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1 Introduction

This report summarizes some of the work performed in the last year on the nuclear data uncertainty tasks
using the multipole representation. This approach was proposed to provide a simple and integrated way
of evaluating the nuclear data uncertainty in a Monte Carlo simulation and evaluating their impact on
multigroup cross sections.

As previously described, the windowed multipole format allows for a resonance based representation of the
cross sections with direct Doppler broadening. This representation also lends itself nicely to the evaluation of
sensitivities of resonance parameters and the direct perturbation of resonance parameters in the simulation
environment. Both of these approaches rely on the need of conversion of the covariance data (File 32 of the
ENDF library) into a pole and residues form: i.e. into a multipole covariance. Section 5| details the current
pathways that have been used so far to achieve this.

In order to verify the conversion process of the covariance data, the sensitivies to the resonance parameters
and the sampling from these parameters, an analytical benchmark of the slowing process was developed. The
benchmark provides a closed-form solution for the flux in the presence of Hydrogen and multiple resonant
nuclides. Section [2 details the analytical benchmark and provides the closed-form solutions for the flux
and its sensitivity to resonance parameters. A verification of the proposed methodology is performed and
compared with the analytic solution to demonstrate the accuracy of the benchmark and the applicability of
our embedded resonance perturbation approach in a small Monte Carlo code. Papers are currently being
drafted documenting the benchmark and the generation of sensitivities.

As paths to best generate multipole covariance matrices are being compared, we also explored new
methods to propagate nuclear data uncertainty across the Monte Carlo neutron transport calculation. Section
[4 studies the use of multipole covariance matrices to perform sensitivity analysis. Section documents the
results of our investigations into a new way of propagating nuclear data uncertainty across Monte Carlo
transport simulations by sampling new epistemic cross sections for each new neutron.

2 Analytic Benchmark: a reference solution for uncertainty prop-
agation

The purpose of this section is to describe the efforts made to establish a reference solution to verify and
validate the results of the new uncertainty propagation methods being developed at MIT, using the pole
representation formalism.

We have derived an analytic benchmark for the neutron slowing down problem, thereby solving the flux
and its sensitivities in closed-form solution. These results are the subject of an article being submitted to
the Computer Physics Communications journal [1].

2.1 Key results from the analytic benchmark

We here synthesize the novel results derived for our analytic benchmark under the hypotheses listed in section
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2.1.1 Benchmark hypotheses
A few simplifications were needed in order to make the solution of the slowing down problem analytical:
e time-independent cross sections,
e infinite homogeneous medium,
e 10 external source Q(E) =0,
e piece-wise flat fission spectrum x(F) := xol [E < Es], where E,, € R, is a cutoff energy,

e isotropic scattering in the center on mass, from an atomic weight ratio of one (Hydrogen, no Plazeck
transients),

e cross sections o(E) are rational fractions in v/E, which is always verified for neutral particles without
threshold in the case of semi-classical R-matrix theory.

These hypotheses simplify the transport equation to a purely down-scattering problem in energy:
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2.1.2  Generic Reference Solutions
The following explicit analytic solutions were established:
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Once the flux has been obtained by equation , the associated eigenvalue k is obtained by any of the
following equations:
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2.1.3 Explicit Reference Solutions

Remarkably, we were able to take these generic results of the flux (2|) and k-eigenvalue one step further,
and provide explicit, closed-form solutions.
First, the change of variable z = v/E is performed,

Ds®(z)dz = Ds®(E)dE (7)

Importantly, the Jacobian of the transformation is included in the definition of the down-scattering ratio,
which here behaves like a flux.
Then, we perform the partial fraction decomposition of the scattering ratio in the v/E space:
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where {a,} and {b,} are complex conjugate poles and residues, entailing Ds®(z) is real for real x. Let us
here note that performing the latter partial fraction decomposition is a difficult problem, for which we have
developed specific methods that are the object of a forthcoming publication.

A careful study of the number of poles and residues of the Dg factor shows that on the principal sheet of
the Riemann surface generated by the mapping E «+— v/E, the number of poles stemming from the R-matrix
formalism of nuclear reactions cross sections is exactly:

N, =202Ny+ Y le)+1 (9)

More importantly, the Dg factor is always a simple rational fraction, without principle polynomial terms.
In line with some of our recent work, the Ds(z) ratio could be approximated with rational fractions using
the vector fitting algorithm [2].

By injecting it in our derived generic form of the flux , the rational fraction expansion of the Dg(x)
ratio yields the following closed-form flux solution:

Y(E) = o

(10)
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2.1.4  Verification

To verify our analytic solutions, we compared them to an analog Monte-Carlo code using the same hypothesis.
A benchmark problem was created from the first resonance of Pu-239, the two first resonances of Hf-177 and
hydrogen. The resulting macroscopic cross sections are reported in Figure [T] and Figure [2|
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Figure 1: Macroscopic cross sections for the analytic benchmark: the first fission resonance of Pu-239, the
two first capture resonances of Hf-177, and flat isotropic hydrogen moderation. Comparing the Analytic code
and the Monte-Carlo code.
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Figure 2: Macroscopic cross sections for the analytic benchmark: the first resonance of Pu-239, the two
first resonances of Hf-177, and flat isotropic hydrogen moderation. Comparing the Analytic code and the
Monte-Carlo code.

The associated flux was computed for both the Monte-Carlo calculation, and the analytic solution ,
and recorded in Figure [3] and Figure [4]
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Figure 3: Flux amplitude ¢ (F) obtained from the analytic equation , on the macroscopic cross sections
from Figure



W(E), for N_b =10, N_n =100000, E_g = logspace(E_min = 0.001 , E_max = 1000, N_g = 500 )
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Figure 4: Flux amplitude ¢ (F) obtained from Monte Carlo code to validate the results of the analytic
benchmark, on the macroscopic cross sections from Figure We ran 1,000,000 neutrons in 10 batches of
100,000.

In addition to the analog Monte Carlo code, a set of ENDF files describing the isotopes in the analytic
benchmark were created. The ENDF files were converted into OpenMC HDF5 cross section files, and the
analytic benchmark problem was run in OpenMC. This will allow us to test the sensitivity obtained via the
multipole sensitivity capability in OpenMC to be validated against an analytic solution.

The histogram of the batch estimates of the associated k-eigenvalue is recorded in Figure [f]
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Figure 5: Aleatoric batch distributions of k, for problem in Figure |2| for each batch of 1000 neutrons, the
mean k_batch is computed and recorded in the histogram. We ran 1,000,000 neutrons in 1000 batches of
1000.

These compare to the analytically computed solution of:

Kanalytic = 0.990932 (11)



The analytic benchmark will prove useful in validating the uncertainty propagation methods being pro-
posed, but could also be particularly useful for validating slowing down solvers and multigroup structures in
the generation of self-shielded coarse group libraries.

2.2 Analytic sensitivities for the flux and k-eigenvalue

Taking this analytical solution further, allows us to derive analytic results for the sensitivities of the flux and
the associated k-eigenvalue with respect to an infinitesimal change in any given resonance parameter or cross
section.

2.2.1 Deriving generic analytic sensitivities

The cross sections are functions of the incoming neutron kinetic energy F, and are parametrized by resonance
parameters, which we shall generically write I'. This makes them mathematically a function of both E and
I". For clarity, we shall not write the I' dependence explicitly. Functional differentiation allows us to express
the sensitivity of the flux amplitude to a change in a generic resonance parameter I' as:
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where we recall that Xf(E) = X(F) + ay/ 5 = Ss(E) + X, () + Xy (F) + o/ = X + X5 (E),
and i = {s, a} indicates the sensitivity to either the absorption % (E) or the constant scattering X o cross
section.

We can then perform functional differentiation as follows:
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we then express this functional differentiation using the Dirac § distribution and its integration to a Heaviside
function: u(E) . 5 S(E)
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equation on the sensitivities of the flux amplitudes to a small change in cross section can then be

integrated in 1' using the chain rule azé(FE/) 8&? By = % to yield the sensitivity to resonance parameters:
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This is the generic, integral solution for the flux sensitivity to a change of resonance parameter, I".
Using the flux sensitivity , we can now establish the associated eigenvalue sensitivities, by taking the
partial derivatives:
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These novel results enable us to establish a benchmark for the group collapsing and group-wise sensitivities
of the k-eigenvalue.

Moreover, the functional integration can be performed to obtain the sensitivity to a given resonance
parameter, yielding:
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where the flux derivatives with respect to the resonance parameters are obtained through equation ,
or explicitly through .

2.2.2 Validation and verification

Validation and verification has been performed under the auspices of comparison with Total Monte Carlo.
Here, we perturb the resonance parameters, yielding a range of possible macroscopic cross sections given the
uncertainty in the resonance parameters, as depicted in Figure [6]
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Figure 6: Stochastic macroscopic cross sections for the analytic benchmark, generated from Normal-sampling
of the mean I' and co-variance AI" matrix of the resonance parameters.

Following the Fast-Total-Monte-Carlo method developed by D. Rochman [3], we change the cross sections
at each new batch within the Monte Carlo calculation. This enables us to compute a batch kg:g‘éflh for different
T" values, and analyze the propagated distributions. The results for both the flux and the k eigenvalue are
here recorded in Figures [7] and [8] respectively.
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Figure 7: Batch embedded epistemic uncertainty flux amplitude ¢ (F) obtained from Monte Carlo code to
validate the results of the analytic benchmark. We ran 1,000,000 neutrons in 10 batches of 100,000.
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Figure 8: Aleatoric batch distributions of k. We ran 1,000,000 neutrons in 1000 batches of 1000 neutrons.

2.2.3 Deriving explicit analytic sensitivities

As for the flux and the eigenvalue, the key to deriving the explicit, closed-form analytic sensitivities lies in
the partial fraction expansion of the Ds down-scattering ratio, the partial differential of which we now take
with respect to some resonance parameter I'.

