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We study the nonperturbative properties of the nucleon’s chiral-odd generalized parton distributions
(transversity GPDs) in the large-Nc limit of QCD. This includes the parametric ordering of the spin-flavor
components, the polynomiality property of the moments, and the sum rules connecting the GPDs with the
tensor form factors. A multipole expansion in the transverse momentum transfer is used to enumerate and
interpret the structures in the nucleon matrix element of the chiral-odd partonic operator, including
monopole, dipole and quadrupole terms. The 1=Nc expansion of the GPDs is performed using the abstract
mean-field picture of baryons in the large-Nc limit and its symmetries. We derive a large-Nc relation
between the flavor-nonsinglet GPDs Eu−d

T and H̃u−d
T and test it with recent lattice QCD results. We show

that the polynomiality property and sum rules of the GPDs are fulfilled with the restricted realization of
translational and rotational invariance in the mean-field picture. The results provide a basis for the
phenomenological analysis of chiral-odd GPDs and hard exclusive processes in the large-Nc limit, and for
calculations in specific dynamical models.
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I. INTRODUCTION

Generalized parton distributions (GPDs) are an essential
instrument for expressing nucleon structure in QCD. They
describe the nonforward nucleon matrix elements of
partonic QCD operators representing correlation functions
of the quark and gluon fields at lightlike distances. The
GPDs unify the concepts of the nucleon parton densities
and elastic form factors (FFs) and open new possibilities of
characterizing the dynamical system; see Refs. [1–4] for a
review. The transverse coordinate representation of the
GPDs describes the spatial distribution of quarks/anti-
quarks/gluons in the nucleon and allows one to represent
it as an extended object in space [5–7]. The moments of the
GPDs (x-weighted integrals) describe nucleon FFs of local
QCD operators of twist 2 and spin n ≥ 1, which arise from
the expansion of the partonic operator in powers of the
lightlike distance. These local operators contain the QCD
energy-momentum tensor (n ¼ 2), whose FFs describe the
distribution of mass, angular momentum, and forces in the
nucleon and allow one to quantify its internal mechanical
properties [8–11].

The quark GPDs come in two types, determined by the
chiral properties of the partonic operator ψ̄ð−z=2ÞΓψðz=2Þ,
where ψ and ψ̄ are the QCD quark fields, z is the lightlike 4-
vector distance, z2 ¼ 0, and Γ is a bispinor matrix. The
chiral-even operators with Γ ¼ γþ or γþγ5 define the so-
called chiral-evenGPDs. They reduce to the unpolarized and
helicity-polarized quark densities in the forward limit, and
their first moments are the FFs of the vector and axial vector
current. The chiral-odd operators with Γ ¼ σþ⊥ define the
chiral-odd GPDs. They correspond to the transversity-
polarized quark densities in forward limit, and their first
moments are related to the FFs of the local tensor operator
ψ̄ð0Þσμνψð0Þ, which include the tensor charge FF defining
the tensor charge at zeromomentum transfer. (Hereþ and⊥
are the light cone 4-vector components along the direction of
z; definitions are given below.)
The chiral-even GPDs have been extensively studied

regarding their general properties, applications to nucleon
structure, and model predictions [1–4]. The chiral-odd
GPDs remain relatively unexplored, with many of their
basic properties still unknown. The chiral-odd GPDs
possess unique features and present new probes of nucleon
structure. Chiral-odd quark operators do not mix with gluon
operators (they are nonsinglets) and depend only weakly
on the renormalization scale, which makes them effective
probes of nonperturbative nucleon structure; see Ref. [12]
for a review. Comparison of chiral-even and chiral-odd
structures reveals relativistic effects in the context of the
quark-model picture of the nucleon. The chiral-odd GPDs
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describe the effect of transverse quark polarization on the
spatial distributions [13,14]. Their moments give access not
only to the nucleon tensor charge but also to higher
multipoles of the tensor operator, such as the anomalous
tensor magnetic moment and the quadrupole moment.
Studies of the properties of the chiral-odd GPDs are needed
to enable these applications to nucleon structure.
GPDs parametrize the nucleon structure sampled in hard

exclusive processes in lepton-nucleon scattering in the
context of QCD factorization [1–4]. In the asymptotic
regime (energy and momentum transfer ≫ hadronic scale)
the scattering process takes place on a single quark, whose
emission and absorption by the nucleon are described by
the GPDs. This makes it possible to extract information on
the GPDs from observables in exclusive processes. Chiral-
even GPDs appear in the factorization of deeply virtual
Compton scattering, lþ N → lþ γ þ N, and in the asymp-
totic twist-2 mechanism of exclusive meson production,
lþ N → l0 þM þ N. Chiral-odd GPDs appear in the
twist-3 mechanism of pseudoscalar meson production,
where they are combined with the chiral-odd meson distri-
bution amplitudes [15–18]. While theoretically subleading,
this mechanism produces large amplitudes at energy/
momentum transfers ∼ few GeV and predicts observables
consistent with measurements at JLab 6 GeV [19–24]. This
opens the prospect of probing chiral-odd GPDs in pseu-
doscalar meson production experiments at JLab 12 GeV
(see Refs. [25,26] for first results), and at higher energies in
the CERN COMPASS experiment [27,28] and the future
Electron-Ion Collider [29]. The same chiral-odd mecha-
nism can be applied to the time-reversed process of dilepton
production in pion-nucleon scattering, πN → lþl− þ N,
which can be measured at J-PARC [30]. Chiral-odd
GPDs are also probed in exclusive high-mass pair pro-
duction processes [31–33]. Quantitative predictions for
chiral-odd GPDs are needed to analyze the data and
simulate future experiments.
The 1=Nc expansion is a powerful method for analyzing

nucleon structure in QCD. The limit of a large number of
colors corresponds to a semiclassical limit of QCD, in
which the dynamics simplifies in characteristic ways yet
retains essential nonperturbative features such as the
dynamical breaking of conformal and chiral symmetry
[34–36]. The Nc scaling of hadron masses, couplings, and
FFs can be established on general grounds. Baryons appear
as mean-field solutions with mass OðNcÞ and size OðN0

cÞ,
analogous to solitons in classical field theories [35]. The
mean field couples spatial and flavor degrees of freedom
and imposes a characteristic spin-flavor symmetry on
baryon properties [37,38]. Baryon states with spin-isospin
quantum numbers arise from quantization of the rotational
zero modes, with the N and Δ appearing as rotational states
with S ¼ T ¼ 1=2 and 3=2 [35]. Matrix elements of QCD
operators such as GPDs can be analyzed according to their
Nc scaling. The different spin-isospin components of the

matrix elements exhibit differentNc scaling, dictated by the
symmetries of the mean field and the quantization of the
zero modes.
Large-Nc methods can be applied to the analysis of

nucleon matrix elements of QCD operators at two levels.
(i) Deriving theNc scaling of the spin-flavor components of
the matrix elements and relations between them: This can
be done using only the symmetries of the mean-field and
zero mode quantization. It does not require dynamical
input, and the results are model independent. (ii) Making
quantitative predictions for matrix elements: This is
possible with dynamical models that generate a specific
mean-field solution and predict the expectation value of the
QCD operator in the mean field. The zero-mode quantiza-
tion then generates quantitative predictions for the
spin-flavor components of matrix elements. An example
is the chiral quark-soliton model based on the effective
dynamics of massive quarks coupled to a chiral meson
field [39–41].
In this work we study the chiral-odd GPDs of the

nucleon in the large-Nc limit of QCD. The investigation
is divided in two parts. In the first part (reported in the
present article) we derive the general properties of the
chiral-odd GPDs in large-Nc limit, including the multipole
expansion, the Nc scaling of spin-flavor components, the
realization of polynomiality, and the sum rules and con-
nection with the tensor FFs. Here we use only model-
independent features of baryon structure in the large-Nc
limit. In the second part (reported in a subsequent article)
we obtain numerical estimates in the chiral quark-soliton
model and discuss the dynamical properties of the chiral-
odd GPDs, such as the magnitude of the spin-flavor
components, valence and sea quark distributions, and the
role of long-distance chiral dynamics.
A general technique for performing the 1=Nc expansion

of GPDs was described in Ref. [1] and applied to the
analysis of chiral-even GPDs. Applications to chiral-odd
GPDs were considered in Ref. [42]. The present work
extends the treatment of the chiral-odd GPDs in several
aspects and revises some of the earlier results. New
elements are as follows.
Multipole expansion: We systematically employ the

multipole expansion to characterize the momentum transfer
and spin dependence of the nonforward matrix elements.
The method allows us to classify the structures and explain
the observed dependence. The use of multipoles is natural
in the context of the 1=Nc expansion of baryon matrix
elements, as the Nc scaling of structures is determined by
t-channel spin-isospin quantum numbers (so-called I ¼ J
rule) [43–45]. In GPDs the multipole expansion is per-
formed as an expansion in the transverse momentum
transfer for fixed longitudinal momentum variables. We
compare this two-dimensional (2D) multipole expansion
with the three-dimensional (3D) multipole expansion in the
Breit frame to explain the observed structures.
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Partonic and local operators: We consider in parallel the
matrix elements of the chiral-odd partonic operator and the
local tensor operator (n ¼ 1 moment). The multipole
expansion and 1=Nc expansion are performed for both
operators. This approach helps us to motivate the structures
appearing in the multipole expansion of the partonic
operator and explain their Nc scaling. We find that the
decomposition of the partonic operator includes a quadru-
pole structure that was omitted in the analysis of Ref. [42].
With the complete decomposition, we are able to derive the
Nc scaling of all the spin-flavor components and obtain a
new nontrivial large-Nc relation between the leading chiral-
odd GPDs Eu−d

T and H̃u−d
T , which can be tested with model

predictions or experimental data.
Polynomiality in the large-Nc limit: GPD moments are

matrix elements of local spin-n tensor operators, whose
dependence on the momentum transfer is constrained by
relativistic covariance. When expressed in partonic variables,
this leads to the so-called polynomiality property, that the
GPDmoments of spinn are polynomials in the fractional light
conemomentum transfer ξ (so-called skewness) of degree not
exceeding n [1–4]. It represents a general constraint on the
GPDs as functions of the partonic variables and plays an
important role in their analysis. In the large-Nc limit the
realization of polynomiality is nontrivial, as relativistic
covariance is realized only order by order in the 1=Nc
expansion. This is connected with the fact that the baryon
mean field at large Nc breaks translational and rotational
invariance, and that they are restored by quantization of the
zeromodes.The problemof “symmetry breakingby themean
field” is well known from nonrelativistic nuclear physics and
has been studied in that context; see Ref. [46] for a review.
Polynomiality of the GPDs in the large-Nc limit was
demonstrated in the chiral-even sector in Ref. [47], using
the chiral quark-soliton model as a specific realization. We
show here that polynomiality in the large-Nc limit is also
realized in the chiral-odd sector. We present a more general
formulation using an abstract mean-field picture and identify
what symmetries and other properties of the mean field bring
about polynomiality. This approach can help to generalize the
large-Nc analysis of GPDs and enable a formulation using
group-theoretical methods.
Lattice QCD calculations of chiral-odd GPDs have been

performed using local operators (moments) [48–50] and
recently developed methods based on high-momentum
Euclidean correlation functions [51,52]. The results can
be used to test the large-Nc relations for the spin-flavor
components of the FFs and GPDs. The 1=Nc expansion can
explain the hierarchy of structures observed in lattice
calculations and use lattice results to predict unknown
spin-flavor components.
Section II presents the definition of the chiral-odd GPDs

and their general properties. Section III discusses the
multipole expansion of the chiral-odd GPDs and the local
tensor operator. Section IV analyzes the spin-flavor

structure of the chiral-odd GPDs at large Nc. The general
method for the 1=Nc expansion of GPDs is presented, using
the abstract mean-field picture of baryons in the large-Nc
limit. The method is then applied to the 1=Nc expansion of
the chiral-odd GPDs. The Nc scaling of the spin-flavor
components and the large-Nc relation between the leading
chiral-odd GPDs are derived. The large-Nc relation is then
tested with recent lattice QCD results. Section V covers the
realization of polynomiality of chiral-odd GPDs at large
Nc. The GPDs are represented in a first-quantized form
within the abstract mean-field picture, and polynomiality is
demonstrated using general properties of the quark
single-particle operators. Section VI establishes the con-
nection between the chiral-odd GPDs and the FFs of the
local tensor operator in the large-Nc limit. The 1=Nc
expansion of the FFs is performed, and the realization of
the sum rules in the mean-field picture is discussed.
Section VII summarizes the conclusions and suggestions
for further studies. Appendix A presents the proof of
polynomiality of the higher multipoles of the chiral-odd
GPDs. Appendix B presents the proof of the sum rules
for the higher multipoles of the chiral-odd GPDs and
tensor FFs.

