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The linear stability of global non-axisymmetric modes in differentially rotating, magnetized, non-
ideal plasma is critical to classifying turbulence and transport phenomena. We investigate the
competition between the local Magneto-Rotational Instability (MRI) and the Magneto-Curvature
Instability (MCI)-a distinct non-axisymmetric low-frequency curvature-driven global branch that
appears alongside MRI. To accomplish this, we developed a non-ideal global spectral method, which
is validated against NIMROD code simulations. This spectral approach allows for the direct deriva-
tion of an extended effective potential formalism and a resistive Alfvénic resonance condition, pro-
viding a framework for direct analysis of energy contributions and confinement mechanisms. Our
study reveals that the global, low-frequency MCI persists at low magnetic Reynolds numbers (Rm),
whereas the localized, high-frequency MRI is stabilized by diffusive broadening of its structure
around its Alfvénic resonances. Consequently, we identify the global MCI branch as the primary
onset mechanism for non-axisymmetric magnetohydrodynamic instability in systems with finite cur-
vature, e.g., astrophysical rotators. We establish distinct parameter regimes for mode dominance:
MCI prevails in geometrically moderate-thickness disks with intermediate curvature and radial gaps,
while MRI dominates in thin, low-curvature disks with large radial gaps. Mode competition is also
highly sensitive to the flow profile, particularly vorticity and its gradient, with non-uniform shear
profiles exhibiting more robust instability due to flow-curvature (i.e. the second derivative of the
flow profile) and shear contributions. A key outcome is the development of spectral diagrams de-
rived from the global spectral method. These diagrams comprehensively map dominant instabilities
and their characteristics, offering a predictive tool for critical onset parameters (i.e., flow curvature,
magnetic field, and Rm) and facilitating the interpretation of experimental and simulation results.
Notably, these diagrams demonstrate that the global MCI is generally the sole unstable mode at
the initial onset of non-axisymmetric instability.

I. INTRODUCTION

velocity) field curvature effects, which are particularly

Observations [1] and experiments have established
that differentially rotating plasmas in the presence of
magnetic fields exhibit turbulence-enhanced momentum
transport. Compact objects like M87 are theorized
to possess large differential flow, global curvature, and
strong magnetic fields [2]. These observations highlight
the need to study the global drivers of turbulence, espe-
cially in the strong-field limit.

Systems exhibiting a weak magnetic field and a differ-
ential flow are unstable to magnetohydrodynamic (MHD)
perturbations, separately from the traditional hydrody-
namic (HD) instability limit-defined as ¢(r) = 7%2/ <2
for the rotation profile (7). In the context of accretion
flows, the magnetorotational instability (MRI) [3-5] has
long been theorized to be the primary driver of this tur-
bulence in hydrodynamically stable flows. In this paper,
we extend the stability analysis of differentially rotating
systems to account for global spatial and (magnetic and
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significant in the context of astrophysical rotators such
as accretion disks [6] and stellar interiors, as well as for
interpreting laboratory experiments [7-10].

Both global axisymmetric and non-axisymmetric MRI
have been investigated thoroughly locally [11-15], glob-
ally [7, 16, 17], and experimentally [7-10, 18]. Re-
cent linear and nonlinear studies [10, 19-23] have em-
phasized the importance of studying non-axisymmetric
perturbations. In particular, experiments and simu-
lations uncovered the onset of a low-frequency global
non-axisymmetric mode occurring at magnetic Reynolds
number lower than expected for ideal Taylor-Couette
flows [20]. A global mode with similar characteristics to
that observed was recently found in the ideal limit, the
magneto-curvature instability (MCI)- the global branch
of non-axisymmetric MRI- and was shown to be driven
by both spatial and (flow and magnetic) mean-field cur-
vature [19, 23]. Non-axisymmetric global modes were
shown to be mostly confined between Alfvénic resonant
points (where the Doppler shifted mode frequency is
equal to the Alfvén frequency) [24, 25], and could per-
sist at stronger magnetic fields (where axisymmetric MRI
modes are stable) [19, 23]. We will demonstrate that the



global structure of this mode makes it persistent upon
introducing diffusive effects and argue that the onset of
non-axisymmetric MHD instability will generally occur
at this mode.

This study investigates the stability of rotating plasma
disks containing vertical or azimuthal magnetic fields.
We employ a combination of techniques: local (WKB)
analysis, global spectral analysis, and direct linear initial-
value simulations. In particular, our analysis yields the
complete modal spectra and all instability branches (in-
cluding growth rates, frequencies, and Alfvénic reso-
nances) for non-axisymmetric instabilities, which were
largely neglected in earlier local and global [26] studies.
In this study, we highlight why global treatment matters
and showing that a complete picture of the full instability
spectrum requires incorporating both finite system curva-
ture and flow curvature in the stability analysis. Our
investigation yields the following key findings:

1. The Magneto-Curvature Instability (MCI) and
Magneto-Rotational Instability (MRI) retain dis-
tinct modal characteristics, each exhibiting unique
mode structure and frequency, under identical mag-
netic field strength (By = Va/Vp), wave numbers
(m, k), domain, and flow configurations. Although
they could partially overlap over some parame-
ter range, each mode defines a separate instability
boundary.

2. MRI’s localized structure is selectively damped
upon introducing diffusive effects. Consequently,
the general onset of non-axisymmetric instabil-
ity (at critical Rm) is expected to occur at the
MCT mode (presented in Sections IVD,V A 1, and
VB3).

3. Increased vorticity (I' = (V x v), = Q(2—¢q)) (and
thus smaller shear) will generally lead to the onset
of instability at a lower magnetic Reynolds num-
ber (Rm), as it destabilizes both MRI and MCI.
Vorticity gradients (I" = —(% + Q¢’)) have
a more complicated relationship with both modes,
and damping/destabilization intrinsically depends
on mode frequency and field strength. Moreover,
as vorticity is comprised of independent curvature
(2€2) and shear terms (—¢f?), we study the effect
of curvature via tuning ¢. In this paper, we specif-
ically define relative flow curvature as (I") /(I),
((.), the radial average), because this provides a
normalized measure of the global competition be-
tween shear and curvature across the flow. We
demonstrate that larger flow curvature leads to in-
creased instability of the MCI modes, while MRI
remains relatively agnostic due to its local nature
(presented in Section V B).

4. Regimes with either a turning point in the vortic-
ity profile or a sufficiently deep vorticity well ex-
hibit hydrodynamic (HD) instability, and at finite

field, these profiles exhibit hybrid MCI-HD modes,
as the MCI mode bifurcates into an HD branch at
zero field. These MCI-HD hybrid modes are reso-
nance localized at low magnetic fields. The onset
of MHD instability in these regimes can be viewed
as a bifurcation process of the Alfvénic resonances
about the Corotation point in the flow (see Sec.
VB2).

5. MCI dominates in disks with moderate thickness
(moderate vertical aspect ratio, Az/Ar ~ 1), spa-
tial curvature (ro/r; ~ O(1)), and radial aspect
ratio (radial gap) r1/(r2 —r1) < 1. Similarly, MRI
dominates in thin disks (Az/Ar < 1), low spatial
curvature (rq/r; — o00), and small radial aspect
ratio (large radial gap) (r1/(r2 — 1) — 0).

We also extend the effective potential formalism and
conclude that introducing (fluid and magnetic) diffusive
effects causes all modes to become broader with respect
to their Alfvénic resonances. This, in turn, leads to an
increased stabilizing effect for resonance-localized modes,
such as MRI and low-field MCI, unlike global MCI, which
exhibits only a single resonance in the domain. With
this potential formalism, we also demonstrate that at fi-
nite Rm the system loses its time-reversal symmetry. We
utilize these observations to conclude that the general
onset of MHD instability will occur at the global MCI
mode and introduce a method to provide a coarse onset
boundary and set of critical onset parameters. In addi-
tion, this method provides coarse boundaries of where
each unstable mode will be dominant. These boundaries
offer rough, experimental domains of where to search for
MRI modes and predict that the onset of MRI can be
observed as a discontinuous transition in the mode’s fre-
quency from low to high as the Magnetic Reynolds num-
ber (Rm) is increased.

The paper is structured as follows: Section IT describes
the physical model and governing equations we utilize.
Section IIT details our first method, a local WKB ap-
proximation, which we utilize to obtain a non-ideal dis-
persion relation describing instability growth rates; we
use this method to explore instability characteristics un-
der perturbation of the domain, flow configuration, and
the introduction of diffusive effects.

Section IV introduces our global stability analysis
method, in which we derive and solve an ordinary dif-
ferential equation (ODE) that captures the large-scale
structure of the instabilities across the disk. This ODE
is an extension of the global method derived in [19],
which we extend by employing an approximation on the
diffusive contributions’ structure and validating findings
against simulations. We utilize this extended ODE to
form an effective potential formalism for the confinement
of ideal and non-ideal modes and explore how confining
potentials vary with diffusive contributions.

Section V presents results from direct initial-value
NIMROD [27, 28] simulations for different magnetic field
configurations and compares them with solutions to the
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FIG. 1: Variation of normalized equilibrium quantities
with radius for an unstratified, currentless Keplerian
disk. The magnetic field orientation is chosen such that
VA¢ (T‘ = 0)/(7‘190) = 0.3 and VAZ(T‘ = 0)/(7"190) = 017
which is consistent with past analysis [19].

global ODE to verify our methodologies. Here, we in-
troduce spectral diagrams that map out the instability
domain for every unstable mode and provide the tools
to classify the conditions of MHD onset coarsely. Im-
portantly, this method is able to handle general Prandtl
number, magnetic Reynolds number, and mode config-
uration (general k. and m). Here, we demonstrate in-
stability domains for small viscosity (Pm= 107%), inter-
mediate viscosity (Pm= 107!), and high viscosity (Pm
= 1) regimes, while magnetic Reynolds number (Rm) and
Alfvén speed (Vy4) are varied for low-m modes. We then
examine how the variation of flow profile (specifically, the
shear parameter ¢(r), vorticity, and its gradient) affects
MRI and MCI, demonstrating that both remain MHD
unstable. We also discuss the conditions under which
purely hydrodynamic instability arises and how it inter-
acts with the MCI. We establish that in hydrodynami-
cally unstable configurations, the MCI bifurcates into a
Corotation localized hydrodynamic mode in the absence
of a magnetic field. We similarly demonstrate that hy-
drodynamic instability can occur for ¢(r) < 2 given suffi-
ciently deep vorticity wells and show that these configu-
rations also exhibit resonance-localized MCI modes. Sec-
tion V C then explores the impact of changing the disk’s
overall curvature and shape (ratio of radial and verti-
cal aspect ratios), confirming that current experimental
setups likely operate in a regime where the MCI is dom-
inant. Finally, Section VI summarizes our key findings
and suggests potential experimental strategies for isolat-
ing and observing these different types of instabilities.

II. MODEL

This study focuses on modeling the dynamics of cylin-
drical plasma disks threaded with vertical or azimuthal
magnetic fields. Our investigation utilizes three main ap-

proaches with increasing hierarchy: local WKB analysis,
global spectral analysis, and linear initial-value simula-
tions. All methods are based on the incompressible, re-
sistive Magnetohydrodynamics (MHD) equations,
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where v, B, p,uop,p, 1, and v are the fluid velocity,
magnetic field, pressure, magnetic permeability, density,
magnetic, and viscous diffusivities, respectively. Further-
more, incompressibility (V - v = 0), the divergence free
condition (V - B = 0), and a spatially uniform density
are assumed (p(r) = p).

First, in Section III, we begin by performing a local
WKB expansion on mean fields vo = TQ(T)QAS, By =
Bd,é + B,z and obtain a complete diffusive dispersion
relation.