Indeed, let us here note that equation will necessitate the energy integral of the partial derivatives
of the Dg ratio with respect to the resonance parameters D57 .
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Using the partial fraction decomposition of the Ds ratio , integral can be readily solved by
noticing that
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where we observe that we now have poles of order two in z = v/E space. From partial fraction decompo-
sition , it stems that integrates to:
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The same procedure as for the ﬂux amplitude in equation (16 can now be deployed whereby we perform
a partial fraction decomposition in 2 = VE space of the integrand 2 ar , from which we analytically
integrate equation using 1ntegral ., we then get the following explicit logarithmic derivative of the
flux with respect to some generic resonance parameter I':
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Here again Fy = 0, and the fact that the a, and b, are complex conjugates entails the argument in the
complex logarithm cancels out.
This novel closed-form solution provides the sensitivities of the flux to a change in resonance parameters.

2.2.4 Deriving the Adjoint

In addition to the forward problem, the analytic benchmark was converted into an an adjoint problem. This
section will demonstrate the derivation and application of the adjoint problem. The transport equation can
be written in operator form in the following way

Eoo / Es
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The adjoint operator, T, is defined such as
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and the inner product is defined as
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We can know begin deriving the adjoint Transport operator:
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Now that the integral has been separated into three parts, we can find the adjoint of each part separately.
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and

Tig = Xr(E)g(E)
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It is clear that T3 is self adjoint, or in other words T7 = TIT .
Moving on to T5:
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We can now change the order of integration by modifying the bounds of the integrals.
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Finally, we move on to T3
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By once again changing the order of integration, it is clear that
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Using the fact that x(F) is constant in the region between Ey and F.,, we can write
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Now we can put it all together and write the adjoint operator as follows:
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2.2.5 Deriving the adjoint flux
The adjoint flux, ¢(F), is the flux that solves the adjoint equation:

TT¢p=0 (41)
The adjoint transport equation is expanded to this form
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We note that the eigenfunctions, ¢(E) that satisfy the adjoint equation are invariant to scaling. We can
therefore add the normalization constraint:
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We define the fission ratio, Fg = %{éf), so the equation becomes
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We can take the derivative of the equation to convert it into a linear first order ordinary differential
equation.
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Where we utilize the fact that Dg(F) is a rational function and can be rewritten as a pole expansion

1 Z an
B VE-b,
Therefore the adjoint flux becomes
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Where ¢ is a normalization factor and can be calculated by forcing [ }i * ¢(E)dE =1
This comes out to
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Resolving the integral in the denominator,
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2.2.6 Eigenvalue sensitivities

Given our transport equation, it is our goal to develop a set of relations that describe the sensitivities of
the eigenvalue, and the flux, to arbitrary parameters. Starting once again from the transport equation, in
operator form:

Ly = \Fv (56)
Where A = 1/k, and the operators are defined as:
oo 53 (F/ N
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E
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Eo
Fy = X(E)/ v (E" ) (E)dE' (58)
Ey

We start by taking the derivative of the transport equation with respect to an arbitrary parameter x. For
purposes of notation, the superscript (n) denotes the n-th derivative with respect to x.
at first order,
LOVyY 4+ Ly = XD oy 4 A\FDyp 4 AFyp D (59)

for second order, we simply take the derivative a second time,
L@y 4+ 200y 4 L@ = XA Fyp 4 AFY@ £ AF@ ) + 200 oy 4 o\O pMyy 4 o)\ (D g(1) (60)

and the general n-th order derivative is

n n k
3 (Z) Ly =55 (Z) (’;) AG) i) (n=k) (61)

k=0 k=0 3=0

Note that the problem of solving the higher order sensitivities is in essence, a lower-triangular problem,
in the sense that the solution for the n-th order depends only on the solution of the orders 0,..,n — 1. We
assume that our unknowns are v, A, and all their higher order derivatives, and that we have knowledge of
the operators F', and L, and all their higher order derivatives.
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2.2.7 Solving the first-order problem

The equation we seek to solve is

LOVY 4+ Ly = XD gy 4 A\FDyp 4 APy (62)

we begin by rearranging and grouping some terms

(L = AF)pM = AW Py + AFWDy — LMep) (63)
For the sake of clarity, lets define the operator A = (L — AF), and lets also define C; = (AF(Myp — L14)).

So now we can write the equation in a more compact form:
ApD = Dy 4+ ¢y (64)

Here we can use the Fredholm alternative, which states that ¢(!) exists if and only if A\MFy + C; is
orthogonal to Ker(AT). Since the dimension of Ker(A') is 1, and is spanned uniquely by the adjoint flux
, it is enough to show that A(V) Fyp + C} is orthogonal to the adjoint flux ¢ to prove that a solution exists.
The orthogonality implies that

< A\YFy 4+ 0,9 >=0 (65)

rearranging, we get a way to solve for A(1)

C AFM — M)
- _<Cne> < ), ¢ > (66)
< Fi,¢ > <Fy,¢>
This is exactly the ubiquitous first order perturbation theory equation.
Once we have (V)| we can solve for /(1) by inverting A
P = AT AW Fy + Cy) (67)
Solving for ")
The equation for the derivative of flux, (), is the following
ApD = Dy 4+ ¢y (68)

The right hand side of the equation is known, the operator A is known and understood, plugging in the
full definition of the operators we get

E
WO (B')AE' — Ax(E) / VS (B (B)dE'
Ey

Eo ’
Sr(ByE) - [ EAE)

o E

o E Zgl) E'
a0y [ v B - [ E

Ey

VS (B (E')dE +Ax(E) /

Eq

$(E')AE'
(69)

Where the superscript (1) denotes the first derivative with respect to an arbitrary parameter x. This
is just the neutron transport equation with a source term equivalent to the right hand side. We take the
derivative of the equation with respect to energy to obtain a first order linear ordinary differential equation.
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Notice that the right hand side contains the variable we are trying to solve for, (1), however it is contained
in an integral over all energy, therefore the value is just a constant and can be fixed by an additional boundary
condition.

The solution to this equation takes the form

Ji W(E)g(E")dE

7/)(1) — 71
n(E) "
where p is the integrating factor given by
H(E) = Syef D(B1E (72)
and g(E) is the right hand side of the differential equation given by
3)( 1 Eeo Eo FEo
g(E) = <6E> )\/ v (BN (EdE + AW / v (EV(EdE + A vS (B p(E)dE'
Eo EO EO
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2.2.8 Solving the higher-order problem

Taking the equation for the n-th order derivative

zn: (k)L(“w(" K _ ZZ( >( ))\(J)F(k D) (74)

k=0 k=0 35=0

it is possible to rewrite it in the form

A = XMy 4 ¢, (75)

If we define C,, as follows:

- ZA(])F(" a>¢+nzl§k:( )( )AmF(k D) i (Z)L(%(n—k) (76)
k=1 0

J= k=1
Notice that neither A(™) nor ¢ appear in the definition of C,,. This allows us to use the Fredholm
alternative once again to solve for \("),

<Cp,¢ >
< F,¢ >

Higher order flux derivatives Going through the same steps as before, we obtain a solution for the
flux derivatives

A (77)
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J5= W(E)ga(E)dE'
w(E)

Where the same integrating factor is used, the only difference is the g is replaced with g,, which is defined

w(n) —

(78)

as

Eo Eo
/ v (BN (EdE + A vy (E (B )dE'+

Eq Eo
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15=0

n—1 (k) n—k) (k) (k)

X0 1 0%, s _
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Pt OE >, 0E ' EY,

2.2.9 Taylor expansion of \(z)

Having obtained the derivatives of A with respect to some parameter x, it is now trivial to perform a Taylor
expansion of A(z) around some reference value s

(n)
D SE PP (80)

n=0

3 Embedded Monte Carlo

We here present the results of our work investigating a random walk in a random environment method to
propagate nuclear data uncertainty across neutron transport simulations, the results of which were presented
at the M&C conference under the article [4], which we here transcribe. In addition, an extension of this work
is the subject of an article that will be submitted soon.

3.1 Introduction to nuclear data uncertainty propagation

Nuclear cross sections o(FE) are evaluated empirically as a function of the energy F of the impinging particle
[B][6]. The values are reported in evaluated nuclear data files (ENDF [7], JEFF, JENDL, etc.) along with
their epistemic uncertainty. This uncertainty is modeled and documented as a normal distribution on the
resonance energies Ey and widths v ., which we shall henceforth collectively denote symbolically as the {F}
vector, that parameterize the R-matrix models of the quantum nuclear interaction cross sections: or(FE),

with T' ~ A/ (FO, Var [T )
Ty 2 Ep I

Var (1) £ B [(0 = To) (= T0)] (81)

When propagated across Monte Carlo nuclear transport codes, this initial empirical uncertainty can result in
very significant error-bars on the outputs of the Monte Carlo calculations, up to more than 1000pcm, or 1-4%
of the power in a simple light water reactor model [§]. Accurately quantifying this epistemic uncertainty on
the output of nuclear Monte Carlo transport solvers is thus crucial not only for the analyst but also to focus
the efforts in improving the nuclear data.

Among others [9][10][TT], two methods have been widely adopted to this effect: sensitivity analysis; and
Total Monte Carlo. Sensitivity analysis perturbs inputs and computes the first order effect on the output.
This requires tallying the derivatives of the inputs with respect to the inputs, itself an endeavor [12] [13].
Total Monte Carlo is much more straightforward, but computationally expensive [14, [B]. It samples the
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inputs from their distribution, I' ~ N (E [['], Var [T] ), and runs a full Monte Carlo MC transport solve for

each T realization. The outputs histogram distribution is then estimated to derive confidence intervals.