II. CHIRAL-ODD GPDs

The matrix element of the chiral-odd partonic QCD
operator between nucleon states is defined as

MGPDs½iσþj�

¼Pþ
Z

dz−

2π
eixP

þz−

× hp0;s0jψ̄
�
−
z
2

��
−
z
2
;
z
2

�
iσþjψ

�
z
2

�
jp;si

����
zþ;z⊥¼0

: ð1Þ

ψ and ψ̄ are the quark fields, σμν ≡ ði=2Þ½γμ; γν�, and the
light cone 4-vector components are v� ≡ ðv0 � v3Þ= ffiffiffi

2
p

and v⊥ ¼ ðv1; v2Þ. The space-time separation z of the fields
is lightlike, and ½−z=2; z=2� denotes the gauge link (Wilson
line) along the straight lightlike line connecting the points.
The initial and final nucleon 4-momenta are p and p0, and
P≡ ðp0 þ pÞ=2 is the average 4-momentum. The matrix
element Eq. (1) is parametrized as

MGPDs½iσþj� ¼ ū0
�
iσþjHT þ PþΔj − ΔþPj

M2
N

H̃T

þ γþΔj − Δþγj

2MN
ET þ γþPj − Pþγj

MN
ẼT

�
u:

ð2Þ

u≡ uðp; sÞ and ū0 ≡ ūðp0; s0Þ are the bispinor wave
functions of initial and final nucleon, normalized as
ūu ¼ ū0u0 ¼ 2MN , where MN is the nucleon mass. s and
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s0 are the spin quantum numbers; the choice of spin states
will be specified in following. Δ≡ p0 − p is the
4-momentum transfer. The functions HT , H̃T , ET , and
ẼT are the chiral-odd GPDs. They depend on the partonic
variable x, the fractional light cone momentum transfer
between the nucleon states, ξ≡ −Δþ=2Pþ (skewness); and
the invariant momentum transfer t≡ Δ2. The GPDs also
depend on the renormalization scale of the QCD operator;
this dependence will not be indicated explicitly. The four
terms in Eq. (2) represent independent covariant structures;
their interpretation will be discussed in following.
The QCD operator in Eq. (1) and the GPDs in Eq. (2)

depend on the quark flavor f ¼ ðu; dÞ. In the following we
consider flavor distributions as well as isoscalar/isovector
combinations u� d. The dependence on the quark flavor
and nucleon isospin will be indicated as needed.
Because of time reversal invariance the GPDs have

definite parity under the transformation ξ → −ξ,

Fðx; ξ; tÞ ¼ þFðx;−ξ; tÞ for F ¼ HT; H̃T; ET; ð3aÞ

Fðx; ξ; tÞ ¼ −Fðx;−ξ; tÞ for F ¼ ẼT: ð3bÞ

The partonic operator in Eq. (1) can be expanded in powers
of the lightlike separation, generating a series of local
operators of increasing spin. The local operator of spin m
can be expressed as the xm−1-weighted integral of the
nonlocal operator over x (so-called m-th moment),

ðPþÞm
Z

dxxm−1
Z

dz−

2π
eixP

þz−

× ψ̄

�
−
z
2

��
−
z
2
;
z
2

�
iσþjψ

�
z
2

�����
zþ;z⊥¼0

¼ ψ̄ð0ÞðiD↔þÞm−1iσþjψð0Þ; ð4Þ

where D
↔μ ¼ ðD⃗μ − D⃖μÞ=2 is the QCD covariant derivative.

Using this operator relation it can be shown that the
moments of the GPDs are polynomials in ξ [53],

Z
1

−1
dxxm−1HTðx; ξ; tÞ ¼

Xm−1

i¼0
even

ð−2ξÞiATm;iðtÞ; ð5aÞ

Z
1

−1
dxxm−1H̃Tðx; ξ; tÞ ¼

Xm−1

i¼0
even

ð−2ξÞiÃTm;iðtÞ; ð5bÞ

Z
1

−1
dxxm−1ETðx; ξ; tÞ ¼

Xm−1

i¼0
even

ð−2ξÞiBTm;iðtÞ; ð5cÞ

Z
1

−1
dxxm−1ẼTðx; ξ; tÞ ¼

Xm−1

i¼0
odd

ð−2ξÞiB̃Tm;iðtÞ: ð5dÞ

The polynomials are even or odd in ξ according to Eq. (3).
The degree of the polynomials representing the m-th
moment is ≤ m − 1, with the exact degree depending on
the even/oddness ofm − 1 and on the GPD. The coefficients
of the polynomials depend only on t and are called the
generalized tensor FFs. The polynomiality property Eq. (5)
plays a fundamental role in the structure of the GPDs.
The first moments of the chiral-odd GPDs are connected

with the nucleon tensor FFs. The nucleon matrix element of
the local tensor operator is parametrized as

MFFs½iσμν� ¼ hp0; s0jψ̄ð0Þiσμνψð0Þjp; si

¼ ū0
�
iσμνHTðtÞ þ

PμΔν − ΔμPν

M2
N

H̃TðtÞ

þ γμΔν − Δμγν

2MN
ETðtÞ

�
u: ð6Þ

Here the tensor decomposition is covariant and does not
reference the light cone direction. We denote the tensor FFs
in Eq. (6) by the same symbols as the GPDs, to emphasize
the correspondence of the structures; the functions can be
distinguished by their arguments. Comparing Eqs. (1)
and (6), one has

Z
1

−1
dxHTðx; ξ; tÞ ¼ AT10ðtÞ≡HTðtÞ; ð7aÞ

Z
1

−1
dxH̃Tðx; ξ; tÞ ¼ ÃT10ðtÞ≡ H̃TðtÞ; ð7bÞ

Z
1

−1
dxETðx; ξ; tÞ ¼ BT10ðtÞ≡ ETðtÞ; ð7cÞ

Z
1

−1
dxẼTðx; ξ; tÞ ¼ 0: ð7dÞ

The vanishing first moment of ẼT is due to its antisymmetry
in ξ.
In the forward limit, ξ → 0 and jtj → 0, the chiral-odd

GPD HT reduces to the transversity parton distribution
function

HTðx; ξ ¼ 0; t ¼ 0Þ ¼ h1ðxÞ: ð8Þ

Its first moment is known as the nucleon’s tensor charge

Z
1

−1
dxHTðx; ξ ¼ 0; t ¼ 0Þ ¼

Z
1

−1
dxh1ðxÞ ¼ HTð0Þ ¼ gT:

ð9Þ

In applications to exclusive pseudoscalar meson production
processes one introduces the linear combination of GPDs,

ĒT ≡ ET þ 2H̃T: ð10Þ
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Its first moment in the forward limit is known as the
nucleon’s anomalous tensor magnetic moment,

Z
1

−1
dxĒTðx;ξ¼0;t¼0Þ¼ETð0Þþ2H̃Tð0Þ¼ κT: ð11Þ

Thus the chiral-odd GPDs provide information on funda-
mental characteristics of the nucleon derived from the local
tensor operator.

III. MULTIPOLE EXPANSION

A. Multipole expansion of chiral-odd GPDs

To analyze the structure of the chiral-odd GPDs and FFs,
it is useful to perform a multipole expansion of the matrix
elements of the chiral-odd operators. The multipoles allow
one to enumerate the independent structures in the matrix
element and exhibit their spin and orbital angular momen-
tum content. The multipole expansion prepares the matrix
element for the 1=Nc expansion, where the multipoles have
definite Nc scaling, determined by their spin and isopspin
quantum numbers.
We consider here the multipole expansion of both GPDs

(nonlocal partonic operator) and FFs (local operator). The
multipole expansion of the GPDs is performed in light-
front variables, as an expansion in the 2D transverse
momentum transfer Δ⊥, constrained by 2D rotational
invariance (conservation of angular momentum along the
3-direction, called longitudinal angular momentum). The
multipole expansion of the FFs can be performed either as
an expansion in the 2D light-front momentum transfer, in
same way as for the GPDs, or as an expansion in the 3D
momentum transferΔ in the Breit frame, constrained by 3D
rotational invariance (conservation of all components of the
angular momentum). Comparison of the two expansions
provides insight into the origin of the 2D light-front
structures and implements the constraints on the light-front
multipoles arising from 3D rotational invariance (so-called
angular conditions) and discrete symmetries.
The multipole expansion of the matrix element of the

chiral-odd partonic operator is performed using light-front
momentum variables for the nucleon states. We consider
the parametrization, Eq. (2), in a class of reference frames
where the average nucleon 4-momentum has zero trans-
verse component, P⊥ ¼ 0, and the momentum transfer has
nonzero component Δ⊥ ≠ 0. In these frames the light-front
4-vector components of P and Δ are given by (in the
notation v ¼ ½vþ; v−;v⊥�)

P ¼
�
Pþ;

M2
N þ jΔ⊥j2=4
2Pþð1 − ξ2Þ ; 0⊥

�
; ð12aÞ

Δ ¼
�
−2ξPþ;

ξðM2
N þ jΔ⊥j2=4Þ
Pþð1 − ξ2Þ ;Δ⊥

�
: ð12bÞ

The mass shell conditions of the initial and final nucleon 4-
momenta imply that

Δ · P ¼ 0; P2 þ Δ2

4
¼ M2

N: ð13Þ
The condition P⊥ ¼ 0 does not determine a unique frame
but an equivalence class of frames related by longitudinal
boosts; the value of Pþ remains arbitrary and specifies a
particular frame in the class. The nucleon spin states are
chosen as light-front helicity states, prepared from rest-
frame spin states by a sequence of light-front boosts [54].
Explicit expressions for the light-front bispinors in terms of
rest-frame 2-component spinors are given e.g. in Ref. [55].
In the frames of Eq. (12) the only transverse vector

characterizing the matrix element is the momentum transfer
Δ⊥. The matrix element can therefore be expanded in 2D
multipole structures in Δ⊥. The 2D rank-n irreducible
tensors are defined as [56]

X0 ¼ 1 ðL3 ¼ 0Þ; ð14aÞ

Xi
1 ¼ ni⊥ ðL3 ¼ �1Þ; ð14bÞ

Xij
2 ¼ ni⊥n

j
⊥ −

1

2
δij ðL3 ¼ �2Þ; ð14cÞ

where n⊥ ≡ Δ⊥=jΔ⊥j and i, j ¼ 1, 2. The tensors corre-
spond to structures with longitudinal orbital angular
momentum L3 ¼ 0;�1;�2, respectively, as indicated in
Eq. (14). The orbital structures are accompanied by spin
structures formed from the spin wave functions of the initial
and final nucleon. The spin structures appear as bilinear
forms in the 2-component spinors describing the spin wave
function of each nucleon in its rest frame,

χ†ðs0ÞÔχðsÞ: ð15Þ

The quantization axis of the spinors can be chosen along
any direction in the rest frame; the spin quantum numbers s
and s0 are then defined as the spin projections along this
axis. In the following the quantization axis is chosen as the
3-axis, and the spinors are eigenspinors of the 3-component
of the spin operator,

