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Goals and Objectives

* The current PP bioburden accounting workflow has many elements that can benefit from statistics/modeling-
based methods

* Using a Bayesian Framework for bioburden estimation improves upon the current method via the following
features:
— Has a way to treat zero CFU measurements
— Provides credible intervals for bioburden density estimate
— Provides flexibility in reporting statistics (summary statistics of posterior distribution, credible intervals,
or posterior distribution)
* The tool should provide a measure of accuracy (risk) for bioburden density estimation
— Calculate Bayesian/frequentist risk for an estimator

* The tool needs to integrate the sampling efficiency model into its calculations

* The tool should handle specified and implied components
— The specified and implied components are no data estimators

Main objective is to develop a tool that can provide information on what the bioburden density is and how

certain are we of it.
Jet Propulsion Laboratory
California Institute of Technology
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Presentation Outline

[E—

Available data

Bayesian modeling and bioburden density estimation
Non-informative and informative priors

Bayesian approach as shrinkage

Risks of the estimators

Sampling efficiency as Poisson process thinning
Sampling optimization

Machine learning-informed approach to bioburden density estimation

A e T

Hierarchical Bayes

Jet Propulsion Laboratory
California Institute of Technology
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Gamma-Poisson Bioburden ompound Distribution Model
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Data Generating Model and Parameter Estimators

Xi = xl/‘l%rue"'POllsson(Aérue - E;)

[ . Component
l
a, f~Gamma(a i=1,..N CFUs Area Pour
truel ,'B ( ”8)' ’ L Observed Sampled, m? Fraction
Sample No.
0.8
0.8

~ x5 . o ] 1 1 0.0025 0.0020
Ai(x;) = E—‘ — Maximum Likelihood Estimator (MLE) 2 0 0.0025 0.0020
i 3 0 0.0025 0.8 0.0020

~ Xita . _ . 4 0 0.0025 0.8 0.0020
A;(x;) = =— — Conjugate prior Bayes Estimator 5 0 0.0025 0.8 0.0020
Ei+B 6 0 0.0025 038 0.0020

=~ e . 7 0 0.0025 038 0.0020
Ai = d — Deterministic Estimator 8 0 0.0025 0.8 0.0020
9 0 0.0025 0.8 0.0020

X; — random variable describing the number of CFUs on i-th sampled 10 0 0.0025 038 0.0020
x; — observed number of CFUs in a sample from i-th sampled component 12 8 g‘ggig 8': g‘ggig
E; — exposure for a sample, determined by multiplying the sampled area 14 0 0.0025 0.8 0.0020
by pour fraction 15 0 0.0025 0.8 0.0020
true — true bioburden density for a sample 16 0 0.0025 0.8 0.0020
Gamma(Al a,) — Gamma prior distribution of bioburden density L., i o Doy i LoD
a,B — parameters of the Gamma prior distribution 18 0 0.0025 08 0.0020
; ) o . 19 0 0.0025 0.8 0.0020
Poisson(AL,,. - E;) — Poisson likelihood of having x CFU counts at 20 6 0.0025 0.8 T
exposure E; given A, 21 8 0.0025 0.8 0.0020

N — number of components/samples = 19 LOwEs 0e LAY
23 10 0.0025 0.8 0.0020

N
S
_
S

. 0.0025 0.8 0.0020
Jet Propl.“SlOn Laboratory Total 0.0600 0.8 0.0480
California Institute of Technology
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Bayesian Inference for Gamma-Poisson Model

xr ¢ I'(@prior)
,ﬁ‘L Likelihood pror
P(/lpost/X) = Q(X + Aprior » E+ ,Bprior) = e Frior
Fosterter Tpost (A-E)* g ﬁ;fﬂir - Aprior=1. g~ Pprior
D (R . (e ) dA
Likelihood prior
0 Prior
Evidence
Apost  Uprior T X 05+ X
P,(1) = G(2;0.5,0), a=0.5B=0 E(A =P - =
]( ) ( post) ﬁpost ,Bprior +E E
Var(/l ) _ Qpost E(Apost) _ E(Apost)
post) — =

J i 5 2 Bpost E
et Propulsion Laboratory post p

California Institute of Technology
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Posterior Predictive Distribution for Gamma-Poisson Model

(0]
NB < X, yost, - ﬁpost—~> | @A) Bpost ™ot aost Tt e Hhpon
P ,Bpost + A Al 5 F(“post)
T 0 Likelihood Posterior
Predictive

E(f) — apost . A’ — 05+X .

~ A ~
- ——-A=(05+X)-_= E(Apose) - A

Var(x) = E(®) - (1+2)

Jet Propulsion Laboratory
California Institute of Technology
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Treatment of zeros by dlfferent priors

m“ E(MX-O) * Previous miss%ons have treated zero CFU

results by adding 1 CFU at the Assay or

Jeffreys Gamma(0.5,0) x+a _x 05 )
EENE 7 Grouping level
* Doesn’t take into account sampled area
(exposure)
Uniform Gamma(1,0) x+a x 1 1 * Bayesian treatment of a zero provides
e+B e e e methods to estimate the bioburden density
Max Entropy ~ Gamma(l,1/p) p(x +1) p without drastic manipulation of the data
e-u+1 e-u+l
Constrained Gamma(0.5, 2-u(x+0.5) H
noninformative 1/(2-p)) 2-e-u+1 2-e-u+1
(CNI)
Gamma prior Gamma(a, f3) x+a “
e+p e+p

Jet Propulsion Laboratory
California Institute of Technology
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Parameters of Gamma Distribution for
Different Non-Informative Priors

Jeffreys undefined undefined

(of']| 0.5 1/(2-p) J 2-p?
1 1/p v p?
1 0 undefined undefined

¥\ Jet Propulsion Laboratory
% California Institute of Technology
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Summary of Bioburden Data for Eight
InSlght Components.

Exposure: Area

CFU Area Sampled*Pour Total Surface of the % Sampled=Area
Count | Sampled, m?2 Fraction, m? Component, m?2 Sampled/Total Area

“ 0 0.6031 0.2167 0.7580 79.5650
0 2.4200 0.6160 2.7400 88.3212

300 1 2.6600 0.6705 5.0000 53.2000
“ 1 0.2400 0.1920 0.5850 41.0260

283 5 4.5710 1.1427 12.0000 38.0920

pL] 5 0.2800 0.1140 0.2980 93.9600

12 3.1050 0.8065 10.0000 31.0500
0.0600 0.0480 0.3120 19.2310

(6]
N

Jet Propulsion Laboratory
California Institute of Technology
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Jeffreys

for Components 9,73,300

Posterior
Mean
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n Density

Prior
Distribution

| MaxEnt |

Prior

Distribution
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Posterior
Mean
Bioburde
n Density

Posterior
Mean
Bioburde
n Density

2.2371

2.2315

2.9680
2.98280

5th
Percentile

of Posterior

Distribution

0.0090
0.0090
0.2330
0.2366

5th
Percentile

of Posterior

Distribution

0.0031
0.0031
0.0828
0.0832

5th
Percentile

of Posterior

Distribution

0.2623
0.2617
0.5273
0.5299

95!h
Percentile of
Posterior
Distribution

8.8600
8.7928
13.6102
13.8189

95!h
Percentile of
Posterior
Distribution

3.1180
3.1096
4.8370
4.8631

95th
Percentile of
Posterior
Distribution

5.8274
5.8130
7.0401
7.0750

Predictive
Mean,
CFU

1.7482
1.7350
3.4437
3.4965

Predictive
Mean,
CFU

2.2239
2.2180
4.4241
4.4479

Predictive
Mean,
CFU

11.1855
11.1579
14.8404
14.9140

5th
Percentile
of
Predictive
Distribution

o O oo

5th
Percentile
of
Predictive
Distribution

O O oo

5th
Percentile
of
Predictive
Distribution

NN 2

95!h
Percentile of
Predictive
Distribution

Percentile of
Predictive
Distribution

Percentile of
Predictive
Distribution
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Summary of Posterior and Predictive Inference

for Components 169,283,243

Posterior
Mean
Bioburde
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Prior

Distribution

10.2389
10.4161

Posterior
Mean
Bioburde
n Density

Prior
Distribution

Jeffreys

Posterior
Mean
Bioburde
n Density

Prior
Distribution

Jet Propulsion Laboratory
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Jeffreys

48.2413
47.5504
51.1363
52.6269

5th
Percentile

of Posterior

Distribution

0.9162
0.9083
1.8192
1.8507

5th
Percentile

of Posterior

Distribution

2.0016
1.9987
2.2799
2.2865

5th
Percentile

of Posterior

Distribution

20.0632
19.7758
22.2700
22.9191

9 5th

Percentile of

Posterior
Distribution

20.3497
20.1757
24.2859
24.7063

95th
Percentile of
Posterior
Distribution

8.6086
8.5961
9.1730
9.1996

95th
Percentile of
Posterior
Distribution

86.2868
85.0510
89.5997
92.2115

Predictive
Mean,
CFU

4.5700
4.5309
5.9897
6.0934

Predictive
Mean,
CFU

57.7549
57.6713
62.8226
63.0053

Predictive
Mean,
CFU

14.3759
14.1700
15.2386
15.6828

5th

Percentile
of

Predictive

Distribution

o O oo

5th
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of
Predictive
Distribution

22
22
26
26

5th
Percentile
of
Predictive
Distribution

(S0, IF SN |

95th
Percentile of
Predictive
Distribution

13
13
15
16

95th
Percentile of
Predictive
Distribution
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105
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113

95th
Percentile of
Predictive
Distribution

28
27
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Summary of Posterior and Predictive Inference

Jet Propulsion Laboratory
California Institute of Technology

for Components 38,261

Posterior
Mean
Bioburde
n Density

Prior

Distribution

15.4988
15.4671
16.0526
16.1188

Posterior
Mean
Bioburde
n Density

Prior

Distribution

1093.5221
1057.0469
BEET 1032.4675
1103.9366

5th
Percentile

of Posterior

Distribution

9.0584
9.0398
9.4952
9.5343

5th
Percentile

of Posterior

Distribution

857.6728
829.0645
810.7817
866.9054

— 5th
- Predictive Percentile
Percentile of
Posterior Lol il
Distribution CFU Predictive
Distribution
23.3428 154.9887 88
23.2949 154.6710 88
24.0081 160.5268 92
24.1070 161.1883 93

95"‘ 5!h
. Predictive Percentile
Percentile of
Posterior LU o
Distribution CFU Predictive
Distribution
1353.0301 341.1789 262
1307.8988 329.7986 253
1276.2804 322.1298 248
1364.6267 344.4282 265

95th
Percentile of
Predictive
Distribution

237
236
243
244

95th
Percentile of
Predictive
Distribution

428
414
404
432
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Comparison of Bayesian Posterior Inference
Using CNI Prior with NASA Weighted Average
and 3-o Approaches for the Eight Components.

. InSight-based weighted
Current
Posterior Mean 5% Percentile of 95" Percentile of . . Weighted Average
(ofo)y) el 188 Bioburden Density Posterior Posterior 3 S|g.ma Bloburden2 Bioburden Density — A,
_ A, CFU/m? Distribution Distribution Density —A, CFU/m CFU/m?
[ 9 | 2.2889 0.0090 8.7928 13.84 27.99
0.8095 0.0032 3.1097 4.87 17.36
“ 2.2315 0.2617 5.8130 5.96 9.54
“ 7.7452 0.9083 20.1757 20.83 33.70
[ 283 | 4.8059 1.9987 8.5961 5.17 11.11
“ 47.5504 19.7758 85.0510 130.14 186.70
“ 15.4671 9.0398 23.2949 52.06 9.66
“ 1057.0469 829.0645 1307.8988 2349.53 658.47

Jet Propulsion Laboratory
California Institute of Technology
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Bayesian Parameter Estimation

Bayesian inference

Lx/A)m(A/a)

m(A/x o) = [ L(x/2)-m(A/a)dA

Prior predictive distribution

(o]

n(x/a) = j L(x/A) -t(A/a)dA

0

Posterior predictive distribution

(0]

n(x/a) = j L(x/A) - t(A/x, a)dA

0

Jet Propulsion Laboratory
California Institute of Technology

Empirical Bayes (Method of Moments-MOM)

L(x/A)-m(A/@)

T(A/x,Q) =

Hierarchical Bayes

T(A/x,a) =

[ L(x/2)m(A/@)dA

L(x/A)t(A/a)-h(a)
[ L(x/2)-m(A/a)-h(a)dAda




Summary of posterior and predicti

9,73, 300
H th
. Post.enor mean. | g percentile o . Predictive | 5t percentile
Prior Bioburden : percentile of s
L . of posterior . mean, of predictive
distribution density — A, S posterior S
distribution S CFU distribution
9 distribution
2.2889 0.0090 8.7928 1.7350 0
0.7603 4.1117e-08 4.0993 0.5763 0

H th
Post.enor mean. | g percentile o . Predictive | 5% percentile
Bioburden . percentile of s
L . of posterior : mean, of predictive
distribution density — A, S posterior S
distribution ST CFU distribution
73 distribution
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inference for components

95t percentile

of predictive
distribution

95t percentile
of predictive
distribution

0.0031
1.4519e-08

3.1096
1.4475

2.2180 0
0.7356 0

951h
percentile of
posterior
distribution

Posterior mean.
Bioburden
density — A,

Predictive
mean,
CFU

5th percentile
of posterior
distribution

5t percentile
of predictive

distribution distribution

95t percentile
of predictive
distribution

0.2617
0.1267

5.8130
4.9272

11.1579 1
8.6778 0

30
26

16



=9
m ldaho National Laboratory

Summary of posterior and pre ive inference for components
169, 283, 243

5th percentile of | 95 percentile of
predictive predictive
distribution distribution

Posterior mean. | 5% percentile of | 95 percentile
Bioburden density posterior of posterior
— A, CFU/m? distribution distribution

Predictive
mean, CFU

Prior

distribution

169
7.7452 0.9083 20.1757 4.5309 0 13

6.0352 0.4408 17.1337 3.5305 0 11

th
5th percentile o Predictive | 5 percentile | 95! percentile

of posterior ZEEIE mean, of predictive of predictive

distribution RN CFU distribution distribution
distribution

4.8059 1.9987 8.5961 57.6713 22 105
4.5158 1.8133 8.2011 54.1903 20 100

Posterior mean.
Bioburden
distribution density — A,

th
5th percentile 2 Predictive | 5t percentile | 95t percentile

e of posterior [FEEE D Ej mean, of predictive of predictive

density — A, S posterior S S
CFU/m? distribution distribution CFU distribution distribution

47.5504 19.7758 85.0510 14.1700 4 27
44.8607 18.0138 81.4700 13.3685 4 26

Posterior mean.

