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 a b s t r a c t

The rate for 𝜇 → 𝑒 conversion in nuclei is set to provide the most stringent test of lepton-flavor symmetry and 
a window into physics beyond the Standard Model. However, to disentangle new lepton-flavor-violating inter-
actions, in combination with information from 𝜇 → 𝑒𝛾 and 𝜇 → 3𝑒, it is critical that uncertainties at each step of 
the analysis be controlled and fully quantified. In this regard, nuclear response functions related to the coupling 
to neutrons are notoriously problematic, since they are not directly constrained by experiment. We address these 
shortcomings by combining ab initio calculations with a recently improved determination of charge distributions 
from electron scattering by exploiting strong correlations among charge, point-proton, and point-neutron radii 
and densities. We present overlap integrals for 27Al, 48Ca, and 48Ti including full covariance matrices, allowing, 
for the first time, for a comprehensive consideration of nuclear structure uncertainties in the interpretation of 
𝜇 → 𝑒 experiments.

1.  Introduction

One of the frontiers of contemporary particle physics is the search 
for physics beyond the Standard Model (BSM) in low-energy precision 
observables. Among the most promising probes are observables that test 
so-called accidental symmetries of the SM, such as the conservation of 
lepton flavor or baryon number, as these are not based on fundamen-
tal principles, and BSM extensions may well violate these symmetries. 
While the mere observation of these processes would thus already con-
stitute a BSM signal, a rigorous theoretical description is critical to be 
able to draw conclusions on possible BSM scenarios, and in many cases 
the most critical aspects concern the hadronic and nuclear matrix ele-
ments, forming the bridge between the fundamental degrees of freedom 
and the actual observables.

Lepton-flavor-violating (LFV) processes are particularly attractive, 
since they are forbidden in the SM apart from tiny corrections due to 
neutrino oscillations, yielding rates at the level of (10−50). The cur-
rent leading limits on the purely leptonic channels are on muon de-
cays to electrons, with Br[𝜇 → 𝑒𝛾] < 4.2 × 10−13 [1] and Br[𝜇 → 3𝑒] <
1.0 × 10−12 [2] (here and below at 90% confidence level). These lim-
its are set to improve at MEG II [3] and Mu3e [4], respectively (and 
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potentially beyond [5]). In this Letter, we consider the process 𝜇 → 𝑒
conversion in nuclei, in which a muon bound in an atom converts into 
an electron in the Coulomb field of the nucleus, and then is ejected with 
the energy converted from the muon mass. The current best limits are 
given by the SINDRUM-II experiment as 

Br[𝜇 → 𝑒,Ti] < 6.1 × 10−13,

Br[𝜇 → 𝑒,Au] < 7 × 10−13, (1)

measured on titanium [6] and gold targets [7], respectively.1 These lim-
its are set to improve by up to four orders of magnitude at the upcoming 
experiments Mu2e [10] and COMET [11] using aluminum targets, mak-
ing this process the most stringent test of LFV to date, especially for BSM 
scenarios in which the LFV is mediated by interactions involving quark 
degrees of freedom [12]. These prospects strongly motivate the devel-
opment of a robust theoretical description of 𝜇 → 𝑒 conversion in nuclei. 
Given the vastly different scales in the problem, ranging from the BSM 

1 Conventionally, these limits are normalized to muon capture [8]. The earlier 
limit Br[𝜇 → 𝑒,Ti] < 4.3 × 10−12 [9] is superseded by Ref. [6] as the final result 
from the SINDRUM-II experiment.
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scale down to the nuclear scale, this is most efficiently achieved using 
effective field theory (EFT).

2.  EFT approach to 𝝁 → 𝒆 conversion in nuclei

In EFT, 𝜇 → 𝑒 conversion in nuclei is described in terms of effec-
tive LFV operators defined at the BSM scale. One must then account for 
all the different scales that play a role as these operators are evolved 
down to the nuclear scale [13–27]. To this end, first renormalization 
group corrections need to be considered for the evolution to the lower 
scales [28–30]. Then hadronic matrix elements turn the quark-level in-
teractions into hadronic ones, and nuclear matrix elements account for 
the strong-interaction effects of embedding the nucleons into the atomic 
nucleus. Finally, Coulomb corrections need to be considered, which 
characterize the influence of the potential of the nucleus on the initial 
bound-state muon and the ejected electron. Using such a framework 
and combining it with complementary information from 𝜇 → 𝑒𝛾 and 
𝜇 → 3𝑒, it becomes possible to disentangle different underlying sources 
of LFV [31–34].