σ3

2
χðS3Þ ¼ S3χðS3Þ; S3 ¼ �1=2; ð16Þ

and the spin quantum numbers are the spin projections
along the 3-axis in the rest frame,1

1The quantization axis can also be chosen as the transverse
1-axis, by defining the spinors as eigenspinors of σ1=2. The
transversely polarized spinors are linear combinations of the
longitudinally polarized spinors. The subsequent arguments
concerning conservation of the longitudinal angular momentum
refer to the angular momentum of the bilinear form of Eq. (15)
and do not depend on the choice of spin states.
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s≡ S3; s0 ≡ S03: ð17Þ

The operator Ô in Eq. (15) can be the unit operator 1 or a
component of the spin operator S ¼ σ=2. In the present
context the independent structures characterizing the tran-
sition are (here i ¼ 1, 2)

Ô ¼ 1 ðL3 ¼ 0Þ; ð18aÞ

σ3 ðL3 ¼ 0Þ; ð18bÞ

σi ðL3 ¼ �1Þ: ð18cÞ

These scalar and vector structures have longitudinal angu-
lar momentum L3 ¼ 0; 0;�1, respectively, as indicated in
Eq. (14). Expanding the matrix element Eq. (2) in the
structures of Eqs. (14) and (18), we obtain

MGPDs½iσþj� ¼ 2Pþffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
�
iϵ3jmσmX0

�
ð1 − ξ2ÞHT þ jΔ⊥j2

4M2
N
H̃T − ξ2ET þ ξẼT

�
þ 1Xj

1

jΔ⊥j
2MN

ð2H̃T þ ET − ξẼTÞ

þ iϵ3jmσ3Xm
1

jΔ⊥j
2MN

ð−ξET þ ẼTÞ þ iϵ3mlσlXmj
2

jΔ⊥j2
4M2

N
ð2H̃TÞ

	
: ð19Þ

Here it is implied that the spin operators are contracted with
the nucleon rest-frame spinors as in Eq. (15), and that the
matrix element is a function of S3 and S03. One sees that the
four structures in Eq. (19) contain one orbital monopole,
two dipoles, and one quadrupole.
The number of independent structures in Eq. (19) can be

explained by the addition of longitudinal angular momen-
tum in the light-front representation. The matrix element of
the partonic operator with σþj is a transverse vector and has
components with L3 ¼ �1. The four structures in Eq. (19)
are those that can be formed by combining the orbital
structures in Eq. (14) and the spin structures in Eq. (18)
such that L3 adds up to �1. The parity of the structures
involving the spin operators σ3 and σi is adjusted by the 2D
pseudotensor ϵ3ij; the existence of this tensor is specific to
the light-front representation with the preferred 3-direction.
The multipole expansion of the chiral-odd matrix

element Eq. (19) includes a term with the orbital quadru-
pole X2. It appears from the coupling of the spin dipole
Eq. (18) with the orbital quadrupole Eq. (14). In this way
the orbital quadrupole can be present even though nucleon-
to-nucleon matrix elements cannot support a spin quadru-
pole structure. The presence of the orbital quadrupole
structure is confirmed by the multipole expansion of the
local tensor operator in the Breit frame (see Sec. IVA). It
plays an important role in the 1=Nc expansion of the chiral-
odd GPDs (see Sec. IV). The quadrupole structure was not
included in the analysis of Ref. [42].
The quadrupole structure appears only in the chiral-odd,

not in the chiral-even GPDs. In the chiral-even GPDs the
operators γþ and γþγ5 have L3 ¼ 0. In this case the addition
of longitudinal angular momentum produces four indepen-
dent structures formed from theL3 ¼ 0 and�1 structures in
Eqs. (14) and (18), but cannot involve the L3 ¼ 2 orbital
structure. This causes an essential difference between the
nonforward matrix elements of the chiral-odd and chiral-
even operators, which is not apparent from the forward limit.

The combinations of GPDs appearing in Eq. (19) can be
referred to as the “multipole GPDs.” They represent an
alternative definition of the chiral-odd GPDs with an
obvious physical interpretation and appear naturally in
the 1=Nc expansion (see Sec. IV). Their physical properties
and connection with observables could be explored also
independently of the 1=Nc expansion.

B. Multipole expansion of tensor FFs

The multipole expansion of the matrix element of the
local tensor operator can be performed in light-front
momentum variables, in the same way as for the nonlocal
partonic operator. We consider the matrix element Eq. (6) in
the class of frames defined by Eq. (12) with ξ ¼ 0, where
the 4-vector components are

P ¼
�
Pþ;

M2
N þ jΔ⊥j2=4

2Pþ ; 0⊥
�
; ð20aÞ

Δ ¼ ½0; 0;Δ⊥�; ð20bÞ

and where

t ¼ −jΔ⊥j2: ð21Þ

These are the so-called Drell-Yan-West frames used in the
analysis of FFs in light-front quantization [54]. In these
frames the matrix element can be expanded in the 2D
multipoles in Δ⊥. The result for the local tensor operator
can be obtained by setting ξ ¼ 0 in Eq. (19) and using the
relations Eq. (7) between the moments of the GPDs and the
tensor FFs. We obtain
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MFFs½iσþj� ¼ 2Pþ
�
iϵ3jmσmX0

�
HT −

t
4M2

N
H̃T

�

þ 1Xj
1

ffiffiffiffiffi
−t

p
2MN

ð2H̃T þ ETÞ

þ i ϵ3jlσmXlm
2

t
4M2

N
ð2H̃TÞ

�
; ð22Þ

where we have set jΔ⊥j ¼
ffiffiffiffiffi
−t

p
. One sees that the local

tensor operator generates only three structures. The absence
of the orbital dipole structure iϵ3jmXm

1 σ
3 compared to the

nonlocal partonic operator Eq. (19) is due to time reversal
invariance, which causes the vanishing of the first moment
of the GPD ẼT ; see Eq. (7). The 2D multipole expansion of
the local operator is thus constrained by considerations
beyond longitudinal angular momentum conservation.
The multipole expansion of the local tensor operator can

also be performed using the 3D vector components,
preserving 3D rotational invariance. We consider the matrix
element in the Breit frame, where the average nucleon
3-momentum is zero, P ¼ 0, and where the 4-momentum
components are given by [in the notation v ¼ ðv0;vÞ]

P ¼ ðM̄; 0Þ; Δ ¼ ð0;ΔÞ; ð23Þ

with

jΔj2 ¼ −t; M̄ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

N − t=4
q

: ð24Þ

The nucleon spin states are now chosen as canonical spin
states, obtained by canonical boosts from the rest-frame
spin states. In this setup the matrix elements of tensor
operators are constrained by 3D angular momentum con-
servation. The 3D rank-n irreducible tensors are defined as

Y0 ¼ 1 ðL ¼ 0Þ; ð25aÞ

Yi
1 ¼ ni ðL ¼ 1Þ; ð25bÞ

Yij
2 ¼ ninj −

1

3
δij ðL ¼ 2Þ; ð25cÞ

where n≡ Δ=jΔj; i, j ¼ 1, 2, 3; and where we have
indicated the orbital angular momentum of the structures.
The spin operators appearing in the 3D expansion are

1; L ¼ 0; ð26aÞ

σi; L ¼ 1: ð26bÞ

The expansion of the matrix element Eq. (6) is now
performed separately for the 0j and ij components
(i, j ¼ 1, 2, 3). We obtain

MFFs½iσ0j� ¼ 2MN

�
1Yj

1

ffiffiffiffiffi
−t

p
2MN

�
HT þ 2M̄2

M2
N
H̃T þ ET

�	
;

ð27aÞ

MFFs½iσij�¼2MN

�
iϵijkσkY0

�
1

3

�
M̄
MN

þ2

�
HTþ

t
6M2

N
ET

�

þiϵijkσmYkm
2

��
M̄
MN

−1

�
HT−

t
4M2

N
ET

�	
:

ð27bÞ

The multipole structures are now constrained by angular
momentum conservation following from 3D rotational
invariance. They are also constrained by the discrete
symmetries of parity and time reversal, which act on the
3D vectors in a simple manner. Note that the orbital
quadrupole structure Y2 is present in the 3D expansion.
The 2D and 3D multipole expansions can be compared

directly, in a way that the structures appearing in both
expansions can be matched with each other. This is done by
going to the special light-front frame that is identical to the
Breit frame [57], namely the frame of Eq. (20) with
Pþ ¼ M̄=

ffiffiffi
2

p
, where

Pþ ¼ P− ¼ M̄ffiffiffi
2

p ; P0 ¼ 1ffiffiffi
2

p ðPþ − P−Þ ¼ M̄: ð28Þ

In this frame both expansions are valid, and the expressions
can be equated. The 2D light-front components are
obtained as the linear combination of the 3D components,

σþj ¼ 1ffiffiffi
2

p ðσ0j þ σ3jÞ: ð29Þ

Comparing the expansions Eqs. (22) and (27) in this way,
we observe the following:

(i) The 2D multipole structure Eq. (22) is induced by
the 3D multipole structure Eq. (27) as follows:

iϵijkσkY0 → iϵ3jkσkX0; ð30aÞ

1Yj
1 → 1Xj

1; ð30bÞ

iϵijkσmYkm
2 → iϵ3jkσmXkm

2 ; iϵ3jkσkX0: ð30cÞ

The 3D monopoles and dipoles reduce directly to
their 2D counterparts. The 3D quadrupole reduces to
a 2D quadrupole and a 2D monopole. Such behavior
is expected, as the 2D projection of a 3D traceless
tensor can be a 2D traceless or traceful tensor. This
phenomenon has been investigated in the context of
Abel tomography for spin-1 particles [58]. It shows
that the 3D quadrupole structure in the tensor matrix
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element affects not only the results for the 2D
quadrupole but also the monopole.

(ii) The t-dependent functions accompanying the multi-
poles in the 2D and 3D expansions show differences
at the level of terms ∝

ffiffiffiffiffi
−t

p
=MN . They are due to the

fact that the 2D expansion was performed using
light-front helicity states, while the 3D expansion
was performed using canonical spin states. This
effect has been discussed in connection with charge
and current densities in hadrons and is well under-
stood [59]. It could be corrected by performing the
spin rotation transforming the canonical into light-
front bispinors (Melosh rotation) in the 3D expres-
sion before matching with the 2D expression. In the
large-Nc limit the effect of the spin rotation is
suppressed by 1=Nc and can be neglected when
computing the multipole FFs in leading order.

