarantees of O(e~!)
(under convex f) and (’)(e’% log(e_l)) (under strongly convex f), respectively. Table 1
compares existing complexity guarantees for AL schemes with both our schemes in convex

@ Springer
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(Sm-AL) and strongly convex settings (Sm-AL(S)) and standard ALM (N-AL), where 10)
suppresses logarithmic terms.

(b) Smoothing techniques. While subgradient methods have proven effective in addressing
nonsmooth convex objectives [36], smoothing techniques [6] represent an efficient avenue
for a subclass of nonsmooth problems. Moreau [27] introduced the (Moreau)-smoothing f;
of a convex function f, with parameter 7, defined as

foe0) 2 inf | £+ L u—x)?} .

Nesterov [33] employed a fixed smoothing parameter in developing a smoothing framework
for nonsmooth convex optimization problems with a rate of O(e~!), an improvement over
O(&~?) attainable by subgradient methods. In related work, Aybat and Iyengar [3] designed
a smoothed penalty method for obtain e-optimal solutions for /{-minimization problems with
linear equality constraints in O (6_3/ 2) steps. Subsequently, Beck and Teboulle [7] defined
an (a, B)-smoothing for a nonsmooth convex f satisfying the following two conditions (i)
X = fx) < f(x) + np for all x and (ii) f; is (/n)-smooth. For instance, f(x) =
max{0, x} has a smoothing f,, defined as f;(x) £ nlog(l + exp(%)) — nlog?2. Analogous
approaches have been employed for addressing deterministic [12] and stochastic [20] convex
optimization problems.

1.2. Applications. We present three applications where nonsmooth convex constraints
emerge.

(a) Regression. Lasso regression [40] is a model widely used in variable selection in statis-
tical learning. Assuming that the dataset consists of {y;, Xi}lNz 1» where (y;, X;) denotes the
outcome and feature vector for ith instance. Then an elastic-net model [46] can be articulated
as follows where C; > 0.

mm {Ily=XBI5 | A=)l +alpll2 < C1}. ey

This reduces to standard Lasso [40] when « = 0 and is generalizable to fused Lasso [41] by
adding an additional nonsmooth constraint Z?:z |Bj — Bj—1| < C, where C; > 0.

(b) Classification. In statistical learning, the Neyman-Pearson (NP) classification [42] is
designed to minimize the type II error while maintaining type I error below a user-specified
level «. Consider a labeled training dataset {a; }lN: | where the positive and negative set are rep-

resented by {a(])} W and {q, - 1)}1 (11),respectively. The empirical NP classification problem
is given by [45] as follows

N, N,
“n T =D o) T
.o e1x ' a >imi U-1x"g
min{ = ( d ) ( ')—a<0
X

N N

where £(e) denotes the loss function. Choices of the loss function include nonsmooth variants
such as mean absolute error (MAE) and hinge loss.

(c) Multiple Kernel learning. Multiple kernel learning (MKL) employs a predefined set of
kernels to learn an optimal linear or nonlinear combination of these kernels, defined as
follows [22].

min
w,b,(6,6)>0

Bl —

M
Z ol 1 gl
M
subject to y (Z wm(xi)+b) >1-&, i=1,---,m
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el < 1,

where ¥;(e),i = 1,...,m are predefined kernels, 6 is a vector of coefficients for each
kernel, w is a weight vector for the primal model for learning with multiple kernels.
1.3. Contributions. We present a smoothed AL framework (Sm-AL) where the nonsmooth
(but smoothable) objective/constraints are smoothed with a diminishing smoothing parameter
nk. Consequently, the AL subproblem (with penalty parameter py ) is proven to be O(px /1 )-
smooth, allowing for (accelerated) computation of an €-exact solution in finite time. By a
careful selection of the sequences {€x, Nk, px}, we derive rate and complexity guarantees.
Our contributions are formalized next.
(1) In Section 2, we derive an ex-ante bound on the optimal multiplier set of the n-smoothed
problem. This result, which is of independent interest, allows for claiming that a saddle-
point of the n-smoothed problem is an O(n)-saddle point of the original problem, allowing
for deriving fixed smoothing schemes. (ii) In Section 3, we establish a dual suboptimality
rate of O(k~!) and primal infeasibility rate of O(k~Y2) (constant penalty) while geometric
rates of O(1/px) on primal infeasibility and suboptimality are derived under geometrically
increasing penalty parameters. In Section 4, by employing an accelerated gradient framework
for resolving the ng-smoothed AL subproblem, the overall complexities of (Sm-AL) in terms
of inner projection steps for obtaining an e-optimal solution are proven to be O (g~ 3+9))
(constant penalty) and @(e~3/?) (geometrically increasing penalty). Analogous bounds in
strongly convex settings are given by O(e~?+%)) and O (e ") for constant and geometrically
increasing penalty parameters, respectively. Similar complexity guarantees are available with
a fixed smoothing parameter, akin to those developed in [7, 33] for convex programs with
nonsmooth objectives.
(iii) We also develop practical termination criteria in Section 2, which when overlaid with
our proposed scheme lead to significantly improved empirical complexity in our numerical
experiments with little impact on accuracy.
(iv) Preliminary numerical results are provided in Section 5 before concluding in Section 6.
Organization The remainder of the paper is organized as follows. In Section 2, we intro-
duce the smoothed augmented Lagrangian framework, providing the requisite background
and the assumptions. Sections 3 and 4 provide the rate and complexity analysis while Sec-
tion 5 presents a description of our numerical experiments. The paper concludes in Section 6.
Notation. Let || - || denote the Euclidean norm. Given a closed convex set X C R”" and
vy € R dx(y) = minfly — s, d%(y) £ (dx(»)?, and ITx(y) £ argmingylly — sll;

hence, dx (y) = ||y — I1x (y)||. Moreover, d,zc(-) is differentiable and its gradient Vd%z (y) =
2(y — ITx(y)). d—(u) denotes the distance of u to the nonpositive orthant R” , where d_ (u)
is defined as d_(u) £ |u — ITge [u]]]2. Finally, @(f(n)) is O(f(n)) up to a log(n) factor.
Finally, 1 denotes the column of ones in R”.

2 A Smoothed Augmented Lagrangian Framework

In this section, we first provide some background and then analyze the smoothed prob-
lem, ending with a relation between a saddle-point of the n-smoothed problem and an
n-approximate saddle-point of the original problem.

@ Springer
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2.1 Background and Assumptions

Corresponding to problem (NSCopt), we may define the Lagrangian function Lg as follows.

f®)+21Tgx), >0
— otherwise

Lo(x,2) £ {
This allows for denoting the set of minimizers of Ly(e, 1) over the set X’ by X™*(1), the dual
function by Dy (1), and the dual solution set by A*, each of which is defined next.
X*(L) £ argmin Lo(x, A), Do(A) £ inf Lo(x, 1), and A* £ argmax Do(L).
xeX xeX A>0

By adding a slack variable v € R™, we may recast (NSCopt) as follows.

xeisy T®

subject to g(x) +v =0, Q)

where A € R™ denotes the Lagrange multiplier associated with the constraint g(x) +v = 0.
Then the augmented Lagrangian function, denoted by £,, where p denotes the penalty
parameter, is defined as follows (cf. [38]).

£ox2) 2 min | £00+2T(500+V)+ 51500 +vI* . @)

It has been shown that (X, 1) is a saddle-point of the augmented Lagrangian L, forany p > 0

if and only if (X, ) is a saddle-point of L. Further, if X is an optimal dual solution, then X

is an optimal solution of (NSCopt) if and only if X minimizes L(e, 2) over X [38, Th. 3.5].

Ifd_(u) = il’ﬁ{n |lu — v|| and I+ [u] denotes the Euclidean projection of u onto R”!, then
velk_

the AL function £, and its gradient can be expressed as follows [38, Sec. 2].
Lemma 1 Consider the function L, for p > 0, x € X and A > 0. Then
2
Lyx.3) = (f(x) +4(d-(5+sm)) - ﬁuw) ,
VL@, W) = (=2 + 11, (2 +5)).
and VL (x, 1) = Ve f &) + pJp @) (5 + @) = 11- (% + g))).
where Jg(X) is Jacobian matrix of g. O
Similarly, the augmented dual function D,,, defined as
Dp(2) = inf Lp(x, 2), ?3)

can be shown to be differentiable [38, Th. 3.2].

Lemma 2 Consider the function D, defined as (3). Then D, is a C' and concave function
over R™ and is the Moreau envelope of Dy, defined as

Dy(A) = '?61]%)’2 [Do(u) - ﬁ”u - )\||2:| and V, D, (A) £ % (qp()\) _ )L) .
where g, (1) £ argmax [Do(u) - i”” _ )\”2] ' -
u

@ Springer
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Since D, is the Moreau envelope of Dy, D, has the same set of maximizers as Dy for any
p > 0 [38, Th. 3.2]. Our interest lies in nonsmooth, albeit smoothable, convex functions,
defined next [7].

Definition 1 A closed, proper, and convex function z : R” — R is (&, 8) smoothable if for
any n > 0, there exists a convex differentiable function /,, such that

A

| Vxhyn(x1) — Vxhyp(x2) | <
hy(x) < h(x) < hy(x) + 1B, Vx € R".

Slxi = x2ll, Vx,x € RY,

O

In fact, one may be faced by compositional convex constraints in which the layers may be
nonsmooth. In such instances, under suitable conditions, smoothability of the layers implies
smoothability of the compositional function but we postpone such avenues for future work.
We leverage smoothability assumptions in [7] to state our basic assumptions on the objective
and constraint functions. In addition, we impose both compactness requirements on X’ as
well as a Slater regularity condition. Before stating the required assumptions, we need to
define the e-KKT conditions of (NSCopt), which is inspired by KKT conditions.

Definition 2 (e-optimal solution) Let f* be the optimal value of (NSCOPT). Given € > 0,
apointX € X is called an e-optimal and e-feasible solution to (NSCOPT) if

fX) — f* < eandd_ (g(X)) < €, respectively. %)
O

Then the partial KKT conditions corresponding to relaxing the constraint g(x) < 0 are
defined as follows, where L(e, ®) denotes the Lagrangian function and Ay (x) denotes the
normal cone of X at x.