Robustly drawing conclusions regarding the underlying LFV interac-
tions from such limits requires uncertainties to be controlled and quan-
tified at each step of the theoretical description, notably also for the 
hadronic and nuclear matrix elements and the Coulomb corrections. The 
nuclear response functions are particularly intricate, especially those re-
lated to the couplings to neutrons as they are not directly constrained 
by experiment. Only recently, direct insights into neutron densities of a 
few selected nuclei became available via parity-violating electron scat-
tering (PVES) [35–37]. In this Letter, we address the shortcomings of 
previously unquantified uncertainties for the nuclear structure input by 
predicting and exploiting strong correlations among charge, proton, and 
neutron matrix elements from ab initio calculations using the in-medium 
similarity renormalization group (IMSRG) [38–42] with state-of-the-art 
interactions from chiral EFT [43–47].

The leading contributions to 𝜇 → 𝑒 conversion originate from scalar, 
vector, and dipole interactions, which couple in a spin-independent (SI) 
way to the nucleus and thus show a coherent enhancement with the 
number of nucleons in the nucleus. The SI 𝜇 → 𝑒 conversion rate is con-
ventionally expressed in terms of so-called overlap integrals [13], la-
beled as 𝑆(𝑁), 𝑉 (𝑁), and 𝐷, with 𝑁 = 𝑛, 𝑝, according to 

BrSI𝜇→𝑒 =
4𝑚5
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2
, (2)

with the muon capture rate Γcap and where 𝐼𝑖 runs over all overlap in-
tegrals. These overlap integrals, which connect the underlying physics 
contained in the prefactors 𝐶̄𝐼𝑖

𝑌  (given as a combination of Wilson coef-
ficients and hadronic matrix elements [21], see Supplementary Material 
for explicit expressions) to the decay rate, are the central objects of this 
study.

Obtaining fully quantified ab initio uncertainties for these overlap 
integrals is challenging, given the direct sensitivity to proton 𝜌𝑝, neu-
tron 𝜌𝑛, or charge distributions 𝜌ch [see Eq. (3) below]. Furthermore, 
due to Coulomb distortions of the lepton wave functions, uncertainties 
in the nuclear charge distribution 𝜌ch also propagate in an indirect way. 
The latter aspect was recently addressed by an improved extraction of 
charge distributions from elastic electron–nucleus scattering including 
statistical and systematic uncertainty estimates and correlations [24]. 
Using these results, quantified uncertainties for the dipole overlap inte-
grals 𝐷 for the nuclei considered could already be provided, as 𝐷 is fully 
determined by the charge distribution. In this Letter, we now address the 
uncertainties originating from the proton and neutron distributions 𝜌𝑝
and 𝜌𝑛, necessary for 𝑆(𝑁), 𝑉 (𝑁) and the correlations among the various 
overlap integrals.

We focus on the isotopes 27Al, to be used in the upcoming Mu2e and 
COMET experiments, and 48Ti, with 73.72% by far the most abundant 
titanium isotope and thus relevant for the previous SINDRUM-II exper-
iment. In addition, we consider 48Ca, which is a valuable benchmark 

for nuclear structure calculations [48,49], is relevant in the context of 
PVES [37], and whose charge distribution was measured precisely in 
electron scattering experiments.

