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Abstract

The numerical solution of dynamic optimization problems is often limited by the
memory required to store the state trajectory, which is used to evaluate the objec-
tive function and its derivatives. Recently, [R. Muthukumar et al., STAM Journal
on Optimization 31(2), pp. 1242-1275 (2021)] introduced a trust-region method
for dynamic optimization that employs randomized sketching to compress the
state trajectory, resulting in inexact derivative computations. By adaptively
learning the sketch rank, the trust-region algorithm achieves rigorous convergence
guarantees. We extend this approach to use secant Hessian approximations. Due
to the randomness introduced by the sketch, the traditional secant update formu-
lae can produce poor Hessian approximations. In particular, the difference of two
gradients, computed from two different sketches, may be inconsistent. To over-
come this, we employ a sketched approximation of the Hessian application, in lieu
of computing the gradient difference. We numerically demonstrate the improved
stability of this approach on an example from PDE-constrained optimization.
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1 Introduction

Large-scale dynamic optimization problems are ubiquitous in engineering and science
applications such as full waveform inversion [1-3] and optical tomography [4, 5]. In
these applications, the state trajectory is often too large to store in memory. To over-
come this issue, the authors in [6], introduced a low-memory approach for solving the
discrete-time dynamic optimization problem

N
min an(un—launazn)
un €RM, 2, €R™ £

(1)

subject to n(Up—1,Un,2n) =0, n=1,...,N,

where z, € R™ and u,, € RM are the control actions and system states at the nth
time step, respectively, uyg € RM is the provided initial state of the system, f, :
RM x RM x R™ — R is the cost associated with the nth state and control, and
cn RM < RM « R™ — RM is a constraint function that advances the state from w,,_1
into u,,.

Memory limits often constrain numerical algorithms for solving (1). For example,
sequential quadratic programming methods require the storage of the entire state tra-
jectory {u,}2_,, the Lagrange multipliers associated with the N constraints, and the
controls {z, }__,. In total, one must store at least (2M +m)N floating point numbers.
However, in real applications, M and N can be extremely large, e.g., M =~ 6.4 x 1010
and N 2 4 x 105 for subsurface full waveform inversion problems [1]. On the other
hand, when the dynamic constraint in (1) is uniquely solvable, one can reformulate (1)
as a reduced optimization problem by eliminating the state trajectory. The optimiza-
tion variable in this reduced approach is only the control {z,})_,, which consists of
mN floating point numbers, significantly reducing the required storage. However, the
computational cost is increased as each evaluation of the objective function requires
solving the dynamic constraint. Worse, evaluating the gradient of the objective func-
tion requires solving the backward-in-time adjoint equation [7], which depends on the
entire state trajectory.

Such requirements force algorithm developers to make hard choices—either to
reduce the fidelity of the model using, e.g., reduced-order models (ROMs) or to repeat
computation using checkpointing. While ROMs are an excellent solution in some cases,
they are often tailored for specific models and demand significant domain expertise.
Furthermore, ROMs can be incompatible with legacy codes as they often require
invasive modification of the simulation software. However, ROM development is an
active area of research and adaptive ROM construction can work well for solving cer-
tain classes of optimization problems [8, 9]. See [10] for an in-depth review of ROM
techniques for PDE-constrained optimization. Checkpointing methods are a popular
alternative, where the backward pass is preformed without storing the full state [2, 11—
13]. These methods store judiciously chosen snapshots of the state variables w,, and
then recompute the state from these checkpoints to solve the adjoint equation. This
procedure results in lower memory requirements, but increases the cost of comput-
ing gradient and Hessian information. For example, if one can store at most k state



vectors, then the checkpointing strategy described in [12] will perform
w(N,k):=7N -8(k+1,7—-1) (2)

additional state time steps to compute the gradient, where

B(s,t) == (sjt)

and 7 is the unique integer satisfying S(k,7 — 1) < N < [(k,7). Note that the
computation of higher-order derivatives compounds this cost, making application of
the Hessian very costly.