17
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Summary of posterior and predictivé inference for components
38, 261

5th percentile of | 95" percentile of
predictive predictive
distribution distribution

Posterior mean. | 5% percentile of [ 95™ percentile
Bioburden density posterior of posterior
— X, CFU/m? distribution distribution

Predictive
mean, CFU

Prior

38 distribution

15.4671 9.0398 23.2949 154.6710 88 236
15.0630 8.7294 22.7980 150.6308 85 231

]
5th percentile o2 Predictive | 5% percentile | 95! percentile

o IR of posterior FREEE @) mean, of predictive of predictive

y{:3 I distribution deg:g)’n;"’ She st df’s‘if}tufﬂl?in CFU distribution | distribution

1057.0469 829.0645 1307.8988 329.7986 253 414
1061.3672 831.7609 1314.0833 331.1465 254 416

Posterior mean.

18
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Bioburden Density Comparison

MSL-based 3 InSight-based weighted
Proposed Bayesian Approach sigma (NASA average technique
Legac NASA Current
CNI, Posterior MOM, Posterior Wi AT
Mean Bioburden =~ Mean Bioburden 3 sigma Bioburden . .
Component . . . Bioburden Density — A,
Density — A, Density — A, Density — A, CFU/m?2 CEU/m2
CFU/m?2 CFU/m2
9 | 2.2889 0.7603 13.84 27.99
0.8094 0.2684 4.87 17.36
[ 300 | 2.2315 1.7355 5.96 9.54
[ 169 | 7.7452 6.0352 20.83 33.70
4.8059 45158 5.17 11.11
[ 243 | 47.5504 44.8607 130.14 186.70
[ 38 | 15.4671 15.0630 52.06 9.66
[ 261 | 1057.0469 1061.3672 2349.53 658.47

19
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Summary of Bioburden Data for the Eight InSlght Components

Total Efposure: Arfea Total Surface of % Sampled=Area CFUs Area pour
0. 6031 0.2167 0.7580 79.5650

_ 3.1050 0.8065 10.0000 31.0500 - 1 0.0025 0.0020
[ 67 | o 27 2.4200 0.6160 2.7400 88.3212 [ 2 ] 0 0.0025 0.8 0.0020
[ 169 [ 17 0.2400 0.1920 0.5850 41.0260 0 0.0025 0.8 0.0020
[ 243 [ 34 0.2800 0.1140 0.2980 93.9600 “ 0 0.0025 0.8 0.0020
s 52 24 0.0600 0.0480 0.3120 19.2310 5 0 0.0025 08 0.0020
[ 283 [ 8 4.5710 1.1427 12.0000 38.0920 6 0 0'0025 0'8 0'0020
[ 300 [ 9 2.6600 0.6705 5.0000 53.2000 0 0.0025 0.8 0.0020
[ 8 ] 0 0.0025 0.8 0.0020
_ . . [ 9 | 0 0.0025 0.8 0.0020
w00 Sorted A MLE with 95% Cl, x”=181.5385, x.= 35.1725, p=0, H=1 (/1 ) E)X “ 0 0.0025 0.8 0.0020
I P(X =x|2) = —r e, 220x=01,.. [N 0 0.0025 0.8 0.0020
' [ 12 ] 0 0.0025 0.8 0.0020
[ 13 ] 3 0.0025 0.8 0.0020
.| [ 14 ] 0 0.0025 0.8 0.0020
) x; [ 15 ] 0 0.0025 0.8 0.0020
' AHE = Fi=L.N [ 16 | 0 0.0025 0.8 0.0020
' i 0 0.0025 0.8 0.0020
[ 18 ] 0 0.0025 0.8 0.0020
l [ 19 ] 0 0.0025 0.8 0.0020
000 N MLE YN x [ 20 | 6 0.0025 0.8 0.0020
, i Apooled = wN B [ 21 | 8 0.0025 0.8 0.0020
2 3 4 5 6 7 8 9 101 1zs;:"pl1es# 16 17 18 19 1 13 20 21 22 23 24Pooled i=1 i “ 10 00025 08 00020
[ 23 ] 10 0.0025 0.8 0.0020
. [ 24 ] 14 0.0025 0.8 0.0020
Jet Propulsion Laboratory [ Total | 52 0.0600 0.8 0.0480

California Institute of Technology
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Data Generating Model and Parameter Estimators

* Bayesian and Deterministic estimators are shrinkage estimators with
respect to MLE

i . * Shrinkage estimators pulls MLE towards a prespecified target value

true | Q, :8 ~Gamma (a, ,3 )» t=1,..N » Shrinkage reduces the variance of the estimate at the expense of
introducing bias

» Variance reduction can outweigh increase in bias thus improving
mean squared error of the estimator

Xi = xl/lérueNPOisson(/lérue ) Ei)

A;(x;) = = - Maximum Likelihood Estimator (MLE)
E.

l

A(x;) = ;‘ig - Conjugate prior Bayes Estimator 8
i ~ X Xi prior
A; = d - Deterministic Estimator A E; B ( E; T> B E; + Bprior 1

X;—random variable describing the number of CFUs on i-th sampled component

x; — observed number of CFUs in a sample from i-th sampled component

E,— exposure for a sample, determined by multiplying the sampled area by pour fraction
AL..,o— true bioburden density for a sample

Gamma(A/ a,f) — Gamma prior distribution of bioburden density AL,

i Ao
o, — parameters of the Gamma prior distribution T — _Prtor Xi T — _Prier
Poisson(Aye + Ei)— Poisson likelihood of having x CFU counts at exposure E; given Al.. Bprior i Bprior
N-number of components . . I .
B=1 B=0 B=1

Jet Propulsion Laboratory
California Institute of Technology
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Gamma-Poisson Model

apriar_a_aprior_l,e_l'pprio'r

Ae)* _je ﬁprior

x! :
Likelihood r(::iroljr) ﬂpnst 0.45 . ?FUs= 2I,Exposu‘re= 0.2§,MLE= 8‘ . ‘
P(;{/x) = oo - Gamma(x =+ aprior € + B‘prior) Gamma prior,a= 3,3= 1.5,mean= 2
s —ABs I ~—— Likelihood
e)* _ze Bprior" PTioT-A Prior Le lﬁpmrﬂ “post 0.4 —Plo:t;r‘i)oor,a= 5,4= 1.75,mean= 2.85717
x! )
Likelihood f (“F”m’}
(1] Prior 0.35 |
0.3 B
Evseei j3
rior 0.25 e
E-(A/a-ﬁ-)=p— %
prior prior’ Fprior ﬁ . 5
prior & 02 .
a
0.15 4
X+ Aprior
0.1 4
a
post
E (}l/x,a 07 i ) = 0.05 .
post prior ﬁprwr ppost
. 0 . ) I
€ + ﬁprlor 0 5 10 15 20 25 30 35 40 45 50

), 1/exposure

Jet Propulsion Laboratory
California Institute of Technology




California Institute of Technology

| - m ldaho National Laboratory
Different Types of Prior

X + Aprior
a
_ post
Epost (/1/36, aprior» ﬁprior) - Bpost
—_—
e+ .Bprior
X + Aprior _ e X IBprior Aprior | X Xprior
E(Alx) = = =)+ . =[1-B|:-(—)+|B]-
e+ ,Bprior e+ ,Bprior e e+ ,Bprior Bprior e Bprior
_ (f) —[B] (f _ aprior) _ (x) [ B ] (x aprior)
- B - - - ; : - B CFUs= 2,Exposure= 0.25,MILE= 8
e e PBprior e e+ Bprior e PBprior T T T e s
04+ :Il;t:::‘:(;da= 5,3= 1.75,mean= 2.8571 [
ﬂ . 0.35
B=_Por
e+ Bprior B oo
g 0.2
0.15
0.1
0.05
Jet Propulsion Laboratory s 0 1w » ® wm o 4w

A, 1/exposure
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Shrinkage as Partial Pooling

E(Alx) = X + Qprior — [L . (f) + ﬂprior ] . (aprior> —[1-B]- (E) +1(B]- <a'prior>
e+ ,Bprior e+ ,Bprior e e+ ,Bprior ,Bprior e ,Bprior
. (f) —[B]- X ®prior \ _ (f) _ Borior ‘ . (f _ aprior)
e e ﬁprior e e+ Bprior e ,Bprior
N —’
Eprior(l)
,Bprior ,B rior . :Bprior a a
= TP 1 im —2" _ o lim ——=1 EQ) =—,Var(Q) = —
e+ :BpTiOT Bprior—0 € + :Bprior Bprior—® € + BpT‘iO‘r‘ ﬁ ﬁz
o Borior lim —Perier g
e=0€ + Bprior o7 et Pprior
aprior X aprior

ﬂpréor 4—E —— ﬂ;zrior

Jet Propulsion Laboratory B= B= B=
California Institute of Technology 1 O 1
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Data Poolability, Shrinkage Estimators, and Risk

Q;
prior 2 aprior—1, g~Aprior

(A-E)* o~ AE . lgpnor
x!

Bpost Likelihood r (apr“”)
—E i
P(Apost/x) =G|x+ Aprior’ E + ﬁprior = ® THor
Posterior Apost Aprior  ja, -1, —A
Qa- E)" e [gprmr . \%prior *Bprior W
L— r (aprior)
Likelihood
0 Prior
Evidence
E(Alx) = X+ Aprior _ [ € } . (i) [ Bprior . <aprior> —[1-B]- (i) +[B]- <aprior> _ (
E+ IBP'V‘iUT E+ ﬁprior E E+ ﬁprior ﬁprior E ﬁprior
-(3)- [ﬁv_} <£_“p_>
E E+ ﬁprior E ﬁprior
B = Byrior lim Byrior ﬁprmr lim ﬁprmr
E+ Bprior Bprior20E + Bprior Enr orﬁm E + Bprior £ E + Byrior

a a
E(A) =4, Var(d) =5

B B L (Atrueri(x)) = (Atrue - i(x))z

Jet Propulsion Laboratory
California Institute of Technology

)_m(;_

ﬁprmr

lim ——
E”‘” E + Bprior

apriar

)

ﬁpriar
Eprior(4)

Atrue /1(95) = Z Atrue = /1(95) P Agrue)
x

Pooling is the process of grouping the data according to the
values of bioburden density A.

Data poolability can be statistically tested.
How can the data be grouped to minimize risk?

Shrinkage estimators perform partial pooling of the data and
reduce risk.

Roughly only 10% of the spacecraft is sampled.

A constant estimator is an extreme example of a shrinkage
estimator.

Constant estimators are used for both specified and implied
components.

Bayesian estimators are shrinkage estimators.

Risk is a measure of how far our estimate from the true and
unknown values of bioburden density.

In the current work, the mean squared error (MSE) is assumed as
a risk function.

Aprior X Xprior
Bprior E ﬁprior
_ —— A E—— R

B=1 B=0 B=1
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Bias-Variance Decomposition-Posterior Mean Estimator
(James-Stein), Borrowing Information

“Usk) = 1-1- Q)+ 121 () = () - 1o Oy Gyl )

:Bprior ,Bprior
N
Eprior @

A 2 300
a ' I ‘: —Var‘
MSE]5 _ t;ue (11— B)Z + <B . </1true — ﬂ)) =

ﬂpTiOT 250 | MSE=Bias?+Var |

! ——MSE of MLE /
I
I
I

200 ]
I
I
I

a .
_PTOT — 33.3 CFUs/m?
ﬁprior

Var,Biasz,Var+Bias2
@
o

N
o
o

Atrue = 50 CFUs/m?

50 |-

Jet Propulsion Laboratory
California Institute of Technology
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Estimators’ Loss Functions and Risks

~ . 2
L(2;(x), A ) = (i(x) — A4 )” — Loss function for a data — driven estimators, (MLE and Bayes)

L(/ll, Frue ) (/1 L ue ) — Loss function for a deterministic estimator

o . A LE, i
RFrequentist ( trues Ai(x)) = Z ( true — A (x)) p(x: %rue) Z true — A (x)) ( tru;! ) . e~ Atrue “Ei
X

~ 2 .
Pposterior expected loss ((Z ,8 xu/1 (x) = true - /11' (xi)) ’ Gamma(’ﬂruelxu a, B)d)ltrue

tincegratea(@ .3 ) = [ R (Hyues h3)) - Gammapuelvi @, $)due = Y p (8,3, - NB (xlew g H
0 —

Jet Propulsion Laboratory
California Institute of Technology
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Risks for Three Different Estimators

Estimator R-Frequentist Risk p-Posterior Expected Loss | r- Integrated Risk
d (d - Atrue)z a 4 a 2 a 4 a 2
(deterministic) g tle- B B2 tle- B
X
E Atrue x+a N (x a)z ﬁ
£ - _Z .
(MLE) (E+pB)? \E P
xra x+a a
A - —_—
E+pB true B+ < Airue — ) (E + B)? B-(E+p)
(Bayes)
p=l o<
+B

Jet Propulsion Laboratory
California Institute of Technology
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Frequentist Risks of Three Estimators

5
10 x10 | | |
Deterministic Estimator R-Frequentist Risk
———MLE
8t Bayes, Gamma-Poisson 1 d=1000 (d = Arue)®
(deterministic)
;f 6f | E, Atrue
< ¢ E
! \ E=0.002 m? / (MLE)
<
= 4 1 xta 2
h Atrl : (1 - B)Z + <B : (Atrue - g))
ol | (Bayes) E B
B a CFUs
; B=mS1,E=1000 2 ,B=0.5
0 1 \ / 1
-1000 -500 0 500 1000
)\ - )\truea 1/m2

Use case scenario: Given a specified value of 100 CFUs/m? with uncertainty 40
CFUs/m2for a component, and an opportunity to sample the component with one
swab, it is better to use the specified value than to sample.

Jet Propulsion Laboratory
California Institute of Technology
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Posterior Expected Loss of Three Estimators

~107F Estimator p-Posterior Expected Loss
=7
8 d=1000 2
: a, [, «
§ (deterministic) B? + ( ﬂ)
2 10°¢
o
9 x 2
D Deterministic E xta ~+ (f — E)
% ——MLE (MLE) (E+B) E B
o 4n5 L Bayes, Gamma-Poisson
8107 xta x+a
2 | o E+B7
D? \ (Bayes)
104 ' ' ' '
0 1000 2000 3000 4000 5000
x/E, CFUs/m?