3.  Ab initio calculations

Ab initio calculations of nuclei are now able to simulate systems as 
heavy as 208Pb [46,47,50–52], provide a global description of medium-
mass nuclei including deformation [42,53–55], and compute nuclear 
responses necessary for a microscopic description of fundamental inter-
actions in nuclei [56–61]. We employ nuclear forces from chiral EFT 
rooted in quantum chromodynamics (QCD) [62,63]. Such forces are in-
herently uncertain due to truncations in the EFT, unknown short-range 
couplings that must be fit to data, and residual regularization scale and 
scheme dependence. To systematically explore this uncertainty, we con-
sider a large ensemble of Hamiltonians consisting of nucleon–nucleon 
(NN) and three-nucleon (3N) potentials that differ in their construction 
within chiral EFT, their regularization scale, and how they are fit to data. 
These include Hamiltonians fit only to two-, three-, and four-nucleon 
systems [43], Hamiltonians additionally optimized to bulk properties of 
medium-light nuclei and nuclear matter [44,45,47], and an ensemble of 
Hamiltonians constructed using a history matching procedure based on 
two- through four-nucleon systems and 16O [46].

We compute the structure of nuclei by solving the many-body 
Schrödinger equation using the IMSRG [38,39]. The IMSRG solves for 
a unitary transformation of the Hamiltonian 𝑈 = 𝑒Ω to either directly 
decouple the ground state from its excitations or alternatively to de-
couple a core and valence space from the rest of the Hilbert space 
via the valence-space IMSRG (VS-IMSRG) [40,41], leaving a prob-
lem that can be solved using shell-model techniques. We truncate our 
(VS-)IMSRG calculations at the level of normal-ordered two-body op-
erators, the (VS-)IMSRG(2), an approximation that has been demon-
strated to be very reliable for ground-state properties of medium-mass 
nuclei [39,49,69]. All our calculations are performed in an optimized 
hybrid Hartree–Fock and natural orbital basis following the construc-
tion of Ref. [49], expanded in a basis of 15 major harmonic oscillator 
shells (with harmonic oscillator frequency ℏ𝜔 = 16 MeV) before being 
truncated to an effective model-space size of 11 major shells. We find 
the effects of relaxing this truncation to be negligible, indicating that 
our calculations are converged with respect to model-space size.

Ground-state expectation values of other operators are computed 
consistently by applying the same unitary transformation. We compute 
charge radii based on the point-proton radius operator and the spin-
orbit correction [48,49], and we compute the nuclear responses using 
the 𝑀𝑝∕𝑛 and Φ′′

𝑝∕𝑛 multipole operators from Refs. [61,70,71]. Both our 
radius operators and our responses are made translationally invariant 
through consistent center-of-mass corrections [48,72,73], meaning the 
densities computed as Fourier transforms from our responses give the 
same ⟨𝑟2⟩ values as the expectation values of our radius operators. More 
details on the many-body calculations are provided in Appendix B.

4.  Overlap integrals

The overlap integrals in Eq. (2) can be expressed as

𝐼0 ≡ 𝐷 = − 4
√

2 𝑚3∕2
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∞

0
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2
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2
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∞

0
d𝑟𝜌𝑁 (𝑟) 𝑣(𝑟), (3)

where 𝜌𝑁 (𝑟) refers to the proton/neutron distribution normalized to 1, 
with #𝑁 = 𝑍,𝐴 −𝑍 for 𝑁 = 𝑝, 𝑛, respectively, and we put the electron 
mass 𝑚𝑒 to zero (see Ref. [24] for overlap integrals with finite 𝑚𝑒). 𝐸(𝑟)
denotes the electric field of the nucleus, which can be calculated based 
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Fig. 1. Correlations between ⟨𝑟2⟩ch and the overlap integrals from Eq. (3) using 
the IMSRG (specifically VS-IMSRG for 27Al, 48Ti) based on a representative set 
of chiral Hamiltonians (see Appendix A for details). The shell-model results, 
based on Refs. [21,64–68], are shown for comparison and are not included in 
the correlation analysis.

on the charge distribution 𝜌ch, and 𝑠(𝑟), 𝑣(𝑟), 𝑑(𝑟) are combinations of 
the radial parts of the muon and electron wave functions, which are 
obtained by numerically solving the Dirac equation with a radial po-
tential given by the electric field. Explicit expressions are given in the 
Supplementary Material and Refs. [24,25].