IV. SPIN-FLAVOR STRUCTURE AT LARGE Nc

A. 1=Nc expansion in mean-field picture

The 1=Nc expansion of nucleon matrix elements of QCD
composite operators (local or partonic) can be performed
using a method based on the mean-field picture of baryons
in the large-Nc limit. Baryons are characterized by a mean
field with contracted spin-flavor symmetry, from which
spin-isospin states emerge through quantization of the zero
modes. The QCD operators are first evaluated in the mean
field, which imposes the spin-flavor symmetry on the
expectation value; the transition matrix elements between
spin-isospin are then obtained from the quantization of the
zero modes. The method uses only abstract features of the
mean-field picture (symmetries, parametric scaling) and
does not refer to any specific dynamics. The results for the
Nc scaling of nucleon matrix elements are model indepen-
dent and equivalent to those obtained with group-theoreti-
cal approaches [38]. The mean-field method of the 1=Nc
expansion is particularly convenient for partonic operators
and has been used extensively in the analysis of GPDs [1].
In the large-Nc limit baryon states are classified

by the emergent spin-flavor symmetry. The N and Δ
appear in the representation with spin-isospin S ¼ T ¼
1=2 and 3=2. The baryon states are characterized by their
spin-isospin quantum numbers B≡ fS ¼ T; S3; T3g.
The baryon masses are MN;Δ ¼ OðNcÞ, and the splitting
is MN −MΔ ¼ OðN−1

c Þ. The 1=Nc expansion of baryon
matrix elements is performed in a class of frames where the
initial and final baryons have 3-momenta and energies of
the order

jpj; jp0j ¼ OðN0
cÞ; ð31aÞ

p0; p00 ¼ MN þOð1=NcÞ ¼ OðNcÞ: ð31bÞ

The baryon states are normalized as

hp0; B0jp; Bi ¼ 2p0ð2πÞ3δð3Þðp0 − pÞδB0B;

δB0B ≡ δS0SδS0
3
S3δT 0TδT 0

3
T3
: ð32Þ

In this study we consider N → N matrix elements; the
following discussion can easily be extended to N → Δ
matrix elements.
One considers the matrix element of a partonic QCD

operator of the form

hp0; B0jψ̄α0f0 ð−z=2Þ½−z=2; z=2�ψαfðz=2Þjp; Bi; ð33Þ

where z ¼ ðz0; zÞ is the lightlike separation of the fields,
z2 ¼ ðz0Þ2 − jzj2 ¼ 0. Summation over color indices is
implied; ½−z=2; z=2� is the gauge link along the straight
line connecting the points −z=2 and z=2. It will be omitted
in the following expressions for brevity but is always
assumed to be present. α and α0 are the bispinor indices of
the fields; it is assumed that the matrix element Eq. (33) will
be contracted with an external bispinor matrix,

Γα0αh::jψ̄α0f0ψαfj::i ¼ h::jψ̄f0Γψfj::i: ð34Þ

f and f0 are the flavor indices; we assume two light flavors
ðu; dÞ and exact isospin symmetry. The 1=Nc expansion of
the matrix element Eq. (33) is performed as follows.
In the first step one takes the expectation value of the

operator in the mean-field state of the large-Nc baryon, with
the mean field centered at the origin,

hmfjψ̄α0f0 ðy − z=2Þψαfðyþ z=2Þjmfi ¼ F α0f0;αfðz0; zjyÞ:
ð35Þ

Here y ¼ ðy0; yÞ is the center coordinate of the partonic
operator; the displacement from the center of the mean field
is necessary to account for the momentum transfer to the
baryon (see below). The expectation value Eq. (35) defines
a function of the space-time coordinates and spinor/flavor
indices of the operator. This function is regarded as an
abstract object (or parametrization): its specific form is
governed by dynamics and can only be determined in
models, but its symmetries can be established on general
grounds. The mean field is localized in space and breaks
translational invariance in space; the expectation value of
the operator therefore depends on both coordinates z and y.
The mean field is time independent (static) and preserves
translational invariance in time; the expectation value
therefore depends only on the time difference z0 of the
fields, not on the average time y0.
Most importantly, the mean field possesses the spin-

flavor symmetry characteristic of baryons in the large-Nc
limit (“hedgehog symmetry”) [60]. It implies that the
expectation value Eq. (35) is invariant under combined
spatial, spin, and flavor rotations of the operator (see
Fig. 1),
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S−1β0α0SαβR
−1
g0f0RfgF β0g0;βgðz0;OzjOyÞ¼F α0f0;αfðz0;zjyÞ: ð36Þ

Here R is an SUð2Þ rotation matrix (applied to the flavor
rotations),O≡OðRÞ is the associatedOð3Þ rotation matrix
(applied to the spatial rotations),

Oab ≡ 1

2
tr½R−1τaRτb� ða; b ¼ 1; 2; 3Þ; ð37Þ

and S≡ SðRÞ is the associated bispinor rotation matrix [61]
(applied to the spin rotations). When the bispinor indices
are contracted with an external matrix Γ of 3D vector/tensor
character as in Eq. (34), the vector/tensor indices on the
matrix rotate with the Oð3Þ rotation matrix, Eq. (37).
Equation (36) imposes the spin-flavor symmetry of
large-Nc baryons on the operator matrix elements and
plays a central role in the 1=Nc expansion.
In the second step one quantizes the translational zero

mode of the mean field and projects on baryon states with
definite momenta. In leading order of 1=Nc this is done by
shifting the center of the mean field to position X and
integrating over the collective coordinate with the wave
functions eipX and e−ip

0X. Because of translational invari-
ance the mean field expectation value depends only on the
difference between the center coordinate of the operator
and the mean field, y − X. The projection can therefore be
done equivalently by leaving the mean field centered at
X ¼ 0 and integrating over y, with the corresponding
change of variables in the wave functions. We define

hp0;mfjψ̄α0f0 ð−z=2Þψαfðz=2Þjp;mfi

≡ 2MN

Z
d3yeiðp0−pÞ·yF α0f0;αfðz0; zjyÞ

¼ 2MN

Z
d3yeiðp0−pÞ·y

× hmfjψ̄α0f0 ð−z0=2; y − z=2Þψαfðz0=2; y − z=2Þjmfi:
ð38Þ

Equation (38) represents the matrix element of the operator
between large-Nc baryon states with definite momenta but

as yet indefinite spin-isospin and is referred to as the
mean-field matrix element (or soliton matrix element).
This “intermediate” object has interesting properties, and
several aspects of large-Nc baryon structure can already be
discussed at this level (see the application to GPDs in
Sec. IV B).
In the third step one quantizes the rotational zero mode of

the mean field in position and flavor space and projects on
baryon states with the desired spin-isospin quantum num-
bers. In leading order of1=Nc this is done by integrating over
the flavor rotations R, Eq. (36), with rotational wave
functions ϕBðRÞ and ϕ�

B0 ðRÞ describing baryon states with
spin-isospin quantum numbers B and B0 [35,62],

hp0; B0jψ̄α0f0 ð−z=2Þψαfðz=2Þjp; Bi

¼
Z

dRϕ�
B0 ðRÞϕBðRÞ

× R−1
g0f0Rfghp0;mfjψ̄αg0 ð−z=2Þψαgðz=2Þjp;mfi: ð39Þ

The rotationalwave functions are given by theWigner finite-
rotation matrices as [1]

ϕBðRÞ≡ ϕS¼T
S3T3

ðRÞ
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sþ 1
p ð−1ÞTþT3DS¼T

−T3;S3
ðRÞ: ð40Þ

Equations (38) and (39) represent the transition matrix
element of the QCD operator in leading nonvanishing order
of the 1=Nc expansion. The spin-flavor symmetry of the
mean field, Eq. (36), restricts the spin-isospin structures
emerging from the rotational integral and determines theNc
scaling of the spin-flavor components of the matrix element.
In the analysis here it is assumed that the partonic

operator is renormalized at a scale μ2 ≫ Λ2
QCD, sufficiently

large to allow for perturbative treatment of the scale
dependence (evolution). The renormalization scale is sub-
sumed in the definition of the mean-field expectation value
Eq. (35) and does not affect the Nc scaling of the spin-
flavor components of the matrix element derived from
it, which is the object of study here. The value of the
renormalization scale becomes relevant only when one
attempts to calculate the mean-field expectation value of the
operator in models of nonperturbative dynamics.

B. 1=Nc expansion of chiral-odd GPDs

In order to set up the 1=Nc expansion of the chiral-odd
GPDs, one has to specify the parametric order of the
kinematic variables in the nonforward matrix element,
Eq. (1). The 1=Nc expansion is performed with nucleon
3-momenta OðN0

cÞ, Eq. (31). This assignment defines a
class of frames related by boosts, which includes the frames
used in the 2D and 3D multipole expansions (see Sec. III).
The average and difference of the initial and final momenta
are of the order (i ¼ 1, 2, 3)

spatial
flavor

rotation

spin

z

R

FIG. 1. Visualization of the spin-flavor symmetry of the mean-
field expectation value of the partonic operator Eq. (35). The
mean-field expectation value is invariant under combined spatial,
spin, and flavor rotations of the operator, Eq. (36).
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Pi ¼ OðN0
cÞ; P0 ¼ MN þOðN−1

c Þ; ð41aÞ

Δi ¼ OðN0
cÞ; Δ0 ¼ OðN−1

c Þ; ð41bÞ

which implies that the momentum transfer variables in the
GPDs are of the order

ξ ¼ OðN−1
c Þ; jtj ¼ OðN0

cÞ: ð42Þ

The partonic variable x is taken to be of the order

x ¼ OðN−1
c Þ; ð43Þ

which is the standard regime considered in the 1=Nc
expansion of nucleon parton distributions [63], correspond-
ing to nonexceptional configurations with quark momenta
OðN0

cÞ in the nucleon rest frame.
We now perform the 1=Nc expansion of the

matrix element of the chiral-odd partonic operator,
Eq. (1), using the method of Sec. IVA. The mean-field
matrix element of the partonic operator between large-Nc
baryon states with momenta p and p0 is defined according to
Eq. (38). This matrix element can be parametrized in
the form

MNffiffiffi
2

p
Z

dz−

2π
eixP

þz−hp0;mfjψ̄f0 ð−z=2Þiσþjψfðz=2Þjp;mfi
����
zþ;z⊥¼0

¼ 2MNffiffiffi
2

p
�
−3iϵ3jmðτmÞf0fX0Gmf;0 þ 1f0fX

j
1

jΔ⊥j
2MN

Gmf;1

− 3iϵ3jmðτ3Þf0fXm
1

jΔ⊥j
2MN

G̃mf;1

− 3iϵ3jlðτmÞf0fXlm
2

jΔ⊥j2
4M2

N
Gmf;2

�
: ð44Þ

The decomposition mirrors the multipole expansion of
Eq. (19) but takes into account the spin-flavor symmetry of
the mean field. The flavor dependence is carried by the
isoscalar and isovector structures 1 and τa. The terms in
Eq. (44) are invariant under combined flavor and spatial
rotations, Eq. (36), which includes rotation of the spatial
component of the lightlike separation z. The functions

Gmf;0; Gmf;1; G̃mf;1; Gmf;2 ¼ functionsðx; ξ; tÞ ð45Þ

are the mean-field GPDs and depend on the variables x, ξ,
and t in the parametric domain of Eqs. (43) and (42). The
subscript denotes the multipole order in the momentum
transfer Δ⊥. Note that Eq. (44) contains a term with the

quadrupole structure X2 and a quadrupole mean-field GPD
Gmf;2; this structure was not included in the analysis of
Ref. [42].
The projection on spin-isospin states is done by inte-

grating over the flavor rotations of the mean-field matrix
element Eq. (44) according to Eq. (39). The rotations of the
structures in Eq. (44) are performed as

1 → 1; τa → Oabτb; ð46Þ

where O≡OðRÞ is the Oð3Þ rotation matrix Eq. (37). We
obtain

MNffiffiffi
2

p
Z

dz−

2π
eixP

þz−hp0; B0jψ̄f0 ð−z=2Þiσþjψfðz=2Þjp; Bi
����
zþ;z⊥¼0

¼ 2MNffiffiffi
2

p
�
1f0fh1iB0B

�
Xj
1

jΔ⊥j
2MN

Gmf;1

�

− 3iϵ3jlðτkÞf0fhOkmiB0B

�
δmlX0Gmf;0

þ δm3Xl
1

jΔ⊥j
2MN

G̃mf;1þXlm
2

jΔ⊥j2
4M2

N
Gmf;2

�	
: ð47Þ

The integral over rotations with the wave function Eq. (40) is denoted as

h…iB0B ≡
Z

dRϕ�S0¼T 0
S0
3
T 0
3

ðRÞ…ϕS¼T
S3T3

ðRÞ ð48Þ

and evaluates to
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h1iB0B ¼ δB0B; ð49aÞ

hOkmiB0B ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ 1

2S0 þ 1

r
hSS3; 1bjS0S03i

×hTT3; 1ajT 0T 0
3iUSC

ak U
SC
bm; ð49bÞ

where a; b ¼ 0;�1 and k,m ¼ 1, 2, 3 are the spherical and
Cartesian 3-vector components, respectively, andUSC is the
transformation matrix from the spherical to the Cartesian
coordinates [64]. Equation (47) is the general result for the
chiral-odd GPD in baryon states in the S ¼ T ¼ 1=2 or 3=2
representation in leading order of the 1=Nc expansion.
It covers diagonal and nondiagonal flavor operators
(f0 ¼ f and f0 ≠ f) and N → N;N → Δ, and Δ → Δ
transitions.
The general large-Nc matrix element Eq. (47) is now

evaluated for the spin-flavor quantum number of the
proton, S ¼ T ¼ S0 ¼ T ¼ 1=2 and T3 ¼ T 0