As an alternative, randomized sketching [14-16] can be used to compress the state
trajectory, reducing the memory to O(N + M), at the cost of inexact gradients. The
trust-region algorithm introduced in [6] adaptively learns the sketch rank based on
the algorithm progress, yielding rigorous convergence guarantees. In their numerical
results, the authors employ a conjugate gradient method with approximate Hessian
applications, where the auxiliary dynamical systems solutions (i.e., the adjoint and
state sensitivity trajectories) are also sketched. In this paper, we investigate the effect
of the randomized sketching on secant (e.g., BFGS and SR1) approximations of the
Hessian. The randomness introduced by sketching can lead to inconsistencies between
consecutive gradient approximations, producing poor curvature estimates. This has
been observed in machine learning with stochastic secant methods [17]. Inspired by
[17], we employ inexact sketched Hessian applications as a way to stabilize the cur-
vature estimates. Using a numerical example from PDE-constrained optimization, we
demonstrate that the sketched Hessian applications lead to superior performance.

2 Problem formulation

Throughout, Z := R™" denotes the control space and U := RMY denotes the state
space. Moreover, we denote the stacked control and state vectors by

21 U1

ZN un
respectively. Using this notation, we rewrite the dynamic optimization problem (1) as

i bject t =
uerz/rll’lilezf(u,z) subject to c(u,z) =0, (3)

where f: U X Z - R and ¢: U x Z — U are defined by

N Cl(UO,Ul,Zl)
flu, z) = an(un—lvumzn) and c(u, z) = )

n=1 en(Un—1,uN, ZN)



respectively. We assume that f and ¢ are twice continuously differentiable on U x Z,
that there exists a unique control-to-state map S : U — Z, i.e., for any control
z € Z there exists a unique trajectory S(z) € U that satisfies the dynamic constraint
¢(S(z),z) = 0, and that the state Jacobian ¢, (S(z),z) has a bounded inverse for
all controls z € Z. Under these assumptions, the implicit function theorem ensures
that S is twice continuously differentiable. Giving the sequential nature of ¢, the state
trajectory @ = S(z) can be expressed in terms of the time steps as

51(U07 Zl)
S(z) = Sg(Sl(u(:),zl),,zz) |
SN (Sl s 2n1)s 20)
where @, = Sy, (Un—1,2n) € RM denotes the unique solution to the nth constraint

en(Tn—1,Tn, 2n) =0 for n=1...,N

Finally, employing the control-to-state map S, we can reformulate (3) as the reduced
dynamic optimization problem

min {F(z) := f(5(2),2)}. (4)

zEZ

As in [6], our method compresses the dynamic state S(z) at each iteration for use
in the gradient computation. Employing the adjoint method, we compute the gradient
of F as

VF(z) = c.(S(2),2) " A+ £.(S(2), 2), (5)

where A = A(z) € U solves the adjoint equation
cu(S(2),2)TA = —fu(S(2), 2). (6)

Recall that the adjoint equation is solved backward in time and at the nth time step,
the adjoint variable \,, € RM solves

dc — — T 9 — _
a;Z(UN_:[’U,N,ZN) )\N:_agx(UN_l,UN,ZN),
den (— — T Ofn (— = Ofnit (—  —
9,2: (Wp—1, U, Zn) Ap = — [35” (un—lvuna Zn) + 8un1 (W, Un 1, Zn+1):|
de — T
_ﬁ(unaun—&-l,zn—&-l) )\n+17 n=N-1,...,L

The application of the Hessian to a vector v is computed in a similar manner as the
gradient and is given by

VQF(z)v = c,(5(2), Z)Tﬂ’ + Loo(S(2), 2, A(2))w + L2 (S(2), z,A(2))v,



where L : U x Z x U — R is the Lagrangian functional
L(u, 2z, A) == f(u, z) + A c(u, 2),
w = 5’ (z)v € U solves the state sensitivity equation
cu(S(2), 2)w = —cz(S(2), 2)v, (7)
and ™ = N (z)v € U solves the adjoint sensitivity equation
cu(S(2),2) T = —Luu(S(2), 2, A(2))w — Loz (S(2), 2, A(2))v. (8)

Note that (7) is solved forward in time, while (8) is solved backward in time like
(6). Moreover, to apply the Hessian, we generally must store S(z), A(z), and w.
Consequently, we will sketch these quantities for use in Hessian applications.