Second, we perform a global linear perturbative anal-
ysis and derive a second-order ordinary differential equa-
tion (ODE) governing the dynamics of the instabilities.
We utilize shooting to obtain both eigenmodes and eigen-
values of the instabilities. We recast the ODE via an
integrating factor transform to obtain an extended effec-
tive potential formalism [23], utilizing eigenvalues from
shooting to obtain confining potentials. We explore scal-
ing and structure of these modes/potentials with resistiv-
ity, flow, and domain configuration in Sections V, V B,
V C respectively. Our analyses consider ten explicit flow
configurations and three radial aspect ratios. We per-
turb flow configurations to classify the scaling of MHD
modes with different relative vorticity, vorticity gradi-
ents, flow curvature, and the presence of hydrodynamic
instability. All linear simulations are run with the Ke-
plerian profile; however, we simulate all explicit radial
aspect ratios. Unlike the study by [19], which involved
a changing relative disk shape (Az/Ar), our work inves-
tigates radial aspect ratio scaling using both direct nu-
merical simulations with a fixed disk shape (Az/Ar = 2)
and spectral methods that vary the radial and vertical
radial aspect ratios independently. Moreover, this choice
of fixed disk shape follows from [19] and allows for di-
rect comparison to previous work; this also results in
our frequent use of the vertical wavenumber r1ky = 7 /4
(k’z = nkl, lel = 27T/AZ)

Third, we perform direct linear initial-value simula-
tions using the NIMROD code (Non-Ideal Magnetohy-
drodynamics with Rotation, an Open Discussion project)
[27]. NIMROD solves the time-dependent MHD equa-
tions numerically using a high-order finite element mesh
for the poloidal plane (r-z). Meanwhile, it is pseudo-
spectral in the periodic (¢) direction with Fast Fourier
Transforms (FFTs) (quantized by m). Although NIM-
ROD can simulate complex non-linear physics, here we



use it to model only the growth of the non-axisymmetric
(m = 1) modes from small random initial noise. Simula-
tions begin from an equilibrium state (e.g., Keplerian flow
with uniform vertical or azimuthal field) and track the
evolution of the single mode (m=1) non-axisymmetric
perturbations. The radial boundaries are treated as solid,
conducting walls, while the vertical and azimuthal di-
rections are periodic. The numerical accuracy of these
simulations is verified by varying mesh resolution and
simulation time step. The parameters and geometries
tested are detailed in Table I and Figure 9. Comparing
the simulation results with the global ODE methods al-
lows us to validate our models and classify the stability
in different configurations. However, understanding the
combined effect of multiple coexisting modes on accretion
would require future non-linear simulations.
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where F =k - By = kyBy + k. B., ky = m/r. Mean-
while, @ = w — m$ and k% = 4Q? + %}; are the Doppler
shifted and epicyclic frequencies respectively. Meanwhile,
we define k? = k,k, + k2 + k2, with k, = k, — = and
k2 =K%+ %7 with §. arising due to the cylindrical geom-
etry’s finite curvature. Finally, the current-free condition
mandates that % = —By/r.

The requirement for a non-trivial solution (i.e., for an
instability to exist) is that the determinant of the matrix
M must be zero. This condition yields a fourth-order
polynomial equation (Eq. 4) known as the local disper-
sion relation.

@+ C3@® + Cow? + C1w + Cp = 0 (4)

with coefficients C3, Cy, C1, and Cy defined in Appendix
A Moreover, for later use we will define the Alfvén fre-

- _F d _ 2By
quency wgq = ﬁ and w, = TR

In a real disk, k., and m are quantized by the disk’s
boundaries. We define the profile of the disk in the » — ¢
plane via rq, 72, 21, 22. 71 and ro define the radial bound-
aries of the disk and are the inner and outer radius, re-
spectively. Similarly, z; and zo define the vertical bound-
aries and are the lower and upper surface, respectively
(see Fig. 9 for a visualization). We then define wave
numbers k. = 27l/(ro—r1) and k, = 27n/(z2—21) where
n,l are positive integers. To compare with later results,
we use the inner radius (r1) and the rotation frequency at
the inner wall (Q(r1) = Q) to define dimensionless num-
bers: the magnetic Prandtl number Pm = v/7, the mag-

IIT. LOCAL STABILITY METHODS

We begin by employing a WKB approximation to
study the local dynamics of linear perturbations about
mean fields vo = 7Q(r)¢ and By = By(r)d + B.2. We
apply this approximation to the linearized MHD equa-
tions (Eqns. 1, 2) assuming perturbations take a wave-
like form & = £ye!®*=“)  Here k is the wave-vector with
components k., ks = m/r, and k, representing varia-
tions in the radial, azimuthal, and vertical directions, re-
spectively (with m being the azimuthal mode number).
Meanwhile, the complex frequency w = w, + i7y contains
the mode’s frequency (w,) and growth rate (7). By fur-
ther assuming the plasma is incompressible, these per-
turbed quantities can be represented in the matrix equa-
tion My = 0 (Eq. 3), where x contains the perturbed
velocity and magnetic field components.
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netic Reynolds number Rm = r?Qq /7, and the Lehnert
number By = V4 /(r180). All radially varying quantities
(Q,wa, etc) are evaluated at the inner boundary for this
local analysis.

We first study the dispersion relation with a standard
Keplerian profile (Q(r) o 1/73/2) and a purely verti-
cal magnetic field, with results shown in Figure 2. In
the ideal case (no diffusion, n = v = 0, panels a-c),
the dominant instabilities (largest ) exhibit small verti-
cal wavelengths (high k), large radial wavelengths (low
k), and are strongly non-axisymmetric. However, in the
presence of significant diffusion (high 7, v, corresponding
to low Rm given Pm = 1 in panels d-f), the dominant
mode shifts towards large vertical and radial wavelengths
(low k, and k,.) yet remains distinctly non-axisymmetric.
Thus, introducing diffusivity leads to increased global-
ity in the structure of the dominant instabilities. Con-
sequently, motivated by recent simulations and experi-
ments that observed such modes at low Rm, this pa-
per will focus primarily on the m = 1 non-axisymmetric
modes.

We also examined how the flow configuration affects in-
stabilities by considering three additional power-law pro-
files (2(r) o< 1/r9 with ¢ = 5/4,7/4,2) shown in Fig-
ure 3. Across all profiles, low Rm dominant instabilities
are characterized by large-scale global (low k., k.) non-
axisymmetric (m = 1) structure. Figure 3 demonstrates
explicitly how the growth rate depends on the magnetic
field strength (V4) and magnetic Reynolds number (Rm)
for the most global modes (m = 1, r1k, = 1, r1k, = 0)
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FIG. 2: Growth rate contours from local dispersion relation (Eq. 4) under a vertical magnetic field and Keplerian
flow profile. The top panel (a,b,c) all consider variation of disk configuration without non-ideal effects (Rm = oo, no
viscosity), meanwhile the bottom panel (d,e,f) consider the same variation with diffusive effects (Pm = 1 and
Rm = 31). In (a) and (d), the vertical radial aspect ratio is varied, whereas (c) and (f) vary the radial aspect ratio.
Meanwhile, in (b,e), we vary the azimuthal mode number (m). This demonstrates that the most unstable modes
under heavy diffusion are non-axisymmetric modes (m # 0) and global (low k, and k). All radial quantities are
evaluated at the inner boundary (r;), and exhibit curvature effects (§. = 1).

among different flow configurations. A key finding is that
the conditions required for the onset of instability (the
minimum field strength and Rm) strongly depend on the
flow profile. Specifically, flow configurations with larger
shear (larger q) become unstable at lower Rm (cf. Figs.
3a,b,c,d). We will later demonstrate that that the re-
verse is true in the global consideration, (see Sec. VB1)
by studying the free energy contributions.

This difference is a key manifestation of the limitations
of the WKB method: it assumes that background con-
figurations are uniform locally, whereas in a real disk,
properties like the velocity (v, = 7Q(r)) and the mag-
netic field strength are intrinsically radially-dependent
(as shown in Figure 1). The radial dependence of these

background quantities, therefore, renders the definition
of a radial wave number ill-posed. As such, the WKB
results should indicate rough scaling behavior rather
than being quantitatively precise for the whole disk, and
should indicate the importance of studying specific quan-
tities. To perform a more accurate and comprehensive
analysis that accounts for these radial variations, we need
to employ global methods that explicitly solve for the in-
stability structure across the entire radial extent of the
disk.
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FIG. 3: Growth rate contours from local dispersion relation (Eq. 4) for global non-axisymmetric modes (m = 1,
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configuration changes the domain over which the modes are unstable at finite Rm and the critical Rm and magnetic
field for the onset of instability. All radial quantities were evaluated at the inner boundary.

IV. NON-IDEAL GLOBAL STABILITY
METHODS

Moving beyond the local WKB analysis, we develop a
global model that accounts for radial variations across the
disk. Our approach extends the ideal MHD framework
developed by [19] to include the effects of finite resistiv-
ity and viscosity (corresponding to finite and non-zero
Rm and/or Pm). Core to this development is the deriva-
tion of a one-dimensional Ordinary Differential Equation
(ODE) that governs the radial structure of linear insta-
bilities. To keep the ODE tractable and non-coupled,
we employ an approximation targeting only the diffusive
contributions (the last two terms on the RHS of Eqns.
1, 2), an approach first proposed by [29]. This method
requires the definition of a pseudo-radial wave-vector for
the diffusive contributions, and we propose two candidate
approximations. We term the approximations “MWKB”
(modified WKB-like) and“TWKB” (traditional WKB-
like) and test them by comparing to direct numerical
simulations using NIMROD (details in Sec. IV A).

Once the extended ODE is established, we solve it
numerically using the shooting method to find the in-
stability properties: the eigenvalues (w), which repre-
sent the complex frequencies (frequency Re(w) = w, and
growth rate Im(w) = 7), and the corresponding eigen-
functions, which describe the radial structure of the in-
stability. This approximation global model allows us to:

1. Identify unstable modes and map how different
families (or “branches”) of solutions change as
flow /field/disk configuration and Rm/Pm/B, are
varied (Sec. IV B).

2. Define locations of Alfvénic resonances in the pres-
ence of diffusion—points in the regime where the
Doppler shifted frequency equals the Alfvén fre-

quency. These resonances are critical to describing
the mode structure of instabilities and confinement
mechanisms (Sec. IV C).

3. Extend the effective potential formalism, previ-
ously used in the ideal MHD regime [23], to the
non-ideal regime to analyze how diffusion affects
the confinement and stability of non-axisymmetric
modes (Sec. IVD).

Our global analysis method consider small linear pertur-
bations about the same equilibrium state as before: a
differentially rotating flow vo = r€(r)¢ and a magnetic
field By = B(z,(r)qg + B.2. Unlike the WKB method,
we now allow the radial structure of perturbations to
vary arbitrarily across the disk. We assume these per-
turbations are wave-like in the azimuthal (¢) and ver-
tical (z) directions, oscillating with complex frequency
w = wy +ivy. Thus, any perturbed quantity (like veloc-
ity v, magnetic field B or pressure P) takes the form
a(r)exp (i (m¢ + k,z —wt)). The radial profile a(r) is
determined by the dynamics for the given quantity, with
the only constraint being that the perturbations vanish
at the inner and outer radial boundaries. It’s worth not-
ing in the ideal limit (n,» = 0), the displacement vector
(¢) [30] can be introduced to decouple ¥ and B as the
magnetic field is “frozen” in the moving fluid. Given fi-
nite viscosity and resistivity, such a method cannot be
taken, as the magnetic field lines can now diffuse across
fluid elements.