Direct calculations of these overlap integrals are challenging, espe-
cially for the neutron responses involving 𝜌𝑛, as phenomenological ap-
proaches employ uncontrolled approximations and current ab initio cal-
culations have considerable uncertainties due to the EFT truncation of 
the Hamiltonian. In ab initio calculations, however, these uncertainties 
are controlled and understood to be strongly correlated in related ob-
servables [48,49,57], which we leverage by computing the structure of 
27Al, 48Ca, and 48Ti for a broad set of chiral EFT Hamiltonians. We find 
strong correlations among charge, point-proton, and point-neutron dis-

Table 1 
Overlap integrals as a result of the correlation 
analysis in Fig. 1. The values for the dipole over-
lap integral 𝐷 are taken from Ref. [24] with the 
therein quoted total uncertainty. For the other 
overlap integrals, the first uncertainty component 
quantifies the remaining nuclear structure uncer-
tainties based on the correlation, see Appendix C, 
and the second one is propagated from the refer-
ence charge radius squared [24].

𝐼𝑖  This work/[24]  [13]

27Al

𝐷 0.0359(2) 0.0362
𝑆 (𝑝) 0.01579(2)(19) 0.0155
𝑆 (𝑛) 0.01689(5)(21) 0.0167
𝑉 (𝑝) 0.01635(2)(18) 0.0161
𝑉 (𝑛) 0.01750(5)(21) 0.0173

48Ca

𝐷 0.07479(10)  –
𝑆 (𝑝) 0.03265(03)(16)  –
𝑆 (𝑛) 0.04250(34)(25)  –
𝑉 (𝑝) 0.03483(02)(16)  –
𝑉 (𝑛) 0.04561(34)(24)  –

48Ti

𝐷 0.08640(11) 0.0864
𝑆 (𝑝) 0.03742(05)(5) 0.0368
𝑆 (𝑛) 0.04305(25)(6) 0.0435
𝑉 (𝑝) 0.04029(04)(5) 0.0396
𝑉 (𝑛) 0.04646(24)(5) 0.0468

tributions [48,57] and exploit these to obtain robust results for the scalar 
and vector overlap integrals. As a reference point, we employ the charge 
densities 𝜌refch  and resulting charge radii squared ⟨𝑟2⟩refch  as extracted from 
elastic electron scattering in Ref. [24].

Fig. 1 shows these correlations between the scalar and vector over-
lap integrals and the charge radius squared for the three isotopes con-
sidered. In each case, a very clear linear relation is observed. For the 
proton overlap integrals 𝑆(𝑝), 𝑉 (𝑝), the strong correlation is expected: 
the point-proton density that enters Eq. (3) is very closely related to the 
charge density, so 𝑆(𝑝), 𝑉 (𝑝), and ⟨𝑟2⟩ch are each computed as weighted 
integrals involving nearly the same densities. For this reason, we also 
find strong correlations between 𝑆(𝑝) and 𝑉 (𝑝) in Appendix C. The strong, 
but slightly more uncertain correlations between ⟨𝑟2⟩ch and the neutron 
overlap integrals 𝑆(𝑛), 𝑉 (𝑛) have a more nontrivial origin. Neutron and 
proton densities in nuclei are related through nuclear matter saturation 
properties of nuclear forces [44,74]. Moreover, nuclear forces from chi-
ral EFT themselves are constrained by the symmetries of QCD and the 
optimization to nucleon-nucleon scattering data [62,63], limiting how 
much the proton and neutron densities in nuclei can be varied indepen-
dently (within EFT truncation uncertainties).

We fit each correlation with a simple linear regression according to 

𝐼𝑖
(

⟨𝑟2⟩ch
)

= 𝑚𝑖

(

⟨𝑟2⟩ch − ⟨𝑟2⟩refch
)

+ 𝑏𝑖. (4)

We shift the 𝑥-axis to be centered around the reference charge radius 
squared in such a way that 𝐼𝑖

(

⟨𝑟2⟩refch
)