Hist [R;(E), kegt] = Histp [MC|[T]] (82)

If each Monte Carlo MC run requires N neutrons to converge, and M occurrences of resonance parameters
I" are sampled, then Total Monte Carlo now requires NxM neutrons. To diminish this gargantuan com-
putational requirement, Zwermann and Rochman proposed the fast-Total Monte Carlo (fast-TMC) method
[15, B], which cuts down the total number of neutrons run to N by simply running M simulations of N/M
neutrons, but care must be taken in large realistic system susceptible to clustering or under-sampling. If the
total number of neutrons that can be run is fixed, fast-TMC marks a trade-off between the statistical power
to resolve the aleatoric uncertainty within each batch, and the statistical power to resolve the epistemic
uncertainty between each batch. Rochman proposed the heuristic independence of variances in equation (4)
of [3] to estimate this trade-off:

2 o 2 2
Oobserved ~ Ostatistics + Uepistemic (83)

3.2 Embedded Monte Carlo: Random walk in Random environment

This article studies the limits of TMC as we sample the epistemic uncertainty within the Monte Carlo
neutron random walk, and explores the alternative methods to propagate epistemic uncertainty across a
nuclear Monte Carlo transport simulation. We do this by embedding the epistemic uncertainty within the
Monte Carlo random walk, thus running a new random walk in a random cross section environment.

3.2.1 Stochastic Nuclear Cross Sections

The key to being able to do this is to represent the empirical uncertainty on nuclear cross sections as a
function of energy (and temperature for Doppler broadening) parametrized with an epistemic stochastic
variable I'; thereby creating stochastic cross sections:

or(B,T) = AQuntum (E T r) . T~N (E T[], Var [T] ) (84)
where T is the temperature of the target. Figure [J] gives an example of various T = 0K samples of such
stochastic cross sections .
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Figure 9: Example of mean and stochastic cross sections, generated from Normal-sampling of the mean E [I']

, and co-variance Var [I'] matrix of the resonance parameters.

3.2.2 Embedded cross section sampling within the Monte Carlo transport

Representing the cross section as a stochastic variable allows us to sample the cross sections at any point
in the Monte Carlo simulation. This sampling can be done at three levels, as represented in algorithm [1} (1)
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Batch Embedded Monte Carlo (b-EMC): at each batch of neutrons (this in effect is similar to fast-TMC); (2)
Neutron Embedded Monte Carlo (n-EMC): at each new neutron (equivalent to a batch of 1); (3) Collision
Embedded Monte Carlo (c-EMC): at each new collision of the neutron random walk.

Intuitively, we can think of Total Monte Carlo (TMC) as a standard Monte-Carlo propagation through a
deterministic solution, that is an outer epistemic loop on I' is run atop a code that generates the conditional
values, say keg|T. On the other hand, Embedded Monte Carlo (EMC) is a new random walk in a random
environment for the neutron: neutrons evolve in an environment where the physics are uncertain.

for each batch b do
sample stochastic cross section op(E,T) from + BarcH SaMmPLING (b-EMC) ;
for each neutron n in batch b do
sample stochastic cross section op(E,T) from < NEUTRON SAMPLING (n-EMC) ;
while neutron is alive do

sample stochastic cross section or(E,T) from + COLLISION SAMPLING (c-EMC) ;

collide with cross sections or(E,T) and transport;

Perform tallies: kg, collisions and squared Col(Ey), Col? (Ey), for energy groups Ej ;
end

end

end
Algorithm 1: Embedded Monte Carlo Algorithm: three possible levels of embedded sampling

Mathematically, the expectation value of the neutron random walk (no uncertainty on the cross sections)
is a solution to the Boltzmann transport equation [I6][17]. TMC then looks at how these solutions differ for
each new input. EMC proposes different random walks, their expectation values are not guaranteed a priori
to solve the Boltzmann equation. b-EMC can be seen as fast-TMC with only one Monte Carlo (MC) run
per batch. n-EMC is akin to the limit-case of one neutron per batch. c-EMC can be though of in analogy
with Doppler-broadening similarly to the target motion sampling approach in Serpent in that for each new
collision it samples a new realization of a possible cross section given our uncertainty, just like we can sample a
target velocity from the Maxwell distribution [I2][18]. However, c-EMC also appears intuitively un-physical,
as the R-matrix equations entail strong correlations within the cross section or(F,T'), which would be lost
by such collision-embedding.

3.2.3 Definitions and notations

In order to study the capabilities that Embedded Monte Carlo can offer for uncertainty quantification, we
must first set the framework of the problem. Let us first introduce the notation and define quantities of
interest, along with their estimators.

Definitions:
Let Epc ] be the expectation value from the Monte Carlo random walk. For sake of simplicity, we will
focus the analysis on the keg eigenvalue, though the results are applicable to any tally. There are different
quantities of interest to us in this study:

o k(T'): the expected keg from a Monte Carlo run, given the set of resonance parameters I' as an input,
that is:
k(T) = Ewmc (KT (85)

ko: the value of keg when running the neutron random walk with the mean resonance parameters I'g,
that is kg £ k(I'g) where Ty £ Er [T, i.e. ko = Emc [k]T0] = Emc [k|Er [T].

(k)r: the expectation value of k(I") given the distribution of T', that is:
(k)r = Er [k(I)] (86)

In other words, given our epistemic uncertainty distribution on I', this quantity represents the expec-
tation value of k.g over all the possible values of T.

e Varr (k): the variance of k(T") given the distribution of T', that is:

Varp (k) £ Er [(k(T) = (k)r)?| = Er [K(T)?] - Er (k)] (87)
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This represents the variance of k(T") around its mean (k)r given our epistemic uncertainty distribution
on I'.

Estimators definitions:
Let Niot be the total number of neutrons, B be the number of batches, and Npg £ Niot/B be the number of
neutrons per batch. We will define the following estimators:

—MC
ok, = NLB ijfl kn|To: the batch kegr mean estimator, that is the average of all the k,, |y values in the

batch (in our analog Monte Carlo case, k,, is either v or 0 for each neutron), given the mean resonance
parameters I'g.

—MC —MC .
o kg = % Zszl k, : the mean of batch keg means estimator.

—MC  -MC
ky

—MC 2
o Ak = 5 Zszl ( — keog ) : the variance of batch means estimator, that is the the (unbiased)

average of all the (ky — @)2 square-distances between the means of each batch.

—b-EMB - -
o kg £ L Zle kp|T: the mean of batch kg means estimator, where each batch mean kp|T is

estimated with a different I', sampled from T' ~ N (E [['], Var [T'] ) to compute cross sections .

—b-EMB — —b-EMB) 2 . .
o Ak g = ﬁ Zszl (kb|I‘ — kog ) : the corresponding variance of the batch means.
—n-EMB . . .
ok = NLB ijl kn|T: the batch mean keg estimator, where each neutron sample k,|T" is run with

a different T', sampled from I' ~ N (E [['], Var [I'] ) to compute cross sections .

—n-EMB —n-EMB ) . .
. ke]ff £ L ZbB:I kz : the corresponding mean of batch keg means estimator for neutron-sampling
Embedded Monte Carlo.
—n-EMB —n-EMB  —n-EMB) 2 . .
° Aszf = ﬁ Zszl (kz — kzﬁ ) : the corresponding variance of the batch means.

—c-EMB -cEMB , —c-EMB .
o ky s ko , Akog can all be defined analogously, using kf{EMB 2k, T conision, where we now

sample new I values from I' ~ N/ (]E [[], Var [I] ) to compute cross sections 1) at each collision during

the random walk of each individual neutron.

3.2.4 Theoretical Considerations

Propagating the resonance parameters {F} epistemic uncertainty across the neutron transport problem is
in effect the study of the distribution of k(T") given the distribution of T, that is the histogram of equation
. This represents how much the mean outputs from the Monte Carlo particle transport vary due to our
uncertainty of the nuclear physics .

Bernoulli statistics
In a fully analog Monte-Carlo simulation with constant v, each neutron is born, and will collide for each
reaction-rate tally, contributing in the end v neutrons for fission events, or zero for all other collisions. This
means that all the estimators are Bernoulli variables. For instance, if p is the probability of fissioning, and
assuming the number of neutrons constant per fission, each neutron will have a multiplication factor of v
or 0: k, ~ vp+ 0(1 — p). The expectation value is then the multiplication factor: keg = E [k,] = vp. The
average tallies over any group of neutrons will slowly converge towards a Gaussian distribution, as proved by
the de Moivre-Laplace theorem [19][20], and here illustrated in figure

Since all tallies are Bernoulli variables, this also means the variance is: Akeg £ Var [k,] = E [k2] — kZ; =
%p(l —p) = ke (v — kesr). This is true of all cases, simple MC (no uncertainty), b-EMC, n-EMC, or c-EMC,
and can be verified numerically by comparing the numerical variance from table [I] to the variance calculated
from the theoretical Bernoulli relation Akegr = kegr (v — ket ), using the numerical ke values from table|l} one
will note both variances match perfectly to up to 10 digits. The fact that Akeg = ko (v — ko) is a quadratic
function of kg entails that it takes its maximum value for the special case of v = 2, keg = 1. This leads to
the very counter-intuitive result that if the no-uncertainty sampling MC run is performed on this case, we will
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Figure 10: Histogram of batch keffs: demonstrating the Bernoulli distribution

obtain a variance of 1, but if we start adding stochastic cross sections for epistemic uncertainty (assuming v
is fixed), this will necessarily lead to a lower variance, regardless of whether kE&EMC’n'EMC
This counter-intuitive behavior is shown in the results hereafter documented in table [Il

increased or not.

3.3 Results and Analysis

To study these different schemes, we devised a set of numerical experiments to cast a light on different the-
oretical considerations.