Including the full effects of resistivity and viscosity
directly into the global perturbation equations leads to
a very complex, high-order differential equation system,
making it difficult to solve and interpret physically. To
simplify this while retaining the essential physics of dif-
fusion, we adopt an approximation strategy proposed
by [29] that targets solely the diffusive terms (viscos-



ity o« V2v and resistivity oc V2B). If these diffu-
sive contributions are assumed to be wave-like with ra-
dial wavenumber k,.(r), which we need to specify (see
Sec. IV A, then leading order diffusive contributions in
the short-wave limit can be simplified by the expres-
sion —V? & k2(r) + m?/r? + k2. This short-wave con-
dition can be expressed via the radial wavenumber as
| (kr(7)), |(ra — 1) > 1 for 71,72 the boundaries of the
domain and (.), the radial average. Considering global
variation of perturbed quantities, we utilize ro — 1 as the
characteristic length instead of 1. Crucially, this approx-
imation only modifies the diffusive contributions, leaving
the ideal dynamics unchanged, and does not presuppose
the actual global structure of the instability. Although
the approximation was derived in the short-wave limit,
their implementations take into account scale-dependent
damping (see Sec. IV A). Thus the closure captures how
dissipation scales with system system, even for large-scale
(global, long-wavelength) modes. This simplification al-
lows us to reduce the governing equations to a second-
order one-dimensional ODE.

Applying this diffusive approximation to the viscous
and resistive terms in the linearized MHD equations
(Eqns. 1-2) leads to a system that can be written in ma-

trix form as Mé = 0 for £~ = (ﬁr,%,ﬁz,ér,];qb,]éz,ﬁ)
and M,
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where F = k- By = mTB‘ﬁ +k.B., and @, = w—i(n,v)-

(kf (r)+ T—; + kg) Moreover, the current free condition

has been imposed (—% = Bg/r). This system can be

or
algebraically reduced to a single second-order ODE for
the radial structure of instabilities, which we write in

terms of the variable & = —ro,/(iw,):

d (ds\ | d&
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FIG. 4: Growth rate error between resistive global
shooting method (vs) and NIMROD simulations (yx)
for fixed magnetic field slices. We utilize the MCI 1k,
(r1k1 = m/4) mode for testing, as it is the only fixed k,
mode with a large enough domain of instability to test a
range of magnetic Reynolds numbers. In (a) and (b) we
compare vertical and azimuthal field errors between the
“MWKB” and “TWKB” approximations, respectively.

where the coefficients f, s, and g are defined as,

r(wh — @y
k2r2 4+ m?

= d m Ty — ! —
T d{(ker) [(“’n = &) T o (20, + wm)] }

2,.2-2 2 —
9 9 o 9 w2 _ kZr wn—i-m Wy @y
((,UA + wg — w,,w,,) Wy A k2r24m?

Ls —
r r w4 — W,y

_ m(w, — wy)
k212 4+ m?

f= r¢Y,

)

3 k2r  (2Qw, + wawe)?
k2r2 + m?

k2r? (W — @) wawes
k2r2 + m?

2 — —
w4 — Wyloy

(7)

2 — —
w4 — 0, Wy

and the coefficients w4 and w, are defined as,
F k-By 2B,
A= = y We =
vV PHO vV PHO v/ PHo

This ODE matches the results of [29] upon transform
of variables, and matches previously derived ideal MHD
results [19] (see Sec. B). In the following section, (Sec.
IV A), we will discuss how effective wave-vectors are uti-
lized to model this ODE’s diffusive contributions. Then,
in Section I'V B, we will discuss how we obtain global solu-
tions to this ODE and analyze these solutions compared
to NIMROD simulations in Section V.

(®)

A. Choosing k2(r)

A crucial input to the non-ideal ODE (Eq. 6) is the
choice of the effective radial wavenumber k,(r), used in
the diffusive approximation. This choice dictates how the
radial scale of diffusion is represented. Since we are mod-
eling global modes, we expect this parameter to depend



on the radii of the domain (71, r2) and/or the radial as-
pect ratio r1/(r2 — r1). We test two primary candidates:

1. MWKB (Modified WKB-like): k2(r) = ( r ) x

r2—T1
%2. This form incorporates a linear dependence
on the radial aspect ratio and power law envelope.
We developed this method based on the previous
suggestion by [29] (scaling with radial aspect ra-
tio squared), which did not accurately capture the
growth rates across different simulated geometries
(ARO, ARI1, AR2). We found, however, that a
method that scales linearly with radial aspect ra-
tio, and is multiplied by a WKB-like contribution,
was able to reproduce this scaling, with this WKB-
like contribution taking the form (27 /r)?, instead

of (27/(ry —11))%
2. TWKB (Traditional WKB-like):

2
(Tf ) _ Z( n )/r. This
2—T1 T2—T1

from applying a standard WKB method to the
Laplacian operator in cylindrical coordinates,
representing the lowest radial mode number.
Importantly, this form introduces an imaginary
component related to the curvature of the domain.

ki(r) =

form arises

We benchmarked these two approximations against di-
rect linear simulations using the NIMROD code, compar-
ing the spectral growth rates (vs from shooting vs. vy
from NIMROD) as shown in Figure 4. Generally, both
methods perform better for purely azimuthal magnetic
fields, often yielding errors below 20% even at low Rm
(see Fig. 4b). For vertical fields, the MWKB approxi-
mation shows significantly lower error across much of the
test regime, while the TWKB approximation becomes
more accurate as Rm — 0. Both methods can reproduce
the general scaling under the introduction of diffusive
contributions.

While the MWKB/TWKB approximations originate
from a short-wave expansion of the Laplacian, they act
only through the diffusive terms, effectively parameter-
izing damping across the domain. The global nature of
this model ensures that diffusion is intrinsically mode-
dependent, as seen in the selective damping of Alfvén-
resonance localized modes (MRI, see Sec. IV D). These
approximations prescribe only the local behavior of diffu-
sion, while the dominant contribution is controlled by the
characteristic scale of the mode. Benchmarking against
NIMROD (Figs. 4, 11) demonstrates this empirical ac-
curacy, so we treat them as effective closures rather than
strict asymptotic limits.

The domains of accuracy of each approxima-
tion can be quantified by the short-wave condition
(|(k:),| (re. =r1) > 1). The TWKB approximation,
rooted in the WKB limit, is expected to be most accurate
in the limit 79 /71 — 1, and we find this satisfies the short-
wave condition. Conversely, we find that the MWKB ap-
proximation is better suited for large disks (ra/r1 > 1),
and thus both approximations are essential to consider.

While finding an optimal k,.(r) that can represent the
scaling of diffusion contributions in both limits remains
an open question, both MWKB and TWKB approxima-
tions provide inexpensive methods to reproduce mode
properties (frequencies, growth rates) and structures that
correlate well with simulation observables. Further sys-
tematic simulations varying r/r1 and z3/r1 could help
refine the optimal form of k,.(r). This remains a path of
future research.

B. Global solutions at finite Rm

We solve the boundary-value ODE (Eq. 6) using the
shooting method. For a given guess of the complex fre-
quency w, we integrate the ODE from the inner boundary
(r1) to the outer boundary (r2). An eigenfunction exists
if and only if the calculated structure satisfies the bound-
ary condition £(r9) = 0. Numerically, we search for val-
ues w = w; + iy where both the real and imaginary com-
ponents of &.(rg) (the “tails”) are simultaneously zero.
Plotting these zero-crossings in the complex w plane re-
veals the eigenvalues under specified parameters, as il-
lustrated in Figure 5. This figure also demonstrates how
diffusion can eliminate certain solution branches present
in the ideal limit.

Typically, the solutions fall into two distinct branches
of modes: one associated with low frequencies and
large radial scales (which we identify as the Magneto-
Curvature Instability, MCI) and another with higher
frequencies and more localized structures (identified as
the Magneto-Rotational Instability, MRI). The exact fre-
quencies, growth rates, and structure depend on system
parameters (magnetic field configuration and strength,
m, k., Rm, Pm, flow profile, etc). Our analysis gener-
ally focuses on the mode with the largest growth rate ()
on each branch, which is most likely to be observed via
experiments and simulations.

An important effect of diffusion becomes apparent
when comparing the ideal (Rm = oo (no viscosity), Fig.
5a) and the non-ideal (finite Rm, Fig. 5b) scans. In
the ideal limit, the equations posses time-reversal sym-
metry, meaning every growth mode (y > 0) has a corre-
sponding decaying mode (y < 0) with the same frequency
(w,). Diffusion breaks this symmetry. Furthermore, as
we will explore using the effective potential (Sec. IV D),
diffusion tends to damp localized modes (like MRI) at
a higher rate than global modes (like MCI). This differ-
ential damping is evident in the eigenvalues scans (Fig.
5b), where the MRI branch is suppressed at low Rm and
the MCI remains unstable. Consequently, MCT (from the
low-frequency branch) remains the only unstable mode at
sufficiently low Rm.
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FIG. 5: MCI vs MRI: Locations of real and imaginary
shooting tails and their overlap, which indicates a
solution exists fitting the boundary conditions; Purple
indicates neither the real nor the imaginary tail is
within tolerance of zero; Teal indicates one tail is within
tolerance; Yellow indicates both tails are within
tolerance of zero, and there exists a solution. Shooting
simulation ran for the solely vertical magnetic field of
VA/(T‘1Q()) = 0.308, m = 17 k’z = 1k‘1 (’I‘lkl = 7T/4), and
r1/(re —r1) = 1/4 (AR1) for Rm = oo (no viscosity) (a)
and Rm = 105 (Pm = 1) (b). The left-hand set of
solutions represents the low-frequency curvature mode
(MCI), whereas the right-hand set of solutions
represents the high-frequency mode (MRI). At high
resistivities (panel b), only the low-frequency and global
MCI mode remains unstable.

C. Resistive resonance condition

A key concept for understanding mode structure and
confinement is the Alfvénic resonance. In the presence
of diffusion, these resonances occur at radial locations
where the real part of the diffusion-modified Doppler-
shifted frequency matches the Alfvén frequency:

Re [w% — @@, ] =0 (9)

These resonance points appear as finite singularities in
that ODE formalism (Eq. 6) for any growing/decaying
mode (y # 0). In the effective potential formalism, these
resonances manifest as potential barriers [23] and will be
further explored given diffusive effects in Section IV D.
This definition generalizes the ideal resonance condition
(W = +w4) and is consistent with previous work in the
appropriate limits [19, 24].

Expanding this condition (Eq. 9) reveals how the reso-
nance location depends on the mode’s frequency (w,.), the
flow configuration (2(r)), the Alfvén frequency, the dif-
fusivities (1, ), and the total wavenumber (Q = k2(r) +
m?2/r? + k2).

wr —m(r) = Re

Wi\/wi—i(n—wz@?]

(10)
We have omitted the imaginary components, yet kept
i(n+v)Q as it is possible that @ € C (see the TWKB
approximation in Section IV A) and thus contributes to
the resonance condition. The presence of diffusion (7, v)
shifts the resonance locations compared to the ideal case.
The details of this shift depend on the relative magnitude
of viscous to resistive diffusivities (Pm). Nonetheless,
we will demonstrate via the effective potential formalism
that diffusion generally acts to broaden potential barri-
ers, contributing to the stabilization of modes.

D. Resistive effective potential formalism

To gain deeper physical insight into mode confine-
ment and the sources of free energy, we adapt the ef-
fective potential formalism, previously applied in ideal
MHD |23, 31, 32], to our non-ideal global ODE (Eq. 6).
By applying an integrating factor transform (fT( %) =

u(r?)W(r?) with u(r? 2T2 )s
we recast the second-order ODE into a Schrodmger—hke
equation:

) = exp [—7fd7" f+2r +

\I/”(TQ)

42f 2 [ *q f

(12)

— U(r?, mode)¥(r?) = 0, (11)

with,

U(r?, mode) =




Here, U represents the transformed radial mode struc-
ture, and U(r?,mode) is the complex effective poten-
tial. This potential U depends on the original ODE co-
efficients (f,s,g) and thus on all physics parameters of
the system, including the mode’s complex frequency w
(which must be an eigenvalue found via shooting). We
denote this dependence through the acronym “mode” in
the definition of the potential.