3 ¼ 1=2. In
this case only the flavor-diagonal matrices 1 and τ3

contribute to the baryon matrix element, and the rotational
matrix element Eq. (49b) is given by

hO3iiB0B ¼ −
1

3
ðτ3ÞT 0

3
T3
ðσiÞS0

3
S3 ¼ −

1

3
ðσiÞS0

3
S3 : ð50Þ

We obtain the proton matrix element in the notation of
Eq. (1) as

Muþd
GPDs½iσþj� ¼ 2MNffiffiffi

2
p

�
1Xj

1

jΔ⊥j
2MN

Gmf;1

�
; ð51aÞ

Mu−d
GPDs½iσþj� ¼ 2MNffiffiffi

2
p

�
iϵ3jmσmX0Gmf;0

þ iϵ3jmσ3Xm
1

jΔ⊥j
2MN

G̃mf;1

þ iϵ3jlσmXlm
2

jΔ⊥j2
4M2

N
Gmf;2

�
; ð51bÞ

where it is understood that 1 and σi are matrices in the spin
quantum numbers S3 and S03 [see Eqs. (15)–(17) and
Sec. III A]. Equation (51) expresses the proton matrix in
terms of the mean-field GPDs. Note that Gmf;0; G̃mf;1 and
Gmf;2 multiply the isovector structures emerging from the
mean field, and Gmf;1 the isoscalar structure. In order to
connect the mean-field GPDs with the conventional proton
GPDs, we compare Eq. (51) with the multipole expansion
of the proton matrix element, Eq. (2). In the large-Nc limit
the latter becomes

Mu�d
GPDs½iσþj� ¼ 2MNffiffiffi

2
p

�
iϵ3jmσmX0

�
Hu�d

T −
�jΔ⊥j2
8M2

N
þ ξ2

�
Eu�d
T þ ξẼu�d

T

�
þ 1Xj

1

jΔ⊥j
2MN

ðHu�d
T þ 2H̃u�d

T þ Eu�d
T Þ

þ iϵ3jmσ3Xm
1

jΔ⊥j
2MN

�
−
ξ

2
Hu�d

T þ Ẽu�d
T − ξEu�d

T

�
þ iϵ3jlσmXlm

2

jΔ⊥j2
4M2

N

�
1

2
Hu�d

T þ Eu�d
T

�	
; ð52Þ

where we have simplified the expressions using the Nc
scaling of the kinematic variables, Eq. (42). [Equation (52)
is the multipole expansion with canonical nucleon spin
states, which differs from the one with light-front helicity
spin states, Eq. (19), by terms of the order jΔ⊥j=MN ; the
difference is irrelevant in leading order of 1=Nc but
becomes relevant when considering subleading correc-
tions.] Equation (52) applies to both the flavor-non-singlet
and singlet matrix elements. Comparing Eq. (52) with
Eq. (51) we obtain relations between the proton GPDs and
the mean-field GPDs in the large-Nc limit. In the flavor-
non-singlet sector,

Hu−d
T þ

�
t

8M2
N
−
ξ2

2

�
Eu−d
T þ ξẼu−d

T ¼ Gmf;0; ð53aÞ

Hu−d
T þ 2H̃u−d

T þ Eu−d
T ¼ Z1; ð53bÞ

−
ξ

2
Hu−d

T − ξEu−d
T þ Ẽu−d

T ¼ G̃mf;1; ð53cÞ

1

2
Hu−d

T þ Eu−d
T ¼ Gmf;2: ð53dÞ

In the flavor-singlet sector

Huþd
T þ

�
t

8M2
N
−
ξ2

2

�
Euþd
T þ ξẼuþd

T ¼ Z0; ð54aÞ

Huþd
T þ 2H̃uþd

T þ Euþd
T ¼ Gmf;1; ð54bÞ

−
ξ

2
Huþd

T − ξEuþd
T þ Ẽuþd

T ¼ Z̃1; ð54cÞ

1

2
Huþd

T þ Euþd
T ¼ Z2: ð54dÞ

Here we have used that in the large-Nc limit [see Eq. (42)]

jΔ⊥j2
8M2

N
þ ξ2 ¼ −

t
8M2

N
þ ξ2

2
þOðN−3

c Þ: ð55Þ

The functions Z1 in Eq. (53) and Z0; Z̃1 and Z2 in Eq. (54)
represent isovector and isoscalar multipoles that are zero in
leading order of the 1=Nc expansion (i.e., in the static mean
field) and become nonzero only at next-to-leading order
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(due to rotations of the mean field). The order in 1=Nc of
these “zero functions” will be established in the following
and will result in a set of equations that can be solved
consistently within the 1=Nc expansion.

C. Scaling behavior and relations

Using the relations Eqs. (53) and (54) we can now
establish the Nc scaling of the proton GPDs and derive
relations between them. The primary input to this is the Nc
scaling of the mean-field GPDs.
In the parametrization of the mean-field matrix element

Eq. (44), the mass dimension of the powers of jΔ⊥j
is compensated by inverse powers of MN , following
standard practice as e.g. in Eq. (2). In the large-Nc limit
MN ¼ OðNcÞ, and the powers of MN influence the Nc
scaling of the mean-field GPDs multiplying the structures.
It can easily be seen that the functions exhibiting “natural”
Nc scaling are

Gmf;0;
Gmf;1

MN
;

G̃mf;1

MN
;

Gmf;2

M2
N

; ð56Þ

which have dimension ðmassÞ−n for the multipoles of order
n ¼ 1 and 2. The physical scale governing these functions
is the baryon radius, which isOðN0

cÞ and stable in the large-
Nc limit. This circumstance should be kept in mind in the
following. To facilitate comparison with the conventional
GPDs we present the Nc scaling in terms of the dimension-
less functions Gmf;0; Gmf;1; G̃mf;1 and Gmf;2, even though
their scaling behavior is influenced by the powers of MN .
The Nc scaling of the mean-field GPDs is posited as

�
Gmf;0;

Gmf;1

MN
;
G̃mf;1

MN
;
Gmf;2

M2
N

	
ðx; ξ; tÞ

∼ N2
c × functionðNcx;Ncξ; tÞ: ð57Þ

The scaling function does not depend on Nc and is stable in
the large-Nc limit; the form of the arguments follows from
the scaling of the x and ξ variables, Eqs. (42) and (43) [63].
[It is understood that each GPD has its own scaling
function; Eq. (57) and the following formulas indicate
the scaling behavior in a compact notation.] The power of
Nc multiplying the function is based on several arguments
and observations: (i) The power of Nc of the GPDs can be
inferred from the Nc scaling of the tensor FFs representing
the first moments of the GPDs (see Secs. II and V). (ii) The
analysis of GPDs in the general mean-field picture of large-
Nc baryons in Sec. V shows that the functions Eq. (57) arise
as the sum of quark single-particle matrix elements and
have the indicated Nc scaling. (iii) Calculation of the GPDs
in the chiral quark-soliton model confirms the Nc scal-
ing, Eq. (57).
Based on Eq. (57), the Nc scaling of the dimensionless

mean-field GPDs is obtained as

fGmf;0; Gmf;1; G̃mf;1; Gmf;2gðx; ξ; tÞ
∼ fN2

c; N3
c; N3

c; N4
cg × functionðNcx; Ncξ; tÞ: ð58Þ

The functions Z1 in Eq. (53) and Z0; Z̃1 and Z2 in Eq. (54)
parametrize terms in the matrix elements with flavor
structure opposite to that of the leading structures para-
metrized by the mean-field GPDs G1 and G0; G̃1 and G2,
respectively. The scaling behavior in 1=Nc of these
functions is therefore suppressed by at least one power
of 1=Nc relative to that of the mean-field GPDs in Eq. (58),

fZ0; Z1; Z̃1; Z2gðx; ξ; tÞ
∼ fN1

c; N2
c; N2

c; N3
cg × functionðNcx; Ncξ; tÞ: ð59Þ

Using the scaling assignments of Eqs. (58) and (59) and
the systems of Eqs. (53) and (54), we can now derive theNc
scaling of the proton GPDs. In order to isolate the
individual proton GPDs a careful analysis is needed,
combining the equations in a manner consistent with the
parametric order of the terms. In the flavor-non-singlet
sector, combining Eqs. (53c) and (53d) we first obtain
that ẼT ∼ N3

c. Using this result, and assuming that ET is at
most ∼N4

c as allowed by Eq. (53d) (excluding unnatural
cancellations), we then determine from Eq. (53a) that
HT ∼ N2

c. Carrying this into Eq. (53d), we in turn obtain
ET ∼ N4

c. Using this in Eq. (53b), we finally obtain
2H̃T þ ET ∼ N2

c. Because H̃T and ET are individually
∼N4

c, the latter implies the nontrivial relation
2H̃T ¼ −ET þOðN2

cÞ. Altogether, we obtain the scaling
behavior of the leading chiral-odd proton GPDs in the
large-Nc limit as

fHu−d
T ; H̃u−d

T ; Eu−d
T ; Ẽu−d

T gðx; ξ; tÞ
∼ fN2

c; N4
c; N4

c; N3
cg × functionðNcx; Ncξ; tÞ; ð60Þ

with the nontrivial relation

2H̃u−d
T ðx; ξ; tÞ ¼ −Eu−d

T ðx; ξ; tÞ; ð61Þ

which is valid up to terms ∼N2
c, i.e., up to relative

corrections ∼1=N2
c to the functions on each side. In the

flavor-singlet sector, in a similar way we obtain

fHuþd
T ; H̃uþd

T ; Euþd
T ; Ẽuþd

T gðx; ξ; tÞ
∼ fNc; N3

c; N3
c; N2

cg × functionðNcx;Ncξ; tÞ; ð62Þ

and there is no relation analogous to Eq. (61).
Equations (60)–(62) establish the Nc scaling of the proton’s
conventional chiral-odd GPDs as defined by the para-
metrization, Eq. (1).
Having determined the Nc scaling of the GPDs, we can

now “reverse the logic” and express the mean-field GPDs
in terms of the conventional GPDs. Simplifying the

JUNE-YOUNG KIM and CHRISTIAN WEISS PHYS. REV. D 111, 074007 (2025)

074007-12



relations Eqs. (53) and (54) by using the scaling behavior of
Eqs. (60)–(62), we obtain

Gmf;0 ¼ Hu−d
T þ

�
t

8M2
N
−
ξ2

2

�
Eu−d
T þ ξẼu−d

T ; ð63aÞ

Gmf;1 ¼ 2H̃uþd
T þ Euþd

T ; ð63bÞ

G̃mf;1 ¼ −ξEu−d
T þ Ẽu−d

T ; ð63cÞ

Gmf;2 ¼ Eu−d
T : ð63dÞ

The combinations on the rhs can be regarded as alternative
definitions of the chiral-odd GPDs that have homogeneous
Nc scaling and coincide with the mean-field GPDs in the
large-Nc limit. Supplemented with the corresponding
expressions for the opposite flavor combinations, which
are suppressed by a power 1=Nc, Eq. (63) provides an
alternative definition of the full set of chiral-odd GPDs. The
new basis has a clear physical interpretation and can be
employed in the discussion of nucleon structure and the
analysis of exclusive scattering processes. Our subsequent
analysis of the chiral-odd GPDs will be conducted in terms
of these new GPDs.
The expression of the mean-field GPDs in terms of the

conventional GPDs, Eq. (63), combined with the parity in ξ
of the conventional GPDs, Eq. (3), implies that the mean-
field GPDs have definite parity in ξ. This property will be
explored further in Sec. V and Appendix A.