3 Randomized sketching

In order to leverage randomized sketching to reduce the dimensionality of u = S(z)
(and similarly for A and w), we reshape u as the matrix

Uz[ul \ -~-|uN]E]RMXN.

Given a target rank r € {1,..., min{M, N}}, randomized sketching produces a rank-r
approximation {U},. of U that requires only O(r(M+N)) storage. Let k € {r,..., N},
s €{k,..., M} and define the two random linear dimension reduction maps (DRMs)

W eR>M  and Qe RVXF

which have independent standard normal entries. The sketch of U consists of two
matrices:

Y = UQ € RM*¥, the range sketch;
W = OU € RS>V, the co-range sketch.

The linearity of the sketching operations allows us to compute Y and W as the
columns of U are generated, reducing the storage requirements. See [18, Alg. 2] for
details. Note that this specific sketch can be replaced with other sketch algorithms like
the one used in [6] and the entries of © and ¥ can be drawn from other distributions
than standard normal [18]. Moreover, we can further reduce memory by not storing
the random DRMs 2 and ¥, but rather storing the seed used to generate them.

To reconstruct a rank-r approximation of U from Y and W, one first orthogonal-
izes Y using the skinny QR factorization, i.e.,

Y = QR, where Qe RM*k,



Here, we store Q in place of Y and discard the triangular matrix R. We then solve
the small, well-conditioned least-squares problem

X = (2Q)f W e RPN,

which is stored in place of W [18]. Finally, we construct the rank-r approximation of
U as
{U}, := QX € RM*N,
Note that we never form the product QX as this would require O(MN) storage.
Instead, we reconstruct the columns of {U}, as needed for derivative computations
using the product
Uy ~ Qxyy for n=1,...,N,

where x,, denotes the nth column of X.

4 Sketched quasi-Newton trust-region method

We now review the trust-region method described in [6], which is a specialization of
the method described in [19]. Given the current iterate zy, we compute a trial step s,
by approximately solving the trust-region subproblem

mig {m(s) :== 25" Bys+g/ s} subject to ls]l < A,
se

where Ay > 0 is the trust-region radius, gy is an approximation of the gradient VF(zy)
and By is a secant approximation of the Hessian V2F(z;). We compute g, using
sketching via [6, Alg. 4.4], which adaptively increases the sketch rank r until the state
reconstruction satisfies

lc(fUedr, z0)|| < Rgraa min|igell, A} (9)

Here, Kgraa > 0 is a user-specified parameter that is independent of ¢ and U, denotes
the state matrix associated with the current control z,.

The randomness in {U},, inherited from the DRMs 2 and ¥, induces randomness
in the model gradient g,. This randomness changes at each iteration and can create
instabilities in standard secant approximations due to random variability between
subsequent model gradients. In particular, popular methods like BFGS, DFP, PSB
and SR1 [20, 21] utilize the gradient difference

Ye =gi+1 — Ge- (10)

However, g¢y1 and g, are computed from states that use different instances of Q and
¥, which can lead to instabilities in the secant approximation especially when kgraq
is large. To overcome these instabilities, we replace (10) with

Yo~ V2F(z)sy. (11)



Since the application of V2F(2;) to s, requires storing the state, adjoint and state
sensitivity trajectories, we instead sketch these trajectories producing an approximate
Hessian application that we use to define y, in (11), cf. [6, Alg. A.5]. Replacing the dif-
ference of gradients with a Hessian application was used in [17] for applying stochastic
secant methods to solve training problems in machine learning. In our numerical exper-
iments, we employ the limited-memory SR1 and BFGS update formulae [20, 22-25],
given by

-B — Bysy) "
Byoy — B, + W= Besd) (e _ e3¢) (12a)
(ye — Bese) s¢
B B T T
B[_;,_l _ Bg - ( ESZ)( fsf) y[yé (12b)

s] (Buse) sl ye’
respectively. As is typically done, we update the SR1 secant approximation only if

|s¢ (ye — Beso)| > clsellllye — Besel), (13)

where ¢ € (0,1) is a user-specified constant, cf. [25] for additional information.
Similarly, we update the BFGS secant approximation only if the curvature condition