This formalism allows us to visualize how modes are
spatially confined. Regions where Re(U) is large and pos-
itive act as barriers, while regions where Re(U) is neg-
ative act as potential wells where the mode amplitude
(U) becomes large. Figure 6 illustrates these potentials
for typical MCI and MRI modes with and without dif-
fusive effects. A key observation is that finite diffusion
(n,v # 0) tends to smooth out and broaden the potential
wells, particularly about the Alfvénic resonances. This
broadening makes the modes less tightly confined (more
global) than their ideal counterparts, corroborating find-
ings from the local analysis but now linking the structural
change explicitly to the resonances. We expect MRI’s in-
herent locality and resonance-localized nature to make
the mode’s instability more sensitive to diffusive contri-
butions than the inherently global MCI modes.

Comparing the potentials and growth rates for MCI
and MRI modes (e.g., Fig. 6 and Fig. 7) reinforces the
idea that diffusion affects these modes differently. Fig-
ure 7 shows how the growth rates (v, normalized by the
ideal growth rate v.,) decrease as diffusion effects in-
crease (Rm decreases) over all magnetic fields where the
mode is unstable. The MCI modes retain a larger frac-
tion of their ideal growth rates than MRI at the same Rm.
This ultimately results in MCI modes remaining unsta-
ble at high diffusivities (lower Rm) than MRI modes, as
shown by the magnetic field averaged scalings for MRI
and MCI in Figure 7. This difference in scaling with diffu-
sion strongly suggests that the first instability to appear
(also known as the onset of instability) will generally be
a global MCI mode, likely the one with the smallest ver-
tical wavelength (k, = 1kq), since diffusion scales with
k2.

1. Energy Criterion

The effective potential U(r? mode) provides insights
not only into spatial confinement but also into mode
stability (7). Examining the potential structure for
known eigenvalues w (found via shooting) helps under-
stand these aspects (see Figure 8). In the ideal case,
due to time reversal symmetry, the potential for a de-
caying mode is the complex conjugate of the potential
for a growing mode (U(r?,w) = U*(r?,w*)). This means
Re(U) is the same for both, indicating confinement, while
Im(U) flips sign and relates to stability: Im(U) > 0 in the
confinement region corresponds to v > 0 (growing mode,
unstable), Im(U) < 0 corresponds to v < 0 (decaying
mode, stable), and Im(U) = 0 to v = 0 (marginally sta-
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FIG. 6: Potentials for the non-axisymmetric (m = 1)
MCI 1k (a) and MRI 1k (b) (r1k1 = w/4) modes
demonstrate diffusive broadening of confinement
structure as Rm is increased (Pm =1,
Va/(r190) = 0.2). Non-ideal shooting for MCI and MRI
are conducted at Rm = 105 and Rm = 31623
respectively. In both cases, increased diffusive effects
broaden the modes around the resonances, resulting in a
more global structure. This broadening is evident in the
inset figures, where we plot the difference between the
non-ideal and ideal solutions, demonstrating a widening
of the ideal profile upon the introduction of diffusion.
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FIG. 7: Growth rate scaling of MRI/MCI modes for a
span of V4/(r1€) shows that MCI modes scale weakly
with non-idealities. Finite Rm growth rates v are
normalized to ideal growth rates 7., to consider
magnetic-field invariant scaling. Magnetic field average
scaling ({7)y,,) is considered for both MRI and MCI
modes. All values are from the non-ideal global shooting
method with k, = 2ky (r1ky = 7/4) and the AR1 radial
aspect ratio. Shooting was conducted with Pm =1 to
consider the largest non-ideal contribution to scaling.

ble). Therefore, in the ideal limit, stability is wholly
determined by the sign of v since it is the only element
that contributes to Im(U).

In the non-ideal case, time reversal symmetry of the
model is broken. Therefore, stability is no longer deter-
mined by the sign of Im(U) (as demonstrated in Figure
8b). Instead, regions where Im(U) is large coincide with
Alfvénic resonances acting as dissipative layers. Modes
whose amplitude is localized near these regions experi-
ence stronger damping (MRI), while more global modes
(MCI) that extend across the domain are less sensitive.
Thus, the imaginary structure of the potential, Im(U),
can still offer insight into mode confinement, but stabil-
ity must be determined directly via eigenvalue analysis.

We now transform Equation 11 to define the form that
a well-defined potential must obey. This approach is simi-
lar to [31], except under a different normalization, which
makes the quantity we derive an energy. We begin by
multiplying Equation 11 by ¥*(r?), and then integrating
by parts (noting that ¥ at both boundaries is zero) to
arrive at the following definition,

”;wm LU w6 ] dr

Ik |\Il(r2)}2dr2

E= =0. (13)

For this integral to be zero, two conditions related to the
potential U(7?) must be met:

1. Real Component: The kinetic energy term |\I/' ’2
is always positive Therefore, the potential en-
ergy term U(r |\Il|2 must contrlbute a negative
real part overall This implies that Re(U) must be
sufficiently negative in the region where the mode

11

exists to allow confinement (¥ # 0). A purely pos-
itive potential cannot support a confined mode.

2. Imaginary Component: The imaginary part of the
integral, Im(F) o fIm(U)‘\I'|2dr2 must also be
zero. This requires that the imaginary part of the
potential, Im(U), must either be identically zero (as
in the marginally stable case), or it must change
sign within the mode’s confinement region such
that the positive and negative contributions exactly

cancel when weighted by }\I/|2 A potential where
Im(U) is strictly positive or negative throughout
the domain cannot support a confined eigenmode

These criteria provide conditions for physically valid,
confined solutions within the effective potential frame-
work.

V. GLOBAL SOLUTIONS UNDER VARIOUS
SCANS

This section investigates the behavior and scaling
of Magneto-Rotational (MRI) and Magneto-Curvature
(MCI) instabilities under variations in non-ideal effects
(resistivity n, viscosity v), flow profiles Q(r), and domain
geometry. We utilize both linear initial-value simulations
with the NIMROD code [27] and the non-ideal global
spectral shooting method developed in Section IV. First,
we present NIMROD simulations across a range of mag-
netic Reynolds numbers (Rm) and Lundquist numbers
(S) to map dominant instabilities and provide bench-
marks (Sec. V A). Subsequently, we introduce spectral
diagrams constructed using the shooting method to vi-
sualize regions of instability and mode dominance (Sec.
V A1l). The influence of flow profile variations, includ-
ing shear, vorticity, and its gradient, on mode structure,
onset conditions, and the competition between MRI and
MCT is examined (Sec. V B). Finally, the impact of vary-
ing domain geometry on mode scaling and dominance is
explored using both NIMROD and spectral scans in Sec-
tion V C.

A. Resistive Scaling - initial value NIMROD vs
Non-ideal Shooting

We begin by examining the non-axisymmetric (m = 1)
stability landscape using linear initial-value NIMROD
simulations for both purely azimuthal and purely ver-
tical magnetic field configurations in the AR1 geome-
try (Fig. 9, Table I), consistent with previous ideal
studies [19]. These simulations span across magnetic
Reynolds number (Rm = r%Qy/n) and Lundquist num-
ber (S = r1Va/n), holding the Prandtl number fixed at
Pm = v/n = 1, representing regimes with the largest cu-
mulative non-ideal contributions. The primary goals are
to map the dominant modes across the parameter space,
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FIG. 8: Stability (sign of 7) of modes confined by ideal (Rm = oo, no viscosity) potentials (a,b) can be fully
determined by the sign of Im(U), as this is a requirement of the time reversal symmetry inherent in the ideal model.
Subfigures (a,b) demonstrate that unstable modes (y > 0) have Im(U) > 0, and this similarly follows for stable
modes. However, given diffusive effects (c,d), time reversal symmetry is broken and thus stability does not follow
solely from the sign of Im(U), instead indicating dissipative layers around the Alfvénic resonances. All shooting is
conducted for the global non-axisymmetric (m = 1) MCI 1k; (r1k1 = 7/4) mode at V4 /(r1€0) = 0.2 (a,b)
(stable/unstable) and V4 /(r1€Q) = 0.11 (c,d) unless otherwise stated. All non-ideal potentials consider stability
variation as Rm is varied for fixed Pm = 1.

TABLE I: Parameter inputs for global linear NIMROD simulations. Azim. refers to purely azimuthal field and Vert.
purely vertical field. All simulations were ran with 71 = 0.1 m, and Qo = 10000 - (10)3/2 s—!. For ARO, low magnetic
field cases By, < 30 G were run with a finer temporal resolution dt = 1079 s compared to dt = 107 s of all other
Azim. cases. All Vert. cases were run with temporal resolution of dt = 10~ s. Moreover, = 2 m?/s for Vert. was

ran with a resolution of 160 x 160 deg. 4 (m = 1).

radial aspect Rm = riQo/n Pm=v/n S=rVa/n Config. Resolution

ratio

ARO 6.3E2—3.2E4 1 9.8E0—4.4E2 Azim. 80 x 80 deg. 4 (m = 1)
AR1 3.2E1-3.2E4 1 4.9E-1-4.4E3 Azim. 80 x 80 deg. 4 (m = 1)
AR1 3.2E1-3.2E4 1 4.9E-1-4.4E3 Vert. 120 x 120 deg. 4 (m = 1)
AR2 6.3E2—-3.2E4 1 4.9E-1-5.9E3 Azim. 160 x 160 deg. 4 (m = 1)
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FIG. 9: Discrete slices of system geometry between
different disk configurations that were utilized for
NIMROD simulation and benchmarking of resistive
shooting method. We define all domains such that the
vertical aspect ratio is constant Az/Ar = 2.
Meanwhile, ARO, AR1, and AR2 exhibit radial aspect
ratios ri/Ar =1r1/(re —r1) € {5/2,1/4,1/8}.

identify transitions between MRI and MCI, and gener-
ate benchmark data for validating the non-ideal global
approximations discussed in Sec. IV A. Ideal spectral
solutions derived from Eq. 6 in the limit n,v — 0 are
also computed for various vertical wavenumber (k) and
serve as a baseline for understanding the mode behavior
(shown as curves in Fig. 11). We then extend the spec-
tral solutions to finite Rm/Pm and provide the tools for
determining the non-ideal onset of instability.

Two primary types of transitions between dominant
modes are observed as Rm and the Lehnert number
(Bo = Va/(r1£)) (proportional to S/vRm for fixed
r1,$o) are varied (Fig. 11). First, a transition driven
by magnetic field strength can occur if the ideal growth
rates of MRI and MCI modes cross. At low V4, localized
MRI modes may dominate, while at higher V4, global
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FIG. 10: Variation of flow profile parameters. Depicts
both the normalized rotational frequency of the plasma
Q(r)/Qo, as well as the flow shear parameter
q(r) = —ngg). We consider flows unstable to
axisymmetric (and thus non-axisymmetric)
hydrodynamic perturbations (1 < ¢(r) < 2). Kep. is the
standard Keplerian profile with Q(r)/Q = 1/r3/2. The
exponential profiles (Exp.) are generated as
Q(r)/Q = aexp(l —r/r1) + (1 — a). Expl, Exp2, and
Exp3: a =0.7312, a = 0.8689, and a = 0.9366
respectively. In addition, we consider hydrodynamically
unstable configurations (¢(r) > 2) generated via the
exponential profile. Exp4, Exp5: a = 0.9409,

a = 0.9448. All configurations here are shown in the
AR1 radial aspect ratio.

MCI modes become most unstable. This type of transi-
tion is evident in the vertical field case (Fig. 1la) but
not observed for the ideal modes in the azimuthal field
case within the parameter range studied (Fig. 11c¢). Sec-
ond, a transition driven by diffusivity occurs due to the
different scaling of MRI and MCI growth rates with Rm
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FIG. 11: (m = 1) Growth rates and frequencies for pure vertical field (a,b) and azimuthal field (c,d) from both
NIMROD simulations (all finite Rm points) and the ideal global shooting method (curves) for relevant vertical wave
numbers. In both field configurations, there exists a V4 /Vy where the system transitions from the localized MRI to
global MCI mode. A transition Rm exists where the system becomes the MCI 1k; mode for all V4 /V;. For a purely
vertical field, ideal shooting is conducted for the 1k; MCI mode (denoted as (c)) as well as MRI 1kq, 6k, 8k;, and

10k; modes. For a purely azimuthal field, ideal shooting is conducted for the 1k; MCI mode (denoted as (c¢)) and
MRI 6k1, 10k, and 20k; modes. Inset plots depict observed mode structures from NIMROD simulations showing
that the MCI modes are global and low k., meanwhile the MRI modes are local and high k..
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FIG. 12: Benchmarking: (m = 1) resistive shooting growth rates vs NIMROD simulations (points) on MCI 1k
(r1k1 = 7/4) mode for both vertical (a,b) and azimuthal magnetic field (¢,d). In (a,c) we demonstrate the “TWKB”
method and in (b,d) we show the “MWKB” method. All analysis was done with the AR1 radial aspect ratio, and
Pm =1.