Experimental setup:
We designed two 0K slowing-down problems for which we have constructed an analytic benchmark [I], and
ran each of them with two different covariance matrices that differ in magnitude Cov(T") for the epistemic
uncertainties. The goal was to detect the departure from linear behavior in the resonance parameters per-
turbations around the mean. This leads to a total of four different cases. Both benchmarks are specified
as a pure slowing-down problem in the presence of the first resonances of U23® and Pu??. The specific
resonance parameters values and covariances are detailed in ?7. The first benchmark has v = 2.88, while the
second benchmark was designed to achieve the particular case of v = 2 and keg = 1. This was done in order
to better illustrate the argument on the Bernoulli distributions explained in the theoretical considerations
section [3.2.4

To run these four different cases, we coded a simple analogous Monte Carlo slowdown code, which can be
found at: https://github.com/mit-crpg/Embedded_Monte_Carlol Selected key values for the four studies
are here documented in table [Il

Expectation values measurements:
. —b-EMB —n-EMB —c-EMB )
A priori, the means from Embedded Monte Carlo, kog  , kug  » and kg, should all be different from

—MC . . . . . .
the k. obtained from the mean resonance parameters I'g, with no epistemic uncertainty. To illustrate
this, we ran the analytic benchmark with one billion neutrons, and recorded the results for different ways of
sampling and batching, as plotted in Figure
. —b-EMB  —n-EMB .
One can observe that the b-EMC mean is the same as the n-EMC mean, kg =kog , both of which

differ from the no-epistemic uncertainty mean Ezﬁfc. This shows that to obtain the same mean as the b-EMC,
one only needs to run one neutron per batch. Indeed, n-EMC and b-EMC are identical at one neutron per
batch. However b-EMC suffers from batch-undersampling, while the n-EMC does not. This can be seen
in figure where we can observe at least 10* batches are needed to converge the batch estimators, below
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Table 1

. Key values for different embedded sampling schemes in the numerical Monte Carlo experiments

Model  Sampling scheme Neutrons Covariance Mean of k Variance of k means
per batch  matrix (ko estimator)  (Akeg estimator)

v=2.88 no sampling 1 none 1.00002 1.88002
v=2.88 no sampling 1000 none 0.99995 0.00188
r=2.88 sampling per batch 1 small 1.00078 1.88068
v=2.88 sampling per batch 1000 small 1.00077 0.00228
r=2.88 sampling per batch 1 large 1.01359 1.89177
v=2.88 sampling per batch 1000 large 1.01361 0.03932
v=2.88 sampling per neutron 1 large 1.01359 1.89177
r=2.88 sampling per neutron 1000 large 1.01359 0.00189
r=2.88 sampling per collision 1 large 1.01807 1.89557
r=2.88 sampling per collision 1000 large 1.01769 0.00190
v=2.0  no sampling 1 none 1.00002 1.00000
v=2.0 no sampling 1000 none 1.00000 0.00099
r=2.0  sampling per batch 1 small 1.00016 0.99999
r=2.0  sampling per batch 1000 small 1.00017 0.00110
v=2.0  sampling per batch 1 large 1.00126 0.99999
r=2.0  sampling per batch 1000 large 1.00128 0.01744
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g \ —A— 1000 neutrons per batch
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Figure 11: b-EMC and n-EMC means are the same,
necessary to converge b-EMC epistemic variances.
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Figure 12: MC and b-EMC Variances add up as in equation only for enough neutrons per batch. n-EMC
and MC variances are different and do not add up.

this number of batches the error bars on the batch-estimators are very large, hence the large fluctuations
observed. This shows the statistical-power trade-off between batch-level statistics and neutron-level statistics
in b-EMC (which is the same as TMC).

From table |1} we also observe that k(T') is not linear, even at small perturbations around T'g. Indeed,
) : —b-EMB_ -—n-EMB +MC c o . . .
there is always a difference between k g =Kk.g and k. g , which is smaller with the covariance matrix.

One can also observe from table [I] that the c-EMC random walk with sampling per collision yields a
different mean E;}TEMB than either MC, TMC or EMC. There is about 1800pcm difference with kM°, and
some 450pcm difference with kEMC = kEMB_ This most likely indicates that collision sampling is physically
incorrect, as our heuristic argument on the energy-level correlations advocated.

Variance measurements:

The numerical experiments on the means discarded the c-EMC scheme, and showed b-EMC and n-EMC
to have the same mean. We thus searched for ways to extract the epistemic uncertainty from the n-EMC
scheme. In particular, if Rochman’s heuristic equation stands to the limit of one-neutron per batch, then
it could be that one could run two cases: one MC without uncertainty propagation, and then one n-EMC
case. The direct subtraction of the variances of the latter two would then be the variance from the epistemic
uncertainty.

To test the veracity of such result, we computed the difference between the variances of the batch kg
obtained from the no-sampling MC, the b-EMC, and the n-EMC, and documented the results in Figure
One can observe that the variances of the b-EMC plateaus past a certain amount of neutrons per batch
(about 10%*), while the variances of the n-EMC and the MC process are different by a constant.

This prompted us to study the differences in theses variances, to see if indeed we could add them up.
Unfortunately, Figure tells a more complicated story. It shows the differences in the variances between
the b-EMC and the MC cases, and one can observe that the difference between the MC and the b-EMC
variances is constant past 100 neutrons per batch. It is thus possible to run two cases, one MC and one
b-EMC, and subtract them to obtain the epistemic uncertainty. However, this behavior breaks down when
we tend towards the n-EMC limit of one neutron per batch.

More precisely, we observe that Rochman’s equation is valid only for enough neutrons per batch in
b-EMC. Figure [12] shows b-EMC needs at least 1000 neutrons per batch to converge the batch means. This
can be interpreted as the need to converge each batch’s Bernoulli means to Gaussian, which requires about
1000 tallies, as illustrated in Figure [I0}] Furthermore, Figure [TI] shows b-EMC needs at least 10000 batches
to resolve the epistemic uncertainty. We are thus still observing the epistemic v.s. aleatoric statistical power
trade-off exhibited by Rochmann in [3].
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Figure 13: MC v.s. b-EMC and n-EMB: when variances do not add up as in equation .

3.4 Conclusions on Embedded Monte Carlo

This study examined the possibility of embedding cross section sampling in the random walk in order to
estimate the epistemic uncertainty. The simple test case leads us to the following conclusions:

4

Collision-sampling Embedded Monte Carlo (c-EMC) is incorrect: or at least we do not know what the
results correspond to nor solve for. Moreover, it is prohibitively computationally expensive.

The neutron-sampling Embedded Monte Carlo (n-EMC) mean converges to the mean from batch-
sampling Embedded Monte Carlo (b-EMC). n-EMC has the advantage of having much stronger statis-
tics (no under-sampling of the epistemic). However, sampling at each neutron can be quite costly.

The n-EMC variance does not add up to the b-EMC variance of means plus the MC (no sampling)
variance of means. It is still an open question to find a way to extract the epistemic variance from
the aleatoric one in n-EMC. However, we have found away of combining a fast-TMC with an neutron
Embedded Monte Carlo to do so, thereby overcoming the undersampling problem of fast-TMC. This
will be the subject of a coming article.

Since all variables are Bernoulli in the analog case studied, b-EMC just needs enough neutrons per batch
to converge the mean of the Bernoulli distribution. This is a direct application of the Moivre-Laplace
theorem [19][20]. We observe than 1000 counts is enough. This is more than it seems, because the
multiplication factor kg is an integral quantity over energies. This means that for energy-dependent
reaction rates 1000 counts is harder to achieve for every “box” of an energy grid (specially when reaction
rates probabilities are low). However, we also observed that we can gain one order of magnitude on
the number of neutrons needed by running the problem twice, once with b-EMC and once without
sampling MC, and taking the difference: 100 counts in then enough to make sure the difference reveals
the epistemic uncertainty.

Sensitivity based Monte Carlo

We here present the results of our work implementing sensitivities to multipole parameters in OpenMC, the
results of which were presented at the M&C conference, which we here transcribe. Since this paper was
published, the capability was extended to leverage CLUTCH and CLUTCH-FM to calculate the adjoint-
weighted tallies. Additionally, current work is being focused on enabling multithreading for this capability.

4.1 Introduction

Predictive simulations of existing and future nuclear designs has been a major area of research in the past
couple of decades. As the cost, and difficulty, of performing nuclear experiments increases, it has become
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more important to develop accurate simulation tools to model and predict the behavior of new designs.
Monte Carlo methods in neutron transport are seen as a vital tool in this effort due to their high fidelity
and accurate representation of the physics. Uncertainties arrising from nuclear data are a major source
of uncertainty in the results of these Monte Carlo simulations, and thus it is important to quantify these
uncertainties, and point towards ways of decreasing it.

Accurate evaluated nuclear cross section data are needed for radiation transport calculations for nuclear
applications. In the cross section evaluation procedure, data evaluators attempt to fit the nuclear physics
model to measured differential data by selecting and manipulating the resonance parameters that parametrize
the formulation of the cross sections. The model, which can be derived from quantum scattering theory,
results in an equation for the cross section of the form

o(E) = f(E;T) (88)

where I' are the resonance parameters. It is ultimately these resonance parameters that define the interac-
tions of the nuclei. The process of differential evaluation of the resolved resonance region is a mathematically
overdetermined problem with no exact solution. Therefore, there is much choice left to the evaluator in
seeking parameters that minimize a certain metric. Even once an evaluation is considered complete based
on differential experimental data, it is not unique, and other possibilities exist that may satisfy the metrics
used to determine the accuracy of the evaluation. Simply put, the experimentally measured cross section
value at every energy point is reported only as a mean value and a standard deviation. Therefore, it is
statistically equivalent for the cross section reconstructed from the resonance parameters, I', to pass above
or below the mean experimental value by the same amount. This ambiguous choice previously has been left
to the evaluator’s discretion.