Yyl se > cllyellllsel (14)

is satisfied. Again, ¢ € (0, 1) is a user specified constant. For more details, see [20, 23].
Algorithm 1 lists the sketched quasi-Newton trust-region algorithm. To shorten
the presentation, we employ the algorithms listed in [6] with the understanding that
[6, Alg. A.1] performs the simplified sketching procedure described in Section 3.
The functions Sketch, SolveState!, AdaptiveRankGradient, SolveTRSubProblem,
SolveStateSensitivity, and ApplyFixedRankHessian can be found in [6]. On the
other hand, UpdateSecant represents an arbitrary secant method like BFGS or SR1.
Under standard assumptions, [6, Th. 4.7] demonstrates that Algorithm 1 converges in
the sense that
liminf || g¢|| = liminf [|[VF(z,)| = 0. (15)
{— 00 l— 00

5 Numerical results

We demonstrate the performance of Algorithm 1 on a discretized version of the optimal
control problem

mzin %/0 /0 {(u(z,t) — ug(z,1))* + az(z,t)*} dadt, (16)



Algorithm 1 Sketched quasi-Newton trust-region method

Input: Initial control zy, trust-region radius Ay > 0, initial sketch rank r¢ > 0, and
trust-region hyperparameter set P = {11, 72,71, 72, Amax }

1: T4 T9 > Set sketch rank
2. {U}, < SKETCH(M, N,rank = r) > Instantiate state sketch
3. Fy < SorveStaTe! ({U},, 20) > Sketch state and evaluate objective
4: (go,T) < ADAPTIVERANKGRADIENT(Z, 7, {U},) > Approximate gradient
5: £+ 0

6: while “Not Converged” do

7 (s¢, predy) < SoLVETRSUBPROBLEM(gy, Ay) > Compute trial step
8: {U}.InrT1ALIZE! (M, N, rank = r) > Re-initialize state sketch
9: Fyi1 < SoLveSTATE! (U}, 2z + s¢) > Compute new objective value
10: pe=(Fp— Fypy1)/ —my(sg) > Compute ratio of reduction
11: if pp > n1 then > Validate step using ratio of reduction
12: Zyy1 =21+ Sy

13: else

14: Zp41 =%

15: end if

16: if py > 19 then > Update trust-region radius
17: Ag+1 = min{'ygAg, Amax}

18: else if py < n; then

19: Agi1 = lsell
20: else
21: Ag+1 = Ag
22: end if
23: (ge41,7) < ADAPTIVERANKGRADIENT(Zp4 1,7, {U}+) > Update gradient
24: if py > n1 then
25: yy < APPLYFIXEDRANKHESSIAN(2z¢, {U}+, s¢,7,7) > Apply sketched Hessian
26: By 1 < UPDATESECANT(Sy, Y¢) > Update secant storage
27: end if

28: end while

where z : (0,1) x (0,7) — R is a distributed control, u : (0,1) x (0,7) — R is the
weak solution to viscous Burgers’ equation [26, 27]

ut(x, 1) — Vge (2, ) + ug(x, t)u(z, t) = 2(x,t) =€ (0,1), te (0,T),
u(0,t) = u(l,t) =0 te(0,7), (17)
u(z,0) =uo(z) =€ (0,1),

ug : (0,1) x (0,T) — R is the target state, a > 0 is the control cost, ug : (0,1) — R is
the initial condition, and v > 0 is the viscosity. In the following experiments, we set
a=10"2and v =5x 1073, T =1, ug = 0, and the data is given by

(18)

0 if (z,t) € (0,0.5] x (0,7),
1 if (z,t) € (0.5,1) x (0, 7).