(see Sec. IVD). Even if MRI is dominant in the ideal
limit or at high Rm, the system is expected to transition
to MCI dominance as Rm is decreased, provided MCI is
unstable. NIMROD simulations confirm this transition
for both field configurations (Figs. 1la,c). These tran-
sitions manifest in the simulations as abrupt changes in
the mode’s frequency and spatial structure, shifting from
localized, high-k,, high-frequency characteristics (MRI)
to global, low-k., low-frequency features (MCI), as illus-
trated by the inset mode structures and frequency plots
(Figs. 11b,d).

The existence of the location of these transitions de-
pends sensitively on the specific flow profile and domain
geometry (explored further in Secs. VB, V C). However,
comparing the ideal mode growth rates provides a prac-
tical predictive framework. An ideal field-driven tran-
sition exists if ideal MRI and MCI growth rates cross.
If instead the ideal MRI growth rate envelope (is always
larger than) MCI, no field-driven transition occurs. How-
ever, a diffusivity-driven transition at low Rm to MCI
may exist, provided the MCI is unstable. Conversely,
if MCI modes envelope MRI, there will exist no transi-



tions (diffusivity-driven or field-driven) and MCI domi-
nates throughout (see Sec. V C).

We now proceed to demonstrate that the non-ideal
global shooting method, incorporating the approxima-
tion for diffusive terms, successfully captures these com-
plex dynamics observed in NIMROD. This validation sets
the stage for using the computationally efficient shoot-
ing method to construct comprehensive spectral diagrams
for predicting instability boundaries and dominant mode
characteristics.

To assess the accuracy of the non-ideal global shoot-
ing method and the underlying TWKB and MWKB ap-
proximation (Sec. IV A), we compare their predictions
against the NIMROD simulation results across varying
parameters. Since individual MRI modes (k, > 1k;) of-
ten dominate only in narrow regions of parameter space
(see Sec. VA1), the MCI 1k; mode, which typically
occupies a larger domain and represents the longest ra-
dial wavelength (posing the strongest for the short-wave
approximations), is used for detailed benchmarking. Fig-
ure 12 compares the growth rates computed using both
approximations against NIMROD data for the MCI 1k,
mode at Pm = 1.

For the vertical field configuration (Figs. 12a,b), both
approximations reproduce the NIMROD growth rates
reasonably well at low and intermediate field strengths
(Va/(r1%), where modes tend to be more localized.
At high field strengths, where the MCI modes become
strongly global, deviations appear: TWKB tends to
under-damp (overestimate 7), while MWKB tends to
over-damp (underestimate ) compared to NIMROD.
However, since the instability onset occurs at interme-
diate field strengths, both methods generally capture the
onset parameters accurately.

For the azimuthal field configuration (Figs. 12c¢,d),
both approximations show good agreement with NIM-
ROD across the entire range of field strengths tested,
even for strongly global modes. Further investigation is
needed to determine if this superior performance for an
azimuthal field is a general feature.

Given that the MCI mode represents a limit case
for the short-wavelength approximations, the reasonable
agreement here suggests that the dynamics of the gener-
ally more localized MRI modes should also be adequately
captured by either method. As discussed in Section IV A,
the optimal choice between TWKB and MWKB can de-
pend on the domain configuration. Overall, these results
validate the non-ideal global shooting method as a reli-
able tool for exploring instability characteristics.

1. Spectral diagrams and the Instability Onset

A significant advantage of the spectral shooting
method is its ability to efficiently compute the entire
spectrum of unstable modes (including subdominant
ones) for any given set of parameters. This capability
allows for the construction of spectral diagrams, analo-
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gous to phase diagrams, which map the character of the
dominant instability across parameter space. Such dia-
grams provide valuable insights into the stability land-
scape, mode competition, and instability onset condi-
tions.

Figure 13 presents an example spectral diagram for the
vertical field case (AR1 geometry, Keplerian flow, Pm
= 1), computed using the MWKB approximation. The
diagram plots the dominant mode type (identified by its
vertical wavenumber k) and its corresponding frequency
w, as a function of Rm and Lehnert number (V4 /(r1€0)).
The shooting results (colored regions) are overlaid with
points indicating the dominant mode identified in corre-
sponding NIMROD simulations. There is excellent agree-
ment between the two methods regarding the region of
dominance: high-k,, high frequency MRI modes prevail
at high Rm and low V4, while the low-k., low frequency
MCI mode dominates at low Rm and high V4. The
discontinuous jumps in frequency associated with transi-
tions between these regimes are captured. Furthermore,
the mode structures computed by the shooting method
match those observed in NIMROD (inset plots).

This analysis corroborates the finding from Section
IVD that the instability onset (the threshold for any
mode to become unstable as Rm or Vj is increased from
zero) typically occurs via the global, low-frequency MCI
1k; mode for configurations with sufficient curvature.
The spectral diagram method provides a direct visual-
ization of this onset boundary.

These diagrams also have potential implications for the
experimental identification of modes. For instance, if Rm
can be varied experimentally (e.g., by changing temper-
ature or rotating rate (), a discontinuous jump in the
observed frequency could signify a transition from MCI
dominance near onset to MRI dominance at higher Rm,
provided the ideal MRI is unstable under those condi-
tions.

Similarly, in Figure 14 we demonstrate that these
methods (both resistive shooting and spectral diagrams)
extend to general Prandtl Number and azimuthal mode
number. Though as we demonstrate, classifications of in-
stability near onset likely only requires scans of the m = 0
and m = 1 modes.

The spectral diagram approach is a versatile tool. We
employ it further in Section V B to investigate how flow
profiles modify instability domains, mode characteris-
tics, and onset criteria, demonstrating its utility for sys-
tematic parameter exploration relevant to astrophysical
and laboratory plasmas. Importantly, in this section we
demonstrate the non-axisymmetric onset of instability
still occurs at a global MCI mode with a profile (and
viscosity) similar to that utilized and observed in exper-
iments (see Section V B, Figure 21, [10, 20, 33]).
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FIG. 13: Vertical field dominant mode scans over Rm and V4 /(r1€) from non-ideal shooting code and NIMROD
(black and white numerical points) for Pm = 1 and the Keplerian profile. (a) shows growth rate results for high Rm,
and (b) shows low Rm (color bar shows various k). At high Rm and low fields, high k, MRI modes dominate,
whereas at low Rm and high fields, low k&, MCI modes dominate. (c) illustrates frequencies (w,) at given Rm and
V4 for the dominant mode, and (d) shows the same relationship for low Rm. All eigenvalue analysis was done via
the resistive global shooting method for non-axisymmetric (m = 1) modes with r1k; = w/4, k2(r) = % /r?
(MWKB), and ro — 7 = 4r1 (AR1). We show even k, for MRI up to k, = 10k; for simplicity; however, more modes
do coexist and are seen via NIMROD simulations. Inset plots show mode structure from the non-ideal global
shooting method (a,b), and NIMROD simulations (c,d).

B. Flow Configuration dial gradient (I = 3Q + rQ”), influence the stability,
structure, and competition of non-axisymmetric (m = 1)
MHD modes, particularly MRI and MCI.

We choose to decouple flow characteristics with vortic-
ity specifically because it demonstrates the competition
between shear and curvature. By definition, we can de-
scribe the components of I" as,

While Keplerian flow (Q(r) o 1/7%/2) is a standard
benchmark motivated by astrophysical context and its
stability to axisymmetric hydrodynamic perturbations
(per the Rayleigh criterion), realistic flows can deviate
significantly. This section investigates how variations in

the background flow profile Q(r), specifically altering the 1d ,
vorticity T' = (V X vq), = (1/r)d(r*Q)/dr and its ra- I(r) = rdr (r*Q(r) =20 +rQ' =Q(2-q(r)) (14)
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FIG. 14: Vertical field dominant modes at low Rm from the non-ideal global shooting method at low fluid viscosity
(Pm = 1075, (a)) and intermediate fluid viscosity (Pm = 101, (b)). Here, we show the dominant modes for m = 0,
m =1 (MRI and MCI), and m = 2 (as denoted in the color bar). All analysis was conducted for r1ky = 7/4,
kZ(r) = MWKB, 75 — 71 = 4r; (AR1), and the Keplerian flow configuration. We find that at low Rm and low fields,
the most global axisymmetric mode is the dominant instability, whereas at high fields the global MCI 1k; mode
becomes dominant for both low and intermediate viscosities.
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FIG. 15: Flow configuration (a,b,c,d), growth rates (e,f), and frequencies (g,h) for the Keplerian and Exponential
flow configuration. We define the Exponential profile as Q(r)/Q¢ = aexp(1 —r/r1) + (1 — a). Expl: a = 0.7312;
Exp2: a = 0.8689; Exp3: a = 0.9366. All shooting (e,f,g,h) was conducted for the non-axisymmetric (m = 1),

k., = 1ky (r1k1 = 7/4) modes with a purely vertical magnetic field. We define Expl such that Max(gq(r)) = 1, Exp2
such that Max(q(r) = 3/2, and Exp3 such that Max(q(r) = 2. The exponential profile can be tuned for Max(q(r)
=5 (a =1). However, we chose a maxima of ¢(r) = 2 to include only MHD perturbations. While the MRI modes
are uniformly damped by increased relative flow curvature, the MCI modes persist at large vorticities.
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for g(r) the standard shear parameter. Specifically, the
first component describes rigid body rotation due to cur-
vature of the flow, whereas the latter describes shear.
Vorticity’s gradient (I = 3Q + rQ" = —(% + Qq"))
thus describes how rapidly the competition between cur-
vature and shear varies along the disk.

z

fi=
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We utilize this framework to explore regimes both sta-
ble and unstable to hydrodynamic (HD) perturbations,
including non-axisymmetric instabilities that can arise
when the flow is Rayleigh-stable (¢(r) = —%Y < 2). We
demonstrate that MHD onset conditions are sensitive to
the flow profile, although the global MCI 1k mode typi-
cally remains the first to become unstable. Furthermore,
we analyze the bifurcation of the MCI mode into a hy-
drodynamic branch in HD-unstable flows and develop a
criterion to predict the MHD onset threshold based upon
resonance dynamics.

1. Vorticity and the Flow Curvature Effect

We now investigate the influence of vorticity, I'(r), and
its radial gradient IV on MHD stability. By introducing
three additional profiles with tunable shear (and thus
vorticity) (Expl-3, see Fig. 15), we reveal that both
MRI and MCI modes are significantly more unstable un-
der these flows than the Keplerian profile, even in con-
figurations with ¢(r) close to the Keplerian profile (cf.
Kep and Exp3). To understand the underlying mech-
anisms, we recast the effective potential formalism (see
Sec. IVD) for a purely vertical field, explicitly separat-
ing terms involving I', TV to demonstrate their individual
destabilizing effects:

U(r?,mode) = f1 + Tfo + T2 f5 +T'f4 (15)

with,

4rt 4r2

CEEP4mP-1 k2 (k§r2 — 2m2> 0% (k2 + m?) w3

muwo 2k2r? + m?
)

4 k212 4+ m?