0 € VxL(x,A) + Ny (x) 5)
0<irlgx <O (6)

Recall that given an optimization problem, defined as

min f(x)
* (C-Opt)
subjectto g(x) < 0,
where f, g; are smooth functions mapping from R” to R fori = 1, --- , m. Then under a

suitable regularity condition, if x* is a local minimizer of (C-Opt), then there exists A € R}
such that

V&) + Y AiVei(x) =0 ™
i=1

rigix)=0, i=1,---,m (8)

g(x) <0. )

In fact, (8)—(9), together with A > 0, can be compactly stated as

A>0, Xgi(x)=0,Vi, gx) <0.

@ Springer
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By leveraging the “perp” notation, we have that . L g(x) or A; g; (x) = O for all i. Therefore,
we may compactly represent the KKT conditions as

m
V) + Y AiVegi(x) =0 (10)
i=1
0<ia Ll gx) <0. (11)
Note that such a notation is common in complementarity theory (see Cottle, Pang, and
Stone [11] or Facchinei and Pang [14]). This allows us to define a (partial) e-KKT point.

Definition 3 (Partial e-KKT condition) Consider the problem (NSCOPT). Then (X, A¢) is a
partial e-KKT point if X € X,

‘C(XGa)"G) S E(X*7}"E)+€a (12)
0 < he. 8(xc) < €l, and 1/ g(xc) > —e, (13)
where (x*, 1*) denotes a KKT point of (NSCOPT) satisfying (5)—(6). O

This allows us to build a simple relation whereby an €-KKT point satisfies e-optimality
and e-feasibility.

Lemma 3 Consider a tuple (X¢, L) satisfying the e- KKT conditions given by (12)—(13).
Then (X¢, L) satisfies 2e-suboptimality and me-infeasibility, collectively captured by (4).

Proof We observe that e-primal suboptimality in (4) holds by the following sequence of
relations.

13
Fxe) —e 2 ) + AT gxe) = L%, he)

12) T
S LA He= f(x) + A g(xT) +e
~——
<0
S fGH+e
= f(x) = f(X) +2e.
To show e-feasibility of X, as prescribed in (4), we observe that

m

d_(g(xc)) < Y max{gi(xe), 0} < me,

i=1

which completes the proof. O

We now present our ground assumption on the problem of interest and is assumed to hold
throughout the paper, unless explicitly mentioned otherwise.

@ Springer
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Assumption 1. (a) The function f and the constraint functions g1, g2, - - - , £, are convex
and («, B)-smoothable real-valued functions.
(b) There exists a point (x*, A*) satisfying the KKT conditions.
(c) The set X C R”" is a convex and compact set.
(d) (Slater) There exists a vector X € X such that g;(x) < Ofori =1,2,...,m. O
Condition (d) allows for bounding the set of optimal dual variables (cf. [23]). We now
consider the smoothed counterpart of (NSCopt), defined as
min  f;(x)
xex (NSCopt,)
subjectto  g,(x) < 0.

We note that the solution and multiplier set of (NSCopt,) are denoted by X; and Aj,
respectively. Naturally, associated with this problem is the Lagrangian function £, ¢ of the
smoothed problem (referred to as the smoothed Lagrangian) as well as the corresponding

dual function D, o; these objects and their augmented counterparts are defined and analyzed
in the next subsection.

2.2 Analysis of Smoothed Lagrangians

We now analyze the smoothed Lagrangian framework where f and g are approximated by
smoothings f; and g,, where the latter is a vector function with components g1 5, - - - , &m.»-
The resulting smoothed Lagrangian function £, o and the smoothed dual function D) (1)
are defined as

fr;(x) + )\Tgr](x)» A>0
—00, otherwise

Lyo(x, 1) = { } and D, o(1) éxig/fvﬁn,o(x, x).

Then the smoothed augmented Lagrangian function £, , is defined as

Lyp(x2) 2 min | £,00+27 (g,00 + V) + 511,00 + v |

= 1100+ § (4= (% +8,0)) = LI

We may now define D, , and g, , as Dy ,(A) = max,[Dyou) — ﬁ”u — Al*] and

ViDyp(A) = %(qn,p(x) — 1), where g, ,() £ argmax, [ Dy o(u) — ﬁ”u — A1 We
now relate D, to D, , and g, to gy, , in the next lemma.

Lemma4 Forany A € R, the following hold:

(i) |Lo(x, 1) = Lyox, M| < n(lIAIm + 1)B;

(ii) IDy,0(2) — Do(M)| = n(lIAllm + 1)B;

(iii)| Dy, p () — Dp (M| = n([|Allm + 1DB. u

Under a Slater regularity condition, the set of optimal multipliers is bounded (cf. [23]).
Similar bounds are derived for the n-smoothed problem.

@ Springer
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Proposition 1. (a) Let X be as given in Assumption 1(d). Then for any n > 0, g,(X) < 0.
(b) The set of optimal multipliers A* for (NSCopt) is bounded as per

m

Zki < bk} where % < b;,.
i=1

A* C {Azo

(c) For any n > 0, the set of optimal multipliers A} for (NSCopt,) is bounded as per with
£ (mb; + 1B

A gBM:{Azo

min; {—g;(X)}
i=1

m
> i< bm} where /&S mbt DB py,

Proof (a) By Assumption 1(d), there exists a vector X € X such that g(X) < 0, implying that
gy (X) < 0 by the property of smoothability (Def. 1).
(b) By the Slater regularity condition, we directly conclude from [23] that

f®-Dj

A*g{k>0 tfw},Wher€D3:f*.

(c) Similarly, A:‘], the dual optimal solution set, is bounded as follows.

m
* fu®-=Dg, f®-D5,
AnE[DOIDst SNFZ01 D % = G (

Recall that —g; ,(X) > —g;(X) for j = 1,---,m. Furthermore, min{—g; ,(X)} >
J
min{—g;(x)}. It follows from (b) that
J

. . *
(Optimality of )Ln) (Lemma 4(ii))

—Do,n(A}) = —Doy(A") = —Do(X") +n(mb; + DB.

Consequently, if DO N = Dg n(A ). Dg £ Dy (A*), then

— minj{-g; ,(X)}

m
F®-D,
A5 C AzOlZAi<°”}

m
f(X) DUY
c AzOIZAiSnm{g;(:cS}]
i=1
$ f®O—Dj+n(mb, +1)p
f(X)—Dg+n(mby+
c }\ZO|Z)\i§Hﬁn(j{gj(i;}}
i=1
c

m
By £ {A >0] ) hi < bm}.

i=1
|
Both Lemma 4 and Proposition 1 play crucial roles in the convergence analysis presented
in Section 3. We now relate a saddle-point (X;, k;) of (NSCopt,) to an n-saddle-point (x*, A*)

of (NSCopt), where the bound on the multipliers for (NScopt) and (NSCopt,) are denoted by
by, and b, , , respectively. Next, we relate a saddle-point of (NSCopt,) to an n-saddle-point
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of (NSCopt), where an n-saddle point satisfies the saddle-point requirements with an O(n)
error.
Theorem 1. Let (x;, A’;I) represent a saddle point of (NSCopt,).

(a) Suppose x;; € X is a feasible solution of (NSCopty,). Then x;; is an «/mnpB-feasible of

(NSCopt), i.e. d—(g(x})) < /mnp.
(b) (x;, A;) is a 256 (1 + mmax {b,\,,,, 1Al })-saddle-point of (NSCopt), i.e. forall (x, 1) €
X xR,

Lo(xy, 1) —nB(1 + mmax {byy. A1} < Lo(xy. A7)

< Lo(x, %)+ np(1 +mby ).

A

Proof (a) Suppose x; € X is a feasible solution of (NSCopt,). Then g, (x;) < 0. Further-

more, g(x;) < gy(x;) + nBl < nBl, implying that d_(g(x})) < np1|.
(b) The dual optimal set A} is nonempty and bounded as per Lemma 1. Let (x}, A}) be the
saddle point of L; o(-, -). We now proceed to show that (x;, A7) is an approximate saddle-

n’
point of Lp.
Lo(, 20) = ) + () g5 < f6) + 1B+ (1) " gy () + nbs A1
= Lo,,,(x’;, A;) + 0B + by ym) < Lo, (X, A’;) +nB(1 + by ym) for allx € X

—05) g®=0 . o
= Lo ) + () = fX) + (O (8 () — g(X)) + 1B + by ym)

< Lo(x, Ay) +nB(1 + by ym) for allx € X.

The final result follows through the following sequence of inequalities as provided next

Lo, ) = () + 0o T8 (x5 = £, + G T (847))
= Co,n(X;7 k;) > Lo‘,,(x;, 1) forall A € RY
= Lo, 1)+ fo0) = £ + 27 (8(x)) — g(x}))
> Lo(xt, ) — nB(1+mi])
> Lo(x;, &) — nB(1 +mmax{by ,, [A]}) VA eRY.

The following Lemma 5 shows the relation between g, , () and g, (e).

Lemma5 Forany A € R, the following hold:
(i) llgn.p M) — qp Ml = VAon(IAm + Cw)B;

(iD) 11V2Dy.p (1) = Vi Dyl = Sllgy,p () — o) < | HHUARECRE, O

‘We now formally state the smoothed AL scheme. The traditional ALM is reliant on solving
the subproblem exactly or €-inexactly at epoch k. However, in regimes with nonsmooth
constraints, the AL subproblem is nonsmooth, precluding the usage of accelerated gradient
methods, leading to far poorer performance. Our proposed scheme solves a sequence of 7-
smoothed problems solved within an error tolerance of € ’IZ where b > 0. A formal statement
of the scheme is provided next.
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Smoothed augmented Lagrangian scheme (Sm-AL).
Given Xxg, A9, K > 0, and sequences { ok, €, 1k}
Fork=0,---,K —1,do

[0 ] Given ng, pk, €k, and Ag;
[1 ] x¢q satisfies { Ly o Rit1, Ak) — D py k) < en )
[2 ] A1 =2k + 0k VaLe, pe Kit1, A)s k =k + 13

Output {(Xg, Ax)} or {(xk, Ax)}.

Observe that step [1] requires that X1 is an €, n,i’ -minimizer of the AL subproblem, given
by

min Ly, o (X, Ar),
xeX

where Dy, p, (Ar) = minyex Ly, p (X, Ag). Since we have rate guarantees for the accelerated
scheme applied to the subproblem, we can determine the minimum number of gradient steps
that ensure that €, n,lg-suboptimality holds. The Lagrange multiplier update can be expressed
as follows (cf. [2]).