We discretize (17) in space using continuous piecewise linear finite elements on a uni-
form mesh with M = 512 interior vertices and in time using backward Euler with
N = 512 uniform time steps. For an explicit description of the finite-dimensional prob-
lem, see [28]. We apply Algorithm 1 to the discretized reduced optimization problem
and update the sketch rank using the rank update function

- 1
w(r,7) = max {7’ +1, [w—‘ } ,
b1

where p; > 0 and ps € R are computed by fitting a linear model of the logarithm of
the average sketching error as a function of the rank for the uncontrolled state, for
this problem p; = —0.65 and p, = 11.56. To quantify the memory savings achieved
by Algorithm 1, we employ the compression factor

full storage NM
¢ o= = : (19)
reduced storage (kM + sN)

As suggested in [18, 29], we choose k = 2r + 1 and s = 2k + 1. Figure 1 depicts the
tail energy and sketching error averaged over 60 realizations of the random DRMs for
the uncontrolled and optimal states. Both the tail energy and sketching error decay
exponentially fast until saturating below O(10~!?) indicating that the sketched state
produces an accurate approximation as the rank increases.
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103 |
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Fig. 1: The sketching error averaged over 60 realizations (red) and the tail energy
(blue) for the uncontrolled (left) and the optimal (right) states of the viscous Burgers’
equation. For this experiment, M = N = 512.

We terminate Algorithm 1 when the relative stopping condition

lgell < 107*|lgo] (20)

is satisfied. Recall that (15) ensures that (20) is satisfied after finitely many iterations.
We further set Ag = 50, 7, = 0.05, 7o = 0.75, 71 = 0.25, 75 = 2.5, Apax = 103



and g = 1. Table 1 demonstrates typical runs of Algorithm 1 using BFGS. Here,
we compare the performance of the algorithm when using the traditional gradient
difference (10) (denoted GradDiff) and the inexact Hessian application (11) (denoted
Hessian). For these results, we set Kgrad = 10® and notice that both GradDiff and
Hessian perform similarly. However, as we will see, the performance of GradDiff
degrads as kgrad increases (i.e., when using poor gradient approximations). Tables 2

L [ Method it feval itCG acc maxr ¢
5 GradDiff 60 115 117 41 16 5.12
Hessian 62 119 126 43 15  5.44

10 GradDiff 59 116 125 42 15  5.44
Hessian 55 107 124 37 16 5.12

2 GradDiff 48 93 121 31 15  5.44
Hessian 50 97 124 32 15  5.44

full GradDiff 52 102 130 35 17  4.83
Hessian 46 90 117 30 15  5.44

Table 1: Typical performance of Algorithm 1 for solving
the optimal control of the viscous Burgers’ equation: L is
the /-BFGS memory size with full meaning full memory,
it is the number of trust-region iterations, feval is the
number of function evaluations, itCG is the number of
CG iterations, acc is the number of accepted steps, max
r is the final sketch rank, and ( is the compression factor.
For this experiment, M = N = 512 and kgrqq = 103.

and 3 display the algorithm statistics for GradDiff and Hessian with increasing
Kgrad, using BFGS and SR1, respectively. We repeated each run 60 times using different
realizations of the random DRMs and report the average results. As demonstrated,
Hessian tends to outperform GradDiff, especially for large xgraq and large secant
memory L. This improvement is amplified when using SR1. For example, when using
full-memory secant approximations (denoted by full), we see a significant performance
improvement for Hessian over GradDiff. As emphasized in [17], this result is not
surprising since the accumulation of errors in the gradient differences is accentuated
by larger memory secant approximations.

6 Extensions

As described, Algorithm 1 applies only to smooth unconstrained problems. However,
it is straightforward to modify the algorithm for solving convex-constrained or non-
smooth regularized problems. In particular, Algorithm 1 is an instance of the more
general algorithm introduced in [30] for solving problems of the form

min F(2) + (=)

