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Abstract 

 This paper reports on the use of coherent microwave scattering (CMS) for spatially 

resolved electron number density measurements of elongated plasma structures induced at mid-IR 

femtosecond filamentation in air. The presented studies comprise one-dimensional mapping of 

laser filaments induced via 3.9 μm, 127.3 fs laser pulses at output energies up to 15 mJ. The axial 

electron number density was measured to be invariant (about 21015 cm-3) along the entire filament 

length and for all tested laser pulse energies 5-15 mJ, and the corresponding laser intensity in the 

middle portion of the filament was estimated to be nearly constant for 5-15 mJ pulse energies 

(about 30-40 TW/cm2). These fundings support that intensity clamping conditions were achieved 

in the experiments. The proposed approach enables capabilities that are currently unavailable to 

perform absolute and longitudinally resolved measurements of electron number density in laser 

filaments and to precisely characterize conditions associated with self-focusing and intensity 

clamping. 

 

 

Introduction 

Field ionization in gases by intense femtosecond laser pulses have enabled many frontier 

fundamental research topics in nonlinear optics such as high-order harmonic generation, 

filamentation, and standoff nonlinear spectroscopy of the atmosphere.1,2,3,4 However, 

measurements of electron number densities in laser filaments are particularly challenging. Multiple 

diagnostic methods have been evaluated with different degree of success, including optical 

interferometry,5,6 shadowgraphy,7 time-of-flight mass spectrometry,8,9 capacitive probes,10,11,12 

scattering of THz radiation,5,6 avalanche electron multiplication,13 attenuation of rectangular 

waveguide mode.14 Overall, these methods are characterized by limited range of applicability, 
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ambiguous interpretation, being indirect and semiempirical (require absolute calibration based 

upon theoretically predictions), so that plasma diagnostics of laser-induced photoionization 

remains a challenging task. 

Measurements of the electron number densities in the mid-IR laser filaments in air are 

especially challenging as they are associated with relatively low plasma densities in comparison 

to the near-IR counterparts due to the stronger action of the plasma defocusing term in the 

nonlinear refractive index at larger wavelength (
𝜔𝑝

2

2𝜔2, where 𝜔𝑝 is the plasma frequency and 𝜔 is 

the laser frequency). Numerical simulations predict 𝑛𝑒 in the range 1015-1016cm-3 for ~100 fs laser 

pulses at 20-30 mJ focused using 45-200 cm focal length lens.15,16 At the same time, experimental 

data on the electron number density in the mid-IR laser filaments are scanty and controversial. 

Inline holographic microscopy method yields questionable 𝑛𝑒 nearly 3-4 orders of magnitude 

larger than that predicted theoretically.17 Data obtained from capacitive probes and digital 

photography methods provide only relative measurements and lack absolute calibration.10,17 

Recently, we utilized the method of coherent microwave scattering (CMS) to measure 

electron number densities and photoionization rates of laser-induced photoionization in mid-IR.18 

The electron number densities in the range 1015–1.8×1016 cm-3 (and corresponding photoionization 

rates 5.0×108–6.1×109 s−1) were reported for intensities in the range 13-190 TW/cm2, respectively. 

However, these CMS measurements were conducted for relatively low fs-laser pulse energies 

(3.5 mJ) when the effect of Kerr and plasma nonlinear terms of the refractive index on beam 

propagation is negligible, and nearly Gaussian beam can be safely assumed in vicinity of the beam 

waist. At the same time, conditions associated with strong optical nonlinearities and substantial 

perturbations of the beam profile from the Gaussian beam (e.g., intensity clamping, self-

focusing)3,19,20 possess significant practical interest and require adequate experimental evaluation.  

In this work we further develop CMS technique to conduct spatially resolved measurements of 

electron number densities along mid-IR laser filaments in air. To incorporate some level of spatial 

resolution, these filaments were enclosed in two conductive tubes with an exposed central air gap. 