Lemma 6 Consider the smoothed augmented Lagrangian scheme (Sm-AL). Then for any
k > 0, step [2] is equivalent to the following equation.

Mt = Ty [ i + o k1) ] - (14)

The next assumption holds for parameter sequences employed in (Sm-AL). Unless men-
tioned otherwise, Assumptions 1 and 2 hold throughout.

Assumption 2. The positive sequences {€x, 1k, Pk} ,f: | satisfy

() Y021 +/ orernl < oo (i) o2 | /Pkiik < 0o, where b > 0.

While our rate guarantees for the schemes responsible for resolving the subproblem as
well as the outer (dual) problem allow for defining precise lower bounds on the number of
steps required, this computational requirement is reliant on a worst-case analysis. In addition,
we may attempt to check if the sub-optimality requirement is met at some intermediate step.
However, it is not obvious how to check the sub-optimality in the current setting since
the optimal value corresponding to either the subproblem or the outer level problem are
unavailable. Instead, we appeal to a residual function and consider such an approach next.
We emphasize that such a potential early termination of either the subproblem solver or the
outer scheme may have computational benefits.

2.3 Termination Criteria

Our inexact augmented Lagrangian framework relies on utilizing inexact solutions to the
Lagrangian subproblem, obtained by taking finite but increasing number of gradient-based
steps and then leveraging the rate guarantees for accelerated gradient methods. However, we
may well meet the required accuracy prior to taking the prescribed number of gradient steps
by checking a suitable condition. Such a condition is by no means immediate since a naive
assessment of accuracy requires knowing the optimal value to the subproblem; instead, we
present a new analysis by leveraging a residual function and present such an analysis next
for both the inner and outer loops.
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(I). Termination criterion for Inner loop. The inner loop at iteration k terminates when
X1 satisfies the following ekn,’z—optimality requirement, where €, is a positive accuracy
thresholdat iteration k, iy is the smoothing parameter at iteration k, and b is a nonnegative
scalar that is defined subsequently in the complexity analysis.

Lope Skt1. 76) = Dy (M) < €y (15)

In effect, if we view the minimization of the augmented Lagrangian function by the following
convex problem, defined as

min h(x) £ Ly, p (X, Ak, (Opt)
xeX

where / is a convex and smooth function on X, a closed and convex set. We proceed to show
that (15) is equivalent to x;4 approximately satisfying the variational inequality problem.

ViLyp Rt 1) T (7 = Xep) = —exny Yy € X. (16)
In fact, we now develop a verifiable condition whose satisfaction implies (16).

Lemma 7 Consider the problem (Opt). Suppose ||y||> < C and |VA(y)||> < D for any
y € X and y is any positive scalar. Consider the following statements.

(a) X} is an e-optimal solution of (Opt).

(b) Vhx)T(y—x}) = —e, Vy € X.

(c) Suppose there exists w € X and X! € X such that Fy"° (x!, u) = 0, where F3:" (e, o)
represents the perturbed natural map with a chosen parameter y, defined as

F¥“¥xu) 2 &(u—Mx[x—yVAx)]) —x+ Mx [x — yVA®) ].
Then the following hold.

(i) (@) < (b);

.. ~ 7C C+D
(ii) (¢c) = (b), where € = m and € < # O

Observe that the perturbed natural map is rooted in the natural map, a residual function
for variational inequality problems [14]. When specialized to the setting of the the smooth
convex optimization problem

min f(x), (COpt)
xeX
we have that
[ x* solves (COpt) | [F;‘j‘t(x*) £ x -y [x* —yVfxH]= 0] )

The lemma above develops a suitably defined é-perturbed counterpart of F1, denoted by

F3""°. We observe that F3" (x, x) reduces to

FRtix,x) 2 (1-&) (Dx [x — yVA®) ] —x). (17)
In other words, for any € < 1,
F¥%¥x,x) =0 < F¥x =0, (18)

where F}at (x) 2 —x+ [Ty [x — yVh(x) ] . Based on the aforementioned result, in the kth
iteration, this termination criterion reduces to

(T | &u+ (1 — &) Mx [Xer1 — ¥ VLo Kkt 20 | — X1 | =0, (19)
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b
~ Y€k
where €; = TCF(CFD) andu € X.

(II) Termination criterion for outer loop. Here we consider two settings.
(a) Constant penalty parameter. In setting (a), the outer scheme terminates when

| FGx) = f*| = Fk+nkpandd- (k) < Fx +mikh.

where C; £ Bs, Co £ Ba, B3, B4, Bs, Bg are defined in Table 3. Since we have access to
g(e), it is easy to check d_ (g(xg)) < /€. However, evaluating f(Xg) — f* is not directly
possible, since f* is unavailable. Since f is nonsmooth, we apply Lemma 7 to the optimality
gap of the smoothed problem | f;, (Xx) — f;/"K | since it is related to the true optimality gap,
i.e. by leveraging the property of smoothability of f,

FEE) = fX) < fax Rk) = fre &) + 1k B < | fue Rx) — foe &) | + 0k B
F&*) = f&K) < [ &) — fre Rx) + 1k B < | fox Rk) — for &) | + 1k B
= | f&k) — [ | < | fux Rk) — fe &) | + 1k B.

A

Consequently, it suffices to get a bound on each term on the right. To get a bound on
‘ ok Xg) = fox XF) | given X € X, we leverage the following residual function that

Gy K (Xk11, %) 2 xR+ (1 — E) Ty [Xk41 — ¥V Lyx K 41) | — Xk 41,

rCi
(7C+y(C+D)VK’
for nk such that the overall optimality gap (| f — f*|) remains controlled below a tighter

error tolerance €2 to ensure the consistency with our complexity analysis.) Therefore, we
may employ the following termination criterion (T2) at the Kth iterate.

where éx £ and C, D are as defined in Lemma 7. (We can set the values

T2) | GR* (xxy1,%) | = Oandd (gxx)) = k. (20)
(b) Increasing penalty parameter. In setting (b), the outer scheme terminates when
| f(x) = f*] < SL+nxBandd_ (g(xk)) < S +mnx}p,

where C; £ B and C; £ Bg as defined in Table 3. While it is easy to check d_ (g(xg)) < €,
since f* is unavailable and f is nonsmooth, we apply Lemma 7 to the optimality gap
of the smoothed problem | f;, (Xg) — ,;kK| since it is related to the true optimality gap,
i.e. by leveraging the property of smoothability of f, similar to the previous analysis,
| f(xg) — F) | < | fux Kk) — fyx (5*) | +ng B. Consequently, it suffices to get a bound
on both terms on the right. To get a bound on | Sk Xk) = fox (X¥) ‘ and given X € X, we
leverage the following residual function that

GY K (xkt1,%) £ xR+ (1 — &)y [Xk 41 — ¥V Ly K 41) | — XK 41,

rCi
(1C+y(C+D))pk
set the value of ng such that the overall optimality gap (| f — f*|) remains controlled below

€. Therefore, we may employ the following termination criterion (T2) at the Kth iterate.

where éx £ ,and C, D are as defined in Lemma 7. Akin to earlier, we may

M2) |G ka1, B | = 0and d- (gxp)) = & @)

The modified algorithm statement should read as follows.
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Smoothed augmented Lagrangian scheme (Sm-AL).
Given Xxg, Ag, Kk = 0, K > 0, and sequences {pk, €k, 7k}
While k < K and (T2) fails, do;

[0 ] Given ng, pk, €k, and Ag;

[ 1 ] Run subproblem solver for £ steps while £ < M steps and (T1) fails; Output
Xk+15

[2 ] A1 = Ak + o Va L, op K1, M) k =k +1;

Output {(XK, )_\K)} or {(xx, Ag)}

Note that the subproblem solver is essentially an accelerated gradient scheme introduced
in Section 4, the minimum number of steps as prescribed by the rate guarantees is denoted
by M and derived in Section 4.

3 Rate Analysis

In this section, we analyze the rate of convergence for (Sm-AL). In 3.1, we provide some pre-
liminaries and then derive rate statements for constant and increasing penalties in Subsections
3.2 and 3.3, respectively.

3.1 Preliminary results

We begin by recalling the following bound, an extension of the result proved in [38, Lemma
4.3].

Lemma 8 Let {xi, A} be generated by (Sm-AL). For any k > 0, suppose Xy satisfies
Lo or K1, k) — Dy (Ap) < ekn,l(’ where b > 0. Then for k > 0,

2 2}
IV Lgon Gt M) = ViDye o i) |~ < %- (22)

By choosing appropriate sequences {€x, Nk, Pk} {(26knf)/pk} is diminishing (see
Lemma 8). We now derive a uniform bound on the sequence {Ax}.

Lemma9 (Bound on Ay) Consider {1} generated by (Sm-AL).
(a) {Ar} is a convergent sequence. (b) For any K, we have

e}

Ik =25 <> <\/2pkekn,’z + 2y/mipe (I3 + cm»fs) + 0 — A*1 2 B;.