Much of the systematic uncertainty on differential cross section data comes from the normalization of
capture and inelastic cross section measurements. These measurements demand that the experimenter has
a high degree of knowledge of the experimental flux; unfortunately, this is not always the case. In the best
case, this results in larger uncertainties over certain energy regions of the experimental data. In the worst
case, the experimental cross section data is misreported. This can be manifested in systematically larger
or smaller mean values for the measured cross section or small uncertainty that does not reflect the actual
state of knowledge. Unlike statistical uncertainty, systematic uncertainty can result in resolved resonance
evaluations that produce a cross section that is too high over a large energy region. Therefore, the uncertainty
on the normalization of experimental data is one of the biggest concerns in completing a new evaluation of
a resolved resonance region based on differential experimental data.

When simulating the neutronics of a nuclear system, the uncertainty in the nuclear data constitutes one
of the two major sources of uncertainty in the results of the simulation, the other being the errors introduced
by the calculation scheme. The calculation scheme can effectively be driven to arbitrarily small values by
either running more particles in Monte Carlo, or refining the phase space in a deterministic calculation.
On the other hand, the uncertainties stemming from nuclear data cannot be reduced without revising the
underlying nuclear data evaluations, and must thus be accounted for when conducting a reactor physics
calculation. In the case of Monte Carlo neutronics calculations, which are often used as reference solutions
for deterministic codes, nuclear data uncertainties propagated through the reactor core calculation make-up
the bulk of the uncertainties. For instance, recent studies have shown that, in the case of the OECD/NEA
Martin-Hoogenboom benchmark, the single propagation of 235U, 238U, 239Pu cross section uncertainties and
that of the H and HoO thermal scattering S (a, 8) kernels yield local fission pin power uncertainties at
mid-height ranging between 1% (in the center of the core) to 4% (at the periphery), while the statistical
uncertainty of the Monte Carlo simulation was always well below 1% [§].

4.2 Windowed Multipole Formalism

The multipole formalism [21] 22| 23], 24] 25] 26 2] 27] 28] is in essence a mathematical reformulation of the
cross section in terms of new parameters, poles and residues. The reformulation comes from a partial fraction
decomposition of the Reich-Moore cross section formula. In the multipole formalism, the cross section at 0K
can be expressed as:

(89)

1 T‘j
U(E):EZ%[M
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The advantage we gain from using the multipole formalism shows itself when Doppler broadening the
cross section

p; VE
o(E,T) = 2E\fZ% irj/TW (2) — ﬁC <\/E 2\/@7)] (90)

kT
$=a

_VE-p,
NG

Where W is the Faddeeva function, a function for which numerous high performance evaluators are
available, and C has been found to be so small that it can be safely ignored. The implication of this is that it
now becomes feasible to perform doppler broadening on-the-fly. So the equation can be approximated using

Where

o(E,T) Z% [ir;/TW (2] (91)

2E\f

The sum over all the poles is an expensive operation, computationally. However, one can notice that one
can consider only the poles that are in some neighborhood of energy E, and all other poles that are far away
can be approximated using a polynomial curve fit.

P

JEW

E Z enVE (92)

Where w is the window, and the sum of the polynomial is typically taken over 3 terms. The polynomials
have well known doppler broadened forms. The ability to doppler broaden on-the-fly enables us to propagate
the uncertainty in nuclear data in a much better way than could ever be possible using the traditional
Reich-Moore formalism of cross sections.

4.2.1 Derivatives with respect to pole parameters

We would now like to take the derivative of the cross section with respect to the multipole parameters. Since
the parameters are complex numbers, we must take the derivative with respect to the real and imaginary part
separately. One of the most useful aspects of the multipole formalism is evident when taking the derivatives,
and that is the independence of individual poles.

Starting with the zero-K form of the cross section, we see that

o = 5 V) ®
el F o
sl e &
s =2 [ ) )

The derivatives of the doppler-broadened cross sections are

Oo
S = e VAW ) (o7)
Jo
T ) (99)
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= e [ (14 VRa W (20)] )
32(;71@ = 225 [iry (14 V7zW (21))] (100)

4.3 Current Sensitivity Methods

The current state of the art in nuclear data uncertainty propagation is based on the so called ”sandwich
formula.” In this method, the cross section covariance matrix is sandwiched with the cross section sensitivity
coefficients. The uncertainty, d R, in the quantity R can be expressed as:

SR = SEC,, 88" (101)
Where the sensitivity coefficient, S is defined as:
OR/R
S = 102
© = Bojo (102)

This sensitivity coefficient can be calculated in the MCNP, Serpent, and SCALE codes using various
methods such as IFP[29], CLUTCH[I3], and the collision-history method.

4.3.1 Utilization of continuous energy Monte Carlo

The sensitivity, S& can be calculated using continuous energy monte carlo, however, in order to use the
sandwich formula, this sensitivity has to be binned into an energy group structure. A finer group structure
will approach the accuracy needed to fully reconstruct the continuous energy sensitivity profile, however
this comes at the expense of drastically increasing the run time in order to achieve reasonable statistical

convergence.

4.3.2 Treatment of temperature effects

Another issue with the present sensitivity methods is the use of the cross section covariance matrix, this
matrix is dependant on the energy group structure, and temperature. The cross section covariance matrix is
obtained from the resonance parameter covariance matrix by the following relation:

do o L
or ar
The resonance parameter covariance matrix, Cpr is independent of temperature and energy group struc-
ture, however this is not the case for the derivatives g—g. The derivatives must be Doppler Broadened to
an appropriate temperature, but the choice of such temperature is not obvious. In a system that contains
multiple temperatures, the cross section covariance matrix can only be obtained for a single temperature,
this leads to the unfortunate situation where the sensitivities, which correctly account for the temperature,

are sandwiched with the covariance matrix, which is oblivious to the multiple temperatures.

Coo = (103)

4.3.3 Similar Works

As far as the authors are aware, only one study of the direct propagation of resonance parameter uncertainties
has ever been done. This work was done by B. Morillon in 2000.

In that work, the neutron flux is expanded using a second order Taylor expansion with respect to the
three resonance parameters that describe a single resonance (Ey,I',,T'y) giving the following expression:

o P P
A (r, Q, ) = ag AE + mfb AT, + a;” AT,
1 (0% Y o O,
+2(3E2AEA+6F2AF 8F2AF>
1 9% 9%
———AFE\AT ———AFE\AT ——AI' AT 104
amyar, SEAT+ Gp o ABAD, £ 5 g, AT AT (104)
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The authors then show that the derivatives of the flux can be expressed with the logarithmic derivatives of
the transport and collision kernels, which in turn can be expressed using the derivatives of the cross section.

This methodology is also able to treat the temperature effects by using the SIGMAT1 procedure [30] to
Doppler broaden the derivative of the cross section with respect to the resonance parameters.

There are two drawbacks of this method. First, it the calculation of 9 derivatives for each resonance,
hence this method does not scale well for larger problems. The other drawback is that the method only
considers the elastic scattering reaction. The methodology presented in our work is capable of treating all
reaction types, including fission.

4.4 Theoretical Derivation

By beginning with he canonical form of the first order perturbation equation, shown below

s Sk/k < pt(AE — 2Ly >
= =X
ky ox/x < ¢tAF¢ >
We will study the special case where the parameter of interest x is the set of parameters describing the
multipole formalism. As a matter of nomenclature, we will denote the set of multipole parameters as .

Here, the bold symbol is used to denote that 7 is really a vector of parameters.
For this case, equation (105)) is expressed as:

Ok/k _ < d'(\ox — 52)0 >
om/m < ¢tAFo >

(105)

Skm = (106)
Where ¢ is the solution to the adjoint transport equation, and F' and L are the fission and loss operators,

respectively, in the transport equation. Clearly, evaluating the above expression requires the knowledge of

the adjoint flux, as well as the ratio of perturbed operators to perturbed parameters § 5L and 5F . In the limit

of small perturbations, the ratios converge to first derivative of the operator with respect to the parameter.
Since the fission operator is defined as

x(r, E)

7

F¢ = / sy /m dE"vS ;i (r, B (r, E', ) (107)
4 0

The only term that has a dependence on the multipole parameters is the fission cross section. Therefore
the derivative of the fission operator is

oF X
o

The loss operator is defined as:

/ dQ’/ gy 2t rE)¢(r,E’,Q’) (108)
4

Lo = OV ¢(r, B, Q) + Sy(r, E)p(r, E, Q) — / sy /C>o dE'S,(r,E' — E,Q — Q)é(r, E/,Q)  (109)
A

Taking the derivative with respect to the multipole parameters, we are left with

oL 0% e 0%
E E Q) — Q E'——=(r,B' - E,Q = Q EQ 11
= G BB~ [ a0 [ar e s B s e (W)

Therefore, the numerator in equation (106]) can be expressed as

<¢ (A% - 5—L)¢> >=

/dr/4ﬂd§2/ dEet (r, B, Q) X2/ TE (AﬂdQ’/ dE'v 8—f )¢(T,E’7Q’)>

/drAﬂdQ/ dE¢t(r, E, Q)azt( E)¢(r, E,Q)

/drAwdQ/th’/ dE/ qubTrEQ)

( "= E,Q — Q)é(r, B, Q)

= Sfission + Stotal + Sscatte'r (111)
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For clarity, the individual terms are defined below

SfissionE)‘/ dr/ dQ) dQ’/ dE/ dE’ng(r,E,Q)MV%(r,E',Q’M(nE’,Q') (112)
v dn ax 0 0 ar on

Sropet = — / ar / a0 / 4B (r, .0 P2 (r, B)(r, B, (113)
v 4r 0 om

oo oo Eq
Sscatter E/ d?"/ dQ/ dQ,/ dE/ dE,d)T(’ﬂE,Q)aa :
v ar An 0 0 ™

It is important to note a few things. With Si.te;, the flux and the adjoint are taken at the same phase
space location, whereas for Sgcqtter the flux is taken pre-collision and the adjoint is taken post-collision, and
for Stission the flux is taken pre-fission, and the adjoint is related to the neutrons born from the fission event.