10



L [ Method it feval itCG acc maxr ¢
Kgrada = 1000

1o | GradDiff 57.00 1I1.87 12080 30.78 1573 5.20
Hessian  54.43 106.47 124.97 36.87  15.87 5.16
oo | GradDiff 5045  99.53 12292 3410 1582 5.7
Hessian  47.92  94.10 127.37 31.18  15.72 5.20
juy | GradDiff 4917 9753 12720 3337 1575 519
Hessian  46.77  92.35 130.92 3045  16.10 5.08
Fgrad = 10,000
1o | GradDiff 6043 117.43 12338 42.63 1277 6.35
Hessian  57.68 111.28 131.08 3948  12.73 6.36
oo | GradDiff 5333 10407 12522 3670 1285 6.31
Hessian  50.00 96.60 131.22 32.83 1252 6.47
juiy | GradDiff 5098 9970 12505 3485 12.67  6.39
Hessian  49.23  95.10 131.45 32.20 1258 6.44
Fgraa = 100,000
1o | GradDiff 8892 16803 158.00 66.55  10.27 7.80
Hessian  88.98 168.75 164.40 67.22  10.50 7.64
oo | GradDiff  84.67 160.23 164.85 63.00 1042 T7.69
Hessian  76.45 144.78 156.48 56.13 1042 7.69
jup | GradDiff 8160 15130  166.83 58.93 1043  7.69
Hessian  71.33 135.87 154.15 5228  10.48 7.48

Table 2: Performance statistics averaged over 60 runs using
limited-memory BFGS and various Kgraq: L is the /-BFGS mem-
ory size with full meaning full memory, it is average the number
of trust-region iteration, feval is the average number of func-
tion evaluations, itCG is the average number of CG iterations,
acc is the average number of accepted steps, max r is the aver-
age final rank, ¢ is the average compression factor.

where ¢ : Z — (—o00,+00] is proper, closed and convex. In this more general
setting, one changes the trust-region subproblem to account for the potentially
nonsmooth term ¢. This modification necessitates different subproblem solvers
SolveTRSubProblem, cf. [31]. Moreover, the gradient error criterion (9) changes to

[c({Ur, o) || < Kgraa min{ 7 || ze — prox,, (z¢ — tgo)ll, As},

where ¢ > 0 is fixed and prox,, denotes the usual proximity operator of ¢ [32]. See
[33] for an initial study of randomized sketching in nonsmooth dynamic optimization
using sketched Hessian applications for By. Finally, in [6], the authors require that the
sequence of model Hessians { By} is uniformly bounded to achieve (15), cf. [6, As. 2.1].
However, we can replace this requirement with the weaker condition

See [30, Th. 3] for additional details.
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L Method it feval iitCG acc maxr ¢
Kgrad = 1,000

Lo | GradDiff 3853  79.07 16360 2563  16.08 5.9
Hessian  40.47  81.62 167.15  26.18  15.95 5.13
oo | GradDiff 3000  80.38 20480 2577 1603 5.11
Hessian  42.13  85.02 267.00 27.97  16.10 5.08
i | GradDiff 4182 8368 23720 2693 1618 500
Hessian  45.72 9040 326.25  30.17  16.63 4.93
Fgrad = 10,000
o | GradDiff 4305 8585 17285 2027 1257 644
Hessian  44.82  87.82 173.82  20.28  12.68 6.39
oo | GradDiff 5000  97.92 20315 3320 12,68 6.39
Hessian  47.62  92.75 256.07 31.55  12.95 6.26
juy | GradDiff 6178 11638 29843 4072 1322 614
Hessian  50.95  98.50 340.98  34.00  13.25 6.13
Fgrad = 100,000
Lo | GradDiff 8657 161.95 217.35 6288  10.50 7.64
Hessian  69.67 131.83 174.05 50.17  10.50 7.64
oo | GradDiff 9515 177.15 24257  69.15  10.58 7.58
Hessian  69.27 131.15 19242  49.47 1047 7.66
juy | GradDiff 16835 30557 846.60 12355 1413 576
Hessian  74.63 140.50 213.45  53.75 1040 7.71

Table 3: Performance statistics averaged over 60 runs using
limited-memory SR1 and various kgraq: L is the ¢-SR1 memory
size with full meaning full memory, it is average the number of
trust-region iteration, feval is the average number of function
evaluations, itCG is the average number of CG iterations, acc is
the average number of accepted steps, max r is the average final
rank, ( is the average compression factor.
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