k=0

3.2 Rate analysis under constant p

Next, we derive rate statements for the dual sub-optimality and primal infeasibility when
px = p for all k. Our first result relies on the observation that the augmented dual function
D, has the same set of optimal solutions (and supremum) as the original dual function Dg
(see [38, Th. 3.2]).
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Proposition 2. (Dual sub-optimality) Consider the sequence {A;} generated by (Sm-AL),

where ,ok = p for every k > 0. If B,, B, are constants, then the following holds for

ik 2 Zi gl A and for any K > 0,

A=

K— —

- Zékn
f*=Dphi) < spgliho —2*I7 + § — %2:
k=0 k=0

Proof Recall that Dy, , is the Moreau envelope of D, o. Consequently, V, Dy, , is 1
Lipschitz. We then have
—Dyp Gt 1) < =Dy p (i) = Vi p ) T Cutet = 1) + 55 k1 — Al
= =Dy p (M) = VaDyy p ) T Gyt — A= Vi Dy p (i) T (V= Ag)
+ 5 1At = Aill?
< —Dyep i) = VaDryp ) T Qi1 = M)+ p (i) — Dy p(0F)
+ g5 ke = All?
= — Dy o (W) = ViDy p ) T Qi1 = A5) + ﬁ”lkﬂ — Ml
where —Dy, ,(A*) > —Dy, (k) — V;\an,p()\k)T(A* — Ak). By adding and subtracting
VL pKkt15 1) T (g1 — A%, it follows that
Dypic1) < = Do p W) = VoL p Ki 1, 2 T G — A )+ 5 12kt — l?
— (Vi Do p i) = VaLyy p (Xic1, )»k)) (A1 — A7)
= = Do) = $ 0kt = 20" Gt = 29 + 25 et — Aell?
— (VoD p i) — VoL, p (Kict 1, )»k)) (A1 — A7)
< —Dp.p(A*) — *()\kﬂ =) T kg1 = AF) + 5= 511 — All?
+ IVaDns.p (i) = VaLoy p K15 M) N Adeg1 — )»*ll
= —Dpp (M) + 2 5 (Ae — A = kgt — 2512
+ IVaDy, p (M) — Va Ly, p Kit1, ?»k)||||)»k+1 =27
< =Dp(W*) + (2 llm + DB + 55 (e = 217 = lhesr = 2*17)
+ Vi Dy, p k) — VL p Kkt 1, M) Nl Ak1 — A5,
where the last inequality follows from Lemma 4(iii). By invoking Lemma 9, and ||A¢|| +
A1 < A% = A%[ 4 1A% + [A*]] < By 4 2b5 2 Bj, we obtain
—Dp(hk+1) < =Dp (M) + me (k1 llm + 1B + n (1A% [lm + DB
+ 25 (e = 2517 = eer = 251%)
+ V2. Dy p (M) — Vi Ly, p(Xk+l MO A k41 — A%
< =Dp(W") + me(Bum + DB + 55 (1 = 217 = kst — 2*117)
+ IVaDyy p k) — VL p Kicg 1, M) NI A1 — A7
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By summing fromk =0, --- , K — 1 and dividing by K, we obtain
K—1
= (,1{ > Dphigs) — D,;(A*))
i=0
K—1
< s U0 =212 =k =211 + £ Y mBum+ D
k=0
K—1
+ 2 Y [ VaDup O = VL pers 1) | a1 — A%l
k=0

K—-1 K—1
2¢ n}f
<shelho— 2P+ B3y Yk B 23)

where boundedness of A follows from Lemma 4 and é;\, B;., B; are constants. Consequently,
by invoking the concavity of D,,, we may bound the term on the left to obtain the required
inequality, where Ax = % Zszl A

K—1
—(Dphi) = Dp (W) < g (lro — A*17 = Ik = A1) + & D me(Bim + DB
k=0
K—1
+ 2 VaDap ) = VaLygp ket s 20 | 1dk1 — A%
k=0

K—1 K—1
J2en?
<gelo—P+5% Y Yt B : (24)
The final result follows by noting that D, is the Moreau envelope of Dy and strong duality
holds, implying that D, (1*) = Do(L*) = f(x*). O

Next, we derive a rate statement on the infeasibility.

Proposition 3. (Rate on primal infeasibility) Let {(x¢, Ax)} be a sequence generated by (Sm-
AL). Then the following holds for Xx = % Zlel x; for any K > 0, where C, B3, B4 > 0.

d_(g(xK))<fZ<\/E+\/>nﬂ+W>

Proof We have that g, (Xi+1) can be expressed as
g e 1) = VL p (i ) + (M= (2 + g (e )
Recall that d_ (1 + v) < d_(u) + ||v| for any u, v € R™. Consequently,

A= (@ (%)) = IV Ly p O 2|+ d (11 (% + gy ki)

=0
= IVaLy,p Kkr1, M) - (25)
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By definition of d_(e), convexity of max{g;(e), 0}, and |lull2 < |luli < /m|ull,

m
d_(g(Xg)) = inf ||gXg) —ul> < inf |gRXg) —ul; = inf |g;(Xg) —u;
(&) = inf llg®x) —ullz < inf [lgGx) —ull ;;golg,(xm ujl
m K—1 m
=Y max{g;(%x),0} < % max{g; (xi 1), 0}
j=1 i=0 j=1
K—1 m K—1
< % > 2 max{gyy (s + 0, 0) = Y inf, , g O+ miB1 =l
i=0 j=I i= 0
K—1 K—1
< g 2 inf Jmlgy, (5in) £ Bl —ully = 1 Y7 d_(gy,(5i41) + i)
i=0 "S- k=1
-1 @5 K—1
< YN (d= gy, i) + i BILI2) < 23 (VAL (it 2i) |+ /mni )
i=0 i=0
K—1
< N (IVALyy p (i1, i) = oDy p )
i=0
+ 193Dy, )| + /i B) - (26)

Recall that
VAP p (1) = VaDi s WD < 5 [ 40,0 Oe) = @ p G| + £ 121 = Aall < 2121 = 22,

allowing us to claim that D, , is a (2/p)-smooth concave function. Then by leveraging [32]
for any A > 0,

1V Dy p O = \/ 2 (PupGip) = Dpp®) = \/ 2 (Do) = D3+ 2mBBy )

< \/ 2(Dp ) = Dy + 2mBBs) = |2 (Dp ) = Dp) +2 L,

where A} is a maximizer of Dy ,,. By leveraging the concavity of the square-root function,

the prior dual sub-optimality bounds, +/u + v < /u + /v for u, v > 0, the subaddivity of
concave functions, we have from (26),

) K—-1
d_(g(R)) < Z (\/7+ ﬂmﬂ) + % \/% (Pp () =Dy (20)
i=0
s Jom
(Concavity of x/~) ﬁK71 2¢;n? 2m 1 ()
< @Y Y EE A VmB )+ |2 (D00 = % D Dp0)
i=0

i=0
K—1 -
Y|k

i=0
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Recall from (24), it follows that

K—1 K-1 K—1
2exn}

¥ 2 (D0 =Dp()) < g llo =217+ 2 D Yt + B Y me=
i=0 k=0 k=0

=0

which implies that

K-1
d_(¢(%x)) Ef2<\/g+fml3+\/ﬁ>+\/ﬁ

1

k2 _1 2 b —
where C £ ”)‘0272 [ <B,\ Zf:()l f;;k + B> Zfzol nk). O

We now derive a rate statement for the primal sub-optimality.
Theorem 2. (Rate on primal sub-opt) Consider the sequence {(xx, A¢)} generated by (Sm-
AL). Then (27) holds for xx = % Zszl x; and for any K > 0, where Bs, Bg > 0.
(%4 Bt mbingB) < fGx) - f7 < B @7)
K VK mo) )Nk = f XK f = K

Proof Recall that since x; may not be feasible with respect to the constraints, we derive upper
and lower bounds on the sub-optimality.

(i) Lower bound. A rate statement for the lower bound is first constructed. Since
max, D,(A) = min L,(x,A*) = f*, the following sequence of inequalities hold where

Xk = % Zk 0 Xks fn*K = ,r(ré% Lyg.p (x AEK), and (x,]K, ;K) is the saddle point of
Lyg.0(X, A).

f’;FK= [:"K’p(xflk ’ }":K) < Lyg.p(Xk s )\;‘;K)

. 2
= fox Ge) + 5 (d— (AZ" + i (im)) 25120 I

Ak 2

> ) = 25l 12
2p Wnk

*

o
- (gﬂK (iK))

< for )+ £ (d_ (g0 (Rx)) +

= an (xx) + g (d7 (gr;K (’_(K)))

Le%l Jox Xx) + % (d— (gnk ()_(K)))2 + bi.pd- (g’IK ()_(K)) :

By invoking Proposition 3, we obtain the following inequality.
* < 352 Bs
an_an(XK)ff‘f‘ﬁ- (28)

Let x* € X* and X;K is a minimizer of L, , (-, A;K). By Lemma 4, we have that

) = LA < LG A = f(5) + Y AFgi(xy,)
i=1

S LG+ D M @) — gk (X5)
i=1
=< f(x) +mbunk B, (29)
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implying that f(x*) < f(an) + mb, fnk. By definition of the smoothing, f(x
Fox (X5,) < Bk and fp Xg) — f(Xk) < 0.

FOF) = &) = fOF) = FOED + L) = fo (65,0 + fo K5 — fr Rr)

)~

<mb; fng <Bnk 28)
- - B2
+ fux R) = f&k) < (L+mb)ngp + % + T
———
<0

(i) Upper bound. Let x oy € arg mm Ly p X, Ag) and (X ;k) be the saddle point of

Nk’

Ly,0(x, A). Based on the deﬁn1t10n of sz 2, and x , the following two inequalities hold.

%
Lo i1 M) = Ly p (5, 52 M) < €xnp
Lopp & 5 h) < Lo p (K5, )

By adding the two inequalities, we obtain

Lo i1, M) — Lo p Xy Aie)

= Ly p k15 M) — L p O s M)+ L p Ky s M) = Lo p (X5, Ak

< ey (30)
Consequently, by leveraging (30) and invoking the definition of £, , (-, Ar), we have that

2 2
P D) = F ) < 5 (4 (2 +en5))) = 5 (4 (% + gnesn)) + e
We observe that
d_(u) = |- (u) —ull = HT-(u) — (T-(u) + T )| = =TT @) || = T+ @)l

By choosing u = gy, (Xk4+1) + %", it follows from Lemma 6 that

Akt

d <8nk(Xk+1) + %") = HH+ (gnk(xk_,_l) + )H = ’

Furthermore, we have that g, (x ) < 0 since sz is feasible with respect to ng-smoothed
objective, implying

d (% +gp () = d_(gn5))
ok i/

=0, since 8y (x;‘,k)EO

We observe that that g, (x*) < g(x*) < 0, implying that x* is feasible for the 7;-smoothed
problem and consequently,

which implies

At
]

2
FoeGk) = fr x5) < 6 ( A ) +eanp. 31)

Fau 5 = (%) < 0. (32)

Summing from k = 0 to K — 1 and leveraging convexity of f;, and, we obtain that

f&g) — sfz f &) — %)
k=0
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=
N

+ &) = o Ke) + for K1) — e (K5

=mp @31

~
Il
=}

+ fﬂk(xzk) - fnk(x*)‘l‘fnk(x*) - f*

<0 from (32) <0 (smoothing)
5 K-1
1 b
<1 ( < (;0 ( )))4‘?2(6]&7](4‘7]](/3)
k=0
K—1
A B
< 212+ Y (ent +mp) < B
k=0
where Bg > 0 is a constant. 0

3.3 Rate analysis under increasing p

We now consider the setting where {p;} is an increasing sequence.