(rnE — B,.Q - Qe(r, E,Q)  (114)

4.5 Implementation

The implementation used in this work is based on the Iterated Fission Probability (IFP) method for estimating
the adjoint flux. In short, IFP estimates the adjoint flux of a neutron in a phase space location p as the total
number of fission neutrons produced by the descendants of the original neutron, some number of generations
later. In practice, this results in the active cycles in the monte carlo run to be split into three categories;
original, latent, and asymptotic. In the original generations, each neutron is given a unique identifier, and
all the estimators are tallied. The neutron identifier is passed on from generation to generation through the
latent cycles until arriving at the asymptotic generation. It is at the asymptotic generation that the total
number of neutrons with the same identifier are tallied, giving an estimate of the adjoint flux for the neutron
from the original generation.

(bT(TaE) :Zzwsyzfls (115)

Where n is the set of neutrons in the asymptotic generation, and s is the set of paths traveled by those
neutrons in the asympototic generation.
Tallying Stotq; is straightforward, it is a tracklength tally.

0% (r, E)
on

O%(r,E)

O wyls¢' (1, E) (116)

Score for Siotal = — o(r, E)p'(r, E) =
Here, everything other than the ¢T term is tallied in the original generation. The Sycqtter and Sfrission terms
cannot be calculated using a tracklength tally and must therefore use a collision estimator. So at every
scattering event, we tally:

0X(r, E) 1 t
= E 11
Score for Sscatter on .0 E)qb (r,E) (117)
and at every fission, we tally:
Score for Srission = o 0 E) o' (r, E) (118)

4.6 Results and Validation

The sensitivity of the eigenvalue to the parameters from the first s-wave resonances in U238 were calculated
for the pincell problem. The results of the sensitivity calculation were compared against a direct perturbation
study.
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4.6.1 Pincell

The pincell is a standard PWR fuel pin with 3% enriched UQ, fuel. The pellet has a radius of 0.39 cm, a gap
thickness of 0.01 cm, and a Zirconium clad with a thickness of 0.06 cm. The pitch is 1.26 cm. We simulate
the problem with 10,000 neutrons in 7000 active cycles and 20 inactive cycles. The IFP calculation required
3 latent generations.

The sensitivity of the eigenvalue to the first s-wave resonance parameters is summarized in the table
below. The eigenvalue is most sensitive to the real and imaginary part of the pole, which roughly correspond
to the resonance location, and width, respectively. The eigenvalue was also sensitive to the real part of the
absorption residue, which is in a way related to the peak of the resonance.

U238 6.67 eV Resonance Sensitivity gk b
Rp 570X 102 £ 478 x 107
Sp 935x10 2+333x10 7
Rriotai 3.05 x 1073 £1.68 x 1077
STotal 6.15 x 107° £ 3.69 x 1076
R7 absorption —281x1072+£1.30 x 10~ %
ST absorption —5.23 x 1079 £3.57 x 10~ 1
RT fission 1.83x 1078 +1.32 x 10~ 8
ST fission 4.83x 1078 £3.77 x 1078

To test this result, the eigenvalue was calculated as k = 1.16216 for the reference state, and a perturbed
state was created where the real part of the 6.67 eV pole was increased by 3%. For the perturbed state, the
eigenvalue was found to be k' = 1.16428. Therefore

Ok/k Rk
—E_ = 11
e~ T b = 0.0608 (119)

This is close to the value we calculated for the sensitivity (0.058), and well within the uncertainty bounds.

U238 20.87 eV Resonance Sensitivity gi fr
Rp 2.14 x 1072+ 1.09 x 10~2
Sp —1.13x1072+6.34 x 1077
Rriotal 1.93 x 1073 £ 8.75 x 10~°
STtotal 1.88 x 1071+ 1.47 x 1075
RT absorption —152x1072+1.04 x 1072
STabsorption —5.42x 1077 £7.04 x 10~ 1
R fission 1.58 x 107 +9.61 x 10~ 8
ST fission —1.28x 10710 +£2.44 x 1077

We test this result in a similar manner. A perturbed state was created where the real part of the 20.87 eV
pole was increased by 3%. For the perturbed state, the eigenvalue was found to be k' = 1.16352. Therefore

Ok/k  EE
Gn/m ~ g = 0:0309 (120)

This is close to the value we calculated for the sensitivity (0.0214), and within the uncertainty bounds, which
are larger for this case than in the previous case.

4.6.2 Temperature Effects

One of the major improvements that this capability offers over existing methods is the ability to fully take
into account the temperature effects. To demonstrate this, we look at the pincell problem once again, and
we calculate the sensitivity to the first s-wave resonance of U238 at three different fuel temperatures. We
compare the sensitivities and show that temperature effects do matter.
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U 6.67eV Sensitivity 9%
Temperature 0K 600K 1200K
kess 1.194 1.149 1.133
Sp —244x10724+495x107° | =227 x1072+£395x 107> | —2.13 x 1072 £3.62 x 10~°
R total 2,62 x 1073 +£3.42 x 1077 3.87x1073+1.74x107* [ 5.00 x 1073+ 1.63 x 102
RT absorption —279x1072£3.73x107% | =275 x 1072 4£1.90 x 10~% | —2.76 x 1072 £ 1.74 x 104

The results table shows three separate parameters that illustrate the importance of the temperature
effects. The parameter in bold is the most significant sensitivity. It is clear to see that for the case of the
Imaginary part of the pole, the sensitivity is most significant at lower temperatures. In contrast, the real part
of the total residue is most significant at the higher temperature. Finally, for the real part of the absorption
residue, temperature effects seem to not matter at all. This shows that temperature effects can be significant,
and they do bias the results, however the direction of the bias is not predictable. This motivates the need to
explicitly account for temperature in sensitivity calculations.

4.7 Conclusion and Future Work

In this work, we have developed a method to calculate the sensitivities of the eigenvalue in monte carlo
simulation to the underlying nuclear data parameters. We have shown that the results are accurate up to
small perturbations in the nuclear data parameters.

In order to calculate the uncertainty in the eigenvalue from the sensitivities, we need to use a covariance
matrix. Future work will look at ways to convert a resonance parameter covariance matrix, which is obtained
in file 32 in ENDF, to a multipole parameter covariance matrix.

Currently this method uses IFP to calculate the adjoint, this can be quite memory intensive. The state-
of-the-art method for adjoint weighted tallies is the CLUTCH method developed by Perfetti et al [?]. A
variant of the CLUTCH method has been implementing in OpenMC by Peng [?]. Future work will look at
replacing IFP in this method with CLUTCH.

Finally, future work will look at obtaining sensitivities to general responses. Examples of such general
responses include fission-to-capture ratio and power peaking factors.

5  Multipole Covariance Matrix

The purpose of this section is to describe the efforts made to convert the Resonance Parameters Covariance
Matrix (ENDF File 32 [7]) to the Multipole Covariance matrix. The conversion is needed in order to use
the proposed methods that rely on a pole and residue cross section definition. T'wo approaches have been
developed and tested and details are provided below following a description of the data and tools used in
this work.

5.1 Tools

This section describes the tools used in the conversion process, as well as the efforts to incorporate the tools
within OpenMC’s python API. This total integration has vastly improved the work flow of the conversion
process.

5.1.1 ENDF Library

As a starting point, the ENDF library contains all the data that we need to perform the conversion task. File
2 contains all the information on the resonance parameters, and File 32 contains the associated resonance
parameter covariance.
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Table 2: Isotopes in the ENDF 7.1 Library containing covariance data (File 32)

Isotope

Na-23  Ni-58 T1-203 Cm-243
Cl-35  Ni-60 T1-205 Cm-244
K-39 Gd-152  Th-228 Cm-245
K-41 Gd-153  Th-229 Cm-246
Ti-46  Gd-154 Th-230 Cm-247
Ti-47  Gd-155 Th-232 Cm-248
Ti-48  Gd-157 Pa-232  Bk-249
Ti-49  Gd-160 U-232 Cf-249
Ti-50 Tm-169 Np-236  Cf-250
Cr-50  Tm-170 Np-238 Cf-251
Cr-52 W-182  Pu-236  Cf-252
Cr-53 W-183  Pu-244

Cr-54 W-184  Am-241

Mn-55 W-186  Cm-242

However, File 32 is not included for all evaluations. A table containing the isotopes which have File 32
available in the ENDF/B-VII.1 library is included here. While the File 32 data for 233U, 235U, 238U, and
239Py are not available in the regular distribution due to memory concerns, they can be obtained directly
from Oak Ridge National Lab.

5.1.2 OpenMC

The OpenMC code [31], and specifically the OpenMC python API, now has the capability to read an ENDF
file, including File 2 and File 32. The python API has been extended to randomly sample from a resonance

parameter covariance matrix to create a new instance of the cross section, which is then exported as a HDF5
file for use in OpenMC.

5.1.3 Vector Fitting

Vector Fitting is an algorithm that was developed by the signal processing community that allows one to fit
a signal to a rational function [32]. Since in the multipole formalism, the cross section is exactly a rational
function in V/E, a variant of vector fitting was developed at MIT to specifically fit cross sections in the
multipole format [2]. This algorithm has been incorporated in the OpenMC python API.