= 𝑏𝑖 and the influence of the cor-
relation between 𝑚𝑖 and 𝑏𝑖 on the result is minimized. We propagate 
uncertainties based on the input charge radius squared as well as the 
fit residuals. We find that the fit residuals, which are due to uncorre-
lated Hamiltonian and many-body uncertainties in our nuclear struc-
ture calculations, appear approximately normally distributed, and for 
this reason we estimate their uncertainty based on their standard devi-
ation. Additionally, we tested our model-space and many-body uncer-
tainties by performing calculations in larger model spaces and using the 
IMSRG(3)-𝑁7 truncation [49,75], respectively, for a few Hamiltonians 
in 48Ca and found that these results also lie perfectly within our estab-
lished correlations. Based on the extracted charge radii from Ref. [24], 
we find for the overlap integrals the values in Table 1, reasonably con-
sistent with the results from Ref. [13], but, crucially, including explicit 
uncertainty estimates.
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Table 2 
Total correlations among the different overlap integrals as a com-
bination of the propagated correlations from the observed correla-
tions among the fit residuals and the reference charge density. The 
number of digits quoted does not represent precision but is cho-
sen for reproducibility such that the eigenvalues of the correlation 
matrix remain non-negative.

27Al

𝐷 𝑆 (𝑝) 𝑆(𝑛) 𝑉 (𝑝) 𝑉 (𝑛)

𝐷 1.0000 0.7205 0.7030 0.7210 0.7028
𝑆(𝑝) 1.0000 0.9656 1.0000 0.9645
𝑆(𝑛) 1.0000 0.9664 1.0000
𝑉 (𝑝) 1.0000 0.9654
𝑉 (𝑛) 1.0000

48Ca

𝐷 𝑆 (𝑝) 𝑆(𝑛) 𝑉 (𝑝) 𝑉 (𝑛)

𝐷 1.0000 0.8938 0.5295 0.8956 0.5272
𝑆(𝑝) 1.0000 0.6125 0.9999 0.6089
𝑆(𝑛) 1.0000 0.6120 0.9999
𝑉 (𝑝) 1.0000 0.6085
𝑉 (𝑛) 1.0000

48Ti

𝐷 𝑆 (𝑝) 𝑆(𝑛) 𝑉 (𝑝) 𝑉 (𝑛)

𝐷 1.0000 0.4657 0.1169 0.5003 0.1163
𝑆(𝑝) 1.0000 0.1118 0.9991 0.0916
𝑆(𝑛) 1.0000 0.1176 0.9997
𝑉 (𝑝) 1.0000 0.0978
𝑉 (𝑛) 1.0000

We also determine the correlations among the different overlap inte-
grals with respect to both uncertainty components given in Table 1. For 
the uncertainties due to the distributions of the residuals in the corre-
lation, we calculate the pairwise correlation between two residual dis-
tributions. For the uncertainties due to the charge radius, we propagate 
the correlations of the parameters of 𝜌ch, which allows us to quantify the 
correlations with the dipole overlap integrals as well. Since for 𝑖 = 1–4
the overlap integrals are all linearly dependent on the same charge ra-
dius squared ⟨𝑟2⟩ch, the overlap integrals 𝐼1 to 𝐼4 are pairwise maximally 
correlated for the latter uncertainty component. Table 2 shows the com-
bined correlations of both components, clearly displaying the stronger 
correlations between charge and proton responses and weaker but still 
sizable correlations between them and the neutron responses. Since the 
total correlations are a weighted combination of the two uncertainty 
components, the absolute value of the correlation is strongly dependent 
on their relative size. If the propagated input uncertainties dominate as 
in 27Al, the correlations are significantly stronger than in cases in which 
the fit uncertainties dominate as in 48Ti, since those are statistically more 
independent.

5.  Neutron skin

Our work allows us to predict weak scattering in nuclei in a con-
trolled and precise way. To test our predictions against existing weak-
scattering data, we exploit the same correlations among the charge 
radius squared and the point-proton, point-neutron, and weak radius 
squared to extract values for these radii based on the input radius ⟨𝑟2⟩refch
from Ref. [24]. We compare the resulting neutron and weak skin thick-
ness to the results from the PVES experiments 𝑄weak on 27Al  [36] and 
CREX on 48Ca [37] as shown in Table 3. We find mostly consistent val-
ues with some very slight tensions, which mostly trace back to different 
input values for the charge radius. We also compare to the correlation 
analysis of Ref. [48], which shows good consistency despite a much 
smaller set of chiral interactions and the use of a large proton radius 
in the conversion between charge and point-proton radii [71]. We em-
phasize that through the use of a large ensemble of Hamiltonians and a 
detailed correlation analysis including also many-body uncertainties we 