Qo (k22 (m?+1) +m! m2w?Q
4 ) f2 =
r 4

k212 4+ m? r4 (W3 — @2)2 rt (Wi —@?) \ k2r2 +m?
Q (k2r? + 2m?) mk? (16)
(W —@?)® 2t (wh—@?)  2r%(kZr? +m?) (W] —w?)
2,2 =
fa= mAw3 and f, = ma

The coefficients fi, fo, f3, f4 depend on the system pa-
rameters and the mode’s growth rate/frequency (vy,wy).
The term f; contains contributions independent of vor-
ticity and its gradient, including curvature and flow en-
ergy. Meanwhile, fs, f3 capture the linear and quadratic
vorticity effects, whereas fy captures the effect of T".

Figure 17 illustrates the decomposition (Eq. 16) for
representative MCI and MRI modes using Keplerian and
exponential flows (Expl-Exp3, defined in Fig. 15). While
the non-vorticity term f; generally provides the largest
contribution to the potential well/barrier structure, the
terms involving I' (I'fy + I'2f3) and I (I'f,) can sig-

At (w2 — @2)% 4r3 (w3 — ©?)

(

nificantly modify the potential, influencing mode local-
ization and stability. The sign and magnitude of these
contributions depend intricately on the mode type (via w,
@), field strength (via w4 ), and flow properties (2, T, TV).

To gain qualitative insight, we consider the expected
signs of @ and (w?} — @?) in different regimes (Table II).
For typical low-frequency MCI modes (& < 0) at low field
strength (w%} < @?), both fa, f3 terms (related to I') and
the fy term (related to I') tend to b e positive (assum-
ing ' > 0, IV < 0 as in typical disk profiles), contributing
to potential barriers (stabilizing). Conversely, for typical
high-frequency MRI modes (w > 0) at low field, these
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FIG. 17: Vertical field potentials for MCI 1k; (a,b,e,f) and MRI 1k (c,d,g,h) modes at V4/(r1Q0) = 0.2 for four
flow configurations (Kep (a,c), Expl (b,d), Exp2 (e,g), and Exp3 (f,h)). Upper right inset figures show vorticity (I")
contribution to potential, and lower right inset figures show vorticity gradient (I") contribution.

terms tend to be negative, deepening the potential well
(destabilizing). The denominators change sign at inter-
mediate fields where &2 ~ w?, reversing some trends. At
high fields (w% > @?), the low-field characteristics are re-
versed for MRI and MCI, respectively, as mode frequency
uniformly decreases/increases for MRI/MCI. Therefore,
at high fields (w% > @?), MCI modes (@ > 0) tend to be
stabilized by T', but destabilized by I'". Conversely, MRI
modes at high fields (@ < 0) tend to be destabilized by
I' and stabilized by IV. These heuristics align with the
low-field examples in Figure 17.

Further insight comes from estimating vorticity and
vorticity gradient scaling characteristics by expand-
ing arbitrary flow configurations as power law profiles:
Q(r)/Qo = 1/r9. Vorticity and its gradient can then be
expanded as,

C-a)% _  2-9%

F =
rd rq"l‘l

(17)
Given that T, TV, and Q are intrinsically coupled, we
will define three quantities to classify independent scal-
ing. We first define relative vorticity (I'),. / (€2),., which
quantifies how the average local fluid rotation (vortic-
ity) scales relative to the average global circulation (€2).
In effect, this distinction separates flows dominated by

TABLE II: Scaling of field-dependent MCI and MRI
terms to show scaling of vorticity (gradient) terms with
different field strengths. (C) and (R) refers to MCI and
MRI modes, respectively. Meanwhile, (1) and (-1) refer
to destabilizing and confining, respectively. Finally, we

consider three field strengths: Low, Intermediate
(Interm.), and High.

Field (@), (wi-o%)  (Th+I7f), (I'fy,
Strength

LDow  -1/1 -1 /1 /1
(C/R)

Interm. -1/1  1/-1 1 1
(C/R)

High 1/-1 1 1/-1 -1/1
(C/R)

their intrinsic spin from those dominated by orbital mo-
tion. Similarly, the relative vorticity gradient (I'), / (€2),.
defines how rapidly the rotational structure-the balance
of curvature and shear—of the fluid changes with radius,
with respect to the overall rotation of the system. This
parameter is particularly critical when considering shear
layers (indicated by a large value) or a laminar flow (small
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FIG. 18: Growth rate scan of most unstable non-axisymmetric (MCI (a), MRI (b)) modes for k, = 1k; as relative
flow curvature ((I"), /(I'),) and magnetic field strength are varied for a purely vertical field. In (a,c,e,g), we utilize
the Exp. profile (Q(r)/Qo = aexp(1 —r/r1) + (1 — a)) with non-uniform ¢(r) (¢'(r) # 0), and vary (I'), /(T'), and
(I'),. / (), by changing a. We span from the Expl to the Exp3 profile to only study the dynamics of MHD
perturbations. Similarly, in (b,d,fh), we consider profiles with uniform ¢(r) (2(r)/Qo = 1/r%, spanning between
qg=1/2to ¢ =3/2 (Keplerian). MCI modes remain dominant for both small vorticity and large vorticity gradients,
with the domain of instability narrowing at large relative flow curvatures. Conversely, the MRI modes are
destabilized by vorticity gradients and remain unstable only for low relative flow curvatures.

values). Finally, the relative flow curvature (I") /(I),
provides a normalized measure of the global competi-
tion between shear and curvature across the flow. Im-
portantly, this provides a measure of whether a flow
is shear-dominated (large value) or curvature-dominated
(low value). For constant g, we can explicitly construct
these relations as,

<F>r B <F,>r B T‘Q_q _rl_q
@, 20 g, ~ 00O
(), rgt =
o,
(18)

The relative vorticity indicates that configurations
with lower shear (smaller ¢) will have higher vorticity
contributions to confinement of the mode. Importantly,
the scaling with vorticity is a domain-independent quan-
tity. Conversely, the relative vorticity gradient and rel-
ative flow curvature are intrinsically domain-dependent
quantities, as they are inherently curvature-dependent

terms. This is because the definition of vorticity gradi-
ent inherently considers the curvature of the flow con-
figuration (I oc V2Q in cylindrical coordinates). We
can tabulate these scaling relations taking into account
domain configuration (see Fig. 16). We find that the
contribution of vorticity gradients and relative flow cur-
vature is maximized in domains with large curvature
(re/r1 — 1), and minimized in domains with low curva-
ture (ro/r1 — 00). This suggests that the destabilizing
effect of IV on intermediate-field MCI might be enhanced
in strongly curved geometries, potentially contributing
to MCI dominance in such domains (cf. Sec. VC). We
include the relative vorticity gradient and relative flow
curvature to decouple I', TV scaling when varying param-
eters underlying the flow configuration.

To verify these scalings numerically, we performed
ideal spectral scans using the shooting method, vary-
ing the flow profile using both exponential profiles (non-
uniform ¢) and power-law profiles (uniform ¢) (see Fig.
18). The results broadly confirm the theoretical expec-
tations. We confirm that MCI/MRI growth rates gen-
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FIG. 19: Flow rate configuration (a,b,d,e), growth rates (c¢), and frequencies (f) for the Exponential flow
configuration demonstrate bifurcation of the MCI mode into hydrodynamic branch as ¢(r) crosses two. We define

the Exponential profile as Q(r)/Qo = aexp(1 —r/r1) +

(1 —a). Exp3: a =0.9366; Exp4: a = 0.9409; Expb5:

a = 0.9448. All shooting (c,f) was conducted for the non-axisymmetric (m = 1), k, = 1ky (r1k1 = 7/4) modes with
a purely vertical magnetic field.

erally increase with higher relative vorticity, and are
suppressed by relative flow curvature. Typically, MRI
modes scale relatively uniformly with variation of pa-
rameters, whether the underlying flow has uniform or
non-uniform ¢(r) (cf. Figs 18¢,g and Figs. 18d,h). How-
ever, MCI is much more sensitive to the uniformity of
the profile (cf. Figs 18a,e and Figs. 18b,f). Since the
non-uniformity in the profile ¢(r) can be equivalently de-
scribed as flow curvature, this reinforces the concept that
MCI is a curvature-driven instability. In contrast, MRI is
relatively agnostic due to its local nature. We thus argue
that profiles with non-uniform ¢ will generally be more
unstable, as onset will still occur at the MCI mode (see
Sec. VB3). These findings emphasize the sensitivity of
MHD stability to the detailed flow structure. Investigat-
ing more complex profiles, such as those that exhibit local
minima in the vorticity (as observed in recent simulations
[20]), is a promising direction of future work.

2.  Hydrodynamic Modes

When the background flow is unstable to hydrody-
namic (HD) perturbations, MHD modes can interact and
merge with HD modes. The MCI branch, in particular,

smoothly connects to an HD instability branch as the
magnetic field strength approaches zero (V4 — 0) if the
flow permits HD instability. Though we typically con-
sider HD stable flows, we will demonstrate that these hy-
brid HD-MCI modes exhibit a resonance-localized mode
structure, and given a vorticity well, can occur at shear
parameters below the Rayleigh criterion.

We begin by studying the traditional Rayleigh crite-
rion through the vorticity framework (I' = Q(2 — ¢(r))),
as it provides a physically motivated mechanism for defin-
ing the onset of hydrodynamic instability. By construc-
tion, T’ changes sign at any point where ¢(r) crosses two
(Rayleigh criterion). At these points, I physically acts
as a restoring force, thus confining hydrodynamic pertur-
bations (see Fig. 19). This same argument then implies
that power-law profiles cannot exhibit hydrodynamic in-
stability, even for ¢ > 2, as ¢ is constant, and thus no
vorticity well can be formed. We will also demonstrate
that this argument implies that profiles with sufficiently
deep vorticity wells can exhibit hydrodynamic instability
for ¢ < 2.

To demonstrate the hydrodynamic onset mechanism,
we therefore must consider profiles with non-uniform
q(r), such as those generated via the tanh or exponential
functions, or those considered by [23]. In Figure 19 we
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FIG. 20: Flow rate configuration (a,b,d,e), growth rates (c¢), and frequencies (f) for the Tanh flow configuration
demonstrate that vorticity wells can create a hydrodynamic branch for ¢ < 2. We define the Tanh profile as
Q(r)/Q = aexp(l — r/r1) + 1. Tanhl: a = 0.8158; Tanh2: a = 0.8303; Tanh3: a = 0.8400; Tanh4: a = 0.8463. All

shooting (c,f) was conducted for the non-axisymmetric (m

=1), k, = 1k (rik1 = 7/4) modes with a purely vertical

magnetic field.

perturb a HD stable flow configuration (Exp3) to form
two HD unstable profiles (Exp4 and Exp5) by varying
g. We find that marginally stable profiles (e.g., Exp3)
will exhibit knees in the profile that bifurcate upon per-
turbation of g. We observe this behavior in the Exp4
and Expb5 profiles, which become increasingly hydrody-
namically unstable (i.e. have finite growth rates at zero
magnetic field, By) as ¢(r) increases. It was also recently
observed that profiles with vorticity wells can exhibit hy-
drodynamic instability for ¢(r) < 2 as shown by [23] and
illustrated here using the Tanh profiles (see Fig. 20).
Physically, I acts to confine the modes near the vortic-
ity minimum, thus creating HD instability given a suf-
ficiently deep well. Again, the spectral results show the
low-field MCI branch bifurcating and connecting to the
Va/(r190) = 0 HD instability branch (Tanh3, Tanh4 in
Fig. 20).

A consequence of bifurcation is that in HD-MHD un-
stable flows, the low-field MCI modes will tend to be res-
onance localized, inheriting the localization properties of
the HD mode to which it connects. This is because hy-
drodynamic modes are localized about the Corotation
point (the point in the regime where @ = 0) (see inset
of Fig. 20c). In the absence of magnetic fields, there

are no Alfvénic resonances. Since the resonance condi-
tion is continuous, the resonances must bifurcate from
the Corotation point as the magnetic field strength be-
comes non-zero. We will utilize this bifurcation argument
in Section V B 3 to provide a tool to calculate MHD onset
in the presence of HD instability. We can observe such
a resonance localized MCI mode illustrated in the inset
figure of Figure 19c.