5.1.4 OpenW

OpenW is a code developed at MIT to convert ENDF files to Windowed Multipole [25] files. Specifically,
OpenW performs the windowing process to get a windowed multipole file from a multipole file, in other

words, OpenW performs the windowing process. This code has also recently been integrated in the python
APT of OpenMC.

5.2 Conversion Process - Direct Sampling Approach: The Titanium Case

This section will describe the details of the conversion process through direct sampling. The process is quite
simple: use the resonance parameter covariance matrix to sample many independent sets of resonance param-
eters, convert the resonance parameters to windowed multipole, and finally, use the converted independent
sets of multipoles to construct a multipole covariance matrix.

The isotope Ti-46 has been used to test the conversion process. Ti-46 was chosen because it is the
smallest isotope that both includes File 32 in the evaluation and is included in the OpenMC windowed
multipole library.

5.2.1 Sampling from file 32

Using a modified OpenMC API, the Ti-46 resonance parameters were sampled to produce 1000 independent
sets of resonance parameters. Each of these sets was exported to an hdf5 file.
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The hdf5 file only contains the resonance parameters. For the purpose of this process, the background
cross section (File 3) has been set to zero.

5.2.2 Sampling negative parameters

One of the issues with using File 32, is that the assumption that the parameters are distributed normally
results in a non-negligible probability of sampling a negative resonance parameter. These negative parameters
cannot be discarded without affecting the mean of the parameters. Currently the negative parameters are
kept because they can still be converted to multipoles without any problems, however it is hard to argue that
the parameters are physical, and therefore this topic will need to be studied further.

Previous attempts at using the resonance parameter uncertainties to quantify uncertainties in nuclear
calculations have avoided the issue of sampling negative cross sections from file 32 altogether. Worthy of
note is the approach of Rochman and Koning [I4], [3] with TALYS. Their approach samples the resonance
parameters independently, i.e. assuming no correlations between parameters, and accept or reject the samples
based on whether the resulting cross sections fall within experimental uncertainties.

One possible solution could be to consider the parameters as distributed log-normally as opposed to
normally. This eliminates the possibility of sampling a negative parameter. The procedure of sampling a log
normal distribution will be evaluated further in the near future.

As a reminder, if X ~ AN (u, ) is a multivariate normal distribution then Y = exp(X) has a multivariate
log-normal distribution with mean

B[Y]; = e tasu (121)

and covariance matrix
Var[Y];; = ettt a (Guti) (¥ — 1) (122)

5.2.3 Converting to Windowed Multipole

The 1000 independent samples were converted to the windowed multipole format. The size of the inner
window, and the fit order, were determined by using the same settings that generated the windowed multipole
file included in the OpenMC library.

5.2.4 What’s in a Windowed Multipole file?

The windowed multipole file contains all the data necessary to reconstruct the cross section. The file reports
the formalism of the ENDF file, which is either Multi Level Breit-Wigner or Reich-Moore. The file contains
information on the windows, data such as index of the first and last poles in each window, and the coefficients
of the curve fit. Each pole is reported with its residues. The following table describes the pole parameters.

Table 3: The parameters that describe each pole

Formalism Parameter Description

Multi Level Breit-Wigner p pole

Tt total residue

Tcomp competitive residue

Tabs absorption residue

T fis fission residue
Reich-Moore P pole

T total residue

Tabs absorption residue

T fis fission residue height

5.2.5 Analysis of the converted files

Out of the 1000 sampled sets of resonance parameters, 859 provided a solution with the expected number of
poles (i.e. 108 poles). The remaining simulations either failed to meet some of the accuracy requirements of
the windowed multipole processing or simply created a non-physical number of poles. For analysis purposes,
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we discarded these samples but additional work would be needed to determine the cause of the failure and
that no bias is introduced in discarding them.

A final check that was also performed on the windowed multipole files to see if the processed cross sections
were strictly positive in the resonance region. To analyze this, the (n,v) cross section was reconstructed on
a very fine energy grid, and the files that result in a negative cross section were recorded. After this analysis,
only 12 evaluations resulted in a cross section that was always positive. It should be noted that this is also
expected when sampling from the original resonance parameter space. This result casts serious doubt on the
value and quality of the covariance data provided with the evaluation. If the data was in any way accurate,
it should not produce negative cross sections under any circumstance, let alone over 98% of the time.

Cross Sections (b)

10500 11000 11500 12000 12500 13000
Energy (eV)

Figure 14: The (n,v) cross section for 30 randomly selected instances in a small energy range. Note how
some of the cross sections become negative. Also note how the first resonance has a much higher uncertainty
than the second resonance

Admittedly, part of the reason we are seeing negative cross sections is a fault of the Multi Level Breit-
Wigner (MLBW) formalism, which is the formalism of the Ti-46 evaluation. The MLBW equations do not
guarantee a positive cross section, unlike the equations that describe the Reich-Moore formalism. Future
work will verify this by processing nuclides in the Reich-Moore formalism.

Since 12 is not a statistically significant sample size, and since we cannot discard the negative cross
sections without seriously affecting the Gaussian sampling, it was decided to use 859 windowed multipole
files that resulted in the exact number of poles (i.e. 108) for the purposes of calculating and testing a
multipole covariance matrix.

32



lnl o

2

i
S
-

—i
<
L]

Cross Section (b)

5
<

1074 ;

10¢ Energy (eV) 10°

Figure 15: The (n,~) cross section for the 12 instances of Ti-46 that result in a strictly positive cross section

5.3 Conversion Process - Direct Sampling Approach: The Gadolinium Case

A lot of the issues that were faced in converting Titanium were due to negative cross sections. We postulated
that if we study an evaluation using Reich-Moore, we should never see negative cross sections, and therefore,
we can safely perform the conversion. In order to test this, we attempted to convert the covariance matrix
of Gd-157 in figure
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Figure 16: Gd-157 Correlation matrix from file 32

5.3.1 Linearity of the Cross Section

One of the fundamental assumptions made is that everything is linear. This means that the resonance
parameters are distributed linearly, and therefore the cross section is also distributed linearly. To test this
assumption we sampled 2000 different sets of resonance parameters, and then reconstructed the cross sections.
We then generate a histogram of the cross section at a specific energy, we chose an arbitrary energy £ = 0.1eV/
and the results are shown in figure[I7] Note that it appears that the histogram does deviate from a gaussian,
and that a normal distribution does not perfectly capture the variation in the cross section.
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Figure 17: Histogram of the cross section at £ = 0.1eV, with a gaussian fit overlaid
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5.3.2 [Evaluating the accuracy of the multipole covariance matrix

We expect that it shouldn’t matter if we use a multipole covariance matrix, or a resonance parameter
covariance matrix to sample new cross sections. In other words, we expect the distribution of cross sections
from both covariance matrices to be identical. This gives us a way to test the accuracy of our conversion.
Figure [I8] shows a set of 10 cross sections sampled from the estimated multipole covariance matrix. We can
already see that the distribution of cross sections is very different from the one obtained via file 32. To
drive this point home, the gaussian fit of the cross section histogram at E = 0.1eV is plotting for both the
file 32 samples and the multipole samples, and it is clear that the distributions do not match in figure
Specifically, it is worth noting that the there is a slight difference in the mean of the two distributions, but
a massive difference in the variance.

107 4
10* 4
10° 4
107 1
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107 1
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0~ 1* 107 107 107! 107 10t 10°

Figure 18: cross sections sampled from the multipole covariance matrix
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Figure 19: Gaussian fit of the file 32 cross sections and multipole cross sections

5.4 Resonance Ordering

One of the first things that we notice when looking at the windowed multipole files is that the ordering of
the poles is inconsistent between files. The poles need to be put into the same, consistent ordering across
samples for the covariance matrix to be constructed. The difficulty being that the way to reorder the poles
is not clear as each pole does not have a unique identifier.

ENDEF files sort the resonances first by spin group (s-wave, p-wave, etc.), and then by the position of the
resonance Ey. OpenW on the other hand, sorts the poles just by the real part of the pole position, which
correlates to the position of the resonance. For small perturbations in resonance parameters, this does not
pose an issue, however in some cases, we see that the uncertainty in some of the resonances are large enough
that for some samples, these resonances ”jump over” other resonances.

5.5 Future work in conversion

Currently, we have only looked at a naive estimator of the covariance. That is, given a set of samples
X ={X1,Xo,..., X}, the covariance can be estimated using:

C = E[(X - B(X))(X - E(X))"] (123)

This is an unbiased estimator, and in the limit of n — oo, converges to the true covariance matrix.
However, this estimator has a high variance when the number of samples n is less than, or equal to the
dimension of the sample d. In our case, the dimension of the sample is the number of resonance parameters,
which is on the order of a few thousand. This means that the estimator used is not necessarily the best choice.
Another way to think about it is that the covariance matrix we are trying to estimate is of size d x d, and we
are trying to estimate it with n x d samples. One way to get around it is to impose a certain structure on
the covariance matrix, that is to band the matrix in such a way that values appearing far from the diagonal
are penalized. While this may not be the best approach for our case, it hints at a possible way forward. It is
possible to impose a structure for the matrix based on the physics to develop new estimators, for example,
we should not expect resonances in different spin groups to be correlated. Development of new estimators
is a topic of current work. Windowing, in effect, is also another way of imposing a certain structure on the
covariance matrix. Looking at the covariance of windowed files is also a topic of current work.
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5.6 Conversion Process - Numerical Derivative Approach

The direct sampling approach is quite straightforward, but it has the major disadvantage of not being able to
guarantee cross sections that are always positive. It was therefore necessary to explore a different approach.