Use case scenario: if X’ E=1000 a ,
CFUs/m?, then pgayes < PmLe < P 5 179.58 CFUs/m

Jet Propulsion Laboratory
California Institute of Technology
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109 1
5L
_%_‘; 10 i Deterministic
(' — MLE
2 Bayes, Gamma-Poisson
©
0%
E [
103 3

0 0.05
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0.1 0.15

Exposure, m

2

0.2

0.25
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Integrated Risk of Three Estimators

Estimator r- Integrated Risk
d=1000 2
i +d— g
(deterministic) B? < ,8)
x a
E 5B 3
(MLE)
xta a
h B-(E+B)
(Bayes)

B

a
= 179.58 CFUs/m?
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Integrated Risk and Sampling Size Determination

a a
TRE)=——7—x+Cy+C-E Eope = max<0, |——
( ) ,3 . (E + B) 0 opt . ,3 ﬁ
Implied Implied from Implied Implied Total Surface Optimal Optimal | Optimal
Component | Component # | Bioburden Risk, Area of the Sampling Risk, Cost, $
# (implicant) | Density, 4, | CFUs/m? Implied Area, m?> | CFUs/m?
CFU/m? Component, m?
2 10 12.05 17.03 0.256 0.162 7.68 126.80
106 108 13.51 19.11 0.533 0.178 7.91 138.78
133 131 5.10 4.16 0.013 0 4.16 0
36 38 15.50 4.38 2.0 0 4.38 0
71 70 2.47 2.02 7.0 0 2.02 0
29 32 104.16 65.88 0.166 0.166 23.41 129.46

Jet Propulsion Laboratory
California Institute of Technology
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Risks of Different Estimators

* Given an estimator, a loss function, and a prior we can
calculate the risk

* Assume Gamma distribution prior with a as shape
parameter and [ as rate parameter: Gamma( o,3)

* Assume Poisson sampling model and symmetric
squared error loss

» Calculate risks of deterministic estimators used for
specified and implied components

 Specified bioburden is usually a number, sometimes
(very rarely) it is a number with a range

* Implied component’s bioburden has a distribution
implied from another component

* Risks of bioburden estimation for sampled components
can be controlled via exposure

P(Xi = xl-|/1§me) = Me‘lérue'e%x =0,1,2, ..., Atyye € (0,0), €€ (0, )

x;!
Jet Propulsion Laboratory
Nl California Institute of Technology
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Gamma distribution, mean=300
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Risk of Specified Estimator

o= 0.5 beta=0.0017 |

_

0 200 400 600

A, CFU/m?

Jet Propulsion Laboratory
California Institute of Technology

800

1000

For InSight data, the specification values range from 10 CFUs/m?
to 10000 CFUs/m?

Assume constrained noninformative prior (CNI) with mean value
equal to the specified value, u CFU/m?

In this case prior is Gamma(0=0.5, § = ﬁ)

a a\’ a 0.5 5
OO DY R R

B 5 _ﬁ’( 1 )2
2-u
CFU CFU
,/R(a,ﬁ)=\/§-,u=\/§-3OOF=424.3F
CFU CFU
JR(a, B :ﬁ'“:ﬁ'wF:l“W

CFU CFU
JR(@,B) =V2-u=+2- 1000— = 14142 —-



0.025

0.02

0.015
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Risk of Specified Estimator with Given mean Value and Range

Gamma distribution, mean=29.9798

|—— o= 1.7778 beta=0.0593|

200 400 600 800 1000

A, CFU/m?

Jet Propulsion Laboratory
California Institute of Technology

For InSight data, component 15 has specified value of mean , 30
CFU’s/m? and range 10-100 CFU’s/m?

Using these values and approximation Var=(range/4)?

the prior is Gamma(a=1.7778, f = 0.0593)

a>2 a 1.7778

a
R(“'ﬂ)=/?+<”_ﬁ " 7 (00593

CFU

JR(a,B) =225 —
CFU CFU
JR(@,B)=V2-u=+2-30 — =424 —;



Risk of Implied Estimators

«10° Gamma distribution, mean=270

|

3.5

a= 4.5 beta=0.0167|

25¢

PDF())

0.5

400 600
A, CFU/m?

0 200 800 1000

Jet Propulsion Laboratory
Nl California Institute of Technology
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Sampling Design for an Implied Component

. 1 CFU
\/R(Of = 45,,8 = 00167) = m = V4-.5 . 0.0167 = 127.28 F
a a 127.28 CFU
\/R(aJB)Bayes = m < R < > - ;e > f,e > 0.0167,
0.0167

swab exposure is 0.002, o0z = 8.35 swabs, e > 8.35 swabs~9 swabs

In general, in order to decrease the risk of an implied component by N times through sampling,
e>B(N-1)

Jet Propulsion Laboratory
California Institute of Technology
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Sampling Design for Sampled Components

a a
JR(a;ﬁ)Bayes = 5 exn C,e= jﬁ : ([32 T 1),

CFU
a=1.7778, 8 = 0.0593,C = 20 —
m
0.1251
e = 0.1251 m?, swab exposure is 0.002, 0.002 = 62.55 swabs, e~63 swabs

Jet Propulsion Laboratory
California Institute of Technology
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Total Risk

a

TRpayes (a,5,e)=R(a,p, e)Bayes +So(e) +e-S=-——+Sp(e) + S *logyo(e)
il v B-(e+p)
Uncertainty Cost
300 - . . . 200
250 r
X
é’ 150
5 200
. 1 1 2
i’ 50 00 8
0 Bayes Risk
® 100 Total Risk
% O  Optimal 150
o0 Cost
50 -
0 : : : : 0
0 0.2 0.4 0.6 0.8 1
exposure, m2

Jet Propulsion Laboratory
California Institute of Technology
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Implied

component

'Component 2'
‘Component 106’
‘Component 133'
‘Component 216
‘Component 215'
‘Component 239’
‘Component 254"
‘Component 20'
‘Component 29'
‘Component 36'

‘Component 48'

Analysis of InSight’s Implied Components

Implied from
component

'Component 10'
'Component 108'
'Component 131"
'Component 211'
'Component 219'
'Component 238"
'Component 242"
'Component 26'
'Component 32'
'Component 38'

'Component 49'

Jet Propulsion Laboratory
California Institute of Technology

Implied Bioburden
density, A, CFU/m?

12.04819
13.51351
5.102041
5.319149
9.588831
125.0000
15.62500
27.55906
104.16670
15.49907

46.8750

Implied
Risk,
CFUs/m?

17.03872
19.11099
4.165799
7.522413
13.56065
176.7767
22.09709
14.73093
65.88078
4.383799

38.27328

Total surface area
of the implied
component, m?

0.256
0.533
0.01298
0.00625
0.01922
0.0024
0.002
0.1736
0.166
2.0

0.032

Optimal
sampling
area , m?

0.033779
0.0416
6.61E-05
6.61E-05
0.016842
0.0024
0.002
6.61E-05
0.141017
6.61E-05

0.032

Optimal
Risk,
CFUs/m?

12.65098
13.11212
4.165331
7.519769
11.78968
139.7542
21.43732

14.7271
25.12461
4.383619

27.06329

—
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Optimal
Cost, Units

2.885537

3.54019

0.005742

0.005742

1.450702

0.208212

0.173544

0.005742

11.45846

0.005742

2.735939
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Analysis of InSight’s Sampled Components

Component Bioburden Total surface Area sampled, Optimal Optimal | Optimal
density, 2, area m?2 m?2 additional | Risk, Cost,
CFU/m? sampling | CFUs/m? | Units
area , m?

‘Component 233’ 31.25 44.19417 0.0285 0.02 0.0285 26.49995 2.440859
‘Component 236' 173.0769 81.58924 0.5 0.0325 0.173103 29.48362 13.86722
‘Component 237" 93.7500 76.54655 0.5 0.02 0.143562 24.23936 11.65193
‘Component 238’ 125.000 176.7767 0.0179 0.005 0.0179 75.54974 1.541023
‘Component 242’ 15.625 22.09709 0.298 0.04 0.051017 13.71915 4.321927
‘Component 243’ 48.24561 20.572 0.298 0.28 0.003169 20.2919 0.27481
'Component 245’ 35.71429 50.50763 0.282 0.0175 0.098621 17.80783 8.169593
‘Component 246' 62.5 88.38835 0.237 0.01 0.130309 21.25761 10.63945
‘Component 26' 27.55906 14.73093 0.454 0.255 6.61E-05 14.7271 0.005742
‘Component 46' 83.33333 117.8511 0.024 0.0075 0.024 52.70463 2.059991
‘Component 49' 46.875 38.27328 0.26 0.04 0.090713 19.54457 7.542059

Jet Propulsion Laboratory
California Institute of Technology
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Recovery Efficiency (RE) and Measurement S noise (systematic and
random errors)

x-CFU counts

A- bioburden density, CFUs/m?

e- exposure, pour ratio*area sampled, <11
m2 q q X; 3

A . x
P(X = x|q ')Ltrue) = w

P TS
e~ qAtrue ,

!

(A . e)x ~ . X!

P(Xle)\true)sz#e Atruee’ X=1,1,1,1,
x =012, .., A4 € (0,0), ee (0,) 1
PR x+alfa . P x:1,1,1
MLE = T hora ,assumes perfect recovery, (Perfect Recovery (PR) estimator) px,1,
(p ) Atrue ) e)x
x—€e+alfa x P(X = Y =0 e 72 p-peruee

Mfie = Tbetc{’ =5 p, assumes partial recovery, (Recovery Ef ficiency(RE) estimator) ( *IP - Aerue) x! ¢

Ao = 0, assumes no recovery, (Zero estimator) p-probability of keeping a CFU count (efficiency)
g=(1-p)-probability of deleting a CFU count (1-efficiency)

Risk = MSE = E[(/i — )Ltrue)z],Symmetric Mean Squared Error (MSE)

Jet Propulsion Laboratory
California Institute of Technology
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Bias and Variance of the RE estimator

- X — € 1 1
E[}\Il\eﬁ,E] =E[ e ]=2E[x_€] =E'(/1true '8)_E(5) = Atrue _Atrue'qzltrue'(l_q) = Atrue * P

BlaS[ LE] Atrve = Airue * 4 — Aprye = _}‘true °q

Var[ LE]—Var[— =—Var[x—e] Var[ ]+Var”—2 Cov (x Z)_/ltrue_l_/ltrue q2—2-(E[f-ﬂ .

e e e e

o o R R R R e U O O R

( H)) /lme /lme gt -2 q( l()] ( H)) Atme Atrue qr—2-q- Var[]_atrueert;ue_qz_

Arue lrue rue rue
2-q- === (1+q —2.q) =21 (1 q)F =2 -p2

e

A y)
MSE( LE) = Bias* + Var = (—Atrue’ q)z + t;ue -(1- q)Z = (—Atrue: (1 — p))z + t;ue ) pZ

Jet Propulsion Laboratory
California Institute of Technology
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MSE of the Recover Efficiency for Symmetric Penalty Function

A
SRE _ . 2 _ 2 true 2 2 true 2
MSEO\MLE = Bias“ + Var = (_}‘true' q) + e ' (1 —q) = (_Atrue' (1 - p)) + '
A 1
APR __“true _ 2
6 10° 25 4
351
5F 20}
3l
41 25¢
15+ u
10 15
2 = PR estimator, e= 0.002 ] 1t
Al w7 ero estimator | 51
05+
0 . . . . . 0 : . : : 0
0 200 400 600 800 1000 1200 0 1 2 3 4 5 0 0.5 1 1.5 2
A A )‘true

true true

Zero estimator (p=0) will dominate PR estimator (p=1) up to the values of A, <1/e

Jet Propulsion Laboratory
California Institute of Technology
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MSE of the Recovery Efficiency Model as a Function of )ltrue

true Atrue

—.1- 2
- 1—-gq

MSE(Xfip) = Bias? + Var = (~ 4. 0)* + 2 = (—Aerue” (1 —P))? +

100

100

= PR estimator, e= 0.25
RE estimator, p=0.5 ,e=0.25
Zero estimator

mmm PR estimator, e= 0.25
RE estimator, p=1 ,e=0.25
Zero estimator

80 80

60 - 60 -

MSE
MSE
MSE

40 40

20 -

0 5

20 -

-

0 5

= PR estimator, e= 0.002
RE estimator, p=0.5 ,e= 0.002

Zero estimator

Z

0“
0 500

0

0

1000 1500

A

true

2000

true true

RE estimator (O<p<1) will dominate PR estimator (p=1) up to the values of A4, < e(-;_—p;)’ RE estimator will dominate
Zero estimator (p=0) for Ay > ﬁ . In addition, for Agpye < e.(zp_p) , Zero estimator will dominate both RE and PR

estimator

Jet Propulsion Laboratory
California Institute of Technology
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MSE of the Recovery Efficiency Model as a Function of p for
swab exposure

5 5 6
10000 15 pl 40 1610
8000 A - 35 9 14
e PR estimator, A, =20 = 0.002 s PR estimator, \ =300 6= 0.002
e RE estimator , \, =20 ,e= 0.002 s RE estimator , A =300 ,e=0.002 12
tue X rue E s PR estimator, A, _=1200 ,e= 0.002
6000 - | Zero estimator, A =20 . == Zero estimator, A= 300 3 RE estimator . = 1200 6= 0.002
w - — - w — estimator , A = ,e= 0.1
% 4 1 B PR estimator, A =600 = 0.002 @ 1 Zero estimator, .= 1200
= = e RE estimator , A, = 600 ,e= 0.002 = rue
4000 1 257 s Z€I0 €Stimator, )“ue: 600 1 08
2000 - J 2 06
0 0.5 1.5 . - 04
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
p, probability of recovery p, probability of recovery p, probability of recovery p, probability of recovery
42108
3.5 1
3 s PR estimator, A =2000,e=0.002 | |
s RE estimator ,/\‘ms= 2000 ,e= 0.002 A /,1
s ZerO estimator, A, = 2000 *RE .2 2 true 2 true 2
25 true * = = (— . _ — = (— . —_ _
4 MSE(AMLE) Bias® + Var ( )ltrue q) + e (1 ‘I) ( ltrue (1 p)) + e p
=
2 ]
1.5 *
1
05 , , . .
0 0.2 0.4 0.6 0.8 1

p, probability of recovery

Jet Propulsion Laboratory
California Institute of Technology
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Bias-Variance Decomposition of the RE estimator

x10°
10000 15
8000 - T 1 s PR estimator, A, =300 = 0.002
PR estimator, =20 ,e= 0.
RE ostimator A =20 o= 0.002 e RE estimator, A, = 300 €= 0.002
— estimator , = ,e= 0.
) true s ZE1O eStimator, A =300
6000 [ | === Zero estimator, )‘rms= 20 q true’
B PR - = ——— =500 CFUs/m? g
2 MLE = = s/m 2 1) ]
= 0.002
4000 ]
2000 ol
0 ! . . ; 05 . | | |
0 02 04 06 08 1 0 0.2 04 0.6 0.8 1
p, probability of recovery p, probability of recovery
4
10000 . . . . 15210 , , . .
2 s Bias?, A _=300 = 0.002
mes Bias®, A, =20 ,e= 0.002 o e
true we Variance , =300 ,e= 0.002
8000 | | Variance , A, = 20 = 0.002 1 true’
true —MSE, A, = 300
s MSE, A, = 20 true
10} 1
6000 ol
w w
@ %)
= s
4000 | i
51 i
2000 ol
0 ]
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

p, probability of recovery p, probability of recovery
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MSE of the Recovery Efficiency Model as a Function of p for
wipe exposure

400

m PR estimator, A =20 ,e=0.25

350 s RE estimator , A =20 = 0.25 |

Zero estimator, A =20
true

300

250

MSE

MSE
o = M w A O O N ® ©

200

150

100

PR estimator, A =300 ,e=0.25
s RE estimator , | =300 ,e=0.25

Zero estimator, A, =300

50

0 0.2 04 0.6 0.8 1 0
p, probability of recovery

0.2 0.4 0.6 0.8 1
p, probability of recovery

< A
MSEQffig) = (—Aurue (1= p))* + = p?