The proposed technique enables unprecedented, currently unavailable capabilities to conduct 

absolute and spatially resolved measurements of electron number density in laser filaments and to 

precisely characterize conditions associated with self-focusing and intensity clamping. 
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Methodology 

In this experiment, a mid-IR femtosecond laser system (λ𝐿 = 3.9 µm, τ𝐹𝑊𝐻𝑀 = 127.3 fs, 

pulse energy up to 30 mJ) was utilized.15 The laser was focused in air at variable axial positions 

by a CaF2 lens (Thorlabs LA5956-E, 𝑓=750 mm at 588 nm wavelength) on a linear stage. The full 

width at half maximum (FWHM) pulse duration was measured via second-harmonic generation 

frequency-resolved optical gating (SHG FROG). The 1/𝑒2 beam radiuses prior the lens were 

measured using a beam profiler to be 4.02 and 4.20 mm in the horizontal and vertical directions 

respectively. Laser pulse energies between 5 and 15 mJ were used in this work as measured via a 

pyroelectric energy meter before the lens. 

In the CMS circuit, shown schematically in Figure 1(a), 11 GHz microwaves generated by 

the Tx horn irradiated the filament (linearly polarized along the filament axis). The +38 dBm 

power radiated by the Tx horn created an incident power density of about 10 mW/cm2 at the beam 

axis, which is sufficiently low to prevent thermal disturbance of the plasma object by probing 

microwaves.21,22 Most of the filament was contained inside a shield tube enclosure with a 15-mm 

exposed central air gap, as discussed in details in the Results and Discussion section. The Rx horn, 

azimuthally offset by 90º from the Tx horn, as shown in Figure 1(b), received microwave radiation 

scattered from the exposed plasma segment. The Rx and Tx horns were placed 190 mm and 240 

mm from the beam axis respectively and have microwave-absorbent backdrops. The scattered 

signal was then detected using an I/Q mixer (HMC-C042), and the low frequency I/Q signal 

outputs were amplified by the post-mixer amplifiers equipped with DC blocks (PE15A1007 

amplifier with 9 kHz - 3 GHz bandwidth) to eliminate contribution of the environmental 

reflections to the output signal. Calibrated amplification of the MW scattering signals and of the 

I/Q channels were used as needed to improve system sensitivity, and linear, undistorted amplifier 

operation was ensured throughout experiments. A phase shifter was added to the transmitting arm 

for easy monitoring and confirming that the plasma scattered signal phase is consistent with the 

collisional scattering regime (90 degrees phase shift between the electron displacement and the 

incident electric field)21 throughout experiments. The response time of the CMS system was 

~0.5 ns, governed by the 2 GHz bandwidth of I/Q mixer output. A Rohde & Schwarz RTO 2044 

oscilloscope with 4 GHz bandwidth was used for the signal recording. 
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Figure 1: Schematics of the experimental setup containing the 3.9-μm femtosecond laser and coherent 

microwave scattering system equipped with metal tube enclosure for spatially resolved measurements. 

 
 
 

Results and Discussion 

A long-exposure representative photograph of the considered laser filaments is shown in 

Figure 2. The parameters of the laser system and focusing lens considered in this work restrict the 

filament length to a few centimeters. Note that, for the laser pulse energies used here (𝐸𝐿=5-15 

mJ), nonlinear effects of refractive index 𝑛 = 𝑛0 + 𝑛2𝐼𝐿 −
𝜔𝑝

2

2𝜔𝐿
2 (Kerr and plasma nonlinear terms 

- 𝑛2𝐼𝐿 and 
𝜔𝑝

2

2𝜔𝐿
2, respectively) were significant, where 𝑛 is the nonlinear index of refraction, 𝑛0 is 

the linear component of the index of refraction, 𝑛2 is the coefficient of the Kerr nonlinear term, 𝐼𝐿 

is the laser intensity, ω𝐿 is the laser field frequency, ω𝑝 = √
𝑒2𝑛𝑒

𝜀0𝑚
 is the plasma frequency, 𝑒 is the 

electron charge, 𝜀0 is the dielectric permittivity of vacuum, and 𝑚 is the electron mass. The critical 

power of self-focusing for 3.9 m wavelength can be roughly estimated as 𝑃𝑐𝑟 =
3.72𝜆2

8𝜋n0n2
=

45 𝐺𝑊.23 The corresponding laser pulse energy can be estimated as 𝑃𝑐𝑟
𝜏𝐹𝑊𝐻𝑀√𝜋

2√ln 2
= 6.1 mJ for the 

considered here laser system, which is well below the maximum examined laser pulse energy of 

15 mJ. 
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Figure 2: Representative photograph of mid-IR laser filaments initiated in atmospheric air with a 750 mm 

focal length lens. 