8. MHD Onset - Critical Rm

The critical parameters (e.g., minimum Rm and Vjy)
for the onset of MHD instability depend on the back-
ground flow configuration. Using the spectral diagram
method (see Sec. VA1), we compare the instability
boundaries at low Rm for the Keplerian flow versus the
Exp3 profile (Fig. 21). While both profiles are hydro-
dynamically stable and exhibit non-axisymmetric onset
via a global MCI mode, the location and shape of the
onset boundary in the (Rm-V},) plane differ significantly,
underscoring the sensitivity of the instability domains to
flow configuration. Moreover, it’s important to note that
the significantly lower onset Rm exhibited by the Exp3
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FIG. 21: Vertical field dominant mode instability boundaries and onset parameters are shown to heavily depend on
flow configuration. We demonstrate dominant modes at low Rm for Kep (a,b) and Exp3 ((c,d), see Fig. 15 for the
flow configuration definition) via the global resistive shooting method (as denoted in the color bar). In (a,c) we only
consider non-axisymmetric (m = 1), whereas in (b,d) we compare the dominant non-axisymmetric (m = 1) modes
with the m = 0 1k; mode at 71k = w/4, k2(r) = MWKB, and 7 — r; = 4r; (AR1). In (a,c), we show that at low
Rm, only low k, (< 2k1) MRI and MCI modes are unstable. Whereas in (b,d), we demonstrate that the m =0
mode is dominant for low magnetic fields over all non-axisymmetric modes, but the MCI 1k; mode remains
dominant at large magnetic fields. Shooting is performed for Pm = 1076, Insets demonstrate that the
non-axisymmetric onset of instability occurs at a global MCI mode.

profile can be attributed to the underlying curvature of
the profile, as the Keplerian and Exp3 profiles are ac-
tually very close in structure (see Fig. 10). In fact, a
power-law fit of the Exp3, actually yields a profile with
very similar shear to that of Keplerian, and thus the dif-
ference in the behaviors exhibited by the profiles can be
attributed primarily to curvature.

Moreover, Figure 21 provides insights into experimen-
tally testable regimes as it utilizes both a low viscosity
(Pm = 107%) and exhibits a flow profile similar to that

observed from non-linear simulations [10, 20, 33]. Im-
portantly, the axisymmetric and non-axisymmetric on-
sets predicted via the spectral diagram method closely
match those observed in recent simulations [20]. Fur-
ther refinement of input parameters, including matching
of boundary conditions, aspect ratio, and direct input of
steady-state flow configuration, can be utilized to repro-
duce the observed onset behavior in recent works fully.
This analysis, however, demonstrates that, among per-
turbations of flow configuration, studying both the ax-



isymmetric (m = 0) 1k; and MCI modes is required to
define the behavior near instability onset. In particular,
while the m = 0 1k; mode remains dominant near low
magnetic fields, the MCI 1k; mode almost exclusively
defines the high-field behavior of the system.

Meanwhile, in flows that are already hydrodynamically
unstable (when V4 = 0, v > 0), the concept of MHD on-
set requires careful definition. As shown in Sec. VB2,
the MCI mode bifurcates into an HD branch as mag-
netic fields vanish. We propose viewing the emergence
of MHD-HD dynamics as a bifurcation process of the
Alfvénic resonances about the Corotation point. Since
the Corotation point is a solution to the field-less reso-
nance condition (Eq. 10 with the real component of the
right hand side zero), it must also be a solution to the
finite-field resonance condition if there is no real com-
ponent on the right hand side. Specifically, this occurs
when the roots of the resonance condition are degenerate,
such that:

Re <\/4w§, — (g —v)? Q2> —0

This condition then gives a set of transition parameters
7, v at a finite field where the system will transition from
degenerate roots (Corotation point only) to two solutions
(Alfvénic resonances).

However, as Q? and w? are radially varying quan-
tities, we must estimate the radial location where the
resonance condition must degenerate. Since We es-
timate this location as the Corotation point r. =
{r €[ri,ro]|wr —mQ(r) =0}, as the Alfvénic reso-
nances converge about r.. Without this choice, the onset
criterion would be a flow and ideal MHD mode indepen-
dent quantity (w,). We know, however, from simulations
[20] and Section VB3 that MHD onset is intrinsically
a flow-dependent parameter. Thus, the choice of r. is
fitting to evaluate the MHD onset, such that the onset
criterion can be estimated as,

(1 —Pm) (k7 (rc) +m? /72 + k2)
2wa(re) '

RmH = (19>

Figure 22 illustrates the bifurcation process for the
HD-unstable Exp5 profile from direct global shooting. As
Rm decreases towards the onset value found via shoot-
ing (Rm ~ 11.3), the Alfvénic resonances are shown to
merge on the Corotation point r.. The predicted onset
from Eq. 19 using the ideal frequency is Rmy ~ 12.4, in
reasonable agreement. The discrepancy arises from the
shift in w, (and thus r.) between the ideal limit and the
onset point, though iteration via shooting could improve
this prediction. This analysis provides a useful method
for estimating MHD onset thresholds in the presence of
HD instability, linking it directly to the fundamental res-
onance structure. Developing analogous resonance-based
onset criteria for HD-stable flows remains an area of fu-
ture investigation.
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FIG. 22: Vertical field shooting resonances for the Exp5
configuration show the onset of the MHD mode (MCI)
as Rm is increased (with the onset Rm = 11.3). Four
resistivities are chosen to demonstrate that the Alfvénic
resonances bifurcate from the Corotation point, with
(a) Rm = oo (no viscosity), (b) Rm = 15.8, (¢) Rm
= 12.6, and (d) Rm = 11.3 at Pm = 0. The upper right
inset plots show that the potentials move from those
destabilized by the Alfvénic resonances to a well about
the Corotation point. The lower left inset plots show
the resonance condition (see Eq. 10), plotting both
branches and resonances attributed to the equation’s
roots. Equation 19 predicts an onset at Rmy = 12.4,
whereas an onset at Rm = 11.3 is observed via
shooting. All shooting was performed for the k, = 1k;
(r1k; = 7/4) non-axisymmetric (m = 1) MCI mode at
VA/(Tlﬂo) =0.1.

C. Disk Configuration and spatial curvature

The geometry of the differentially rotating plasma sig-
nificantly influences MHD mode stability. This has al-
ready been hinted at in Section V B 1, which established
that vorticity gradients IV are intrinsically linked to the
curvature of the flow profile (and hence the domain).
Here, we investigate the distinct effects of the physi-
cal boundaries and dimensions, specifically the global
curvature (related to ro/r1), the radial aspect ratio
(r1/(ro —r1), and the vertical aspect ratio (Az/Ar). In-
creased geometric curvature strongly favors the Magneto-
Curvature instability, reinforcing its characterization as
a “curvature mode,” while the MRI is less sensitive to
global curvature. Furthermore, we will demonstrate MCI
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FIG. 23: Growth rates of non-axisymmetric (m = 1)
modes (MCI (a,c), MRI (b,d)) as disk configuration is
varied from the ideal global shooting method with the

Keplerian flow configuration. In (a,b), we vary disk
curvature and radial aspect ratio by tuning ro/r; and

r1/(re — r1), respectively, for k,/ky = 1. As disk
curvature increases (ry/r1 — 1), the MCI mode becomes
increasingly dominant and vice versa. In contrast,
curvature has little effect on the growth rates of the
MRI mode. In (c,d) we vary the vertical aspect ratio by
tuning Az/Ar (ro/r1 = 5). We find MCI modes
dominate in intermediate thickness (Az/Ar ~ 1),
whereas MRI dominates in thin disks (Az/Ar < 1).

dominates in vertically moderate disks (Az/Ar ~ 1),
whereas MRI prevails in thin disks (Az/Ar < 1). We
explore these dependencies using the ideal global shoot-
ing method with a Keplerian profile (2(r) o< 1/73/2) and
a purely vertical magnetic field, varying one geometric
parameter at a time for MRI and MCI individually (see
Fig. 23). We vary the vertical aspect ratio, the radial as-
pect ratio, and the curvature for this span while keeping
the inner radius fixed.

First, we vary the ratio r9/r1 (implicitly varying the
radial aspect ratio as well), effectively changing the global
curvature (Figs. 23a,b). As rg/r; decreases towards
1 (increasing curvature), the MCI growth rates signifi-
cantly increase, dominating over MRI. This supports the
notion that geometric curvature provides free energy for
the MCI. At very high curvature (ro/r; very close to 1),
MCI growth rates decrease, potentially due to boundary
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effects or reduced radial variation limiting access to flow
energy. At low curvature, MCI modes approach stabil-
ity (ro/r1 — oo, which corroborates the expectation that
MCIT vanish in the Cartesian limit. In contrast, the MRI
growth rates show only a weak dependence on r3 /71, con-
sistent with its more localized nature.

Next, we vary radial aspect ratio (Figs. 23c,d).
Smaller radial aspect ratios (larger radial gaps) generally
allow modes access to a larger reservoir of free energy
from the mean flow shear. Accordingly, MRI and MCI
growth rates tend to increase with radial aspect ratio.
However, unlike MRI, which uniformly favors smaller as-
pect ratios, MCI is also dominant for larger radial aspect
ratios. This is because varying radial aspect ratio, while
keeping 7 fixed, also intrinsically varies spatial curva-
ture. Thus, sufficiently small radial aspect ratios desta-
bilize the MCI as curvature vanishes. Therefore, MCI
dominates for intermediate radial aspect ratios, as there
is a tradeoff between energy from curvature effects and
accessing the energy from the mean flows.

Finally, we investigate the effect of vertical aspect ratio
(Az/Ar) for both MRI and MCI modes (see Figs. 23e,f)
by varying zo, z; while keeping r1,ro fixed. We find that
MRI is uniformly preferred in thinner disks (Az/Ar <
1). In contrast, MCI is preferred in intermediate vertical
aspect ratio disks (Az/Ar ~ 1), while being stabilized
for sufficiently thick disks (Az/Ar > 1).

These ideal MHD results suggest that MCI is most
dominant in geometrically moderately thick, highly
curved domains with an intermediate radial aspect ratio
(intermediate radial gap). Conversely, MRI is favored in
thin, less curved domains with a small radial aspect ratio
(large radial gap).

We corroborate these spectral results via a sweep of lin-
ear NIMROD simulations for two additional radial aspect
ratios (ARO & AR2 with a purely azimuthal magnetic
field. Figure 24 compares growth rates from NIMROD
with corresponding ideal shooting results (using domi-
nant k, observed in NIMROD). Despite the change to
an azimuthal field, we demonstrate that these scaling
trends hold at finite resistivity: the high-curvature ARO
geometry shows MCI dominance across the entire range
of V4 simulated, while the low-curvature AR2 geome-
try exhibits a transition from MRI to MCI dominance at
a significantly higher V4 compared to the intermediate
radial aspect ratio AR1 case (cf. Fig. 24). This con-
firms that increased geometric curvature robustly pro-
motes MCI dominance.

These findings have important implications for lab-
oratory experiments, which typically operate in high
curvature, intermediate radial aspect ratio, and moder-
ate vertical aspect ratio regimes. PPPL’s MRI experi-
ment, for example, operates in a regime with ro/r; = 3,
r1/(re—r1) =1/2, and Az/Ar = 2 ([10], [33], [20]). Our
analysis indicates that such parameters strongly favor the
MCT (low-frequency branch of non-axisymmetric modes)
as the dominant instability, especially at moderate to
strong magnetic fields. Observing MRI (high frequency



localized branch) in such configurations might require ac-
cessing regimes of very high magnetic Reynolds number
(Rm) at low magnetic field strengths, where MRI growth
rates might exceed those of MCI. Identifying transitions
between MCI and MRI could be achieved by observing
discontinuous changes in the dominant mode frequency,
provided the target mode (e.g., MRI) has a sufficiently
large ideal growth rate in the relevant parameter space
to overcome damping and competing modes. Spectral
diagrams, as constructed in Section V A 1, can help de-
lineate the parameter regimes where different modes are
expected to dominate.