Jet Propulsion Laboratory
California Institute of Technology

The RE estimator is a compromise between perfect recovery
estimator and zero estimator

RE estimator (O<p<1) will dominate PR estimator

1
(RE=1,p=1) up to the values of A, < e(,(l_p;)

The degree of domination is a function of p and e

For small e=0.002 (swab), and small A, , the domination is
guaranteed for any value of efficiency p.

As A, increases, MSE(AXE -)shows a minimal value which
is reached for optimal p

For further increase in A, the optimal value still exists ,
however there a minimal value of p below which the RE
estimator no longer dominates the PR estimator

For large e20.25, the influence of recovery efficiency is
significantly more prominent (decisive actually) as even for small
M » the efficiency needs to be nearly 1 to approach the PR
estimator

The RE estimator performs as a shrinkage estimator, as it shrinks
variance of the estimate at the expense of introducing bias

This may lead to a better estimate that the perfect recovery
estimator
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Learning from Noisy Data

2.5 ' | | ' In 1923, the French mathematician Hadamard introduced the

o
o notion of well-posed problems.
© o © ooO
15 o D ® o o o ° According to Hadamard, a problem is called well-posed iff:
° o o& o oc%@o b o 5%800%
2 119 ° o 8;‘;0000 &jagf’ 8 g% 1. A solution to the problem exists (existence).
c 9 o&‘p %”% %o“%" ) 80 °°°§OQ> 2. This solution is unique (uniqueness).
€> 0.545% % Q@% o%G) o®8 .3 Oéhg%:w%é 3. This unique solution is stable under small perturbations in
°°o°@ oongo %Qb%o 0% the data, in other words small perturbations in the data
0 °§a @ 090280 @ & 2 | should cause small perturbations in the solution (stability)
g fd} OO (o) 8 fos) (9 fo) p y .
0.5 o ° 9% o )
o °o o © @
-1 o | o
0 0.2 0.4 0.6 0.8 1

~—
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Learning from Noisv Data
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y(t)+noise

Learnina from Noisv Data

2.5 . . .

° m— True

2+ ° o O Noisy

y(t)+noise
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Radial Basis Function Network and Regularization
Y(t1) = wq - hy(t1) + wy - hy(t) + - Wiy - hip(81)
Y(t2) = wq - hy(tz) + Wz hy(t2) + - Wiy - Ry (E2)

9(tp) = wy - hy(tp) + wa - hy(tp) + -+ Wi - hyn ()

§O=D wily®) .
j=1

y = H -w
() Lod L 0.2
pxl pxm mx1
0
-4 -2 0 2 4
t
(t—c)?
h(o) = el 7)

Jet Propulsion Laboratory
California Institute of Technology



=9
m ldaho National Laboratory

Ordinary Least Squares

% s OLS fit
E=) 0@ -5t =@-H-wl-G-Hw) | ' =
=1 ©  Noisy
1+ i
w=(HT - H)"HT - §
B 05f
m ©
, ;
9() = D w;- hy(0) :
._1 >
]_

{(tir 5;2)}2111
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Regularized Least Squares and Generalized Cross-Validation

(GCV)

p m
E=) 00 =50+ Y wh=@F—H-w) -G —H-w)+p-w'
i=1 j:]_
1.5

w
Regularized fit

True

Wu=(HT-H+u-Im)_1HT-)7

y=H H -H+u-DH -§=4,-F

px1 pxm mx1

y(t)+noise

Ay=H-(H"-H+p-D)7H"

It - wy — 5] T4 :
t

(m— trace(/lu))2
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The Problem of Differentiation
gxX)=fx)+a-sinflw-x);g'(x) =f'(x)+w-a-cos(w - x)

g x)—f'(x)=w-a-cos(w - x)
a
G(x) =jf(x)dx—;-cos(w-x)+€

G(x) — jf(x)dx =C —%-cos(w-x)

d[F(x)+¢]
dx

F(x)+¢= ij’(t)dt, F(0)=0

a X — de
0 _EfOF(t)dt—F(x)+dx

Jet Propulsion Laboratory
California Institute of Technology



Naive Differgntiation.of the SampledRata,, .. - .

y(t)+noise

0.2 0.4
t

y'(t) =

Jet Propulsion Laboratory
California Institute of Technology

0.6

0.8

y(tz) — y(t1)

hh—4

Y (tp) =

—
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;aResiduals — 79
O¢
10 .
o Analytical
o o O Estimated
o o
5¢ o) O o0 -
o
¢ o o o
= S0 ©o o
2 ot i
> °°° o
o (o]
o
o o
5t ° o ]
o
o
-10 ' - - '
0 0.2 0.4 0.6 0.8 1
t
y(ts3) —y(t2) , _y(tn) = y(ta-1)
s Y (tpog) =

i3 —t;

tn - tn—l



y(t)+noise
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- - O‘ .
Intearatinn of the Noisty NAta 0,6, = 0.05; opsiguas = 0004752 — 08

o
1 - 0.6 . g .
True [¢ Analytical
0.8 | O Noisy| | 05 o Numerlcal
06 0.4
0.4+ > 0.3

0.2 0.2

0.1

0.2 - ' ' ' 00! ' - - '
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

n
S = ) y(t) BBt =t — b
i=1

S1) = y(t1) - AL S(2) = [y(t1) + y(E)] - At; S(0) = [y () + y(E2) + -+ y(t,)] - At
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Frequency Response of Integration
and lefﬁrzen;(atlon

F— [y(tz) — )’(tl)] ~ At t — 1

hdiff = [1 - 1],At =1

(O]
[2)
C
208
(%2}
Q
= [y(t)) + y(t2)] - At 8 .
3 -
=}
hmt - [1 1] At =1 E: 0.4
°
] ) 'g — Differentiation
Amplitude response is the absolute value of Y Integration
the Fourier transform of the filter’s coefficients % '
(impulse response). =
O 1 I I I
0 0.2 0.4 0.6 0.8 1

Normalized frequency, rad/sample
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Regularized vs Naive Derivatives

8 A
o o Analytical nxn
6 1O o OLS
Regularized | ©

1 1 1 1 N T S
0 0.2 0.4 0.6 0.8 1 — Zfi B2y,
. 0i
i=
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T
u-x -V
“ (- “
nxn nxn nxn

IS —A-y||? > min

N

Uu; -
5}0L =V.Z_1.UT.S=Z L
i=1

S

v.
] l

IS—A-ylI? +A-]IL- P> > min

iReg=[AT'A+#'LT'L]_1'AT'S=V'(22+M'LT'L)_1-Z-UT-S

Uiz )
=1,..,

=— , 1L N
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Regularized Differentiation for Bis i ey B B s CFU Count,
Sample No. S
08

D E o o
enSIt}g St’m?! lon_ 1 1 0.0025 0.0020 1
|S—A-y||“+u-||L-P|| > min 2 0 0.0025 0.8 0.0020 1

3 0 0.0025 0.8 0.0020 1

4 0 0.0025 0.8 0.0020 1

~MLE _ Xi . 5 0 0.0025 0.8 0.0020 1
Ai = E’ i=1,..n 6 0 0.0025 0.8 0.0020 1

i 7 0 0.0025 0.8 0.0020 1

8 0 0.0025 0.8 0.0020 1

9 0 0.0025 0.8 0.0020 1

S(1) — S5(0) 1 S(2)—-5() 0 10 0 0.0025 0.8 0.0020 1

1= = A = = 11 0 0.0025 0.8 0.0020 1
E; 0.0020 E, 0.0020 12 0 0.0025 0.8 0.0020 1

13 0 0.0025 0.8 0.0020 4

14 0 0.0025 0.8 0.0020 4

15 0 0.0025 0.8 0.0020 4

16 0 0.0025 0.8 0.0020 4

S(13) — S(12) 3 S(24) — 5(23) 17 0 0.0025 0.8 0.0020 4

13 = = Y P 18 0 0.0025 0.8 0.0020 4
Ei; 0.0020 E, 19 0 0.0025 0.8 0.0020 4

14 20 6 0.0025 0.8 0.0020 10
- 21 8 0.0025 0.8 0.0020 18
0.0020 22 10 0.0025 0.8 0.0020 28

23 10 0.0025 0.8 0.0020 38

24 14 0.0025 0.8 0.0020 52

Total 52 0.0600 0.8 0.0480 -

Jet Propulsion Laboratory
California Institute of Technology
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3 x10° T T T T T T
—Xi =~ x;+0.5
251 B k T
LAl Ei+Bmom TSVD — o; i
" oL i i=1
3
g I I oz Xi y+N-—-1 (xl-> LN
<45k 1 i — — l=1,i=
x. . ) )
E; D FL +y+N-—-1 E;
i
= i
N
! . ul - S
Ap: — f —_— ey
* Ridge — i i
05 1 1 1 1 1 e O-l
MLE Jeffreys EB MOM cz TSVD Ridge 1= 1

Estimator

P(X = x| ) = 2rueE p-dirueE x = 01,2, ..., Ay e € (0, 0), EE (0, 0)

x!

Jet Propulsion Laboratory

California Institute of Technology Gamma(ﬂ'true |CZ = 18' ﬂ = 0.00 1)' X =179.5




Cumulative CFUs count

0
% ldaho National Laboratory

70

60 [~

20 -

10~

m— Jeffreys
===EB MOM
= CZ
m—=TSVD
=== Ridge

Raw count

0.005

0.01

0.015

0.02 0.025 0.03
Cumulative exposure

0.035

0.04

0.045 0.05

e
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Hierarchical Bayesian (HB) Approach

Aprior™ Gamma(ao; Bo)

,Bprior ~Gamma(6y; Uo)

C}D }\j ~Gamma (aprior; Bprior)

¢ ) ¢ i ) ¢ ) )

[ 11, €11 ] [ T21, €21 ] [ Tpy1s€ny1 ] [ 12, €12 ] [ 92, €22 ] [ Tny2y Eny2 ] [ muv,euv] [ -’BZN,Bzrv] [mnNN’enNN] xij"’POiSSOTl(}\j : ei,j)

j=1..N —number of componets

[ =1..ny —number of samples for Nth component

Jet Propulsion Laboratory
Nl California Institute of Technology
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Summary of Bioburden Data for the Nine
Components.

Exposure: Area

CFU Area Sampled*Pour Total Surface of the % Sampled=Area
Count Sampled, m? Fraction, m? Component, m?2 Sampled/Total Area

“ 0 0.6031 0.2167 0.7580 79.5650
0 2.4200 0.6160 2.7400 88.3212
300 1 2.6600 0.6705 5.0000 53.2000
“ 1 0.2400 0.1920 0.5850 41.0260
5 4.5710 1.1427 12.0000 38.0920
5 0.2800 0.1140 0.2980 93.9600
“ 12 3.1050 0.8065 10.0000 31.0500
“ 52 0.0600 0.0480 0.3120 19.2310
0 0.8575 0.2460 7.1500 11.9930

Jet Propulsion Laboratory
California Institute of Technology
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Jeffreys prior vs Empirical Bayes (method of moments) vs
Hierarchical Bayes

Empirical Bayes , Mean 5.=188, CFUIm’ Jeffreys prior

0.0030
1

0.0002)
0.0025
1
0.0002)
0.0015
|

0.0020
1

=0.0376 rate
0.0015
|
=0.0376,rate
0.0010
|

Gamma(shape
0.0005 00010
| |
Gamma(shape
0.0005
|

0.0000
1

T T T T T T
200 400 600 800 1000

2, CFU/m’

I T I T T T
0 200 400 600 800 1000

[=]

A, CFU/m’
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Components
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300 7
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261 1
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Jeffreys prior vs Empirical Bayes (method of moments) vs

tte LA B A d
AR TTRRAAN

|

*s e 111

Jet Propulsion Laboratory
California Institute of Technology

|
500

Hierarchical Baves

Jeffreys, Empirical Bayes, Hierarchical Bayes

— Jeffreys
= EB
— 'HBE

2, CFU/m?

|
1000

|
1500



Components

67

38

283 = E—

300

Jeffreys, Empirical Bayes, Hierarchical Bayes

*“_!;5 ldoho National Laboratory

Jeffreys prior vs Empirical Bayes (method of moments) vs
Hierarchical Bayes

— Jeffreys
— EB!
— HB

243

261

169

73 -

20

Jet Propulsion Laboratory
California Institute of Technology
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Jeffreys prior vs Empirical Bayes (method of moments) vs
Hierarchical Bayes

Jeffreys, Empirical Bayes, Hierarchical Bayes

— Jeffreys
—= [E5]
o - — HB
- Component CFU Area Es):)r::sll:j,fl:ﬁ) r::\ Total Surface of the % Sampled=Area
67 (o P Count | Sampled, m? Pt Component, m2 Sampled/Total Area
(o Fraction, m?
e
G =y B 0.6031 0.2167 0.7580 79.5650
—
2 2834 —— 0 0.8575 0.2460 7.1500 11.9930
© ——
S e “ 12 3.1050 0.8065 10.0000 31.0500
g 300 i
E -— “ 5 4.5710 1.1427 12.0000 38.0920
= N * “ 1 2.6600 0.6705 5.0000 53.2000
261 “ 5 0.2800 0.1140 0.2980 93.9600
i “ 52 0.0600 0.0480 0.3120 19.2310
Sem—
e — “ 1 0.2400 0.1920 0.5850 41.0260
73
il 0 2.4200 0.6160 2.7400 88.3212
| | | | | |
0 20 40 60 a0 100
A, CFU/m?

Jet Propulsion Laboratory
California Institute of Technology
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Recovery Efficiency and Hierarchical Bayes

Hierarchical Bayes vs Hierarchical Bayes with Sampling effciency

—— HB with Sampling efficiency

——" [h[z]
g — L ]
L ]
67 1 *
L ]
38 e
L ]
11
5 283 :—
5
g 300 4 &
g
QO 243 :_
261 +
—
160
L ]
73 ™
L
| | | | |
0 2000 4000 6000 8000
A, CFU/m’

Jet Propulsion Laboratory
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10000

xl-j~Poisson(pj ‘A ei,j)

}\j~Gamma(aprior; ,BpTiOT)
Aprior~Gamma(ay = 0.5; y = 0)
ﬁp?‘ior"’Gamma(GO = 0.5, = 0)

pj~Beta(a, = 1; B, = 1)
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Components

67

38

283

300

243

261

169

73

Hierarchical Bayes vs Hierarchical Bayes with Sampling effciency

*“‘!;5 ldoho National Laboratory

Recovery Efficiency and Hierarchical Bayes

— HB with Sampling efficiency

— HB

500

Jet Propulsion Laboratory
California Institute of Technology

1000

A, CFUIm?

1500

xl-j~Poisson(pj ‘A ei,j)

}\j~Gamma(aprior; ,BpTiOT)
Aprior~Gamma(ay = 0.5; y = 0)
ﬁp?‘ior"’Gamma(GO = 0.5, = 0)

pj~Beta(a, = 1; B, = 1)

Beta uniform prior

14

12
!