 

The standard CMS technique was modified in this work to produce 1-D spatially resolved 

𝑛𝑒 measurements by shielding most of the plasma filament inside the metal shield tube enclosure 

shown in Figure 1(c). Only plasma in the gap between the tubes is exposed to the microwave 

radiation, and, therefore, only plasma in the gap is being diagnosed. The shield tubes (OD: 6.35 

mm, ID: 4.57 mm) were separated by a microwave-accessible gap of 15 mm, or approximately 

half wavelength of the probing microwave radiation. The tubes were supported by a mounting fork 

made of PLA plastic to minimize reflections. The exposed plasma segment was irradiated by the 

microwaves from the Tx horn, which were scattered off the plasma and detected by the Rx horn. 

The tube enclosure was positioned with CMS horns in the center-gap plane while the filament 

position was adjusted by translating the lens along the z-axis to acquire measurements of different 

portions of the filament. The length of the shield tubes was selected to ensure that the ~10-40 mm 

long plasma filaments can be fully contained within either tube. 

The first step in testing this new method was to confirm minimal disruption of the filament 

characteristics due to the tube enclosure. We specifically restrict this non-intrusiveness 

requirement to the period <10 ns after the laser pulse when CMS data was acquired. On this fast 

time scale, any hydrodynamic perturbations due to the presence of the tube can be neglected. The 

minimum distance between the plasma filament and tube enclosure was 0.86 mm (accounting for 

a ≤ 1 mm alignment error). The corresponding minimum time for hydrodynamic interactions, 

estimated as the time for a shock wave (generated by the filament) to travel back and forth across 

this distance, is ~5 s, which is much longer than CMS observation time of ~10 ns.  

We experimentally verified that the tubes are nonintrusive for the filament properties right 

after the laser pulse by analyzing and comparing the visible light emissions of shielded and 

unshielded filaments. Figure 3 depicts intensified charge coupled device (ICCD) imaging of 

plasma emissions from shielded and unshielded filaments taken with an exposure time of 100 ns 

and averaged over 15 laser shots. The bandwidth of the imaging system comprised of Princeton 
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Instruments PI-Max 4 ICCD camera and Micro-Nikkor 55mm lens was 375-900 nm (the observed 

filament images are likely dominated by spectral lines of excited and ionized nitrogen molecules, 

which are expected to closely correlate with the electron number density).17,24,25  For each laser 

pulse energy 𝐸𝐿, the upper plot shows images with the tube enclosure present (stitched together at 

the edge of the exposed region, indicated by the red lines), and the lower plot shows an image 

taken without the tube enclosure present. Visually, the invariance of plasma emission features 

implies minimal perturbation of the filament from the tube enclosure. One can further observe 

enhanced Kerr-focusing at increased 𝐸𝐿 indicated by the shifting of the filament centroid toward 

the laser (z-axis in Figure 3 indicates the distance from the focusing lens). Note that the filament 

was observed at slightly larger distances than 750 mm due to wavelength-dependent focal length 

shift of Thorlabs LA5956-E lens and slight divergence of the beam prior to the lens. 

 

Figure 3: ICCD Images of mir-IR laser filaments with (upper) and without (lower) tube enclosure 

present. Red lines indicate boundaries of stitched images when tube enclosure is present. 

 

The next step was to modify a standard procedure of evaluating total electron count in the 

tested plasma object 𝑁𝑒 from the measured scattered signal 𝑉𝑆 (developed and widely utilized 

previously for conventional CMS technique),21,26,27,28 so that it accounts for presence of the tube 

enclosure. Presence of the tube enclosure leads to a reduction of electric field magnitude in the gap 

due to partial shielding by the tubes, so that tested plasma is exposed to a weaker electric field, 
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and perturbs phase of the field in vicinity of the tube ends, so that constructive interference between 

wavelets at the Rx horn is partially disturbed.21 Both effects lead to reduction of the scattered signal 

measured at the Rx horn. Therefore, the presence of the tube enclosure was accounted via 

incorporation of the scattered signal reduction factor (𝜅). To quantify this reduction factor 

experimentally, the scattered signal 𝑉𝑆 was measured for about 15 mm long plasma filament (𝐸𝐿 =

2.8 mJ) placed in the center of the 15 mm gap of the tube enclosure and without the tube enclosure. 