D. Comparison with lattice QCD results

We now want to confront the results of the 1=Nc
expansion with numerical estimates of chiral-odd GPDs.
The most conclusive test can be performed with the large-
Nc relation, Eq. (61). It states that the functions 2H̃u−d

T and
−Eu−d

T are individually largeOðN4
cÞ and equal at this order,

while their difference is small OðN3
cÞ (see Footnote2). This

prediction can be compared with lattice QCD results for the
tensor FFs and chiral-odd GPDs [48–52].
Figure 2 shows recent lattice QCD results for the flavor-

non-singlet GPDs Eu−d
T and −2H̃u−d

T [51]. In this approach
the GPDs are extracted by approximating the light cone
correlation function of quark fields by an equal-time
correlation function in a high-momentum nucleon state;

see references in Ref. [51] for details. One sees that the
functions Eu−d

T and −2H̃u−d
T are individually large and very

close to each other, as stated by the large-Nc relation,
Eq. (61). It shows that the 1=Nc expansion can provide
useful quantitative predictions for the GPDs at Nc ¼ 3. We
note that the lattice calculation cited here does not control
all systematic uncertainties, and that the results likely
contain significant higher-twist contributions due to the
large values of jtj=P2

z (see Fig. 2). More stringent compar-
isons will become possible with more precise lattice QCD
results, and with 1=Nc corrections to the leading-order
expansion.
The large-Nc relation Eq. (61) is also supported by the

numerical estimates of chiral-odd GPDs in the bag
model [65] and a light-front quark model [66]. It is also
confirmed by the results of the chiral quark-soliton model,
which realizes the large-Nc mean-field picture of baryons
with the effective dynamics emerging from chiral sym-
metry breaking [67].

FIG. 2. Comparison between the GPDs Eu−d
T (dashed lines) and

−2H̃u−d
T (dot-dashed lines) extracted from the lattice QCD

calculation of Ref. [51]. The GPDs are shown as functions of
x, at ξ ¼ 0 and t ¼ −0.69 GeV2, and were extracted from
correlation functions with nucleon momenta Pz ¼ 1.67 GeV
(upper panel) and Pz ¼ 1.25 GeV (lower panel). The 1=Nc
expansion predicts that the two GPDs are the same in leading
order; see Eq. (61).

2The parametric order of the corrections to the large-Nc
relation Eq. (61) depends on the details of the implementation
of the mean-field picture beyond the leading order. In the present
calculation with independent translational and rotational zero
modes, the corrections appear only at relative order 1=N2

c, i.e.,
suppressed by two powers of 1=Nc relative to the leading order.
Interplay of the translational and rotational zero modes at
subleading order may give rise to relative corrections 1=Nc.
The bag model calculation of Ref. [65] finds corrections of order
1=Nc. We therefore only claim Eq. (61) to be valid up to relative
corrections of order 1=Nc.
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Numerical tests of the large-Nc hierarchy of different
spin-flavor structures of the GPDs are less conclusive,
because the 1=Nc expansion predicts only the parametric
order in 1=Nc, and the numerical values depend on
coefficients of order unity. This has been observed in the
large-Nc analysis of matrix elements of local operators such
as the vector and axial vector currents.

V. POLYNOMIALITY AT LARGE Nc

A. GPDs in mean-field picture

The chiral-odd GPDs satisfy the polynomiality relations,
Eq. (5). Their moments are polynomials of degree ≤ m − 1
in ξ and have definite parity in ξ. These properties follow
from the fact that the moments are matrix elements of local
tensor operators, which are constrained by relativistic
covariance and reflection symmetries. In the 1=Nc expan-
sion these symmetries are not manifest, as the mean-field
breaks translational invariance and exhibits only a gener-
alized form of rotational invariance. It is therefore neces-
sary to study how polynomiality is realized in the 1=Nc
expansion.
Polynomiality in the mean-field picture is studied most

easily by representing the GPDs as matrix elements in quark
single-particle states in the mean field. The single-particle
motion in the mean-field exhibits a generalized time reversal
invariance, which controls the behavior of the GPDs under
reflection of ξ. Polynomiality arises from combining this
reflection symmetry with the spin-flavor rotational symmetry
ofmean field. This can be demonstrated in abstract form,with
general assumptions about the single-particle motion in the
mean field that do not depend on the specific dynamics.
Polynomiality of the GPDs at large Nc was studied in

Ref. [47] in the specific dynamics of the chiral quark-
soliton model, where the quarks possess a dynamical mass
as a result of chiral symmetry breaking, the mean field is a
chiral meson field (“soliton”), and the spin-flavor sym-
metry is realized by the “hedgehog” form of the chiral
meson field. In the present study we remain at an abstract
level and use only general features that are independent of
the specific dynamics [35]. Our aim is to isolate and
identify the elements that are needed for ensuring poly-
nomiality of the GPDs. This is useful for generalizing to
other realizations of the large-Nc mean-field picture.
We make the following minimal assumptions:
(1) The relativistic motion of the quarks in the mean field

of the large-Nc baryon is described by a single-particle
Hamiltonian Ĥ in orbital, spin, and flavor degrees of
freedom [35]. The single-particle wave functions and
energies are determined by the eigenvalue equation (in
bispinor representation)

ĤΦnðxÞ ¼ EnΦnðxÞ: ð64Þ

Here the mean field is centered at the origin and invariant
under spatial reflection (parity).
(2) Combined flavor and spatial rotations are generated

by the so-called grand spin operator

K̂ ¼ L̂þ Σ̂þ T̂; ð65Þ

where L̂ ¼ x̂ × p̂ is the orbital angular momentum operator,
Σ̂ the spin operator, and T̂ ¼ τ=2 the isospin operator. The
invariance of the mean field under such combined rotations
implies that the Hamiltonian commutes with the grand spin
operator,

½K̂; Ĥ� ¼ 0: ð66Þ
The single-particle states are therefore classified by their
grand spin eigenvalues K and K3, in addition to the other
quantum numbers characterizing the states (angular
momentum, radial quantum number)

jni≡ jK;K3;…i: ð67Þ

(3) In the ground state of the nucleon, a set of quark
single-particle levels is occupied with Nc quarks each,
producing a state with total baryon number B ¼ 1.
Quantities such as the nucleon mass and other observables
arise as sum over quark single-particle levels. The precise
nature of the single-particle spectrum (discrete or continu-
ous, positive and negative energy states) is not needed in
the following.
(4) The matrix elements of the leading-twist partonic

operators are given by sums over the occupied quark single-
particle states, with the single-particle operators acting only
on the single-particle degrees of freedom (position/momen-
tum, spin), without interactions with the rest of system. The
leading spin-flavor components of the matrix element in
1=Nc are given by single sums over the quark levels. For
the chiral-odd partonic operator,

Muþd
GPDs½iσþj�

Mu−d
GPDs½iσþj�

	

¼ 2M2
NNc

�
1

− 1
3
σk

	X
n;occ

Z
dλ
2π

eiλðxMN−EnÞ
Z

d3yeiΔ·y

×Φ†
nðyþ e3λ=2Þγ0iσþj

�
1

τk

	
Φnðy − e3λ=2Þ: ð68Þ

The form follows from the general expression of the mean-
field matrix element, Eq. (38). The lightlike separation z in
the operator parametrized as

z0 ¼ λ; z ¼ −λe3: ð69Þ

The dependence on z0 is governed by the time evolution of
the single-particle wave function, which is determined by
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the single-particle energy En in accordance with Eq. (64).
“occ” denotes the sum over occupied single-particle levels.
In Eq. (68) it is understood that 1 and σk are matrices in the
nucleon spin quantum numbers S03 and S3, as in Eq. (51).
The matrix element is for the proton T 0

3 ¼ T3 ¼ 1=2; for
the neutron the isoscalar component remains the same,
while the isovector component changes sign.

From Eq. (68), we obtain the mean-field GPDs in the
definition of Eqs. (44) and (45) as

Gmfðx; ξ; tÞ ¼ 2MNNc

X
n;occ

Z
dλ
2π

eiλðxMN−EnÞ
Z

d3yeiΔ·y

×Φ†
nðyþ e3λ=2ÞÔΦnðy − e3λ=2Þ; ð70aÞ

Ô ¼ −
1

12
ð1þ γ0γ3Þiðγ × τÞ3 ðfor Gmf;0Þ;

−
1

jΔ⊥j2
ð1þ γ0γ3Þðγ⊥ · Δ⊥Þ

�
Gmf;1

MN

�
;

−
1

3jΔ⊥j2
ð1þ γ0γ3Þiðγ × ΔÞ3τ3

�
G̃mf;1

MN

�
;

−
4

3jΔ⊥j4
ð1þ γ0γ3Þi

�
ðγ × ΔÞ3ðΔ⊥ · τ⊥Þ−

1

2
ðγ × τÞ3jΔ⊥j2

� �
Gmf;2

M2
N

�
: ð70bÞ

The 3-momentum transfer Δ is related to the GPD
variables as

−2MNξ ¼ Δ3; t ¼ −jΔj2; ð71Þ

and the Nc scaling of the variables is as specified in
Eqs. (41)–(43). Here the mean-field GPDs are represented
in first-quantized form, as matrix elements of quark single-
particle operators acting only on single-particle variables.
The single-particle operators express the multipole char-
acter of the respective GPDs. Note that the explicit
expressions of the mean-field GPDs in Eq. (70) exhibit
the Nc scaling summarized in Eq. (57).
Assumptions 1-4 and the first-quantized representation

of the mean-field GPDs of Eq. (70) are our basis for the
analysis of polynomiality of the chiral-odd GPDs in the
large-Nc limit.

B. Moments in mean-field picture

From Eq. (70) we obtain the moments of the mean-field
GPDs in the first-quantized representation as

Z
dxxm−1Gmf;0ðx; ξ; tÞ

¼ 2Ncim−1

Mm−1
N

X
n;occ

Z
d3yeiΔ·y

�
d
dλ

�
m−1

× ½e−iλEnΦ†
nðyþ e3λ=2ÞÔΦnðy − e3λ=2Þ�

���
λ¼0

; ð72Þ

and similarly for other the multipoles (see Appendix A).
The derivative with respect to the light cone distance λ can
be expressed as the action of single-particle momentum
operators on the wave functions, similar to the covariant

derivatives in the QCD expression, Eq. (5) [47,68,69].
Representing the single-particle wave function in abstract
form as

ΦnðxÞ≡ hxjni; ð73Þ

and introducing the single-particle momentum operator p̂
conjugate to the position operator x̂,

½p̂i; x̂j� ¼ −iδij; ð74Þ

the shift in the argument of the single-particle wave
function can be represented as

Φnðy − e3λ=2Þ ¼ hyje−ip̂3λ=2jni: ð75Þ

Using the completeness relation

Z
d3yeiΔ·yjyihyj ¼ eiΔ·x̂; ð76Þ

Eq. (72) can be converted to

Z
dxxm−1Gmf;0ðx; ξ; tÞ

¼ −
1

6

MNNc

Mm
N

X
n;occ

Xm−1

k¼0

�
m − 1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�

× hnjð1þ γ0γ3Þiðγ × τÞ3ðp̂3ÞjeiΔ·x̂ðp̂3Þk−jjni ð77Þ

(for the other mean-field GPDs, see Appendix A). Here the
moments are expressed as single-particle matrix elements
of local operators formed from the single-particle momen-
tum and position operators. A particular feature of the
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mean-field description is that the position operator appears
explicitly in the expression of the matrix element, resulting
from the breaking of translational invariance by the mean
field. The function eiΔ·x̂ “pins” the momentum operators on
either side, giving rise to a unique structure of the matrix
element.
We want to demonstrate that the large-Nc expression of

the moment Eq. (77) is a polynomial in ξ of required degree
and parity. This can be done using the general features of
the mean-field picture listed in the previous subsection and
the specific techniques described in the following.
Note that in the moment Eq. (72) the integral

over x extends over ½−∞;∞�. In the large-Nc limit, when
considering partonic structure in the domain x ¼ OðN−1

c Þ,
the range of x is not limited to ½−1; 1�. Rather, the parton
distributions are exponentially small for values
jxj ∼ 1 ≫ 1=Nc, so that the integration can be extended
over the infinite domain [63,70].