Lemma 10 (Rate on primal infeasibility) Suppose {(Xx, Ar)} is generated by (Sm-AL). Then
foranyk = 0, d- (g(kes1)) < | 22 | 4 e

Proof By the update rule, we have that
A1 = Ak + ok Vo L pp Kie1, Ak) = Mg+ or&n K1) — o I1- (%ﬁ + & (Xk+])) .

It follows that g, (X¢+1) = ”‘ I & (% +gn (xk+1)), implying

d_(gn (Xx11)) < d_ ( ( + gnk(xk+1))) 4 H Moy 1— Ak ” _ H )\k+|—)»k H

Akin to the proof in Proposition 3, we have

A= (@(%k1)) = d (g (xa)) + e < | 22

+ mnB.

O

Proposition 4. (Rate on primal suboptimality) Suppose {(Xx, 1)} is generated by Sm-AL
scheme. Then we have that

2 Ay el
—mi(1+ bym)B — (”“,;' 4 ) < fOur)) = f* < B+ B 4 ek,

Proof (i) Let f,;‘k = i (x;‘]k) and (x;k, A’;k) be the saddle point of £, o(x, A). We have that

*

A
f;;kk =< £nk,pk(xk+lv )\':k) = fnk(xk+1) + % (d— <p”:

2
+gnk(xk+1>>) ol 12

2
=fnk<xk+1)+%(d7 (ﬁ,; T +gnk<xk+1))> Lo
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2
2
) zpk A5, 1

«
Mo M
k Pk

2
) a2
2
). (33)

By adding and subtracting f(xy, ), f, and fy, (Xk41), it follows that
=) = 5= fx) + () = fo

< fu e + % <d, (2 + g ke +

X
YT

ok | Mgl
< fnk(xk—H) + 5 < pJ;: + O ok

< foOoes) + - (nmln +ka—

<b).mBny from (29) <mpB
+ o = P e 1) + f K1) — f K1) -
33) <0

A% A 2
Consequently, we have that f(xxy1) — f(x*) > —(1 + bym)ne 8 — (”A";k‘ 12 + ! ""pk il ) .

(i1) Similar to the previous analysis in Theorem 2, we have
Lope Kt 1. M) = Ly o (K5 1) < €y
which implies

Foe Ke1) = fo,
5 ((df (%: + 8m (X;k)»z - <d7 <2—’; + & (Xk+1)>)2) + exn?
5 ((d, (3 + gnk(xﬁk))y) e < g (( (8005 ) + 1241 ) +en?

= (1l?
—( o >+E KNk

= [k1) = [ = [ 1) = S Kk 1) + e K1) — S+ Fo (55,0 — fir (X5)
(N —

IA

IA

<m B <0 from (32)
L) = fF < B gd,
N e’

<0

We conclude with an overall rate for sub-optimality and infeasibility.

@ Springer



Journal of Scientific Computing (2025) 104:46 Page 23 0f43 46

Theorem 3. Suppose {(xx, 1)} is generated by (Sm-AL). Let n; = i. Then the following
holds, where B7, Bg > 0 are constants.

|f (1) = £*1 < meB + bum) + £ and d_ (g(xx41)) < mipm + B

Proof Suppose pr = po¢* where ¢ > 1. By choosing € n,i’ = we have that

1
k2+6/1k >

I, — ||
Pk

2
|f Kee1) = f*] < max {ﬂkﬁ(l +bym) 4 el

o e N e e
2pk

B+ ”’2\;‘),‘1 +ekﬂ;}<’}

< mB(L+bym) +
< mBA +bym) + 2.

+ Ek’]k < Bl + bym) + + k2+5pk

Next, we derive a rate on the expected infeasibility. Recall from Lemma 4, g(Xx+1) <
& Xk+1) + i B1, implying that d— (g (xx+1) < d—(gn, Xk+1) + nkB1). Therefore,

+ meBI

)\k+l —hk

A (g(x1)) = d- (g, (1) + D) < |24
< mBm+ 22 =y pm + 5

4 Overall Complexity Guarantees

In 4.1, we begin with some preliminaries, including the derivation of Lipschitzian properties
for the smoothed AL function. This allows for employing an accelerated gradient framework
for inexact resolution of the subproblem, leading to suitable complexity guarantees in 4.2
for convex and strongly convex regimes. In 4.3, overall complexity guarantees for (Sm-AL)
with a fixed smoothing parameter are presented.

4.1 Preliminaries

We first derive L-smoothness of £, , (e, 1) uniformly in A. Our bound necessitates utilizing
an upper bound on 7, which we denoted by n".

Lemma 11 Suppose0 < n < n" and p > 1. Then the following hold.

(a) For any ) > 0, there exists C such that Ly p(e, 1) is Cnp -smooth.
(b) Ly, p(x, 1) is convex in X € X and concave in A > 0. O

Next, we formally state an accelerated gradient method for resolving the augmented
Lagrangian subproblem (ALSub,, ,, (A)), defined as

min Ly, p (X, Ag). (ALSuby, p (Ar))
xeX

Suppose XZ denotes an optimal solution of (ALSub,, ,, (Ax)). Since Ly, 4, (e, At) is a con-

vex and 2
Tk

sequence {y;, zj}?/l:"o as follows, where zy = yo = X¢.

Yi+1 = x [2j — B;VxLoy o (2, ) ]

, J>0. (AG)
Zjy1 =Yjr1+ v (Vi1 —Y))

We now restate the convergence guarantees [6, 31, 32, 34] associated with (AG).
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Theorem 4. (Thm 2.2.1, Lem 2.2.4 [34]) Suppose X is a convex and compact set where
Ix —y|l < Cp for any x,y € X. Suppose nr < n“ and px > 1 for any k. Consider a
sequence {y;, z;} generated by (AG) when applied to (ALSuby,, ,, (Ak))
(i) Suppose B = 1/L, o = (1+ (1 +aF_)"/?)/2, and y; = T
a1 =0.Then Ly o (¥j+1, M) — Loy pp X5is Ag) < % for any j > 0.

(ii) Suppose Ly, p; (8, Ar) is a u-strongly convex and Li-smooth function. Suppose 8; =

! for j = 0, where

L/Ly, o and y; = ¢C+l for j > 0, where k = Ly /p fork > 0. Then Ly, (¥j+1, Ak) —
‘Cﬂk Pk (XZ7 )Lk) =< C(p*k)(l - 7,(,()] fOI'j > 0, where (‘an,pk (Xk» )\k) - L:nk,pk (X;:, )\k) aF
MC12/2)<C( )foranyk

4.2 Complexity guarantees for convex and strongly convex f

We begin by leveraging Theorem 4 to develop complexity guarantees in convex settings for
an e-optimal solution by leveraging the rate statement for dual suboptimality (in constant
penalty settings) and primal sub-optimality (in increasing penalty settings). Throughout, we

recall that AL subproblem objective is Li-smooth, where Ly = % and ||x — y|| < Cy for
any x, y € X. Additionally, complexity guarantees are derived by utilizing the rate guarantees
presented in Theorem 2 (Constant pp) or Theorem 3 (increasing pi ) to determine the number
of outer iterations K; specifically, by these results, to ensure e-suboptimal solutions, we

require that K = {%1 (constant p) or K = (lnl;f{/f )1 (increasing p) for a suitable constant
C.

Theorem 5. (Overall complexity of Sm-AL for convex f) Consider {(xz, Ax)} generated
by (Sm-AL). Suppose pg > 1,&,8 > 0,b > 0, |x — y|| < C; forany x, y € X and C is
suitably defined based on the smoothing property.

(a) (Constant p). Let px = po, qx = k=%t ¢ = nk_bk’(z“), and

My = [(Cl(j'po)l/zkz(l‘“s)—‘ for k > 0. Suppose K is chosen such that ()_(K, )_LK) satisfies

f*=D(g) < ewhereXx = YK | x;/K andig = Y5 | 4;/K.If K (e) = [$7], thenthe

overall iteration complexity of computing such an X satisfies Y, ] Ko p <0 (e=C+9).

(b) (Geometrically increasing o). Let px = pg{k Nk = p]kk Q) ¢ = ﬁk’@*‘” and
k

M = ’7 Clépz/zszr‘s—‘ for all k > 0, where ¢ > 1. Suppose K is chosen such that

(XK, Ag) satisfies | f* — f(xk)| < e.If K(e) = flnl;%/)e)l, then the overall iteration

complexity of computing such an xg satisfies ) K(s) My < (’3(6*%).

Proof (a) By Theorem 4, M is the smallest integer satisfying

C1 Lk _ C]Cpo b
Loe e K1, M) — Dy (M) < <Tf> = (W) = €My

- ] ()]
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Then the iteration complexity of computing a (Xg, Ax) where f* — D(Ag) < € requires

K(e) [C/el

]; My= ) [(@) kz<1+s)-‘ -0 (€7(3+zs>> '

k=1

(b) Proceeding similarly, by Theorem 4, My is defined as follows.

=~ C é 2 bk(2+5) ~ 3/2
[N ]

Then the iteration complexity of producing an xg satisfying | f* — f(xg)| < e requires

K@) Mn < /gl \ \ tog, (£)+1 z
YoM=Y { <\/C1C) p,fk@“)w < 2<\/C1C> pg Y. kD
k=1 k=1 k=1

In 2
Sz( /C1 ) 3/2(ﬂ (%)+1.|)3(1+5)v/1 5( )+ ;%”dus@(e_%)

Remark 1 (Constant p.) Suppose ¢ is a positive scalar. Let K £ [C/e] where C is defined
in Proposition 2. Suppose Sm-AL scheme runs for K iterations and produces Xx and ig.
Then we have that

[*=DOx) <& |f* = f&x)| < O(Ve), andd_ (g(Xk)) < O (Ve).

(Increasing o). Suppose € is a positive scalar. Let K £ [In ( ) /1n (¢)] where C is defined
in Theorem 3 and o = po¢* with ¢ > 1. Suppose Sm-AL scheme runs for K iterations and
produces Xx and A g, where

| f*— fxx)| < eandd_ (g(xk)) < O (e).

We now produce an extension of the results for strongly convex settings.