VI. SUMMARY AND CONCLUSIONS

Understanding the linear stability of differentially ro-
tating magnetized disks is crucial for explaining the
drivers of turbulence and angular momentum transport
in systems like accretion disks. We investigated the
global linear dynamics of non-axisymmetric (m = 1)
MHD instabilities in such disks, threaded with verti-
cal or azimuthal magnetic fields, exploring the depen-
dence on diffusivity, flow configuration, and disk geom-
etry. Utilizing a combination of local WKB analysis, a
non-ideal global spectral method (solved via shooting),
and linear initial-value simulations (NIMROD), we es-
tablished that the two primary m = 1 non-axisymmetric
modes—the Magneto-Rotational Instability (MRI) and
the Magneto-Curvature Instability (MCI)-dominate in
different regimes of parameter space due to their dis-
tinct mode characteristics (structure, frequency, and con-
figuration sensitivity). MRI modes are typically high-
frequency, localized radially and vertically (high k),
whereas MCI modes are low-frequency, global, and have
low k.. A key finding is that at low magnetic Reynolds
number (Rm), the global structure of MCI allows it to
persist. At the same time, MRI is preferentially stabi-
lized due to the broadening of its structure around its
Alfvénic resonances (see Fig. 6). Consequently, we ar-
gue that in disks with finite curvature, the onset of MHD
instability typically occurs via the global MCI 1k; mode
(e.g., Fig. 13), consistent with recent simulation results
showing onset via a global low-frequency mode [20]. The
detailed dependence of this stability landscape, including
onset conditions and mode competition, on flow profiles,
field structure, and disk geometry was systematically ex-
plored using these methods and is summarized below.

Our analysis began with a local WKB approach (Sec.
III), which indicated that non-ideal effects shift domi-
nant instabilities towards larger spatial scales (lower k.,
k., m = 1) compared to the ideal limit. Recognizing
the limitations of local analysis, we developed a non-ideal
global stability method (Sec. IV). This involved deriving
a 1D second-order ordinary differential equation (ODE)
governing the radial mode structure by applying a tar-
geted approximation to the diffusive terms [29], solved
via shooting to find the eigenvalues and eigenfunctions.
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To understand free energy contributions, we extended
the effective potential formalism [23] to the non-ideal
regime, revealing that diffusion broadens the potential
structure around Alfvénic resonances (Sec. IV D, Fig.
6). This broadening preferentially stabilizes the local-
ized MRI, explaining the persistence of the global MCI
at lower Rm.

The global spectral method was validated against lin-
ear initial-value NIMROD simulations (Sec. V A). The
MWKB (“Modified WKB”) and TWKB (“Traditional
WKB”) approximations for the diffusive terms yielded
reasonable agreement with NIMROD growth rates across
various parameters, particularly capturing onset trends,
stability boundaries, and mode characteristics (mode
structure, frequencies, etc) despite some differences in
growth rates when MCI is most global (Sec. IV A,
Figs. 4,12, and 13 (insets)). Leveraging the efficiency
of the spectral method, we introduced spectral diagrams
(Sec. V A1), which map the dominant instability (largest
growth rate) (MCI or MRI with specific k,) across pa-
rameter space (e.g., Rm vs. Vy, Figs. 13/21). These
diagrams successfully delineated regions of mode domi-
nance consistent with NIMROD simulations and provide
a valuable tool for predicting instability boundaries, on-
set parameters, and observable characteristics like mode
frequency or growth rate. Notably, they predict distinct
frequency shifts associated with the transition between
instability branches (MRI to MCI and vice versa).

Systematic parameter scans and analysis of the ef-
fective potential formalism (see reformulation in Eq.
16) were conducted to clarify the influence of flow
configuration—specifically vorticity I'(= Q(2 — ¢)), its ra-
dial gradient IV, and relative flow curvature (I') /(I"), ~
on MHD stability (Sec. V B). Particular emphasis was
placed on studying flow characteristics through the lens
of vorticity, as it provides a physically motivated descrip-
tion of the competition between flow curvature (22) and
shear (—¢©). We then argue that (I'"), /(T'), (for (.), the
radial average) provides a normalized measure of whether
a flow is shear-dominated or curvature-dominated, and
thus define this as relative flow curvature. Utilizing this
framework, both MRI and MCI exhibit complex depen-
dency on vorticity (T') and its gradient (I''), as suggested
by a heuristic analysis of the potential terms (summa-
rized in Table II and demonstrated in Figure 17). At
low field strengths (w% < @?), vorticity (I' terms) tends
to stabilize MCI while destabilizing MRI; concurrently,
vorticity gradients (I term) act to destabilize the MRI
and confine the MCI. At intermediate field strengths
(w} ~ ©?), both vorticity and its gradient generally
act to destabilize both modes. At high field strengths
(w? > ®?), vorticity tends to destabilize MCI while con-
fining MRI; conversely, vorticity gradients tend to stabi-
lize MCI while destabilizing MRI. These complex, field-
dependent interactions underscore the sensitivity of mode
competition and stability to the detailed structure of the
flow profile beyond simple shear parameters.

We perform spectral scans over profiles with non-
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FIG. 24: Azimuthal field growth rates from both NIMROD simulations (all finite Rm points) and the ideal global
shooting method for the ARO radial aspect ratio (a) and the AR2 radial aspect ratio (b). The ARO radial aspect
ratio has the global 157 MCI mode dominant for the entire regime due to the increased curvature of the domain.
Conversely, the AR2 radial aspect ratio has the MRI mode dominant for more of the regime than previous
simulations (AR1, see Fig. 11) due to decreased curvature. Wave numbers (k) for shooting curves were determined
by looking at the mode structure from NIMROD, but do not capture all observed wave numbers for MRI. Inset
figures show mode structures from NIMROD simulations. Finally, definitions for the ARO, AR2 radial aspect ratios
are given in Figure 9.

uniform ¢(r) (Exponential configuration, defined in Fig.
15) and uniform ¢(r) (power-law profiles), finding that
the observed scaling generally matches our heuristic anal-
ysis (see Fig. 18). In this figure, it is also apparent that
MCI modes with non-uniform ¢(r) appear more resilient
under perturbation of flow characteristics compared to
the uniform ¢(r) profiles, likely due to additional free
energy contributions [23] associated with vorticity gra-
dients (I"), and thus flow curvature, when ¢’ # 0 (c.f.
15a,b,e,f). Meanwhile, MRI modes remain agnostic to
the underlying uniformity (and resultant curvature) of
the profile, which is consistent with their local nature
(c.f. 15¢,d,g,h). This reinforces the conclusion that the
MCI is a curvature-driven instability, and implies that
flow configurations with larger curvature will experience
onset of instability at lower Rm. This difference in curva-
ture can be observed directly through flows with similar
q, but different vorticities, where even a small perturba-
tion in the profile results in a significant change in the
onset parameters (see Fig. 21).

We also explored the interaction with hydrodynamic
(HD) instability (Sec. VBZ2), finding that the MCI
branch typically bifurcates into an HD mode at low mag-
netic fields when the flow is HD unstable (see Fig. 19).
This includes non-axisymmetric HD instability driven by

vorticity wells, even for flows stable by the axisymmetric
Rayleigh criterion (g(r) < 2) (see Fig. 20). Through the
vorticity framework, analysis of mode confinement yields
a physically motivated picture: vorticity wells provide
confinement (stability), and vorticity gradients act as a
restoring (and thus confining) force within these wells.
This same argument demonstrates that hydrodynamic
instability is unlikely to occur in flow configurations with
low flow curvature (¢ = 0), and that sufficiently deep
vorticity wells can confine hydrodynamic perturbations
for ¢ < 2. At finite fields, these hybrid HD-MCI modes
exhibit a superposition of both global MCI and Coro-
tation localized (points where the Doppler shifted fre-
quency equals zero) mode structure (see Fig. 19), lead-
ing to resonance-localized MCI modes as field strength
increases. As Alfvénic resonances must vanish in the ab-
sence of magnetic fields, we argue that MHD onset can be
viewed as a bifurcation process of the resonances about
the Corotation point as magnetic Reynolds number (Rm)
increases. With this perspective, we provide a criterion to
estimate the magnetic Reynolds number (Rm) threshold
for MHD onset in the presence of HD instability (Eq. 19)
and demonstrate the bifurcation process (see Fig. 22),
finding reasonable agreement with the theoretical esti-
mate.



Disk geometry was also found to be critical (Sec. V C).
MRI modes dominate in thin disks (Az/Ar < 1) with
low global curvature (ro/r; > 1) and small radial as-
pect ratio (large radial gaps). In contrast, MCI modes
dominate in disks with moderate vertical aspect ratio
(Az/Ar < 1, global curvature (ro/ry ~ 1), and radial
aspect ratio (Fig. 23). This trend was qualitatively con-
firmed by NIMROD simulations in different radial aspect
ratio geometries with azimuthal fields (Fig. 24). These
findings suggest that MCI likely dominates typical lab-
oratory experiments operating in highly curved, moder-
ately thick domains.

While this paper utilized maximally diffusive regimes
(Pm = 1) to benchmark the extended global shooting
method, we also demonstrate behavior at low and inter-
mediate viscosities (see Figures 14 and 21). The latter
classifications are significant, as they encompass experi-
mentally testable regimes (Pm = 107%), demonstrating
that the m = 0 and m = 1 MCI 1k; modes each have
their own distinct regimes of dominance. These diagrams
reaffirm the importance of studying non-axisymmetric
modes in these regimes, particularly in the strong field
limit. Moreover, we demonstrate that these observations
hold even in profiles close to those used experimentally
(see Fig. 21, [10, 20, 33]). In addition, due to the inherent
modularity of this method, further refinement of explo-
ration remains open and a topic for future inquiry such
as direct input of the nonlinearly simulated steady-state
flows.

While the resistive approximations have quantitative

29

limitations, this work demonstrates they capture essen-
tial scaling behaviors and mode properties, providing
a computationally efficient tool for exploring parameter
space and guiding simulations or experiments. Methods
for refining these approximations remain a path for fu-
ture research. Given the successful application to resis-
tive MHD, extending these spectral and potential meth-
ods to incorporate additional physics, such as Hall MHD
effects, which are significant in specific plasma regimes,
represents another promising direction. Similarly, apply-
ing these efficient tools to analyze stability in more com-
plex, non-uniform flow profiles, such as those exhibiting
vorticity minima [20], is warranted. This linear stability
analysis provides a foundation for future studies focusing
on the non-linear evolution, turbulence, and associated
transport driven by these instabilities.
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Appendix A: Resistive MHD WKB Dispersion
Relation

In Section III, we derived the non-ideal dispersion re-
lation for non-axisymmetric MHD instabilities. This dis-
persion relation took the form:

o+ Oy 4+ CL? + CLo +Cy =0



Below, we define the coefficients Cs, C5, Cy and Cy:
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Upon substitution of k. — —ik,., this matches Appendix B: Convergence On Ideal MHD Limit

the previously known local dispersion relation for non-
axisymmetric modes [19]. In the zero-curvature axisym-
metric limit, kg,d. — 0 and k. — k., k2 — k2, this
becomes the local dispersion relation for the ax1symmet—
ric MRI mode [5].

This section shows that Equation 6 converges on Equa-
tion 16 of [19] in the ideal limit. First, recall the
1D second-order equation boundary valued equation for

&-(r), where &,.(r) = —rd, /(iwy):
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where the coefficients f, s, and g are defined below. Tak-
ing the ideal limit, we note that much simplification can
be done simply by taking w, — @,
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If we then take the final limit w, — @, — @, we arrive
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at equation 16 except in r instead of x coordinates, and
they converge in a change of coordinates.
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