It was found that 𝑉𝑆 reduced by the factor 𝜅 = 4.85 ± 0.9 in the presence of the tube enclosure as 

illustrated in Figure 4. Finally, the scattering signal reduction factor 𝜅 was incorporated into the 

final equations relating 𝑉𝑠 and 𝑁𝑒 as follows: 

𝑉𝑠 = {

𝐴𝑉𝐷𝜖0(𝜖𝐷 − 1)𝜔   −  dielectric object                               

𝐴

𝜅

𝑒2

𝑚𝜈𝑚
𝑁𝑒                 −   plasma object in tube enclosure

 Eq. 1 

where 𝐴 is the calibration factor determined via standard dielectric scatterer calibration procedure 

(free-space, no tube enclosure) described elsewhere, 21,26,27,28 𝜖0 is the vacuum permittivity, 𝜖𝐷 is 

the dielectric relative permittivity, and 𝑉𝐷 is the dielectric object volume. Note that the collisional 

scattering case (𝜈𝑚𝜔 ≫ |𝜉𝜔𝑝
2 − 𝜔2|) was satisfied for all experiments reported in this work.21 

 

 
Figure 4: Reduction of microwave scattering signal in the presence of the tube enclosure. 

 

Using the procedure described above and Eq. 1, the total electron number in the exposed 

portion of the filament (𝑁𝑒) was determined, as shown in Figure 5. 𝑁𝑒 was determined from the 

measured scattered signal 𝑉𝑠 using Eq. 1 and assuming a constant collisional frequency of 

𝜈𝑚=21012 s-1 corresponding to the electron temperature of 𝑇𝑒 ~ 1 eV expected on the timescale 

of ~1 ns after the laser pulse.5,18,21,25,29,30 As expected, the measured signal is temporally 

characterized by a rapid increase of 𝑁𝑒 due to laser-induced photoionization of air followed by an 
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electron decay (twofold decay over ~2 ns). The electron decay is governed by dissociative 

recombination (𝑋2
+ + 𝑒 → 𝑋 + 𝑋, where X is N or O) and three-body attachment to oxygen (𝑒 +

𝑂2 + 𝑋2 → 𝑂2
− + 𝑋2, where X is N or O).5,18,21,25 Comparable contributions of the attachment and 

dissociative recombination are expected on the initial stage of decay in the central portion of the 

filament where electron number density was about 21015 cm-3 (reported later  in this manuscript). 

Specifically, using known dissociative recombination coefficient for nitrogen and oxygen (𝛽 =

2 × 10−7 × √
300

𝑇𝑒
 [cm3s-1]) and three-body attachment constants for air constituents (𝑘𝑂2

=

1.4 × 10−29 ×
300

𝑇𝑒
× exp (−

600

𝑇𝑔𝑎𝑠
) × exp (

700×(𝑇𝑒−𝑇𝑔𝑎𝑠)

𝑇𝑒×𝑇𝑔𝑎𝑠
) [cm6s-1] and 𝑘𝑁2

= 1.07 × 10−31 ×

(
300

𝑇𝑒
)

2
× exp (−

70

𝑇𝑔𝑎𝑠
) × exp (

1500×(𝑇𝑒−𝑇𝑔𝑎𝑠)

𝑇𝑒×𝑇𝑔𝑎𝑠
) [cm6s-1]),31 one can evaluate comparable rates of 

dissociative recombination 𝛽𝑛𝑒~1.5×108 s-1 and attachment to oxygen  𝜈 = 𝑘1𝑛𝑂2

2 +

𝑘2𝑛𝑂2
𝑛𝑁2

~0.7×108 s-1 for the initial stage of decay. On the later stage, as the electron number 

density decreases, the electron decay is expected to be dominated by the attachment to oxygen.32  

Note that we present only a brief analysis of the electron decay as it is beyond the focus of the 

current study. 