Table 3 
Neutron and weak skin calculated as the difference between the respective 
radii that were correlated to the charge radius (for individual radii and the 
results for 48Ti see Supplementary Material). We also considered correlat-
ing the radius differences directly, leading to identical central values, but a 
reduced sensitivity to the reference charge radius. We further provide the 
charge and weak form factor at the momentum transfer used by the respec-
tive PVES experiments 𝐹 exp

ch,w = 𝐹ch,w(𝑞exp) with 𝑞exp = 0.87335(58) fm−1[37] 
for 48Ca and 𝑞exp = 0.77802(33) fm−1[36] for 27Al. The uncertainties prop-
agated from the spread in the momentum are not listed in the table, but 
amount to roughly 0.0005 for CREX and 0.0004 for 𝑄weak in the quoted 
weak form factors. In all cases the first uncertainty component quantifies 
the remaining nuclear structure uncertainties based on the correlation, see 
Appendix C, and the second one is propagated from the reference charge 
radius squared [24].

 This work/[24]  References

27Al

𝑟n − 𝑟p [fm] 0.021(09)(46) −0.04(12)  [36]
𝑟w − 𝑟ch [fm] 0.023(10)(44) −0.04(15)  [36]
𝐹 exp
ch 0.3665(45) 0.382(12)  [36]

𝐹 exp
w 0.3614(23)(46) 0.393(38)  [36]

48Ca

𝑟n − 𝑟p [fm] 0.152(17)(15)
[0.12, 0.15]  [48]
0.121(26)(24)  [37]

𝑟w − 𝑟ch [fm] 0.191(18)(15) 0.159(26)(23)  [37]
𝐹 exp
ch 0.15603(55) 0.1581  [37]

𝐹 exp
w 0.1171(28)(5) 0.1304(52)(20)  [37]

improve upon past work and are able make substantially more precise 
predictions for weak-scattering properties. This can further refine the 
analysis and interpretation of PVES experiments.

PVES experiments measure the left–right asymmetry [35–37], which 
becomes proportional to the weak form factor at the respective momen-
tum transfer only in the plane-wave limit, while a rigorous extraction 
requires the consideration of Coulomb corrections. As the weak density 
is not fully known, this inevitably introduces some model dependence. 
For this reason, we also consider the direct correlation between charge 
and weak form factor at the momentum transfer of the experiment, using 
as reference value the form factor calculated via the charge distribution 
from Ref. [24]. The resulting values are also listed in Table 3, together 
with the respective results from 𝑄weak and CREX.

For 27Al our result is roughly 8% smaller than the experimental one, 
which is amply covered by the ≃ 10% uncertainty on the experimental 
value and can be attributed, to a large part, to the smaller charge form 
factor used as input. For 48Ca the difference is a bit larger and the exper-
imental uncertainty is significantly smaller, such that at face value we 
see a tension around 2𝜎. However, part of the tension again originates 
from different input for the charge form factor. Further, if we calculate 
the left–right asymmetry (including Coulomb corrections) based on our 
reference charge density and the extracted weak density (see Supple-
mentary Material for details), we find an asymmetry that comes signifi-
cantly closer to the experimental result, reducing the mismatch to about 
1𝜎. This observation suggests that the result for the weak form factor as 
extracted by CREX might depend more strongly on the details of the 
calculation of the Coulomb corrections than assumed in Ref. [37].

6.  Conclusions

In this work, we calculated the overlap integrals for 𝜇 → 𝑒 conversion 
in nuclei corresponding to the leading SI responses using ab initio meth-
ods, providing, for the first time, robust uncertainty estimates including 
correlations among the different integrals. To this end, we explored cor-
relations among the overlap integrals and the nuclear charge radius for 
the phenomenologically most relevant isotopes 27Al and 48Ti as well as 
48Ca, the latter allowing for validation against previous work and data 
from PVES. As our main result, see Fig. 1, we observe that tight cor-
relations exist even for the neutron responses, covering both a variety 
of chiral Hamiltonians and many-body uncertainties. We exploit these 
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correlations to control for common systematic uncertainties in our calcu-
lations, providing much more stringent constraints on neutron densities 
and related observables than in previous work. This is to be contrasted 
with a probabilistic treatment of systematic uncertainties [46,76–78], 
which would require conditional error modeling to properly account 
for the correlated nature of these uncertainties. We are additionally 
able to model the remaining uncertainties in the correlation analysis 
in an approximate statistical way. This makes it now possible to prop-
agate nuclear uncertainties in the evaluation of the 𝜇 → 𝑒 conversion 
rate in Eq. (2), crucial for any robust assessment of the sensitivity to 
different underlying LFV mechanisms. Similar strategies will allow for 
improved calculations of nuclear matrix elements for PVES, coherent 
neutrino–nucleus scattering [79,80], and the direct detection of dark 
matter [81,82].
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Appendix A.  Ensemble of nuclear Hamiltonians