C. Symmetries in mean-field picture

The dynamical symmetries of the mean-field picture play
an essential role in the realization of polynomiality. Here
we summarize the properties and techniques used in the
following calculation.
Time reversal (G5 symmetry): Time reversal and

Hermiticity not only impose constraints on the polynomial
properties of the GPDs in ξ but also imply the vanishing of
the first moments of the GPDs Ẽf

T , Eq. (7d). In the context
of the mean-field picture one considers a combination of
the standard time-reversal symmetry and an isospin rota-
tion, the so-called G5 transformation [69]. It is represented
by the unitary matrix

G5 ¼ γ1γ3τ2; ð78Þ

and the following identities hold:

G5γ
μG−1

5 ¼ ðγμÞT; G5Σ̂iG−1
5 ¼ −ðΣ̂iÞT; ð79aÞ

G5τ
aG−1

5 ¼ −ðτaÞT; ð79bÞ

G5ĤG−1
5 ¼ ðĤÞT; G5ΦnðxÞ ¼ Φ�

nðxÞ: ð79cÞ

Using these relations, we can examine the behavior of the
matrix elements of the various single-particle operators in
Eq. (77). For a general matrix element,

hnjΓðp̂3ÞlFðx̂Þðp̂3Þmjni
¼ ð−1ÞlþmhnjðG5ΓG−1

5 ÞTðp̂3ÞmFðx̂Þðp̂3Þljni; ð80Þ

where Γ is a spin-flavor matrix and Fðx̂Þ is a general
function of the position operator.
Parity (Π̂ symmetry): Parity constrains the form of the

chiral-odd GPDs by restricting the allowed angular

momentum values in the partial-wave expansion of the
single-particle operators. The parity transformation Π̂ is
defined as

Π̂ ¼ Π̂−1 ≡ γ0P̂; P̂Fðx̂ÞP̂−1 ¼ Fð−x̂Þ: ð81Þ

The mean-field centered at the origin is invariant under
parity, so that the Hamiltonian commutes with the parity
operator,

½Π̂; Ĥ� ¼ 0; ð82Þ

and the single-particle states are eigenstates of parity

Π̂jni ¼ �jni: ð83Þ

The general matrix element Eq. (80) transforms as

hnjΓðp̂3ÞlFðx̂Þðp̂3Þmjni
¼ ð−1Þlþmhnjðγ0Γγ0Þðp̂3ÞlðP̂Fðx̂ÞP̂−1Þðp̂3Þmjni: ð84Þ

Partial-wave expansion: The dependence of the moment
Eq. (77) on the momentum transfer Δ is contained in the
operator function eiΔ·x̂ arising from the quantization of the
translational motion of the mean field. The dependence on
ξ emerges from the identification of ξ with Δ3 in the large-
Nc kinematics, Eq. (71). In order to exhibit this depend-
ence, we perform a partial-wave expansion of the function
eiΔ·x̂ with the 3-axis as a quantization axis (see
Refs. [69,71] and Appendix F in Ref. [47]),

eiΔ·x̂ ¼
X∞
l¼0

ilð2lþ 1Þjlðjx̂kΔjÞPl

�
x̂3

jx̂j
�
Pl

�
Δ3

jΔj
�
; ð85Þ

where jl are the spherical Bessel functions and Pl the
Legendre polynomials. In terms of the GPD variables ξ and
t, Eq. (71), this becomes

eiΔ·x̂ ¼
X∞
l¼0

ilð2lþ 1Þjlðjx̂j
ffiffiffiffiffi
−t

p Þ

× Pl

�
x̂3

jx̂j
�
Pl

�
−
2ξMNffiffiffiffiffi

−t
p

�
: ð86Þ

In particular, when taking the limit t → 0 while keeping
ξ ≠ 0 fixed, this reduces to

lim
t→0;ξ≠0

eiΔ·x̂ ¼
X∞
l¼0

ð−2iξMN jx̂jÞl
l!

Pl

�
x̂3

jx̂j
�
: ð87Þ

Grand spin selection rule: The spin-flavor symmetry of
the mean field provides that the quark single-particle states
are eigenstates of the grand spin operator, Eq. (67). The
mean-field GPDs and the moments Eq. (77) are given by
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sums of the expectation values of certain single-particle
operators Ô in the single-particle states,

X
other

X
K;K3

hK;K3;…jÔjK;K3;…i; ð88Þ

where “other” denotes the summation over the other
quantum numbers. Here the left and right state have the
same grand spin quantum numbers K and K3, and the
summation includes the grand spin projection K3. This
circumstance implies certain selection rules for the matrix
elements of the single-particle operator. For a spherical
tensor operator in grand spin quantum numbers, ÔK0K0

3
,

where K0 and K0
3 are the grand spin quantum numbers

characterizing the tensor components, the summation in
Eq. (88) can be performed using the Wigner-Eckart
theorem,

X
K;K3

hK;K3;…jÔK0K0
3
jK;K3;…i

¼
X
K;K3

ð−1Þ2K0 hKK3; K0K0
3jKK3iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2K þ 1
p hK;…kÔK0kK;…i

¼
X
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K þ 1

p hK;…kÔK0 kK;…iδK00δK0
3
0; ð89Þ

where hK;…kÔK0kK;…i denotes the reduced matrix
element of the operator. Only the spherical tensor compo-
nent with total grand spin K0 ¼ 0 and projection K0

3 ¼ 0

can contribute to the expectation value, a consequence of
the generalized rotational invariance of the mean field.
Since the isospin of the quark single-particle operators is
limited (t-channel isospin 0 or 1), the grand spin selection
rule restricts the angular momentum of tensor operators that
can contribute to the sum over single-particle levels in the
mean field.

D. Polynomiality in mean-field picture

Using the symmetry relations from the previous sub-
section, we can now demonstrate the polynomiality of the
chiral-odd GPD moments in the mean-field picture. We
present the proof for the monopole GPDGmf;0, Eq. (77); the
extension to the higher multipole GPDs in Eq. (70) is
described in Appendix A. First, we apply the G5 trans-
formation of Eq. (80) to the single-particle matrix element
of Eq. (77) and obtain

hnjð1þ γ0γ3Þiðγ × τÞ3ðp̂3ÞjeiΔ·x̂ðp̂3Þk−jjni
¼ hnjðγ0γ3Þkþ1iðγ × τÞ3ðp̂3ÞjeiΔ·x̂ðp̂3Þk−jjni: ð90Þ

Here and in the following we use the fact that

ðγ0γ3Þkþ1 ¼
�
γ0γ3 k even;

1 k odd
ð91Þ

to write the formulas for even and odd k in a compact form.
Next, we perform the partial-wave expansion of the
operator function eiΔ·x̂ using Eq. (86) and obtain

X∞
l¼0

ilð2lþ 1ÞPl

�
−
2ξMNffiffiffiffiffi

−t
p

�

× hnjðγ0γ3Þkþ1iðγ × τÞ3

× ðp̂3Þjjlðjx̂j
ffiffiffiffiffi
−t

p ÞPl

�
x̂3

jx̂j
�
ðp̂3Þk−jjni: ð92Þ

Next, applying the parity transformation Eq. (84), we
conclude that only even partial waves (l ¼ 0; 2; 4;…)
are allowed and replace

X∞
l¼0

½…� →
X∞

l¼0;2;4…

½…�: ð93Þ

Next, we determine the maximum value of l from the grand
spin selection rule, Eq. (89). The spin-flavor part of the
single-particle operator in Eq. (92) can be rewritten as

ðγ0γ3Þkþ1iðγ × τÞ3
¼ γ0ðΣ · τ − Σ3τ3Þ ¼ γ0ðΣ⊥ · τ⊥Þ ðk evenÞ; ð94aÞ

¼ −iðΣ × τÞ3γ0γ5 ðk oddÞ; ð94bÞ

where we have used

Σ ¼ −γ0γγ5; γ5 ≡ −iγ0γ1γ2γ3: ð95Þ

The expression for even k, Eq. (94a), corresponds to a sum
of structures with t-channel grand spin 0 and 2; the
expression for odd k, Eq. (94b), is a structure with grand
spin 1. The orbital part of the single-particle operator in
Eq. (92), consisting of the functions of the momentum and
position operators, has to be coupled to the spin-flavor part
to acheive total t-channel grand spin 0, in order to satisfy
the selection rule, Eq. (89). The products of powers of p̂3

and x̂3 in Eq. (92) amount to a set of tensor operators with
maximum rank kþ l. The condition that these tensors be
reducible to total spin 2 (for even k) or spin 1 (for odd k)
fixes the maximum possible value of l for a given k as

lmaxðkÞ ¼ kþ 2 ðk evenÞ; ð96aÞ

¼ kþ 1 ðk oddÞ: ð96bÞ

In the representation of the m-th moment in Eq. (77), the
values of k are summed over the range 0 ≤ k ≤ m − 1. For
a given m, the maximal value of l attained in the partial-
wave expansion Eq. (92) is given by lmaxðk ¼ m − 1Þ,
which according to Eq. (96) is

CHIRAL-ODD GENERALIZED PARTON DISTRIBUTIONS IN … PHYS. REV. D 111, 074007 (2025)

074007-17



lmaxðmÞ ¼ mþ 1 ðm oddÞ; ð97aÞ

¼ m ðm evenÞ: ð97bÞ

Next, knowing the limits of l in the partial-wave expansion
directly in terms of m, we interchange the order of
summation over k and l in Eqs. (77) and (92),

Xm−1

k¼0

XlmaxðmÞ

l¼0;2;4…

¼
XlmaxðmÞ

l¼0;2;4…

Xm−1

k¼0

: ð98Þ

Finally, after these steps, we can present the moment of the
mean-field GPD in Eq. (77) in the form

Z
dxxm−1Gmf;0ðx; ξ; tÞ

¼
XlmaxðmÞ

l¼0;2;4…

ð2lþ 1ÞPl

�
−
2ξMNffiffiffiffiffi

−t
p

�
Cml
mf;0ðtÞ; ð99Þ

where

Cml
mf;0ðtÞ ¼ −

1

6

MNNc

Mm
N

X
n;occ

Xm−1

k¼0

�
m − 1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�

× hnjðγ0γ3Þkþ1iðγ × τÞ3

× ilðp̂3Þjjlðjx̂j
ffiffiffiffiffi
−t

p ÞPl

�
x̂3

jx̂j
�
ðp̂3Þk−jjni: ð100Þ

These functions are the mean-field generalized FFs in the
partial-wave representation of the GPD moments, where
the ξ dependence is contained in the Legendre polynomials
of angular momentum l.
One observes that the m-th moment of the chiral-odd

mean-field GPD G0;mf is an even polynomial in ξ with
degreemþ 1 (for oddm) orm (for evenm). These findings
agree with the general polynomiality properties Eq. (5) if
the mean-field GPD is identified with the conventional
chiral-odd GPDs according to Eq. (63a). In particular, the
maximum power of ξ in G0;mf is consistent with the
presence of the ξ2Eu−d

T term in Eq. (63a), which raises
the degree of the polynomial by 2 compared to Eq. (5c).
The polynomiality properties of the dipole and quadru-

pole mean-field GPDs are demonstrated in a similar
manner in Appendix A. Altogether our analysis shows
that the polynomiality properties of the chiral-odd GPDs
are correctly reproduced in the mean-field picture of the
nucleon at large Nc.