Theorem 6. (Overall complexity of Sm-AL for strongly convex f) Suppose f is p-strongly
convex on X. Consider a sequence {(Xg, Ax)} generated by (Sm-AL). Suppose pg, &, > 0,
b>0,|lx —y|| <Cjforanyx,y € X and C is suitably defined based on the smoothing

property.
In 6'00
ant! 245
(a) (Constant p). Let M = 7J% , Pk = Po, Nk = k @+ and ¢ =
n(7227)
nk_bk’(”‘s) for all k > 0, where § > 0. Suppose K is chosen such that (X, Ax) satisfies
f*=DGk) < ewhere k¢ = (X}, x)/K and Ax = (K 2)/K. I K(e) = [€1,
then the overall iteration complexity of computing an Xg satisfies Z/f:(? M <O (61—2) .
¢
T n(5f)
(b) (Geometrically increasing py). Let M} = 7ﬁ , Pk = pogk, N =
w( 7252 7)
p,:lk_(”‘s), and €, = p,:ln,:bk_(z'*"s) for k > 0, where §, p > 0,¢ > 1. Suppose K

is chosen such that (xg, Ag) satisfies | f* — f(xx)| < e.If K(¢) = flnlilc({/)s)l, then the

overall iteration complexity of computing an xg satisfies ), ", K M <O ( )
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Proof (a) Suppose pr = po for all k. Suppose M} represents the least number of steps taken
at step k to achieve (e 77]]: )-optimality of the subproblem. By Theorem 4 and In(x) > xx;l
for x > 0,

- My
Lo K1, M) — Doy (Ag) =< C% (l _ %) - Eknl}z.
¢
_ ln(ekni’zgl) 1"(5,001(4”5)
= M; = W -‘ < { T "
NN 1- /i
— ln(ép0k4+25) Cpo lﬂ(ép0k4+25)
I\ eE W _ [ Lo n(Emi) W
VL
[ CooIn((Clo++2s A )
= (0(\/%))> —‘ where C = (Cpo)l/(4+25)_

Consequently, since K (¢) = [C/e] outer steps are required, the overall complexity is

K(e) [C/el époln((ék)4+28) [C/e] (A428)k1+ C’poln((é‘k))
];MFZM W )W:ZH ) ﬂ

k=1 k=1
<0(Z=m()).

(b) Consider p; = pogk where k > 0 and ¢ > 1. Proceeding as in (a) and by Theorem 4 and
In(x) > ==L forx > 0,

- My
Lo Kt 1: M) — Do Ok) < c(%) (1 - %) < el

Cox
1 ~ 34
n(ékn£+l) "‘ - " ln(Ck<4+25)p,§) —‘ _ 2Pk ln(pZCk<4+25>)

:}Mkzlr

VL N = NaT
1n<\/E*«/17 (17%)

Consequently, if K (¢) = [In(C/e)/In(¢)] = [log, (C/e)] outer steps are employed, then
the overall complexity can be bounded as follows.

K (e) [log, (C/e)]
Somi= Y o S (pener) |
k=1 k=1
Mog, (C/e)]
< Z Cl[pkk““)ln(p,fék(““a))—‘
k=1

1468
= POC(HOg‘(c/Em (ﬂog{(C/eﬂ)( )
= 44268
x In (p3§3(“°g¢(c/€mC (ﬂogg (C/eﬂ)( ))

<o().
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Remark2 Sm-AL is designed for convex problems with nonsmooth nonlinear convex con-
straints, achieving an overall complexity of O (8_3/ 2) under geometric growth of py, slightly
worse than the best known complexities for contending with smooth nonlinear constraints
(cf. [26, 44]), i.e. O™ 1) (up to log. terms).

4.3 Complexity Analysis for (Sm-AL) with fixed n

Next, we apply (Sm-AL) to (NSCopt,) with a fixed and appropriately chosen 7 with the
overall goal of finding an (Xx, Ax) such that either dual suboptimality is sufficiently small,
i.e. fn* — Dy 0(Ag) =< € (constant py = po) or primal suboptimality is sufficiently small
| fr(XK) — f,;"l < & (geometrically increasing px).

(a) (Constant p) Suppose 1 < ce, where ¢ needs specification. After K steps in (Sm-AL),

f,;" — D,,,O(XK) < %, where K = ’V%—‘ for a suitable C. By Lemma 4,

A

f&* =Do(hk) < fyX*) 4+ 1B — Dyohg) + n(lrg lm + 1B

F2(6) = Do)+ (B(Bim +2)) < e.
— N—— ——’

=<

IA

=

©|®
ST

To ensure that the second term is less than € /2, we select n < ——&——.
2(;3(2-&-31171))
(b) (Geometrically increasing p). Proceeding similarly, suppose n < ce, then by taking K

steps in (Sm-AL), | f;,(xg) — fn*l < %, where K = {%] for a suitable C. Consequently, we
have that if n < 75, we have that f(xx) — f* <.

F&xk) = f* = fulx) = &) + 0B < fy(xkx) — f(x) + 1
—_—

=

< e.

[\STIL)

=

(1)

Similarly, if n < ﬁ, f*— f(Xk) < e, implying that if n < %, | f(xg) — f* <e.

Proposition 5. (Complexity analysis of AL for n-smoothed convex problems) Consider a
sequence {(Xk,j»k)} generated by (Sm-AL). Suppose pg, & > 0, ||[x — y|| < C; for any
x,y € X and C is suitably defined based on the smoothing property.

(a.) (Constant p). Let pp = po, ex =k @ p=——€ __ and
1 2(p+Bym)

M, = [\/%—‘ fork > 0, where 8 > 0.Suppose K is chosen such that (X, Ax ) satisfies

f* — D(kg) < & where Xx = Zlel x;/K and Ax = Z:K=1 Ai/K. Let K(e) = ’V%
where C is a constant. Then the overall iteration complexity of computing such X satisfies
(2
K@ < o (1)),
(b.) (Geometrically increasing pg.) Let px = polk, e = pk_]k’@”), n = % and M =

Ci1Cpip 1+
nex
(Xg, Ag) satisfies | f* — f(xg)| < e. Let K(¢) = In(C/e)/In(¢) where C is a constant.

Then the overall iteration complexity of computing such X satisfies Zf:(? My < O(e~ 5 ).

—‘ for all k > 0 where 8, pg > 0,7 > 1. Suppose K is chosen such that
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Proof (a.) By Theorem 4, My is the smallest integer satisfying
CiL ¢ c
Lo Xkt1, M) = D k) < (ﬁ) < (W?) < &

— M, = [ /C]éfnpo—‘ _ [( /ZCIC(ﬁ(szAm))PO)k1+5—‘ _ [( /%) k1+5—‘

where Cy, C, B, B;, are constants and D 2 20,C (B2 4 Bjym)). Then the complexity of
computing a (Xg, Ag) where f* — Dg(Lg) < € requires

K@) /el /el
$ = S (/28) 5] = vome+ 3 o] <o (),
k=1 k=1 k=1

(b) Consider py = poc* where k > 0 and ¢ > 1. Proceeding as in (a) and by invoking

Theorem 4,
My = [ /Clékcnpk—‘ _ [ 2c1€Cﬁpkk1+a—‘ _ "\/épkkms—‘

where C, C, B are constants and D £ 2CC 8. Then the iteration complexity of producing
an xx satisfying | f — f(xx)| < & leads to the following bound, where C, D > 0.

Kie) fn € /1n g1 tog (£)+1
D Mi= ) Hﬁ) ﬂkk‘“‘ﬂ < (ﬁ) D D S
k=1 k=1 k=1

log, %+2 B
< \Fnge_% (|’10g§ (%) + 1'|)2(1+8)/ {< ) Z'du < O (e_%> .

1
|

Remark 3 We observe that the complexity guarantees are close to those for diminishing 7y
with a slight improvement in the constant pg regime. We recall that Nesterov [33] and Beck
and Teboulle [7] adopted different smoothing techniques with fixed 1 to get an e-optimal
solution within O(1/e). When compared to these smoothing schemes in [7, 33], Sm-AL
targets problems with nonsmooth constraint functions. Moreover, Sm-AL accommodates
both fixed and varying 5, with an effective complexity rate O (e ~3/%), matching the complexity
of a smoothed penalized scheme [3].

Table 2 summarizes rate and complexities for S-AL, S-AL(#n), S-AL(S), and N-AL where
(a). Sm-AL is smoothed ALM for convex problems; (b). Sm-AL(#n) is n-smoothed ALM;
(c). Sm-AL(S) is Sm-AL for strongly convex problems; (d). N-AL is original ALM for
nonsmooth problems. Additionally, Table 3 captures all of the constants utilized in the results
from Sections 3 and 4 in a single table.

5 Numerical Experiments
5.1 Fused Lasso Problems

In this section, we apply (Sm-AL) on a fused lasso problem with datasets {X;, y; }lN: | Where
X; is the d-dimensional feature vector for ith instance and y; is the corresponding response.
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Consider the n-smoothing of (1).

min ||Y — X' 8|)?
min | il

subject to Z (\//‘3]2- +n? - 77) <Cy, Z <\/(/3j —Bj-1)*+n? - '7) < (.
J J

We conducted the experiments on simulated datasets with dimensions of 8 ranging from 5
to 1000. The results are shown in Table 4. The optimal solutions for each experiment are
obtained by using fimincon in Matlab. In Table 4, we compare the results from Sm-AL with
those from N-AL. Both Sm-AL and N-AL terminated at 50 outer iterations except that
n = 1000 case for Sm-AL was stopped at the 30th outer iteration to save time. N-AL was
terminated when the overall runtime exceeded two hours for higher dimensional problems.
In all cases, Sm-AL outperforms N-AL with respect to primal suboptimality and overall
runtime.

Next, we compare the results from Sm-AL with AL on an n-smoothed problem for a single
instance (n = 5). We observe that such fixed-smoothing avenues provide relatively coarse
approximations compared to their iteratively smoothed counterparts. Finally, we compare
empirical rates of Sm-AL in two settings of p; for a smaller problem (n = 5) in terms of
primal suboptimality in Figure 1 and observe alignment with the theoretical rates, represented
by blue lines with triangular markers.

The following insights were derived from the analysis of primal suboptimality, as shown
in Figure 1.

(i) First, employing a constant n leads to a sequence that converges to an approximate
solution while diminishing 7, allows for asymptotic guarantees to a true solution.