1,shape=1)

1.0
1

Beta(shape

0.8

T T T T T T
0.0 02 04 06 08 1.0

p, Recovery efficiency



Hierarchical Bayes vs Hierarchical Bayes with Sampling effciency

67

38

283

300

Components

243

261

169

73
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Recovery Efficiency and Hierarchical Bayes

—— HB with Sampling efficiency
—— [i[=:

| | | |
2000 4000 6000 8000

2, CFUIm?

Jet Propulsion Laboratory
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10000

x;j~Poisson(p; - A;j - e; ;)
Ai~Gamma(@yrior; Byrior)
Aprior~Gamma(ay = 0.5; By = 0)
Bprior~Gamma(6y = 0.5; g = 0)
pj~Beta(a, = 2.15; 8, = 5)

Beta prior

25

20
|

=E)

Beta(shape=2.15,shape
10 15

05
|

0.0

T T T T T T
00 02 04 06 08 1.0
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Recovery Efficiency and Hierarchical Bayes

Hierarchical Bayes vs Hierarchical Bayes with Sampling effciency Xij~POiSSO7’l(pj . )\] . ei ])
T :E with Sampling efficiency 7\]~Gamma(aprwr, ﬁpTiOT)
? N Aprior~Gamma(a, = 0.5; B = 0)
T ﬁprior"’Gamma(eO = 0.5 = 0)
35 -EHEE pj~Beta(a, = 2.15; B, = 5)
2 263 -SSEES
g Beta prior
S 300 e 0
£ * o
o
O 2431 —
261 &7
160 SR ‘.fé
3. 3 ;
| | | | -g =
0 500 1000 1500 £
%, CFUIm’ o |
070 0,‘2 074 0,‘6 0‘8 1,‘0

Jet Propulsion Laboratory p. Recovery efficiency
California Institute of Technology
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Recovery Efficiency and Hierarchical Bayes

pj~Beta(a, =1, =1) pj~Beta(a, = 2.15; B, = 5)
Hierarchical Bayes vs Hierarchical Bayes with Sampling effciency Hierarchical Bayes vs Hierarchical Bayes with Sampling effciency
—— HB with Sampling efficiency —— HB with Sampling efficiency
— il — !
9 q — 9 ==
. .
67 4 — 67 o
. -
38 = 38 (i
- .
2 4 — 2 4
S 2683 e c 283 4 —
c (=4
E_ 300 & é kL
o o
O 243 O 243
—-— —_-—
261 > 261 —
169 4 =—————— 169 (e
- -
73 e 73 -
. L
I I I | I I | 1
0 500 1000 1500 0 500 1000 1500
%, CFUIm’ 7., CFU/m’
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Posterior Predictive Distribution for all Nine Components

Posterior predictive distribution

o | CFU Area ES);F::;:::::) r:: Total Surface of the % Sampled=Area

= Count Sampled, m?2 Fraction, m2 Component, m? Sampled/Total Area
_ 0 0.6031 0.2167 0.7580 79.5650
% 0 0.8575 0.2460 7.1500 11.9930
g 2 12 3.1050 0.8065 10.0000 31.0500
E “ 5 4.5710 1.1427 12.0000 38.0920
s “ 1 2.6600 0.6705 5.0000 53.2000
- “ 5 0.2800 0.1140 0.2980 93.9600
z B “ 52 0.0600 0.0480 0.3120 19.2310
“ 1 0.2400 0.1920 0.5850 41.0260
L\ 0 2.4200 0.6160 2.7400 88.3212

0.00
1

T T T T T T
0 20 40 60 80 100

Number of CFUs

mean = 3587.032,% sstd = 8.431 - 103

CFZS ; Total surface area = 38.843,m?
m

Jet Propulsion Laboratory
California Institute of Technology
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Posterior Predictive Distribution for Components 67 and 243

Posterior predictive distribution

Negative binomial probability

Number of CFUs

CFUs

mean = 660,—- ; std = 1551
m

@

Jet Propulsion Laboratory
California Institute of Technology

CFUs

m—'Total surface area = 7.1500, m? mean = 27’? ;std = 64

2

Component

CFU
Count

Posterior predictive distribution

04

03

Negative binomial probability
02
I

0.1

~

T T T T T T
0 20 40 60 80 100

00

Number of CFUs

%; Total surface area = 0.2980, m?

CFUs CFU
m2

Exposure: Area

Area . Total Surface of the % Sampled=Area
Sampled*Pour
Sampled, m? ) A Component, m?2 Sampled/Total Area
Fraction, m
0.8575 0.2460 7.1500 11.9930
0.2800 0.1140 0.2980 93.9600
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Poolability of Data Subsets

Graphical and Statistical Techniques



Check if A is the same for six plants

mnn—nl-n

Observed 4
count
Exposure, 4.31 4.06 4.02 5.07 5.23 5.02 27.71
reactor
years
Expected 4.05 3.82 3.78 4.77 4.92 4.72 26.07
count
__ X Observed count 26 _
Apooled = S Exposire 2771 0.94, Expected count=A,,41eq * Exposure



Graphical Technique for Maximum Likelihood
Estimation (MLE)

e S »
T T L] 1

A, 1/exposure
w

A MLE with 95% CI

2 3 4 5 6 Pooled
Sample #

A, 1/lexposure

Sorted A\ MLE with 95% CI

¢ ¢ T AR S
3 6 1 5 4 2 Pooled
Sample #



Counts

30

25

20

15

10

Chi-square Test

x?= 0.6502, x2.= 11.0705, p= 0.98551

I Observed
I Expected

1 2 3 4 5 6

Sample #

Applicability of chi-square -

A, 1/lexposure
w £

N

Sorted A MLE/Bayes with 95% ClI

()]
Y SR Y N S

Pooled 3

> number of observed counts )

number of samples

5 4
Sample #

2 Pooled Bayes



Borderline Case

Im--——.-n

Observed 5
count

Exposure, 5.224  3.871 2.064 5.763 5.586 22.508
years

Expected 1.55 1.15 0.61 1.71 1.66 6.67
count



A, 1/exposure
w

Graphical Technigue

A MLE with 95% CI i Sorted A\ MLE with 95% CI

A, 1/lexposure
w

2t 2t
19 1 (]
0 ° t 2 08 & P

1 2 3 4 5 Pooled 2 3 5 4 1

Sample # Sample #



Counts

Chi-square Test

x?=9.7529, x2 = 9.4877, p= 0.044808

I Observed
I Expected

2 3 4 5 Pooled

Sample #

Sorted A MLE/Jeffreys Bayes with 95% CI

N
T

A, 1/lexposure
w

2 L
1F (]
06 & T .
2 3 5 4 1 Pooled Bayes
Sample #

We reject H, at the 5% significance level, but not at the 2.5% significance
level since X2y, s = 11.14. The p-value is between 0.05 and 0.025.



Sample-to-Sample Variability via Empirical
Bayes (EB)

Sample-to-sample Variability, Mean= 0.3379

MOM

PDF




A, 1/exposure
w

N

Empirical Bayes Estimate

Sorted A MLE/Jeffreys Bayes with 95% ClI 6. Sorted A Empirical Bayes with 95% CI

N
+—
N
T

A, 1/lexposure
w

1 Pooled Bayes

Sample # Sample #



A, 1/exposure

(¢)]

N

Non-Poolable Data Set

A MLE with 95% CI

—— L9 -

(]

S P ——

I

)

9 10 M

12 13
Sample #

14

15

16 17

18

19 20 21

22

23 Pooled



Non-Poolable Data Set, sorted

Sorted A MLE with 95% CI

[&)]
I

A, 1/exposure
D
T

¢ 9 TTTTT | IR A A

23 4 7 15 22 13 6 20 3 11 10 5 19 21 18 8 16 12 9 1 2 14 17 Pooled
Sample #



Counts

Chi-square Test

x7= 41.0201, x2,= 33.9244, p= 0.0081963
100 — T T T T T T T T T T T T T

[ Observed
[ Expected

90

80 -

70 =

60 [~

50 -

40 -

30 -

20

1 2 3 4 5 6 7 8 9 10 M1 12 13 14 15 16 17 18 19 20 21 22 23 Pooled
Sample #



Sample-to-sample variability via EB

Sample-to-sample Variability, Mean= 1.0185

MOM

PDF

0 0.5 1 1.5 2 2.5 3
A, 1/exposure



Empirical Bayes Estimate

SSSSSSS



Component 261

P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 1 0.8 4/Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4/Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4/Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4/Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 3 0.8 4 Component 261
PEB Mating Surface, To PAE 0.0025 7/10/2017 | swab 0 0.8 4|/Component 261
PEB Mating Surfaces, To PAE 0.0025 7/10/2017 swab 0 0.8 4|/Component 261
PEB Mating Surface, Mated Surface to 0.0025 7/10/2017 | swab 0 0.8 4|/Component 261
PAE Mating Surface, To PEB 0.0025 7/10/2017 | swab 0 0.8 4|/Component 261
PAE Mating Surface, to PEB 0.0025 7/10/2017 swab 0 0.8 4 Component 261
PAE Mating Surface, Mated Surface to 0.0025 7/10/2017 'swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 6 0.8 4/Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 8 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 10 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 10 0.8 4/Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 14 0.8 4 Component 261



Preposterior analysis-Prior predictive distribution with
constrained noninformative (CNI) prior: Gamma [0=0.5

P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
PEB Mating Surface, To PAE 0.0025
PEB Mating Surfaces, To PAE 0.0025
PEB Mating Surface, Mated Surface to 0.0025
PAE Mating Surface, To PEB 0.0025
PAE Mating Surface, to PEB 0.0025
PAE Mating Surface, Mated Surface to 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025
P/N 10360619-1 Rev B S/N 101 0.0025

B=1/(2:300)] and Poisson likelihood

5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
7/10/2017 swab
7/10/2017 swab
7/10/2017 swab
7/10/2017 swab
7/10/2017|swab
7/10/2017 swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab
5/20/2014 Swab

® o oloolo o owo oooloo oo ooor

10
14

4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4/ Component 261
4 Component 261
4/ Component 261
4 Component 261
4 Component 261
4/ Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261
4 Component 261

90% credible interval [0 + 42] counts

P(CFUs > 52 = 0.03)

PMF

0.25

0.2

0.15

0.1

0.05

Prior Predictive distribution

‘- Prior predictive, mean=10.8 CFUs, Exposure= 0.036 m? ‘

20

NB /[ x

)

a,

p+e

40 60
CFU count

80

100



Counts

60

Data Collected on 5/20/2014

x2=123.1538, x§5= 27.5871, p=0

[ Observed
[ Expected

7 8 9 10 1 12 13 14 15 16 17 18 Pooled
Sample #

0.016

0.014 |
0.012 |
0.01 |
LL
0 0.008 |
o

0.006 |

\_

0.004

0.002

0

Sample-to-sample Variability, Mean= 1444.4444, 1/m 2

——— MOM, parameters= 0.42224 0.00029232 ‘

0

500

1000

1500
>\,1/m2

2000

2500

3000



Pooled 5/20/2014 data with Jeffreys prior

%1073 Posterior Jeffreys, Mean= 1458.3333, 1/m?
T T T T

| ——Posterior, parameters= 525 0.036 A 90% credible interval [1143.8 + 1804.4] 1/m?

1 I L
1500 2000 2500 3000

)\,1/m2

. 1
0 500 1000



Poolability test for 5/20/2014 data with zero
and 1 counts excluded

60

50 -

40

Counts
w
o

20 [

10

x*= 8.4118, x2 = 11.0705, p= 0.13497

I Observed
I Expected

1 2 3 4 5 6

Sample #

Pooled

x?= 123.1538, x2,= 27.5871, p= 0
T T T T T T T

60 T

1

I Observed
[ Expected

2 3 4 5 6 7 8 9 0 N 12 13 14 15 16 17 18 Pooled
Sample #



Poolability test for all nonzero 5/20/2014 data
(count of 1 is included)

x?= 8.4118, 2 = 11.0705, p= 0.13497 x?= 16.1154, x2_= 12.5916, p= 0.013149

| " n h |
1 2 3 4 5 6 Pooled

Sample # Sample #



Posterior analysis for different pooling
scenarios

Posteriors
0.014 T T T T
Jeffreys all pooled, parameters= 52.5 0.036, Mean= 1458.3333, 1/m?
Zeroes and 1 pooled, MOM prior, parameters= 1.4222 0.024292, Mean= 58.5467, 1/m?
Non zeroes except 1 pooled, MOM prior, parameters= 51.4222 0.0122923, Mean= 4183.2825, 1/m?2
0.012 |- =
0.01 |t =
0.008 H =
LL
[a)
o
0.006 |+ -
0.004 - =
0.002 |- =
0 L | I I
0 1000 2000 3000 4000 5000 6000 7000

\ 4/m2



Handbook of Parameter Estimation for Probabilistic
Risk Assessment. NUREG/CR-6&823

* “In actual data analysis, do not stop with the decision that a difference is, or is not, statistically significant. Do
not even stop after reporting the p-value. That may be acceptable if the p-value is very small (much less than
0.05) or very large (much larger than 0.05). In many cases, however, statistical significance is far from the
whole story. Engineering significance is just as important.”

» “Are there engineering reasons for expecting one plant to have a different event rate than the other plants do,
either because of the hardware or because of procedures during shutdown? (Be warned that it is easy to find
justifications in hindsight, after seeing the data. It might be wise to hide the data and ask these questions of a
different knowledge-able person.)”

* “What are the consequences for the PRA analysis if the data are pooled or if, instead, one plant is treated
separately from the other plants? Does the decision to pool or not make any practical difference?