One such approach is to use the chain rule to expand the multipole covariance matrix in terms of the
resonance parameter covariance matrix.

or _ orT
Cr=—-=Cr— 124
T ar tar (124)
where Cj is the multipole covariance matrix, Ct is the resonance parameter covariance matrix, and

% is the jacobian matrix with derivatives of multipole parameters with respect to resonance parameters.
This jacobian matrix could be estimated numerically by systematically introducing a small perturbation to
each resonance parameter in the original ENDF evaluation, converting the perturbed ENDF file to a WMP
file, and comparing that file to the reference WMP file to calculate the derivative. Each perturbation of a
resonance parameter yields a column of the jacobian matrix, doing this for each resonance parameter will
yield the full matrix.

The main advantage of this method is that by only perturbing the resonance parameter by a very small
amount, the issue of negative cross sections, and misordering of the poles, are completely eliminated. This
approach was validated on a small fictional covariance matrix by comparing the converted matrix obtained via
the numerical derivative approach and the matrix obtained via the direct sampling approach and showing
that they converge. The drawback of this method is that it assumes that the conversion process can be
approximated by a linear expansion. This assumption is valid for the case of small perturbations in the
resonance parameters, however we have seen that the perturbations can be quite large. The accuracy of this
method can be assessed by calculating higher order derivatives and observing how the results change.

5.7 Results from Ti-46 Conversion

The Ti-46 resonance parameter covariance matrix was converted to a multipole parameter covariance matrix
using the Monte Carlo methodology. The covariance matrix is dominated by the variance of a few of the
resonance parameters, therefore to better see the structure of the matrix, the correlation matrix is plotted
in figure Note that the matrix is not sparse, however the strongest correlations exist on or near the
diagonal. This implies that resonances close in energy are heavily correlated.
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Figure 20: Ti-46 Correlation matrix taken directly from File 32

The converted multipole correlation matrix in figure 21] shares many characteristics with the resonance
parameter correlation matrix. Both are full matrices with dominant terms near the diagonal. It is also
worth noticing that the multipole correlation matrix is more than quadruple the size of the resonance pa-
rameter correlation matrix. This is because in the R-Matrix formalism, the resonance is described by 4 real
parameters (Ey,I'y,I',,T), but since Ti-46 is not fissionable, the fission width is excluded from the file
32 correlation matrix, whereas in the multipole formalism, each pole is described by 5 complex parameters
(P, Tt5 Tcomp, Tabs, T fis) Where again the fission residue was not included. In creating the multipole covariance
matrix, the real and imaginary part of each parameter was treated as a separate real-valued parameter,
thereby doubling the number of parameters.
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Figure 21: Ti-46 Multipole Correlation matrix converted from File 32

5.8 Analytic contour integrals conversion of resonance parameters covariances
to multipole covariances

In order to sample poles and residues that express the uncertainty on the cross section, as expressed in the
resonance parameters covariance matrix, one must determine a distribution of poles and residues.

A first-order approach to doing so is to assume that the relation from resonance parameters {I‘} to poles
and residues {w} is locally linear, which stands for very small deviations from the mean. In that case, the
chain rule entails the poles and residues {77} are also subject to a Gaussian distribution, the covariance of
which is given by the so-called sandwich rule (124)).

From the latter, the key to obtaining the poles and residues {77} covariance matrix Cov (7) lies in the

12}

sensitivities ( ﬁ) .

We have developed and analytic way to calculate these sensitivities as follows.
Definition 1. HOLOMORPHIC AND CARTESIAN COMPLEX DIFFERENTIALS.
Let z € C, z=x 41y, x,y € R. The holomorphic differential is defined as
1
5 (
Note that 0,z =1, and 0,Z = 0, where Z = x — iy designates the complex conjugate.
We here define the Cartesian differential as:

0. == = (0, —i0,) (125)

0, =0, +10, (126)
Note that 0,z =0, and 0,z = 2.

Lemma 1. WINDOWED MULTIPOLE SENSITIVES
Let z € C be the complex, analytically continued square-root-of-energy, so that for real energies above threshold
we have z = VE, and consider the Windowed Multipole cross section, i.e. locally of the form:

N,
1 Lo
o(z) = anz" + =R J 127
O iy 30,0 (3T (127)
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then the cross section sensitivities to multipoles g—g(z) (i.e. the partial differentials of the cross section with
respect to multipoles) are then given, in window W(E), by:

M( ) =2
0o 1 2 do 1 o
22 () = L )=
Opi " 2 (2= p)) ;" 2 (z-w)
do 1 T} do 1 T
(2) = 5—* ; L (2)=—
;" 2 (2 py)” Op; " 2% (2~ py)
do 1 T, do 1 ir;
L Y LV L S Y L (128)
oy T [(z _pj)‘z] 751, l(z _pjf]
80( )= 1 i 0o (2)= 11
or;" 22z —p; ’ or; 22 2 —pj
0o 1 1 do 1 1
ar; (2) = ngq ) 67;@)_;22—7]9]-
do 1 1 do 1 i
_ 7§Ral :7§Ral
OR [r;] ¥ = L - pj] COS ] )= [Z - pj]
Moreover, the cross section sensitivities to resonance parameters 8—?( z) (i.e. the partial differentials of the

cross section with respect to resonance parameters) are subject to the following multipole representation:

: o) o 1[5 ) (%)

o [ ar J " ar

D = <> 2 R + (129)
or " w(e) n;2 or 22 ; 2=p;  (z—p;)

Proof. Sensitivities (128 ) and (| D are a direct consequence of partial differentiation of the windowed mul-
tipole representation | 7, by b and r respectively. O

Having derived the sensitivities, we can now establish the main result of this section: theorem [I| which
establishes a means for computing the Windowed Multipole covariances.

Theorem 1. WINDOWED MULTIPOLE COVARIANCES
Let us assume we are provided the analytzc continuation 9) of the cross sectzon sensitivities to resonance
parameters 8F( ), then the sensitivities ( 7r) of the multzpoles {7‘(‘} {pj, } with respect to the resonance

parameters {F} = {EA,’ww} can be obtained from the following contour mtegmls in the complex plane:

L %_Lj{ VDo e [T 000 0
? (8F = — c,,.(z pJ)aF(z)dz—27r ezo(pj—i—ee )3I‘(pj+€e) de

2p 27i
11 or; T Opj 1 do e (27 9o y
2p7 \or)  p? =3 P ard 6
229? (3F) P? <3F 2mi Je, 8F(z) S _o OF (pj + ee¥)e
A or; o, or, (130)
(%a) + 01 R | D 20 8F)3  (5) +0_g 0! (%) - . i (5)
g j=1 Dj P;
1 1 Oo 1 (27 o—iln41)0 g,

(eel?)e?do

Sl a0 [ e ar

To first order, this entails the Windowed Multipole covariance is given by:

Cov (1) = (g;) Cov (T )(g;r)T (131)
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Proof. We start by performing a partial fraction expansion of (129)) yielding:

g%(z) = Zg (%) 2"+

n>—
9p; or; Op; or;
NERICR IRACINCE JRatY
) T +
j=1 pj Dj
ar; Op; Ip;
ACORICE OINCE )
pi(z —pj) p3(z —pj)?

We now invoke Cauchy’s Residues Theorem to compute the different residues associates with poles 0 or p;,
multiplying correspondingly by z™ or (z — p;) when necessary, which yields (130). O

To validate the contour integrals (130]), we compared the method to close-form sensitivity functions we
derived on the first resonance of U-238, as recorded in Figure

Partial derivatives of Iy(E) with respectto I’

107 == exact SIy/BI(E)
== exact SXy/BI(E)
== exact SXy/BI(E)

10° 1 7 N ;
————— \, analytic_EEy/GM(z)
O -_._._,_.._..-—*'Jr\\{:\“ ----- analytic_6Iy/aT(z)
m 10 ____________/ L W e analytic_STy/oMiz)
5 N S~-=- MP_exact BIY/E(z)
3 10 \\ -~ MP_exact_6Ey/br(z)
— === MP_exact 5Iv/olz}
107 4 ‘ === MP_contour_6Iy/ariz)
=== MP_contour_5Iv/ar(z)
1072 4 === MP_contour_86Zy/or(z)
.
107! 10° 10t 102 10° 10

Energy E (V)

Figure 22: Contour integrals method for Multipole sensitivites validation: the sensitivities to resonance
parameters of the first resonance of U-238 were computed explicitly, analytically, and from the contour-
integrals method computing the Mutlipole sensitivities from and plotting the sensitivities from .
All methods yield the same result.

Importantly, contour integrals cannot be performed without having an analytic representation of the
partial derivatives of the cross section at complex energies, %(2). This formalism was made possible as
a result of the findings drawn from years of research carried out at MIT, Oak Ridge National Laboratory,
and Los Alamos National Laboratory investigating the mathematical properties of nuclear cross sections as

derived from R-matrix theory [28] 27 2] [33] [34].

6 Conclusion

This report documents recent progress on many aspects of current research at MIT to quantify the uncertainty
of nuclear simulations when using Monte Carlo transport solvers. In particular, we established an analytic
benchmark to serve as a tool for validation and verification of subsequent uncertainty quantification methods.
This benchmark is also the first time resonance self-shielding is explicitly solved from R-matrix theory
of nuclear interactions to the Bolzmann transport equation. Various methods to convert the resonance
parameters covariance matrices (ENDF File 32) into a multipole covariance matrix have been explored,
and preliminary results on these methods are here documented. Moreover, we explored new approaches to
performing the uncertainty quantification in the Monte Carlo simulation, either by re-visiting the sensitivity
approach from a windowed multipole lenses, or by proposing a new Embedded Monte Carlo approach,
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whereby each neutrons perceives a new possible realization of the physics, given our epistemic uncertainty
on nuclear data. All these elements constitute fundamental bricks that, upon assemble, could yield to
breakthrough improvement in the uncertainty quantification performance of Monte Carlo reactor physics
codes.
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