 

 

 

Figure 5: Total electron count in 15-mm-long exposed sections of laser filaments.  

Total numbers of electrons in the exposed 15-mm-long sections of the filament 

immediately after the laser pulse (𝑁𝑒0) were derived from the peak values of temporal evolutions 

of 𝑁𝑒 shown in Figure 5. The corresponding distributions of 𝑁𝑒0 along the filament length are 
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presented in Figure 7(a). With the 0.5 ns response time of the CMS system used here and the 

slower (~2ns) observed 𝑁𝑒-decay time, it is expected that 𝑁𝑒0 reasonably well estimates the total 

number of electrons produced by the laser pulse. 

To convert the total electron number 𝑁𝑒0 produced by the laser pulse into a corresponding 

measurement of electron number density, the shape of the radial 𝑛𝑒 profile was first evaluated 

from ICCD imaging as follows. The radial 𝑛𝑒 profiles were approximated from the corresponding 

radial plasma emission profiles, which were evaluated from the ICCD images of the plasma 

channels shown in Figure 3. Typical radial profiles of emission of the plasma channel, obtained 

directly from the line-of-sight ICCD images illustrated in Figure 3, are shown in Figure 6. One can 

see that these profiles can be reasonably well approximated by the Gaussian shape. Therefore, the 

characteristic plasma radius can be determined directly from the line-of-sight plasma emission 

profiles and no Abel inversion is required (as Abel inversion of a Gaussian profile retains the same 

shape and characteristic radius). Thus, plasma emission profiles shown in Figure 6 were 

approximated by the Gaussian profile (∝ 𝑒
−

2 𝑟2

𝑟𝑝
2

), and, finally, the same radial profiles of the 

electron number density were assumed: 𝑛𝑒 ∝ 𝑒
−

2 𝑟2

𝑟𝑝
2

. Note that, in agreement with previously 

reported results, FWHM diameter of the plasma channel of 3.9-m filaments (e.g., ~500 m at 

15 mJ according to Figure 6) was substantially larger than that of 800-nm filaments (~100 m), 

due to stronger action of plasma defocusing in mid-IR.15,16,33  

 

Figure 6: Characteristic line-of-sight plasma emission profiles measured by ICCD camera. 

 

The characteristic plasma radius 𝑟𝑝 evaluated using the procedure described above is shown 

in Figure 7(b). The figure illustrates variation of 𝑟𝑝 (averaged over each 15-mm-long sections) 
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along the length of the plasma channel (z-axis). Regions associated with low plasma emission 

(signal/noise ratios ≤ 1.7) at the filament ends were disregarded.  

Finally, the electron number density on the axis (𝑟 = 0), immediately after the laser pulse 

𝑛𝑒0(𝑧) was determined from the longitudinal distribution of 𝑁𝑒0(𝑧) shown in Figure 7(a) and the 

characteristic plasma radius 𝑟𝑝(𝑧) shown in Figure 7(b) using the following equation: 

𝑁𝑒0(𝑧) = ∬ 𝑛𝑒(𝑟′, 𝑧′)2𝜋𝑟′𝑑𝑟′𝑑𝑧′ = ∫ ∫ 𝑛𝑒0(𝑧′) 𝑒
−

2 𝑟′2

𝑟𝑝
2

2𝜋𝑟′𝑑𝑟′𝑑𝑧′
∞

0

𝑧+
ℎ
2

𝑧−
ℎ
2

= ∫ 𝑛𝑒0(𝑧′)
𝜋 𝑟𝑝

2(𝑧′)

2
𝑑𝑧′

𝑧+
ℎ
2

𝑧−
ℎ
2

≈ 𝑛𝑒0(𝑧)
𝜋 𝑟𝑝

2(𝑧)

2
ℎ 

 

Eq. 2 

Note that variations of plasma parameters (𝑟𝑝 and 𝑛𝑒0) along the 15 mm gap were assumed to be 

small, so that the corresponding properties were approximated by their values in the gap center. 

On the practical level, the gap size should be selected small enough so that variations of plasma 

parameters along it can be neglected.  