Poolability-Partial Poolabilty-NonPoolability

For poolable data each sample has the same PN 10360615-1 rev 5/ 101

1 0.8 4 Component 261

| | 1 P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
samp ed/po pu ation mean P/N 10360619-1 Rev B /N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B /N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261

I | I b I d ? P/N 103606191 Rev B S/N 101 0.0025 5/2012014 Swab 0 0.8 4 Component 261

H ow to poo non poo aple ata . P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab o 0.8 4 Component 261
P/N 10360619-1 Rev B /N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261

Why to pool/pa I‘tla“y p00| non pOOIabIe data? P/N 10360619-1 Rev B S/N 101 0.0025 5‘:20/2014 Swab 0 0.8 4 Component 261
P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261

. e . P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261
Partial poolability-compromise between population mean  rmwomssireesno o o0s
. . P/N 10360619-1 Rev B /N 101 0.0025 5/20/2014 Swab 0 0.8 4 Component 261

an d N d IVId ua I sam p | es P/N 10360619-1 Rev B S/N 101 0.0025 512012014 Swab 3 0.8 4 Component 261
PEB Mating Surface, To PAE 0.0025 7/10/2017 swab 0 0.8 4 Component 261

. ope . ? PEB Mating Surfaces, To PAE 0.0025 7/10/2017 swab 0 0.8 4 Component 261

How partially poolability models are treating zero CFUs* PEB Wating Surfce, ated Surfce o o os
PAE Mating Surface, To PEB 0.0025 71012017 swab 0 0.8 4 Component 261

. PAE Mating Surface, to PEB 0.0025 711012017 swab 0 0.8 4 Component 261

Performance of partially pooled models o os
P/N 10360619-1 Rev B /N 101 0.0025 5/20/2014 Swab 6 0.8 4 Component 261

P/N 10360619-1 Rev B /N 101 0.0025 5/20/2014 Swab 8 0.8 4 Component 261

Integration of partially pooled models with spore density /N 20nc0t1o1 R SN 201 w08
ana Iysis m Od e I P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 10 0.8 4 Component 261

P/N 10360619-1 Rev B S/N 101 0.0025 5/20/2014 Swab 14 0.8 4 Component 261
Aggregation of partially poolable models
Hierarchical Bayes
Summary statistics for reporting

Patrial poolability for ALL sampled data



Gamma-Poisson Model, single sample

Xpri Apriny—1 —ABpi
(/l-e)xe_/—l_e Bprior prioT. T prior” ., prior

x!
Likelihood F(ap”"’r) Bpost
] e N
— Prior _
P(A/x) = —= = Gamma(x + Qprior,€ T .Bprior)
Aprior Aprior—1 —ABpri —
x By PTIOT 2 FpTior™1 prior Apost
(/1;) e—A-elpTiOT di
Likelihood (“p”"r)
0 Prior
i x-CFU counts
_ @prior ] ]
Eprior (A/apriorr ,Bprior) = B A- bioburden density, CFUs/m?
prior

e- exposure, pour ratio*area sampled, m?
X a, f-parameters of prior distribution
A= o Maximum Likelihood Estimation (MLE)

X+ Apri
e We want to estimate bioburden density A from a single
(04 . . . . .
Epost (A%, @priors Bprior) = BP—Z:Z CFU observation-x, e in the Bayesian situation
— 2=

e+ lgprior



Gamma-Poisson Model

“priar_a_'zpriar_l,E_A'Bprior

tlveJxe_,{‘e ﬁprior
x!

Likelihood r(aprf‘”) Bpost 0.45 CFUs= 2,Exposure= 0.25,MLE= 8
i, ™. B T T T T T T T T
P(A/x) = 5] Erior = Gamma(x + (Ip)'mr , € + [))priar) Gamma prior,a= 3,3= 1.5,mean= 2
Ty Uprior—1 —A-Byri ————r — Likelihood
(8. Pprioy PTETATFTIN e TTPTRT Tpost 04 Posterior,a= 5,4= 1.75,mean= 2.8571
x! .
Likelihood r(“P”WJ
0 Prior 0.35 |
0.3
5 SO g
r'LoY a 0.25
Eprior(1 @priors Borior) = =22t &
prior prior’ Fprior B . <
prior 5 02
o
0.15
X + apTlOT'
S— — 0.1
a
_ post
Epost (l/x' apriorr Bprior) - Bpost 0.05

15 20 25 30 35 40 45
), 1/exposure




Different Types of Prior

X+ Xprior

~————

Opost
Epost (A/x! apTiOT’ :BpT'ior) = W

—_——

e+ ,Bprior
X + aprior _ [ e

X ] Apri X Apri
) (_) n .Bpnor ] . ( prlor) _ [1 . B] . (_) + [B] . ( Prlor>
e+ ,Bprior e+ ,Bprior e e+ ,Bprior ,Bprior e ,Bprior
. (f) —[B] - (f _ aprior) . (f) _ \ B ] _ (f _ aprior)
e e ﬁprior e e+ ,Bprior e ﬁprior R B

E(Alx) =

T T
——Gamma prior, a= 3,3= 1.5,mean= 2
— Likelihood

Posterior, a= 5,3= 1.75,mean= 2.8571 7

,Bprior

=" <1
e+,3prior

Prior,Lhd,Post

. . . . )
0 5 10 15 20 25 30 35 40 45 50
A, 1/exposure



Shrinkage as Pooling

E(Alx) = M — [L‘ . (E) + Bprior ] . <ap7”i07”> —[1-B]- (f) +[B]- <aprior>

e+ Bprior e+ Bprior e e+ ﬁprior ,Bprior e ﬁprior
X X aprior X lgprior X aprior
- ()t (- g\ - () - [ ] 3-
e e Bprior e e+ lgprior e ,Bprior
N —’
Eprior(l)
. . _ Bori a a
_ Pprior <1 lim —’Bpm’r =0 lim —22T =1 EQ) =, Var(d) = 5
e+ ﬂprior' Bprior—0 € + lgprior Bprior—® € + ﬁprior p B
lim ,Bprior —1 lim M =0
>0 + Byrior v et Bprior
“prior X Aprior

Bprior —E— Bzzrior

B=1 B=0 B=1



N —r’
E prior (/1)

B = ,Bprior

= <1
e+,3prior

Talking Points

1.

between data and prior

)+

e+ ,Bprior

Mode(A|x) =

Recap

,Bprior

,Bprior ‘ _ <f _ aprior)
e+ ,Bprior e ﬁprior

X+aprior—1

e+Bprior

Bayesian estimate (posterior mean value) is a compromise

The compromise (degree of shrinkage) is controlled by
shrinkage (regularization) parameter — B

Bayesian estimate is shrunken (pulled) toward prior mean
Parameter B is a function of exposure (amount of

evidence) and prior’s precision (beta parameter)

heavily
Variance of posterior

As we sample more surface, the data are weighted more

Prior,Lhd,Post

o
~
[

o
=~

o
w
&

o
w

o
)
@

I
N
T

o
o

o

o
1=}
3]

o

aprior _ . .
e+ ,Bprior] . (ﬂprior) a [1 B] (

, Maximum a posteriori (MAP) estimate

aprior

Bprior

CFUs= 2,Exposure= 0.25,MLE= 8
T T T T T

T T
——Gamma prior, a= 3,3= 1.5,mean= 2
—— Likelihood

Posterior, a= 5, 3= 1.75,mean= 2.8571

x+ aprior
~—————
Xpost

.Bpost
——
e+ .Bprior

. . . )
15 20 25 30 35 40 45
), 1/exposure

50



Uncertainty Estimation for Posterior Inference

X X
A=—=,Var(A\) =—=8
e e
a, i Ao
Eprior(/l) = prlor’Var(/D = pTlOTZ = 1.33
ﬁprior prior
X + QAprior X+ Xprior
Epost(Alx) = =P Var(A|x) = = 1.63
post e+ ﬁp?‘ior (e + ,Bprior)z
Mode(A|x) = Z%prior™% _ 24371 _ % _ 59857

e+Bprior  0.25+15 175

CFUs= 2,Exposure= 0.25,MLE= 8
T T T T T

ﬁprior

aprior

—— Likelihood

x+ aprior

Apost




Treatment of zeros by different priors

Jeffreys Gamma(0.5,0) x+a x U.o 0.0 Tpost
e+ - e e e Epost(/l/x» aprior»ﬁprior) = Bpost
e+ .Bprior
Uniform Gamma(1,0) x+a x 1 1 BEA&1.o=AB
etp ete - Gamma(4; a, B) = @
Max Entropy Gamma(1,1/p) plx+1) K
e',u‘l‘l e.l'l+1 Phhlt. ,:dllg’munm; ;l§5A067 o
Constrained Gamma(0.5, 2-u(x+0.5) U

(CNI)

Fmbal:i]i\y

Gamma prior Gamma(a, f3) xX+ta a
e+p e+p

noninformative 1/(2-u)) 2-e-u+1 2-e-u+1 I
Il.-- 400 0o ot /001 0.001 0.001 0000 0.000

f Spores on § f ()



Poolable and Nonpoolable Data Sets

Item Area Pour Component
Name Sample Device Sampled, m2  Fraction Exposure,m? CFUs Association
Cruise Stage - Outer Cylinder
Section wipe 0.75 0.25 0.1875 1 Component 300
CS +Y Inside swab 0.0025 0.8 0.002 0 Component 300
CS -Y Inside swab 0.0025 0.8 0.002 0 Component 300
CS +X Inside swab 0.0025 0.8 0.002 0 Component 300
Cruise Stage - Inner Cylinder
Section wipe 0.75 0.25 0.1875 0 Component 300

Cruise Stage - Cruise Stage - Inner
Cylindrical Section, metal surfaces

between electronic boxes wipe 0.75 0.25 0.1875 0 Component 300
CS bottom mount ring wipe 0.3 0.25 0.075 0 Component 300
Inside CS primary structure wipe 0.1 0.25 0.025 0 Component 300

Lander - Inside MLI Radar
Electronics swab 0.0025 0.8 0.002 0 Component 300



Loss/Risk/Error Functions-Quantifying Quality
of a Parameter Estimate

(Atrue'e)x

x!

P(X = x|Atrye) =
E[X] = Atrue ‘e, Var[X] = /ltrue e

A X 7

AmLE = 2 ; Maximum Likelihood Estimation (MLE)  Ayip =

A X 1 1
EAmie] = E [g] = EE[x] = g ) (Atrue e) = Atrue

Atrue

A X 1 1
Var[Ayg] = Var [;] = ;Var[x] = Ay - €) =
Loss = [(Amie — Atrue)?], Squared dif ference

Risk = MSE = E[(iMLE — Atme)z],Mean Squared Error (MSE)

e—/ltrue'e' x=01,2,.., Atrue € (O, OO), ee (07 OO)

X+ €

e

X-CFU counts

A- bioburden density, CFUs/m?

e- exposure, pour ratio*area sampled, m?

0.03

0.025 1
0.02 |
L
0 0.015}
o
0.01r

0.005

O True \
O )\ MLEs |
—— PDF of MLE

0 50 100 150

A, 1/exposure



Loss/Risk/Error Functions-Quantifying Quality of a
Parameter Estimate (multiple measurements)

v . x-CFU counts
P(X; = x;|Abpe) = %e‘%rue'ei,x =0,1,2, ..., A4yye € (0,0), €€ A- bioburden density, CFUs/m?
(0, o) ‘ e- exposure, pour ratio*area sampled, m?

X=0X,X, .. X)) e=(enezen) 1= (14,1,,..1,)

0.03

n n n
_ — . O True A
Z = § X; E= § €; A 2:’11 0.025 | O AMLEs ||
i=1 i=1 i=1 ' ——PDF of MLE

E[X] = Atrue * € Var[X] = Atrye * €

0.02 |
. x
Amrg = = ; Maximum Likelihood Estimation (MLE) 3 ~ _ 2% TE  uw el
e MLE = £
A 1 i
E[Auie] = E [_] =—E[x] = g *(Atrue * €) = Arye 001
Atrue 0.005

. X
Var[Ayig] = Var [g] = e—Var[x] =7 Atrue - €) =

0 50 100 150
A, 1/exposure

Loss = [(ZMLE - Atrue)z],Squared dif ference

Risk = MSE = E[(iMLE — Atrue)z],Mean Squared Error (MSE)



Loss/Risk/Error Functions-Quantifying Quality of a
Parameter Estimate (multiple measurements)

P(Xi = xi|/1itrue) = Me_ﬂgme.ei;x =0,1,2, ---Aérue € (0,), e€ (0, )

xL-!

X=Xy, Xy Xy) e=C(en ez en) A=y, Ay 1)

Z:ZXiE:ZBi AZZ/E’

n n n
=1 i=1 =1



Bias and Variance of the Estimate/Estimator

Bias(i) =FE [ﬁ] — Atrue

Var(1) = E[(A - E[A])?] = E[12] — (E[A])?

A X 1 1
E[AMLE] =E [g] = EE[x] = g ) (Atrue ) e) = Atrue

X 1

. 1
Var(lue] = Var -] = 5 varlx] = = Qe @) =

e e’

Estimand: parameter to be estimated-A,, .
Estimator: the rule (formula) which is used to estimate the

parameter of interest-1 = g using the data- x, e

Estimate: the result of applying the estimator to the data, 1 =
5 CFUs/m?

0.06 ‘
O True \
| O )\ MLEs
A 0.05 ——PDF of MLE
true ——PDF of biased A
0.04 1
L
0 0.03
o
0.02 -
0.01 r
0
0 50 100 150

A\, 1/exposure



Mean Squared Error: Bias-Variance
Decomposition

MSE = E[(A — Agrue)?] = E[(A — E[A] + E[A] = Aprue)?] = E[(A — E[AD?+(E[A] = Aprue)? + 2 - (A= E[1]) -
(E[A] = Aerue)] = E[(A = E[AD?] + E[ (E[A] = Aerue)?]1 + E[2- (A - E[i])v- (E[A] = Aerue)] = E[(A = E[AD?] +

0 var(Q)
M _ 2
(E [/1] Atrue)
Bias(2)2
0.03 . ‘ 0.06 ; ; 0.1
0.025 | . 0.05f 0.08
0.02 - 0.04
0.06 -
L L L
Q 0.015+ . 0 0.03 ¢ a
[a o o
0.04 -
0.01F - 0.02
0.005 - - 0.01+ 0.021
0 O © 0 OO © - 0 o0 O
0 50 100 150 0 50 100 150 0 50 100 150

), 1/exposure \,1/exposure A, 1/exposure



Bias-Variance Decomposition-Maximum
Likelihood Estimator

. X
Avie = A ; Maximum Likelihood Estimation (MLE)

A X 1 1
E[/lMLE] =E [g] = EE[X] = E (Atrue ) e) = Atrue

A X 1 1 2
Var[AMLE] = Var [E] = e—ZVar[x] = e_z . (Atrue . e) — Ttrue

MSEy1 g = E[(iMLE — EQMLE])Z] + (E[/iMLE] — Atrue)?
var() Bias(1)2=0

Atrue

e

MSEy g = E[(AAMLE - E[/iMLE])Z] =
var(Q)

0.06

0.05
0.04 |

L
0 0.03 ¢
o

0.02

0.01

o0 152

50 100
), 1/exposure

150



Bias-Variance Decomposition- Zero (Constant)

Estimator

Ao = 0; Zero estimator ignores the data
E[Ao] = E[0] =0

Var[l,] = Var[0] =0

MSE() = E[(O - E[O])Z] + (E[O] - Atrue)z = Atruez

0.06

0.05|

0.04
L
0 0.03 1
o

0.02

0.01F

var(2)=0 Bias(1)?
A
M S EMLE — true
.
A 1 1 e<1,A < -
2 true » Mtrue
Atrue < = Atrue ‘ Atrue < Atrue : g; Atrue < g e

\

< e = 1'11,'7‘1(6 < 1

1
e > 1'/1true < g

50

100
), 1/exposure

150



Bias-Variance Decomposition- Zero (Constant)
Estimator — Domination over MLE

4 . :
——MLE
Zero estimator
MSEy = Apuo?s MSEp g = 2 s 2,2 <288 — 3 dirie < v * 3 Airue < = 3
0 — “true » MLE — e '’ true e true true true e’ true e
u e=1
1 22
e <1, Aye <—
MSEy, p = —4¢ 1
MLE — e = 1t/1true <1 r
€ 1
e> 1, Adpye < — o 1 | |
€ 0 0.5 1 1.5
Atme,1/exposure
5
1 ‘ 4 x10 ‘ 25 ‘
——MLE ' ——MLE —MLE
08l Zero estimator | Zero estimator 20 Zero estimator
. 5 F
_ e = 0.25
06| e=2 | e = 0.002 15
w w w
0 N2 g %)
= = =
04r 1 10+
1t i
021 1 5l
0 - - ! L 0 T . . . | 0 | I | |
0 0.2 0.4 0.6 0.8 1 0 100 200 300 400 500 600 0 1 2 3 4