We use an ensemble of Hamiltonians with NN and 3N potentials 
from chiral EFT in our (VS-)IMSRG calculations to explore EFT trun-
cation uncertainties. The Hamiltonians we employ vary in their trunca-
tion order, their regularization cutoff scales, details of their EFT con-
struction, and how they are fit to data. All Hamiltonians are fit to NN 
scattering data, deuteron properties, and properties of few-body sys-
tems with 𝐴 ≤ 4, but some are optimized against additional constraints. 

Table A4 
Nuclear Hamiltonians from chiral EFT used in this work and in Fig. 1. Regula-
tor cutoffs are given in MeV. SRG resolution scales 𝜆 are given in fm−1 where 
relevant. Hamiltonians optimized to 𝐴 > 4 are generally fit to ground-state 
energies and charge radii of 16O, but occasionally also selected ground-state 
energies and charge radii of other nuclei such as 14C and 22,24,25O.

Name Ref.
 Order, Cutoff

𝜆
 Optimized

 NN  3N  to 𝐴 > 4?

 1.8/2.0 (EM)
[43] N3LO, 500 N2LO, 394

1.8

No
 2.0/2.0 (EM) 2.0
 2.2/2.0 (EM) 2.2
 2.0/2.0 (PWA) 2.0

 1.8/2.0 (EM7.5)
[47]

N3LO, 500
N2LO, 394 1.8

Yes 1.8/2.0 (sim7.5) N2LO, 550 1.8

NNLOsat  [44] N2LO, 450 N2LO, 450  –  Yes
ΔNNLOGOb  [45] N2LO, 394 N2LO, 394  –  Yesa
 34 samples

[46] N2LO, 394 N2LO, 394 – Yes from Hu et al.b
a Fit to nuclear matter properties.
b Explicit inclusion of Δ isobars in EFT construction.

Fig. A2. Residual distribution for the 𝑆(𝑛) overlap integral of 27Al. The dark 
(light) region marks the residual values that are in (outside) 68% of the closest 
residuals to zero.

The long-range parts are constrained using low-energy constants (LECs) 
determined from pion–nucleon scattering [83–85]. Furthermore, some 
Hamiltonians are transformed to lower resolution scales using the sim-
ilarity renormalization group (SRG) [86], making them more perturba-
tive and amenable to many-body calculations.

An overview of all 42 nuclear Hamiltonians we use is given in Ta-
ble A4 [43–47]. They are generally at next-to-next-to-leading order 
(N2LO), but selected Hamiltonians have NN interactions at one order 
higher, N3LO. The Hamiltonians from Refs. [45,46] explicitly include Δ
isobars in their chiral EFT construction. Regulator cutoffs range from 394
to 550 MeV, and low-resolution Hamiltonians with SRG resolution scales 
from 𝜆 = 1.8 to 2.2 fm−1 are explored. The 34 interactions of Ref. [46] are 
samples from distributions of LECs determined through a history match-
ing procedure comparing against NN scattering data, deuteron proper-
ties, ground-state energies and charge radii of few-body systems with 
𝐴 ≤ 4, and the ground-state energy and charge radius of 16O, captur-
ing the Hamiltonian uncertainty through uncertainties in the underlying 
LECs.2 The broad range of Hamiltonians we consider allows us to probe 
many aspects of the chiral EFT truncation uncertainty, and the strong 
correlations we find apply to all interactions, indicating that exploit-

2 For our calculations of 27Al, we find that six of the 34 samples from Ref. [46] 
give unphysical results in our calculations. These are not shown and excluded 
from our analysis.
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Fig. A3. Correlations of the residuals for 27Al normalized to the uncertainty 
based on the distribution as shown in Fig. A2, using the same symbols as in 
Fig. 1. 𝑐𝑖𝑗 refers to the correlation between the residuals of 𝐼𝑖 and 𝐼𝑗 .

ing such correlations is insensitive to specific details of the Hamiltonian 
construction.