The distribution of electron number density along the filament axis 𝑛𝑒0(𝑧) is shown in 

Figure 7(c). One can see that relatively constant value of 𝑛𝑒0~21015 cm-3 along the axis was 

determined for the tested laser pulse energies 5-15 mJ. These measurements demonstrate 

feasibility of the CMS technique utilized here for absolute and longitudinally resolved 

measurements of electron number density in laser filaments. Note that the current approach, in 

contrast with our recent work,18 does not assume negligible nonlinear effects of refractive index 

and can be utilized to monitor parameters of laser filaments well into the nonlinear regime, when 

simultaneous action of Kerr and plasma nonlinearities is significant. 
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Figure 7: (a) Total electron numbers in the 15-mm long segments of the laser filament for various 𝐸𝐿; (b) 

Characteristic plasma radius evaluated from radial plasma emission profiles using ICCD imaging; (c) 

Corresponding distribution of axial electron number density along the filament.  

 

The observed results can be interpreted as the early stage (onset) of the intensity clamping 

(associated with balance of nonlinear optical Kerr terms (𝑛2𝐼𝐿 + 𝑛4𝐼𝐿
2 + ⋯ ) and nonlinear plasma 

term (
𝜔𝑝

2

2𝜔2) in the refractive index of air). Indeed, Figure 7(c) indicates that axial number density 

21015 cm-3 was nearly invariant with respect to axial position over the central filament region or 

laser pulse energy change between 5 and 15 mJ. In addition, the laser intensity in middle section 

of the filament was also estimated to be nearly constant in the range of about 30-40 TW/cm2 for 

the tested laser energies 5-15 mJ, which further supports the intensity clamping conclusion (and is 

consistent with other recent works).16,17,34 Note that the above intensity values (30-40 TW/cm2) 

were estimated assuming nearly Gaussian beam intensity distribution in spatial and temporal 

domains in the vicinity of the middle section of the filament using 𝐼 =
𝐸𝐿

1

2
𝜋𝑟0

2

2√ln 2

𝜏𝐹𝑊𝐻𝑀√𝜋
, where the 

beam radius 𝑤0 equal to the plasma radius 𝑟𝑝 was used for the middle of the plasma channel. This 

assumption is justified by nearly Gaussian radial profile of 𝑛𝑒 as described above and by 

reasonable speculation that nearly the entire laser energy is concentrated within 𝑟𝑝 in the middle 

section of the filament (e.g., at z=830 mm for 15 mJ). The latter is based on the observation of two 

beam waists associated with early focusing of the inner part of the beam and subsequent focusing 

of the outer part of the beam (e.g., at z=810 mm and 862 mm for 15 mJ). Thus, the substantial 
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portion of the laser pulse energy might be concentrated on the radial periphery beyond 𝑟𝑝 in vicinity 

of the beam waists (e.g., at z=810 mm and 862 mm for 15 mJ); however, concentration of nearly 

entire laser beam energy within 𝑟𝑝 is expected in the middle portion of the filament (e.g., at z=830 

mm for 15 mJ). 

Several comments and refinements can be recommended for future work. First, although 

conventional filaments often persist for meters due to the competition between intensity-clamping 

and plasma / diffraction-based defocusing, the filaments considered here were fairly short (up to 

~3-4 cm) as the utilized laser system operated near the very onset of the intensity clamping. In 

future work, these measurements should be conducted with more conventional, longer laser 

filaments (~10-100 cm) similar to those reported recently.15,16,17 Second, the method proposed here 

is associated with a substantial level of reflected power from the metal tube enclosure contributing 

to larger background noise and correspondingly decreasing the signal to noise ratio. To eliminate 

the need for shielding any part of the plasma object by the metal tube enclosure, the use of a 

focused smaller-wavelength microwave beam may be investigated for 𝑛𝑒-measurements spatially 

resolved by the microwave beam’s diameter (e.g., ~ 30 GHz focused microwave beam would 

enable spatial resolution of ~1 cm). 

 

Conclusion 

 This paper demonstrates feasibility of the use of coherent microwave scattering technique 

for absolute and longitudinally resolved measurements of electron number density in laser 

filaments in conditions associated with self-focusing and intensity clamping. The technique can be 

further improved by using focused smaller-wavelength microwave beams instead of metal tube 

enclosure.  
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