Arue 1/€XPOSUrE Apue: 1/€XPOSUTE Ay 1/€XPOSUTE



Insight Bioburden Densities

InSight-based
) . MSL-based 3 sigma weighted average gy . InSight-based weighted
Proposed Bayesian Approach (CNI prior) (NASA Legacy) technique (NASA Proposed Bayesian Approach MsL-based 3 sigma e e
gacy (NASA Legacy)
Current) (NASA Current)
Posterior Mean 5th percentile of 95th percentile 3 sigma Bioburden Weighted Average
(o)1= 148  Bioburden Density Posterior of Posterior 4 Bioburden Density —A, . MOM, Posterior
T o Density — A, CFU/m? CNI, Posterior Mean X X X . .
-\, CFU/m?2 Distribution Distribution CFU/m? . 5 Mean Bioburden 3 sigma Bioburden Weighted Average Bioburden
! Component Bioburden Density — ) X 2 ) 2
A, CFU/m? Density — A, Density — A, CFU/m Density — A, CFU/m
! CFU/m2
2.2889 0.0090 8.7928 13.84 27.99 /m
0.8095 0.0032 3.1097 4.87 17.36
— 2.2889 0.7603 13.84 27.99
2.2315 0.2617 5.8130 5.96 9.54 0.8094 0.2684 4.87 1736
7.7452 0.9083 20.1757 20.83 33.70 “ 2.2315 1.7355 5.96 9.54
4.8059 1.9987 8.5961 5.17 11.11 [ 169 | 7.7452 6.0352 20.83 33.70
47.5504 19.7758 85.0510 130.14 186.70 [ 283 | 4.8059 e 2els e
15.4671 0.0398 73,2945 —y: v [ 243 | 47.5504 44.8607 130.14 186.70
’ ’ ’ : ’ I 15.4671 15.0630 52.06 9.66
261 1057.0469 829.0645 1307.8988 2349.53 658.47 21| 1057.0469 1061.3672 2349.53 658.47
Posterior
[\ CED _
. Predictive
Component # | Bioburden NASA, CFU
) Mean, CFU
Density — A,
Rollup 1 23.139 15.056 32.641 57.164 34 84 59.147 147
Rollup 28 54.152 26.213 90.238 61.083 28 104 49.329 56

Rollup 13 21.528 15.071 28.928 430.191 297 582 45.113 902



Domination of Zero Estimator over MLE:
Simulations

05
‘true

0 0.002 0 407.4 137

7 0.002 1000 0 452.9 12t ¢

[ 0002 500 0 63.5 =21

5 0.002 1000 0 456.7 S 1

5 0.002 1000 0 316.2 2

o 0002 0 488 o

0 0.002 0 0 139.2 0.8 }

) 0.002 1000 0 273.4 0.7 ' '

) 0.002 1000 0 478.7 e were
000 . Estimator

2 : 1000 482.4 Atrue~U(0,500)

(Atrue-e)”

P(X = x|Atrye) = e Mruee x = 01,2, eeer Airye € (0,0), e€ (0, )

x!



Domination of Zero Estimator over MLE:
Simulations

<108 «10° x10°

4 1.4 ° 3
—MLE
Zero estimator 131
3t 45+
121
w %)
w 214} =
2° 8 g °
o 1 o
< <
1t 0.9F 1 35t
0.8} {‘ ]
0 : : : : : 0.7 : : 3 ‘ :
0 100 200 300 400 500 600 MLE Zero MLE Zero
Mrye: 1/EXPOSUTE Estimator Estimator

— _ Qerueed® 2 e _
P(X = x|Appye) = ————e Mtrue® x = 0,1,2, ..., Ay € (0,00), e€ (0, 0)

x!



Benefits of Data Pooling

4
Item Area Pour Component 14 x10
Name Sample Device Sampled, m? Fraction Exposure,m?> CFUs Association
Cruise Stage - Outer Cylinder
Section wipe 0.75 0.25 0.1875 1 Component 300 127
CS +Y Inside swab 0.0025 0.8 0.002 0 Component 300
CS -Y Inside swab 0.0025 0.8 0.002 0 Component 300 (U,g 10 -
CS +X Inside swab 0.0025 0.8 0.002 0 Component 300 s
Cruise Stage - Inner Cylinder 8) 8L i
Section wipe 0.75 0.25 0.1875 0 Component 300 ©
Cruise Stage - Cruise Stage - Inner g
Cylindrical Section, metal surfaces < 61
between electronic boxes wipe 0.75 0.25 0.1875 0 Component 300
CS bottom mount ring wipe 0.3 0.25 0.075 0 Component 300 4l
Inside CS primary structure wipe 0.1 0.25 0.025 0 Component 300
Lander - Inside MLI Radar §
Electronics swab 0.0025 0.8 0.002 0 Component 300 2 : : :
MLE Zero Pooled
Estimator
g = =4 Maxi Likelihood Estimation (MLE = E[(A 1y e 2] = e
mis =5y - s Maximum Likelthoo stimation (MLE) MSEyie = E|(Amie — E[Amee])?] = S
i=1%i i=1%i

var)



Different Losses

Loss = (A — Agyye)2-squared loss, minimized by conditional mean

A-1 2 . R -,
Loss = (/1%- normalized squared loss, minimized by conditional
true

mean,

Loss = |7\ - Atme| -absolute loss, minimized by conditional median CFUs= 1,Exposure= 0.25MLE= 4 ‘ ‘ ‘
— Gamma prior, o= 50, 3= 1.5,mean= 33.3333

L a . |)\. - At-rue| lf )\ - Atrue < 0 7;‘;::;?;?11(: 51, 3= 1.75,mean= 29.1429 MAP= 28.5714
0SS = i

b- |X_Atrue| if X_Atrue =0

-absolute loss with different penalties for over and under estimation,
minimized by a conditional quantile

0 if|A—Apue| <

Loss = A
1 if[ A= Aprue| = €

zero-one loss, minimized by

Prior,Lhd,Post

maximum a posteriori (MAP)

Loss = |X — Atrue |p-Lp loss

Loss = 1[|7\ - Atme| > e]-large deviation loss

a- (7‘ - Atrue)z if A Atrye <0

b- (X - Atrue)z if A— Atrue 2 0

-squared loss with different penalties for over and under estimation,

Loss =

|
|
|
1
1
I
|
|
|
I
1
1
|
|
|
|
1
|
I
|
|
|
I
1
1
|
|
|
|
1
1
|
|
|
|
I
|
T
|
|
|
|
|
|
|
|
|
!
T

minimized by weighted conditional mean 0 I ! ! ! !
~ 5 10 15 20 25 30 35 40 45 50
Loss = W(Agrye) * (A — Agrye)?-squared loss, minimized by weighted AtVexposure
conditional mean
Loss
. ~ _ Atrue
0 lf|7\ — Arue| < € MSEy g =
= — Huber €

X_Atruel —& if X_/’ltrue 20

— insensitive loss



Plots of Different Loss Functions

Loss = (A — Agye)?-squared loss, minimized by conditional
mean
A=Atrue)®

true

conditional mean
Loss = |A — Agye| -absolute loss, minimized by conditional
median

Loss = - normalized squared loss, minimized by

a- |§\\_/1true| if X_Atrue <0
b- P\_;{truel if }\_Atrue =0
-absolute loss with different penalties for over and under
estimation, minimized by a conditional quantile
0 if|A—Apue| <&
1 if|JA = Appue| > €
maximum a posteriori (MAP)
Loss = [A— )me|p—Lp loss
Loss = I[|7\ - /1mw| > s]-large deviation loss
a- (X - )‘true)z if A— Arye <0
b-(A— Atrue)z if A=Agrye =20
-squared loss with different penalties for over and under
estimation, minimized by weighted conditional mean
Loss = W(Agrye) * (A — Agpye)?-squared loss, minimized by
weighted conditional mean

Loss

Loss =

Loss = zero-one loss, minimized by

Loss =

_ 0 if[A = Aprue| < &
P\_)‘truel — £ if )\_Atrue =0

— insensitive loss

— Huber €

Loss

Loss Functions

3.5

25

1.5

0.5

Quadratic
—— Absolute
0/1
—_— Lp,p:1 2
Quadratic Normalized
Quadratic U/O
Huber




Bias-Variance Decomposition-Posterior Mean
Estimator (James-Stein)

ﬁprior ﬂ prior
N’
Eprior (/1)

B(hsl) = 11-81- () + 81 (57 ) = (5) - 81 <§ - g ) = 0)-[ede ] (5 7er)

_ ﬁprior
e+ .Bprior

< 1, Variance of Gamma is inversly proportional to B,

X X  Qprior
(E) ~ LBl (z - ﬁZrior >

N —r’
E prior @)

X
e

o Qi
prior prior
- Atrue - (B ' )‘true —B )

E[As|=E '
[ ]5] Bprior

=E[f]—B-E[

: |+B-

ﬁ prior

Bias

B(x./‘ta—l,e—l-ﬁ
r'(a)

aprior) Gamma(4; a,B) = ,a>0,>0,1€[0,00]

Bl'aS(/:{Js) =B- (Atrue - ﬂ ]
prior a

R " a
Bias(/l) = E[/l] — Atrue EA) = IE' Var(a) = B2

aprior

Bl.aS(/:{Js) =0 lf = Atrue
ﬁprior Bori Bpri

' ~ ' li B = prior _ _ limB = prior _ _
Blas(/ljs) =0ifB=0 B m e + Bprior gm0 e + Borior

prior—0




Bias-Variance Decomposition-Posterior Mean
Estimator (James-Stein)

Bias(1) = E[A] = Atrue

~ aA,ri .
Bias(/ljs) =B- (Atrue . Prwr> B = ,Bprlor <1
Bprior e+ ,Bprior

A X 1 1
E[/lMLE] =E [g] = EE[x] = E ) (Atrue ) e) = Atrue

Bias (/TMLE) =FE [/TMLE] — Aerue = 0



Bias-Variance Decomposition-Posterior Mean
Estimator (James-Stein)

ﬂ prior

N’
E prior @

R R e e R

X x x| _4 A A Apue (1 +B2—2-B
=Va7‘[—]+BZ-Var[—]—z-B-Var[_] _ Mrue | py Mrue o p Mrue | Atrue ( )
A ¢ € € € € e e
true
= . (1 - B)?
e . (1-B)
Atrue

A X 1 1
Var[Ayg] = Var [Z] = e—ZVar[x] = i (Atyye *€) =

Atrue B = lgprior

Atrue A
1 - B)2< Var|A = =
( ) [ MLE] e e+ ,Bprior

. <1
e

Var[1;s] =

Var[/:{js] = VaT[AAMLE] = /lt;ue , lf B=0 Var[j.],g] = O, lf B=1




Bias-Variance Decomposition-Posterior Mean
Estimator (James-Stein)

MSE]S = E[(Z]S - E[/Z]S])z] + (E[/:{]S] - Atrue)z

var(2) Bias(2)?
2 2
a .
true rior
MSE = .(1-B)?*+|B- </1true - ”—)
e ,Bprior
300 .
ar
250 Bias? /|
=BiasZ+ Ayyyri
—_MSEotMIE —Prior _ 33 3 CFUs/m?

Bprior

Atrue = 50 CFUs/m?

Var,Bias 2,Var+Bias2

2500 |
Var
Bias?
« 2000 - o
» MSE=Bias“+Var
@ ——MSE of MLE
[an]
% 1500 ¢
>
N
& 1000t
m..
@
>
500 -
0 ——
0 0.2 0.4 0.6 0.8 1
B
500 f
Var
—Bias?®
o 400 MSE=Bias?+Var
pa =———MSE of MLE
¢
§ 300 -
N
(2]
.© 200 =
m..
3
100 | /
0 1 I 1

0.05 0.1 0.15 0.2
B

aprior

= 2 CFUs/m?
Bprior

Atrue = 50 CFUs/m?

_ Bprior
e+ ﬁprior



Bias-Variance Decomposition-Posterior Mean
Estimator (James-Stein)

2
A o
MSEjs = t:‘e +(1-B)* + (B ' (Atrue - IBPT%W>>
prior

200 T T
—Var :
——— Riga? I Aprior 2
Bias | = 46.6 CFUs/m
Ny 150 MSE=Bias2+Var - Byrior
3 \ —— MSE of MLE !
g \ '
@ | Atrue = 50 CFUs/m?
=100 | |
N I
@ |
m |
[ |
g 50 |
|
|
—
0 A 1 |\L
0 0.2 0.4 0.6 0.8 1



Borrowing Information

A _ X Aprior \ _ (X X  @prior \ _ (X ,B'prior X  Oprior
E(As|x)=[1-B]-(>)+[B]- = (=)= [B]-[=- = (=) = |—2er (2o
e ,Bprior e e ﬁprior e e+ ,Bprior e ,Bprior
N—_——
Eprior(l)
300 -
: Var
: Bias?
CZ 1 —Ri 2+ /
DI = 33.3 CFUs/m? 250 | | —wseote *
ﬁprior :
|
~_ 200 '
Atrye = 50 CFUs/m? § :
£ |
g 150 | :
N(/) |
© '
m |
[ I
= 100 :
|
|
|
50
|
|
|
|
L




Bias-Variance Decomposition-Posterior Mean
Estimator (James-Stein). Shrinking towards zero

E[4s@)] = E

x x aprior x x
(E)_[B] E_ﬁ _ =E[E]_B'E[E]=/1true_(B'Atrue)
_prior Bias
0
% i _ Atrue .(1—B 2 . ;
ar[ ]S(O)] = o ( ) g X10 . ‘ ‘ ‘ 10 X10 ' ‘ ‘ .
——MLE y 0.002 ——MLE
— - Zero JS estimator e = V. - Zero estimator
Atrue , , | e =0.002 sl |
MSE]S(O) = o -(1-B)*+(-B- Atrue) B = 0.85 ol
w L
B 247 1 g
prior 4l
e+ lgprior 27 T ol
_ 2 . | | | ! | | .
Atrye = 50 CFUs/m 0o 200 400 600 800 1000 00 200 400 600 800 1000
Atrue,wexposure Atrue,wexposure

ﬁa_la—l_e—/bﬁ

Gamma(A; a, B) = @

,a>0,8>0,1€ [0,]



Optimal Parameter B

2
A Ay
MSE]S = t;ue : (1 - B)Z + (B ’ (ltrue - ﬂ)) 300

.Bprior : Var
250 | : Bias?
o | MSE=Bias?+Var
dMSE]S _ 0 @ : ———MSE of MLE
dB 3 |
= |
<\|8 :
Atrue @— :
B e s '
opt — b A 2
Atrue prior
e + Atrue