Appendix B.  Many-body uncertainties

In addition to the EFT uncertainties explored by our ensemble of 
Hamiltonians, ab initio many-body calculations also have model-space 
uncertainties due to working in a finite basis and many-body uncertain-
ties due to truncations in the many-body method. For the 1.8/2.0 (EM), 
NNLOsat, and 1.8/2.0 (EM7.5) Hamiltonians, we explored these uncer-
tainties in 48Ca by increasing our model-space size to 13 effective har-
monic oscillator shells and by performing IMSRG(3)-𝑁7 calculations 
with restricted normal-ordered three-body operators [49], improving on 
the IMSRG(2) truncation we employ for the rest of this work. For both 
the larger model-space size and the more precise IMSRG(3)-𝑁7 trunca-
tion, the resulting charge radii and overlap integrals in Fig. 1 shift by 
small amounts essentially exactly along the linear correlations we find. 
This indicates that many-body uncertainties are similarly correlated in 
ab initio calculations of point-proton, point-neutron, and charge densi-
ties. Specifically, the correlations we find can be applied without con-
sidering additional uncorrelated uncertainties due to truncations and 
approximations in our (VS-)IMSRG calculations.

Appendix C.  Details of correlation analysis

The correlation analysis employs a linear fit according to Eq. (4) us-
ing the Levenberg–Marquardt method [87,88] as implemented by the
python package lmfit [89]. We consider two uncertainty components: 
one propagated from the input quantities and one based on the fit qual-
ity. The former is straightforward to implement, using the uncertainty 
of ⟨𝑟2⟩refch  coming from the parameterization of 𝜌refch , and propagating it 
according to Eq. (4).3 For the latter, an uncertainty estimate solely based 

3 We follow the preferred strategy for the estimate of systematic uncertainties 
as argued in Ref. [24]. This implies that for 48Ti the result is more strongly 
constrained by the charge radius extracted from muon spectroscopy, in contrast 
to 27Al and 48Ca, in which cases the uncertainties assigned in Fig. 1 account for 
the tension observed between scattering data and spectroscopy as well.

on the fit statistics will inevitably grossly underestimate the resulting un-
certainties, particularly if the uncertainties of the individual data points 
are unknown and sizable correlations among different results from the 
same chiral EFT scheme cannot be included systematically. We observe, 
however, that the residuals of the fit appear approximately normally 
distributed. For this reason we define the uncertainty in a purely sta-
tistical sense based on the residual distribution of the 𝑏𝑖 and thus the 
overlap integrals based on the distribution of the residuals in such a 
way that Δ𝐼𝑖 = Δ𝑏𝑖 is given by the standard deviation of all residuals 
of the fit. This approach provides a simple way to estimate the corre-
lation uncertainties, including all the aforementioned systematic effects 
implicitly, and propagate them to other results. Fig. A2 shows exem-
plarily such a residual distribution for the 𝑆(𝑛) overlap integral for 27Al 
and confirms that the resulting 1𝜎 uncertainties are meaningful, as they 
coincide, within reason, with the distance of 68% of the residuals. The 
correlations of this uncertainty component among the different overlap 
integrals can be calculated with statistical methods based on the dif-
ferent residual distributions. We find the correlations as illustrated in 
Fig. A3 for 27Al, which shows the observed strong correlation between 
overlap integrals that couple to the same nuclear density. This correla-
tion is then combined with the propagated correlation from the input 
charge density parametrization, resulting in the values from Table 2. 
We find similar behavior for the other nuclei studied in this work (see 
Supplementary Material [90] with Refs. [91–95]).

Supplementary material

Supplementary material associated with this article can be found in 
the online version at 10.1016/j.physletb.2025.139975. 
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