(i) Second, choosing a very small n may impede early progress of the scheme since this
leads to a large Lipschitz constant L, constraining the steplength and limiting the
progress. On the other hand, selecting a larger ; allows for better early progress but
the sequence will converge to a solution that may differ significantly from the true
solution. A diminishing 7 sequence starts with a larger n (allowing for larger steps
and greater progress) but comes with a guarantee that the sequence will converge to a
true solution. This is reflected in Figure 1.

(iii)) We observe that the complexity guarantees for constant n are close to those for dimin-
ishing n; with a slight improvement in the constant pp regime (see Theorem X.). We
recall that Nesterov [33] and Beck and Teboulle [7] adopted different smoothing tech-
niques with fixed n to get an e-optimal solution within O(1/€). When compared to
these smoothing schemes in [7, 33], Sm-AL targets problems with nonsmooth con-
straint functions. Moreover, Sm-AL accommodates both fixed and varying n, with an
effective complexity rate O(e ~3/%), matching the complexity of a smoothed penalized
scheme [3]. When compared to the results in Proposition 2 with constant p, SM-AL
with constant  improves overall complexity by O (s’l/ 2). The diminishing nature of
nx slows down the convergence process due to the additional summable requirement
for varying n.

5.2 Incorporation of termination criteria

Next, we consider the introduction of termination criteria T1 and T2 and examine the impact
of potentially early termination, measured by ), Ni. Table 5 provides a comparison between
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Fig. 1 Primal subopt. for fused lasso problems for constant (L) and increasing py (R)

the Sm-AL scheme with and without termination criteria. It can be observed that the incor-
poration of these termination criteria leads to significant computational benefits with little
(if any) impact on accuracy. A natural question lies in the choice y in the definition of the
residual function F;‘(at’e. We observe that when x € X,

|| = (& (= mx [x = y Vi ]) = x+ Mx [x = y VA0 |

< € (Mxtul = MTx [x = y VA®) ]) | + | T2 [x] = M [x =y VA®) ||
< €@ —x+yVa)| + lly VAx) |
<2eCH+y(1+¢€)D,

where ||x|| < C and |[Vh(x)|| < D for any x,u € X. From the above bound, it may be
observed that small choices of y may lead to early satisfaction of conditions T1 or T2 while
larger choices of y may require significantly more iterations. Ideally, since we have already
developed convergence guarantees, it would be helpful to relate y to . Some preliminary
numerics are provided where the choice of y is varied in condition T2, leading to some
variability in performance. It can be surmised from this table that constant y leads to poorer
performance while diminishing choices for y lead to far superior behavior. This is less
surprising in that for larger values of K, y is smaller and imposes a more modest threshold
for satisfying the condition and thereby allowing for earlier termination.

6 Conclusion

In this paper, we develop a smoothed AL scheme for resolving convex programs with pos-
sibly nonsmooth constraints and provide rate and complexity guarantees for convex and
strongly convex settings under constant and increasing penalty parameter sequences. The
complexity guarantees represent significant improvements over the best available guarantees
for AL schemes applied to convex programs with nonsmooth objectives and constraints.
A by-product of our analysis develops a relationship between saddle-points of 1n-smoothed
problems and 7n-saddle points of our original problem. Moreover, to improve the practical
behavior of the proposed Sm-AL scheme, we have developed termination criteria that allow
for premature termination. Our preliminary numerics suggest that such criteria lead to sig-
nificant improvements in the complexity of our scheme with modest impacts on accuracy
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Table 5 Numerical results with termination criteria

n parameters Sm-AL
Term. Cri. Pk Nk CT f—r* d (3) K Sk Nk
5 T &T> 0.1 k=201 3e+3 6.16e—5 0.00e-+0 807 3.74e+5
Lotk Lo 3et3  5.06e-5  0.00e+0 87 2.33e+5
prk=
K & N 0.1 k201 3e+3 1.82e—4 0.00e+0 400 2.40e+7
Lotk Lo 3et3 4825 0.00e+0 100 1.18e+6
pk=
10 T\ & T 0.1 k201 3e+3  4.12e—5  0.00e+0 211 2.27e+5
Lotk Lo letd 6955  0.00e+0 44 3.33e+4
Pk
K & N 0.1 k201 3e+3 3.24e—5 1.68e—4 300 1.0le+7
Lotk —Loo 3e+3 3235 10le—4 100 1.18e+6
pk=
100 T &T 0.1 k201 Se+4  6.14e—6  2.49e—4 145 1.18e+4
101k Lo letd  6.l4e—6  24%—4 69 1.87e+4
pk=
K & N 0.1 k201 Se+4  6.10e—6  2.97e—4 100 3.69e+5
1.01% —1 le+4  7.1le—4  0.00e+0 50 8.21e+4
pik=
200 T\ &T> 0.1 k=201 Se+4  3.60e—5 0.00e+0 36 7.88e+3
101 —Lr le+4  5.1le—5  0.00e+0 31 3.75¢+3
Pick=
K & N 0.1 k=201 Se+4  3.56e—5 0.00e+0 100 3.67e+5
Lotk Lo letd  356e-5  0.00e+0 50 4.6le+4
Prk=
500 T\ & T 0.1 k=201 Se+4 4.12¢—5 0.00e+0 64 2.62e+4
Lotk Lo let+5  584e-5  0.00e+0 58 3.84e+4
pik=
K & N 0.1 k=201 S5e+4  4.70e—3 0.00e+0 100 3.69¢+5
1.01% —L le+5  2.3le=5  0.00e+0 80 1.89e+5
Pk
5 T & T 0.1 le-3 3e+3  947e—5  0.00e+0 1057  1.36e+5
1.01% le—3 3e+3  9.03e—5  0.00e+0 932 2.88¢+6
0.1 le—5 3e+3  8.15e—5  0.00e+0 580 3.66e+5
1.01% le—5 3e+3  4.79e—5 0.00e+0 361 5.05e+5
0.1 25e—7  3e4+3  2.06e—4  0.00e+0 674 7.35¢+5
101K 25e—7  3e43 1.8le—4  0.00e+0 222 1.14e+6

T: the subproblem Ly, y, (x, A) is (C‘pk/nk)-smooth

of the resulting solutions.. We believe that our findings represent a foundation for consid-
ering extensions to compositional regimes with expectation-valued and possibly nonsmooth
constraints.
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Table 6 Performance vs choice

of y Primal suboptimality Primal Infeasibility K
0.1 5.12e-5 0 10000
0.01 5.12e-5 0 10000
1 5.12e-5 0 10000
T 6.16e-5 0 807
Pk
Nk 1.72e-4 0 416
0.1 5.41e-4 0 183
Appendix

Proof of Lemma 1

Proof

[1>

£, £ min { £®) +27 (00 + V) + § g0 + VI
= min { /60 + 35 I + 47 (260 +v) + §1500 +vIP} = 5P

= min | £(0 + 311 J54 + V(e + P} = 512112

mm{f(X)+2|| Lot Vo) + VovIP| = I
_ 1 21 142

= f(X)-i-rvnzlgzpllk+pg(X)+pVII} 35 1Ml

= f(x)+glzig%||%+g(X)+VI|2}—ﬁllkllz

= 10+ 5 (d (<G ) - ﬁuxnz}

= 1+ 5 (d (& +5en)) - ﬁnw} ,

where the last equality follows from d (—v) = d_(v) and di (u) 2 minyek v — ull. We
now derive V, L, (x, A) as follows.

ViLy(x,2) = Vi [% (d- (& +50)) - ﬁllkllﬂ
=(t+e0-n-(5+m)) -4
= (200 — 11— (% + )
= (-2 + 14 (3 +2w)).

where the second equality is a result of VudlzC (u) = 2(u — i [u]) for any cone K, the last
equality is a consequence of u = IT_c(u) + ITic+(u) and K £ {u : u > 0}. Similarly, we
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derive VxL,(x, ) as follows.

VxLy(x. 2) = Vx () + Vx [% (d (2 +5m)) - ﬁuxnz}

= Ve f 0+ pde ) (2 + 500 = - (2 +5(0)).

where J, (x) is Jacobian matrix of g. O

Proof of Lemma 2

Proof For completeness, we provide this proof which is based on that provided in [38].
Letu = g(x) + v and p,(u) £ infyex fx) + §||u||2, where p, can be regarded as a
“permutation” function. Then we have

Pp=po+pq, whereq(u) = 5ul’.
The augmented dual function can be expressed as

Dp (1)

inf {pp)+uli} = =pj(=3) = =(po + pa)* (=) = —(Pi0a"P)(=)

~ in Lo *(H”

L}g&{po( )+ pq" (%,
—p¥(=A) — o(r=x 2}

;relﬂa@[ Py (=1 = p(*5*)

max {D — L= AP
max (Do(u) — 35 lu — &)

where the infimal convolution of two functions is defined as
fOg(x) = inf{f(x —y) +g(y)|y € R"}.
D,(A) = Do(A) — s |lu — Al
(1) lfrel%{jl{ 0(A) — 55 llu — A1}
Consequently, by Danskin’s theorem,
ViDy () = & ((argmax(Po(o) — Lju = 217) = 1)
p P P

= 2(@p() — ).

O
Proof of Lemma 6
Proof We observe that (14) can be expressed as
M1 = A+ ok Va Ly, o Ki+15 Ak)
Lemma 1
e M+ ok (—% + Iy I:%: + & (Xk+1)])
=TIl [)»k + ok8ny (Xk+1)] . (34
O
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Proof of Lemma 4

Proof (i) Since for any x € X, we have that

[fx) = [0 < np (35)
g (X) =gy < mp, i=12,....m. (36)

Consequently, for any A > 0, by adding (35) to A; x (36) fori =1, --- , m,
|Lo(x, 1) — Lyox, 1)| < n(|[Allm + DB.

(i) Suppose X € arg mig Lo(x, 1) and X, € arg miﬁ Lyo0(x, ). It follows that Do(A) =
Xe Xe
Lo(X, 1) and Dy o(X) = Ly 0(X,, 1). Let C = (J|A]lm + 1) 8.

Do(A) = Lo(X, A) < Lo(Xy, A) < Ly 0y, ) +1C =Dy 0(d) +1C.
Similarly, we have that
DyoA) = Ly o(Xy, &) < LyoX, A) < Lo(X, 1) +nC =Dy(A) +nC.