Bias-Variance for Different Priors
[ pior | B | Bas(d) | Varld) | st =2 - - 22

ﬁ rior
Jeffreys Gamma(0.5,0)- i éoef"[;“” <,1m e (W ’
improper prior 05 Byrior
Bprior) = e +pﬂpn'or <1
Uniform Gamma(1,0) xta x 1 1 0
e+ e e e i -
Max Entropy Gamma(1,1/p) plx+1) K ~ = i  MSE=Bastvar
e-u+1 e-put+l : i
Constrained Gamma(0.5, 2-u(x+0.5) K & |
noninformative 1/(2-u)) 2-e-u+1 2-e-u+1 o |
(CNI) = |
Gamma prior Gamma(a, B) X+a &

e+p e+p



Prior,Lhd,Post

Maximum A Posteriori (MAP) estimate

CFUs= 1,Exposure= 2,MLE= 0.5
I T T

Gamma prior,a= 3,3= 1.5,mean= 2
— Likelihood
Posterior,a= 4, 3= 3.5,mean= 1.1429, MAP= 0.85714

0.7

0.6~

o
3
T

N
~

o
w

0.2

0.1

A, 1/exposure

10

Epost (A]x)

Mode(A|x) =

MOde(iMAP|x) =

X+aprior—1 _

Xt+&prior—1

e+PBprior

e+ﬁprior

Bias(iMAP) =B (Atrue -

Bias(/’,{js) = B . (Atrue -

aprior

ﬁprior

aprior

ﬂprior

)

[ e
e+ﬁprior

E

J-(’%m[

1-B
e

X+ Xprior

Bprior
e+ﬁprior
—_—

B

It

Aprior

ﬁprior

)

=>1



Parameter Estimators

| Estimator | Bias | Varance | MSE | _B,optimal
MLE 0 N/A

Atrue Atrue
e e

Zero Aioes” 0 Aprse? N/A
EB-JS, zero B Aerue Af:*e - (1-B)? ’1"8”9 (1= B2+ (=B - drye)? e
prior mean Adrue 4 5 2

e
. A, 2 2
EB_JS B | Aderue — Zpror fue . (1 — B)2 Atrue . (1 —BZ+(B-(2 - —aprior tgue
ﬂprior e e ) true B - 7
prior Atrue + <A _ aprior)
e true Bprior

MAP

Clevenson-

Zidek (CZ)



Recovery Efficiency Model as Shrinkage

Estimator

(Atrue'e)x

x!

P(X = x|Atrye) =
E[X] = Atrue ‘e, Var[X] = /ltrue e

A X 7

AmLE = 2 ; Maximum Likelihood Estimation (MLE)  Ayip =

A X 1 1
EAmie] = E [g] = EE[x] = g ) (Atrue e) = Atrue

Atrue

A X 1 1
Var[Ayg] = Var [E] = ;Var[x] = Ay - €) =
Loss = [(Amie — Atrue)?], Squared dif ference

Risk = MSE = E[(iMLE — Atme)z],Mean Squared Error (MSE)

e—/ltrue'e' x=01,2,.., Atrue € (O, OO), ee (07 OO)

X+ €

e

X-CFU counts

A- bioburden density, CFUs/m?

e- exposure, pour ratio*area sampled, m?

0.03

0.025 1
0.02 |
L
0 0.015}
o
0.01r

0.005

O True \
O )\ MLEs |
—— PDF of MLE

0 50 100 150

A, 1/exposure



Recovery Efficiency (RE) and Measurement’s noise
(systematic and random errors)

x-CFU counts
A- bioburden density, CFUs/m?
e- exposure, pour ratio*area sampled, m?

gx1,1
q
2 Le)X
P(X = X|q . }\true) = 7((] tru'e ) e_q'ltrue'e,
(Atrue ) e)x —1 e X
P(X = xl}\true) :Te true’®, X=1,1’1’1’1
x=0,1,2,..., 240 € (0,00), e€ (0,0) >
N x +alfa p ]
MR = ﬁ ,assumes perfect recovery, (Perfect Recovery (PR) estimator) P X; 1; 1; 1
(p : Atrue ) e)x
A x—€e+alfa x P(X = Y = = Te 72 p-pheruee
Mg = P beto{ =g p, assumes partial recovery, (Recovery Ef ficiency(RE) estimator) ( X|p - Aerue) x! e

Ao = 0,assumes no recovery, (Zero estimator)

p-probability of keeping a CFU count (efficiency)
g=(1-p)-probability of deleting a CFU count (1-efficiency)

Risk = MSE = E[(1 — Aryue)?], Symmetric Mean Squared Error (MSE)



Bias and Variance of the RE estimator

X — &

E[Afe] = E|—

1 1
] - EE[X —e]= E (Atrue * €) —E(€) = Appue — Aerue "9 = Apre - (1 = Q) = Ay * 0

Bias [AMLE = Atrue = Airue * 4 — Airue = —Airue - 4

Var[)\MLE]—Var[— =—Var[x e]=VarH+VarH 2 - Cov(x 8)—/1“‘ +’1t Lq®—2- (E[f ax| _

e e e

et el U qE[]E[]) q_z(qE[ ] .
)= q—Zq( l()l (F)) =22 AR

Ateu =Atu (1+q2—2 qQ = Aurue -(1- Q)Z_T'PZ

Ay 2.,
MSEO\R LE) = Bias® +Var = ( Atrue q)z + % ) (1 - q)z = (_Atrue' (1 - p))z + teue ) pZ



\MISE of the Recover Efficiency for Symmetric
Penalty Function

SRE _ . 2 _ 2 true 2 2 true 2
MSEO\MLE) = Bias“ + Var = (_Atrue' q) + ‘ (1 - q) - (_Atrue' (1 - p)) + ’
A 1
APR __“Mrue _ 2
6 10° 25 4
35}
57 20+
3h
41 25+
15 .
10 15
ol i
= PR estimator, e= 0.002 1t
w7 ero estimator 51
i 1 05F
0 : : : : ; 0 : . : : 0
0 200 400 600 800 1000 1200 0 1 2 3 4 5 0 0.5 1 1.5 2
A A Atrue

true true

Zero estimator (p=0) will dominate PR estimator (p=1) up to the values of ... <1/e

true



\VISE of the Recovery Efficiency Model as a
Function of 4;,,.

~ A 1
MSE(Aifip) = Bias® + Var = (“Aue 0 + =07 (1= @) = (FAeruer (1= p))? + =05 p?

x10

10 100 ; 100
= PR estimator, e=0.25 PR ostimator. = 0.25
——— RE estimator, p=0.5 ,e= 0.25 ) T le=
8r 1 80 - Zero estimator 1 a0l ;::22?;:2?4 ,e=0.25
6f 1 60 60
4t ] 40+ g 40+
2 / = PR estimator, e= 0.002 1 20 B 20
——— RE estimator, p=0.5 ,e=0.002 / /
Zero estimator
0 : ‘ ‘ 0 -— ; ; 0" ; ;
0 500 1000 1500 2000 0 5 10 15 0 5 10 15
Mrue Atrue AMtrue
. . . . 1- . . .
RE estimator (0<p<1) will dominate PR estimator (p=1) up to the values of A¢pye < e((1—p;)' RE estimator will dominate Zero
estimator (p=0) for Agpye > ” (Zp—p) . In addition, for A¢pye < ﬁ , Zero estimator will dominate both RE and PR estimator



MSE

10000

8000

6000

4000

2000

0

\VISE of the Recovery Efficiency Model as a
Function of p for swab exposure

5
15 Ll 4210
1 35
e PR estimator, A =20 €= 0.002 e PR estimator, A =300 6= 0.002
s RE estimator, A, =20 &= 0.002 s RE estimator , Atrue™ 300 ,e=0.002
L Zero estimator, )\‘me= 20 4 Zero estimator, A'me: 300 3
9 1 B e PR estimator, A =600 = 0.002
= = e RE estimator , A, = 600 €= 0.002
1 25¢ Zero estimator, X =600
true
r 1 2
‘ 05 15 | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
p, probability of recovery p, probability of recovery p, probability of recovery
x10°

s PR estimator, A, =2000 e=0.002
e RE estimator , A
true’

Zero estimator, A, = 2000

=2000 ,e= 0.002

0 0.2

0.4 0.6 0.8
p, probability of recovery

MSEQARE ) = Bias? + Var = (— 20 9)% +

Atrue
e

MSE

0.8

0.6

0.4

A-q) = (e (1 — p))z +

x10°
s PR estimator, )\‘me:1200 ,e=0.002
e RE estimator, A | = 1200 ,e= 0.002
Zero estimator, A = 1200
rue’
0 0.4 0.6 0.8

p, probability of recovery

Atrue 2




Bias-Variance Decomposition of the RE
estimator

MSE

MSE

x10°
10000 15
8000 s PR estimator, A =300 = 0.002
mmmmm PR estimator, \ =20 ,e= 0.002 true’
‘true’ e RE estimator , A =300 ,e= 0.002
e RE estimator , «\‘ =20 ,e=0.002 true
e Zero estimator, A\ =300
6000 Zero estimator, A'me: 20 'true
— — 2 o)
—W—SOO CFUs/m 21
4000 )
2000
0 I 05 . . . .
0.2 0.4 0.6 0 0.2 0.4 - 0.6 0.8
p, probability of recovery p, probability of recovery
4
10000 . . . . 15 210
2 e Bis?, =300 €= 0.002
mes Bias®, A, =20 ,e= 0.002 rue
true’ Variance ,\ =300 ,e=0.002
8000 Variance , A, =20 ,e= 0.002 frue
true’ s MSE, )\ =300
m— MSE, A, =20 true’
true
10
6000 B
w
0
=
4000
5
2000 B
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

p, probability of recovery p, probability of recovery



\VISE of the Recovery Efficiency Model as a
Function of p for wipe exposure

400 : ; a0t ‘ * The RE estimator is a compromise between perfect recovery

v v 9 v v
— PR es(?mator. )\WEZZO e=0.25 sl PR estimator, /\"ue:300 .e=0.25 1 estimator and Zero estimator
350 e RE estimator , A, = 20 ,e=0.25|1 m— RE estimator , A = 300 ,e=0.25
Zero estimator, AWSZZO 7 Zero estimator, Mrue™ 300 . . . .
300 . * RE estimator (O<p<1) V\EI1|| d)ommate PR estimator (RE=1,p=1) up to
-p
I the values of A <
w 250 wSp true e-(1-p)
= 200 24 . . . .
Al * The degree of domination is a function of pand e
150
- : * For small e=0.002 (swab), and small A, , the domination is
_— ! guaranteed for any value of efficiency p.
50 . . . . 0
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 . N . . . .
p. probabilty of recovery p. probabilty of recovery * As\,, increases, MSE (ARE )shows a minimal value which is
reached for optimal p
* For further increase in A, the optimal value still exists , however
3 there a minimal value of p below which the RE estimator no
SRE N _ 2 MMrue 5 longer dominates the PR estimator
MSEAffig) = (—Aerue (1 —P))* + = &

* For large e20.25, the influence of recovery efficiency is
significantly more prominent (decisive actually) as even for small
A , the efficiency needs to be nearly 1 to approach the PR
estimator

* The RE estimator performs as a shrinkage estimator, as it shrinks
variance of the estimate at the expense of introducing bias

* This may lead to a better estimate that the perfect recovery
estimator



/ero Estimator vs MLE

CFU
}\true =10 W

CFU
L = (0 — Apye)?= (0 — 10)2= 102 = 100; v/100 = 10 —

— 400 CFUs
0.0025 m2 m2

A=

CFU
L = (400 — Aspye)?= (400 — 10)%= 3902 = 152100; V152100 = 390 —

Im

b 10 390

L 10 390+390 10_1 39+39 1_39+39_39+39_78 195CFU
~ 400 400 4 4 R m2




Technical Update Briefing Outline

* Selection of the cost function for estimating bioburden density
* Design of sampling strategies for estimating bioburden density
e Bayesian risk for different estimators

* Integration of efficiency model in Bayesian bioburden density
estimation model



Risks of the Deterministic Estimator

(Atrye - €)% .

e —Atrueex
x!

RiSkFreq (Atrueri(x)) = Z(X(x) - Atrue)z :
x=0

) Arye ") C
RLSkFreq (Atrue' d ) = Z(d - Atrue)z ' tru;i' e AtrueeX — Z d— Atrue) POlsson(xMtrue) - Z(dZ —-2-d- Atrue + Atrue ) POlsson(xMtrue) -
x=0 ' x=0

= Z - Poisson(x|Agrye) — 2+ d + Agrye * Z Poisson(x|A¢rye) + ltrue Z Poisson(x|Agrye) = d* — 2+ d * Agye + Atrue =(d- Atrue)z
x=0

x=0 x=0

x=0

Ri5k17lt(/1true' d ) = f (d - )ltrue)z : Gamma()ltrue |a' ﬁ)dltrue :f (dz —-2-d- Atrue + Atruez) ' Gamma(ltruela' B)dltrue =
0 0
= f d* - Gamma(Agryele, B)dAgrye — 2+ d f Atrue - GammaAgrye |, f)dAprye + f Atruez - Gamma(Aryela, B)dArye =
0 0 0

_dz_z.d.mﬂ_[d_z]Zi
- AR I

2 a, ya-1 _7\ rue'B
E(Atruez) = Var(;{true) + [E(Atrue)]2= 12 + [g] Gamma()ttruela,ﬁ) = B }‘true :
B B I'(a)



Risks of the Deterministic Estimator

N A -ex)*
RiSkFTC‘CI (ltrue' d ) = Z(d - )Ltrue)z ° M .

X! e~ Mrueex = Z(d - Atrue)z ' POisson(xMtrue) = Z(dz -2-d- Atrue + Atruez) ' POisson(xMtrue) =

x=0 x=0 x=0

= Z d? - Poisson(x|Agrye) = 2+ d * Adgyye * Z Poisson(x|A¢rye) + Atruez : Z Poisson(x|Agye) = d* = 2 d + Agye + Atruez =(d- Atrue)z
x=0 x=0

x=0

(00}

Riskint(Agrye,d ) = f d- Atrue)z - Gamma(Aepyela, B) =f (dZ —2-d-dgye + Atruez) cGamma(Agyela, B) =
0 0

= f d? - GammaAgryela, ) —2 - d f Atrue - Gamma(Agryela, B) + f Atruez - Gamma(Agyela, B) =
0 0 0
B B? Bl B?
RiSkBayes(ltruer d ) = f (d - Atrue)z : Gamma(ltruela: .B) =f (d2 -2-d- Atrue + Atruez) : Gamma(ltruela: ﬁ) =
0 0
= f d? - Gamma(Agryela, ) — 2 - d f Atrue - Gamma(Aryela, B) + f Atruez - Gamma(Agyela, B) =
0 0 0

_dz_z.d.zﬂ”z-[d_z]li
- B Bz Bl  B*