This implies that for any A € R}, |D), 0(A) — Do(A)| < nC.
(iii) By the prior definitions,

1
Dy,p(A) = ;2]% |:D,7q0(u) — %Hu — A||2:| and
1
D, (%) = max [Do(u) ab 7L w] :

For any A > 0, letu; € argmax Dy, ,(A) and up € argmax D, (). Then
u u

1 2 1 2
Dpp(A) =Dp(A) = max [Dn,o(u) ~ 2 llu — 2|l } — Mmax [Do(u) ~ 2 llu — Al ]

ueRm

1 1
max | Dy o) — — llu— x> | = | Do(uz) — =— lluz — A|?
20 2p

IA

1 1
max | Dy o) — — lu —A1? | = | Do(ur) — = llur — 1|
20 20

uelRm

Lemma 4(i1)

< nC.

IA

| Dy, 0(u1) — Do(ur)
Similarly, D, (1) — Dy ,(A) < nC, implying the result. |
Proof of Lemma 5
Proof (i) By definition, we have that
2 = (D ~ Lu—a 2)
gp(1) arg max 0(u) — 55 llu —All

= argmin (~Do(u) + 5 lu = 21%) = prox_p, ,().  (37)

Similarly, g, , (1) = prox_Dnyo,p()\). (38)
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By strong convexity of —Dg(e) + ﬁ |  —A||? and —Dy.0(e) + ﬁ ||  —1||? and by noting
that g, (1) and gy, ,(A) uniquely minimize (37) and (38), respectively, we obtain that

~Do(qy,0 () + 25 . () = > = =Dolg, (W) + 751lgp (1) — A1
+ 25 19,0 — g, WP,
> =Dy 0(qn.0 (M) + 351G, — Al
+ 251190, — g, WP,
Consequently, by summing the two inequalities above, we have that
35 19,0 () = apWIP < Dy.0(g9,p (1) = Do(Gy,p (M) + Do(g () = Dy.0(gp(1)
<0 (IgnoMWllm +1) B+ n (llg,(M)Im + 1) B.

By definitions of 17 and A*, we have gy, , (1) = A} and g, (A*) = A*. Therefore, we have
the following bounds on ||g;, , ()|l and [|g, (A)]].

gn.o I = gy 0 ) = qy.p ) + 2511 < NlGn.p (M) = Gn.p QDI +1IA5
qn.p(®) is non-expansive

<A =20+ A< A+ 204511

~Dy0(qp (M) + 25 1g,(A) — A2

Similarly, |lg, (M) || = H qp(A) —qpo(A*) + 1% || < ||All +2||A*||. Therefore, It follows that for
any A > 0,
= lldn.o ) = gp I < 1B (2+ m (Igy,e I + llg,)11))
2p 9n.p qp =7 dn.p qp
< 0B (2+m 2lA +2(biy + b2)))
=2nB (C +m(|IA])) ,

where C, £ 1+ m(b;._, + by) is a constant.
(ii) By recalling the definitions of V, D, (1) and V;D;, ,(1) from Lemma 2,

IV Dy p(2) = VADp W)l = §lidn.p(3) = gp(h)]| </ HUHEECE,

Proof of Lemma 7

Proof (a) = (b). Suppose X} is an €-optimal solution of (Opt). Suppose (b) does not hold
and there exists y € X such that

Vh(x) T (y—x}) < —e.

Consequently, &' (x}; d) = Vh(x:)Td where d =y — x}. Since d is a descent direction, by
Lemma 4.2 [S], we have that for some § < 1, h(x} + td) — h(x}) < —e forany ¢ € (0, §).
Note that x} + td € X since X is a convex set. It follows that there exists a feasible point
X} +td € X such that h(x} + td) — h(X}) < —e, violating e-optimality of x}.
(b) = (a). By convexity of &, we have that
h(y) = h(x}) +Vhx)  (y—xF), Vyex
> h(x}) —e, Vy € X. (39)
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Consequently, h(x}) < h(x*) + € < h(x)+ € for any x € X, implying that x} is an
€-optimal solution.

(¢) = (b). Givenu € X and x} € X, we have that (x¥,u) = 0. Consequently,
we have that X} = €v + [Ty [Xj — yVh(x}) ], where €v + Iy [x: — yVh(xj)] € X and
v=u-— Iy [x} — yVh(x})]. Itis easily seen that the former of these assertions holds as
observed next.

Fnat,é

v+ Iy [X; —yVhx) | =éu+ (1 -y [x; —yVh(x))] € X

sinceu € X, € € (0,1), and X is a convex set. For ease of exposition, we denote
Hyx [xf —yVh(x})]asx. Foranyy € X,

(y=x5) " Vhe) = 4 (v =x2) T (xF = o =y V(D))
1
v

(y— My [xf—yVieH]) T (fv+ My [x5 =y VA ] - (5 — yVA)) )

Term 1

— e (Ev+ My [xE —yVhaH ] = (xF =y Vh(x)) .

Term 2
We first derive a bound on Term 1.
Term 1 = % (y— My [xf—yVh(xE) ])T (Ev+ My [xF —yVAxE) | — xE —yVA(XY)))
% (y— My [xf- yVh(x;f)])T (Mx [xf—yVhxH] - = yVh(EE)))
>0 (Projection identity)
1 T = ~ 1 P -
+y (=% (Eu-0)) =5 (y-x) (€(u=-x)

> = (2012 + 20x¢17 + 20u) +20%12) = - $eC = ey, (40)

where ||y||? < C for anyy € X andX £ [Ty [xj — yVh(x}) ] Consider Term 2.

Term2——% v (Gv+ My [xF =y VA ] — (¢ — yVAD))
= %E(u—x) (éu—%) +%— (xf —yVAEE))
27% Eu—-%" (Gut (1 - % — (xF — yVhX)))
- % a2+ (1 —28u'x - (1 —g)uinz—uTx*+§Jx*+yuTVh(x;‘)—yiTVh(xj))
= — L& (@ + U2 i + 1%1%) + 3wl + 1P + S ARIP + Ik
+5 Il + 1%12 + 20 VA1)
= — L& (A4 D + (@ =&+ HIKIZ + IXIP + 7 IVREDID) )
= —JEB+yC+yD) 2 —e.

Consequently, we have that

(y — x:)T Vh(xl) > —e, wheree = €] + € = % % E(B+y)C+yD)

. ye
= €= 7t CFD)"

O

@ Springer



46 Page 400f43 Journal of Scientific Computing (2025) 104:46

Proof of Lemma 9

Proof (a) By adding and subtracting gy, o, (Ak)» @y, pr (%), @ (AF), it follows that

e = 25 < Wit = @ngeoe G+ e o0 Ak = G A5
+ gm0 A) = @ AN+ g AF) — 27|
T
Next, we derive a bound on [[Ag1 — Gy, p, (A1) || that

k1 = dope QO = [k + £k (VoL op Kk 15 7)) — G ) |
= ||?»k + 0k (VaLoy op Kk41: 4k)) — o Va Dy o (M) — A ||

Lem. 8
< 0k | VAL Ke 1, 1)) = VaDi o M) | = 1/ 20x€m?.

From Lemma 4, (g, o, (A) — qp W) < 24/ preni (12 [Im + Cin) B, implying that

it = 251 < \/2kexng + 2/ pemic (10 lm + C) B + 2k — 2¥]1. (41)

By leveraging the deterministic form of the Robbins-Siegmund Lemma [36], if

,/Zpkeknf + 24/ pini (IA*lm + Cy,) B is summable, then {||Ax — A*||} converges to a non-
negative value. It follows that {A;} is convergent.
(b) Summing (41) fromk =0, --- , K — 1, we obtain that

K-1

SN EDY (\/ 2pkeint + 23/ mor (12 m + cmw) + 120 — 27)
k=0
o.¢]
< (,/2pkekm’: +2y/mor (A m + cmw) +llr0 = 2*1 £ By.
k=0

Proof of Lemma 11

Proof Recall that £, ,(x, 1) and its gradient Vx L, ,(X, 1) are defined as

2
Lyp®2) = fr0) + 5 (d- (5 +8,00)) = A2
VaLp(x, ) = Vafy(0) +pJe0 " (5 + )00 — - [ %+ g,00]).

where (Jg (X))T £ [ng,,,l(x) Vx&n2(X) ... ng,],m(x)] and J,(x) denotes the Jacobian
matrix of g, (x). By Assumption 1 and Definition 1, g, and J, are bounded on X’ by M, and
Mg, respectively. Since J, is bounded, g, is Lipschitz continuous on A" with constant L.
By Lemma 9, for all x1, x, € X, it follows that

Vsl p (X1, 8) = VL (%2, 1) | < || Vi fir(x1) — Vi fi(x2) |
+p [ Je x0T (& + goxi) = 11 [ + gy x0)] )

— 30T (& + g x2) = 11 [ + g2 ] )]
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Next we show that the second term is Lipschitz continuous in x. By adding and subtracting
—Jo(x2) " (% + gn(x1) — 11— [% + g,,(X1)]), we have

[T (5 + gnxn) = =[5 + g xn) ]) = Je )T (5 + 89 x2) = - [ + a2 ])|
= 1T (3 + g0 = 1= [2 4 gyx0)]) = T T (% + ggx0) = 1= [2 + gyx)])|
+ 10T (5 + gnx) = 1= [ 5 + gy xn)]) = o0 (5 +gyx) = 11- [ 5 + gy x2)] )|

= 3o = T 0| |5 + gyxi) = - [ + gy x|

=[5 +emen]]

+ g x2) ( e = gy + | =[5 + g x0)] = 1= [ 4 + gy 0] | )

non-expansive

b
Ixi = xall (% + M) + Mg (2Lglxi —x2l)).

iﬂ()tg

< &
- n

Consequently, £, ,(x, ) is (%)-smooth by observing that

||VX£7],/)(X17 A) — VxLy p(X2, A) “ =< o%fnxl —x2fl +p (% (% + Mg) + 2MGLg)

C
x [[x] —Xx3|| < %lel — Xz,

where p > 1,7 < n*, and

% p (ﬁ (% + Mg) + 2MGLg) = atmah 4 p (”’“g’”g + ZMGLg)

n n n
< (o p+maghy)p 0 (magMg + 2M5Lgn>
n n "
< % (af + mag(by, + M) + ZMGLgn“)
e
=7
(b) This has been shown in [38, Th. 3.1]. O
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