VI. SUM RULES AT LARGE Nc

A. Spin-flavor structure of tensor FFs

The chiral-odd GPDs are connected with the nucleon
tensor FFs through the sum rules, Eq. (7). They follow from

the connection of the chiral-odd partonic operator with the
local tensor operator and the constraints imposed by
relativistic covariance. It is interesting to study how the
sum rules are obtained in the large-Nc limit, with the
restricted realization of rotational invariance in the mean-
field picture. This will also provide explicit expressions for
the mean-field tensor FFs and their representation in quark
single-particle operators.
The 1=Nc expansion of the matrix element of the tensor

operator is performed in the Breit frame Eq. (23) using
canonical spin states. In analogy to the study of the partonic
operator in Sec. IV B, we start from the matrix element of
the local tensor operator between large-Nc baryon states
with definite momenta but as yet indefinite spin-isospin,
referred to as the mean-field matrix element, given by
Eq. (38) with z ¼ 0. The mean-field matrix elements of the
0i and ij components of the local tensor operator are
parametrized as

hp0;mfjψ̄f0 ð0Þiσ0iψfð0Þjp;mfi ¼ 2MN1f0fYi
1

ffiffiffiffiffi
−t

p
2MN

Fmf;1;

ð101aÞ

hp0;mfjψ̄f0 ð0Þiσijψfð0Þjp;mfi

¼ 2MN

�
−3iϵijmðτmÞf0fY0Fmf;0

þ 3iϵijlðτmÞf0fYlm
2

t
4M2

N
Fmf;2

�
; ð101bÞ

where

Fmf;0; Fmf;1; Fmf;2 ¼ functionsðtÞ ð102Þ

are the mean-field FFs, and the subscript denotes the order
of the multipole structure in the 3D momentum transfer Δ.
Compared to the mean-field GPDs, Eq. (44), there is one
less multipole structure. This is because time-reversal
invariance for the mean-field GPDs imposes only even/
oddness in ξ, while for the mean-field FFs it eliminates one
of the multipole structures.
In the next step we project the mean-field matrix

elements on definite baryon spin-isospin states, by per-
forming the integral over flavor rotations as in Eqs. (48)
and (49). We obtain

MFFs½iσ0i� ¼ 2MNYi
11f0fh1iB0B

ffiffiffiffiffi
−t

p
2MN

Fmf;1; ð103aÞ

MFFs½iσij� ¼ 2MNðτkÞf0fhOkmiB0B

×

�
−iϵijm3Fmf;0 þ iϵijlYlm

2

3t
4M2

N
Fmf;2

�
:

ð103bÞ
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We evaluate the matrix elements for the spin-flavor
quantum number of the proton, S ¼ T ¼ S0 ¼ T ¼ 1=2
and T3 ¼ T 0

3 ¼ 1=2. In this case only the flavor-diagonal
matrices 1 and τ3 contribute, and the rotational matrix
elements are given in Eq. (50). We obtain

Muþd
FFs ½iσ0i� ¼ 2MN1Yi

1

ffiffiffiffiffi
−t

p
2MN

Fmf;1; ð104aÞ

Mu−d
FFs ½iσij� ¼ 2MN

�
iϵijmσmY0Fmf;0

− iϵijlσmYlm
2

t
4M2

N
Fmf;2

�
: ð104bÞ

The 0i components produce a flavor-singlet structure, the ij
components a flavor-non-singlet structure.
In the next step we connect the mean-field FFs to the

conventional proton tensor FFs, by comparing the mean-
field matrix elements Eq. (104) with the multipole expan-
sion of the proton matrix element Eq. (27). In the large-Nc
limit the latter becomes

Mu�d
FFs ½iσ0j� ¼ 2MN1Y

j
1

ffiffiffiffiffi
−t

p
2MN

½Hu�d
T þ 2H̃u�d

T þ Eu�d
T �;

ð105aÞ

Mu�d
FFs ½iσij� ¼ 2MN

�
iϵijkσkY0

�
Hu�d

T þ t
6M2

N
Eu�d
T

�

− iϵijkσmYkm
2

t
4M2

N

�
1

2
Hu�d

T þ Eu�d
T

�	
:

ð105bÞ

Equating Eqs. (105) and (104), we obtain the relations
between the mean-field FFs and the tensor FFs in the flavor
nonsinglet sector,

Hu−d
T þ t

6M2
N
Eu−d
T ¼ Fmf;0; ð106aÞ

Hu−d
T þ 2H̃u−d

T þ Eu−d
T ¼ N1; ð106bÞ

1

2
Hu−d

T þ Eu−d
T ¼ Fmf;2; ð106cÞ

and in the flavor-singlet sector

Huþd
T þ t

6M2
N
Euþd
T ¼ N0; ð107aÞ

Huþd
T þ 2H̃uþd

T þ Euþd
T ¼ Fmf;1; ð107bÞ

1

2
Huþd

T þ Euþd
T ¼ N2: ð107cÞ

In analogy to the corresponding relations for the GPDs, the
functions N1 in Eq. (106) and N0 and N2 in Eq. (107)
represent isovector and isoscalar multipoles that are zero in
leading order of the 1=Nc expansion.
From the relations Eqs. (106) and (107) we now

determine the Nc scaling of the proton tensor FFs.
Based on similar arguments as for the GPDs in Eq. (56),
we posit that the natural Nc scaling of the mean-field FFs is

�
Fmf;0;

Fmf;1

MN
;
Fmf;2

M2
N

	
ðtÞ ∼ N1

c × functionðtÞ; ð108Þ

and that the scaling of the dimensionless mean-field FFs is
therefore

fFmf;0; Fmf;1; Fmf;2gðtÞ ∼ fN1
c; N2

c; N3
cg × functionðtÞ:

ð109Þ

These FFs parametrize the leading spin-flavor components
of the matrix element in the large-Nc limit. The corre-
sponding “other” flavor components of the matrix element
are suppressed by one power of 1=Nc, so that

fN0; N1; N2gðtÞ ∼ fN0
c; N1

c; N2
cg × functionðtÞ: ð110Þ

The scaling behavior of the conventional FFs is established
by solving Eqs. (106) and (107) with the scaling of
Eqs. (109) and (110) as input. We obtain

fHu−d
T ; H̃u−d

T ; Eu−d
T gðtÞ ∼ fN1

c; N3
c; N3

cg × functionðtÞ;
ð111aÞ

fHuþd
T ; H̃uþd

T ; Euþd
T gðtÞ ∼ fN0

c; N2
c; N2

cg × functionðtÞ;
ð111bÞ

and the nontrivial large-Nc relation

2H̃u−d
T ðtÞ ¼ −Eu−d

T ðtÞ: ð112Þ

It is natural that the tensor FFs in Eq. (111) scale with one
power less in Nc compared to the chiral-odd GPDs in
Eqs. (60) and (62). The FFs are the first moments of the
GPDs, and the integral over x ¼ OðN−1

c Þ reduces the power
of Nc of the GPDs by 1 [see Eq. (43)]. This statement can
be generalized to the m-th moments of the GPDs,

Z
dxxm−1fHu−d

T ; H̃u−d
T ; Eu−d

T ; Ẽu−d
T g

¼ fN2−m
c ; N4−m

c ; N4−m
c ; N3−m

c g × functionðtÞ; ð113aÞ
Z

dxxm−1fHuþd
T ; H̃uþd

T ; Euþd
T ; Ẽuþd

T g

¼ fN1−m
c ; N3−m

c ; N3−m
c ; N2−m

c g × functionðtÞ: ð113bÞ
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Finally, applying the Nc scaling Eq. (111) of the tensor FFs
to Eqs. (106) and (107), we obtain the connection between
the tensor FFs and the mean-field FFs as

Fmf;0 ¼ Hu−d
T þ t

6M2
N
Eu−d
T ; ð114aÞ

Fmf;1 ¼ Euþd
T þ 2H̃uþd

T ; ð114bÞ

Fmf;2 ¼ Eu−d
T : ð114cÞ

B. Tensor FFs in mean-field picture

To verify the sum rules of the GPDs in the large-Nc limit,
we need to know how the tensor FFs are expressed as
matrix elements of quark single-particle operators in the
mean field, in the same way as the GPDs in Sec. V. Using
the same assumption as for the partonic operator in Sec. V,
we posit that the leading isoscalar and isovector compo-
nents of the matrix element of the local tensor operator are
given by

Muþd
FFs ½iσ0k� ¼ 2MNNc1

X
n;occ

hnjγ0iσ0keiΔ·x̂jni; ð115aÞ

Mu−d
FFs ½iσij� ¼ −

2

3
MNNcσ

k
X
n;occ

hnjτkγ0iσijeiΔ·x̂jni: ð115bÞ

These expressions can also be obtained by integrating the
matrix element of the partonic operator, Eq. (68), over x.
Here again the momentum transfer to the mean field is
represented by the operator eiΔ·x̂ in the single-particle
matrix elements. The expressions of the mean-field FFs
are extracted by performing a 3D multipole expansion in Δ
and separating the spin components of the matrix element
Eq. (115). We obtain

Fmf;0ðtÞ ¼ −
Nc

9

X
n;occ

hnjγ0ðΣ · τÞj0ðjx̂kΔjÞjni; ð116aÞ

Fmf;1ðtÞ ¼ 2MNNc

X
n;occ

hnjγ0γ5ΣiYi
1ðΩx̂Þ

ij1ðjx̂kΔjÞ
jΔj jni;

ð116bÞ

Fmf;2ðtÞ ¼ 2M2
NNc

X
n;occ

hnjγ0ΣiτjYij
2 ðΩx̂Þ

j2ðjx̂kΔjÞ
jΔj2 jni;

ð116cÞ

where t ¼ −jΔj2; see Eq. (71). In the forward limit the
tensor FFs define the tensor charge Fmf;0ð0Þ ¼ gu−dT , the
anomalous tensor magnetic moment Fmf;1ð0Þ ¼ κuþd

T , and
the tensor quadrupole moment Fmf;2ð0Þ ¼ ETð0Þ. Their

first-quantized expressions are obtained by taking the limit
jΔj → 0 in Eq. (116),

Fmf;0ð0Þ ¼ −
Nc

9

X
n;occ

hnjγ0ðΣ · τÞjni; ð117aÞ

Fmf;1ð0Þ ¼
2MNNc

3

X
n;occ

hnjγ0γ5iΣ · x̂jni; ð117bÞ

Fmf;2ð0Þ¼
2M2

NNc

15

X
n;occ

hnjγ0
�
ðΣ · x̂Þðτ · x̂Þ−1

3
ðΣ ·τÞx̂2

�
jni:

ð117cÞ

The numerical values of these quantities have been esti-
mated in the chiral quark-soliton model in Refs. [72–74].

C. Sum rules for chiral-odd GPDs

We are now in a position to prove the sum rules for the
chiral-odd GPDs in the large-Nc limit. To do so, we take the
first moment of the mean-field GPDs in the first-quantized
representation and connect them with the tensor FFs in
Eq. (116), making use of the symmetries of the mean field.
Monopole GPD: The first moment of the monopole GPD

is given by Eq. (99) with m ¼ 1,

Z
dxGmf;0ðx; ξ; tÞ

¼ −
Nc

6

X
n;occ

�
hnjðγ0γ3Þiðγ × τÞ3j0ðjx̂j

ffiffiffiffiffi
−t

p Þjni

−
15

2
P2

�
−
2ξMNffiffiffiffiffi

−t
p

�
hnjðγ0γ3Þiðγ × τÞ3

× Y33
2 ðΩx̂Þj2ðjx̂j

ffiffiffiffiffi
−t

p Þjni
�
; ð118Þ

where the spin-flavor operator can also be expressed as [see
Eq. (94a)]

ðγ0γ3Þiðγ × τÞ3 ¼ γ0ðΣ · τ − Σ3τ3Þ: ð119Þ
The first quantized operator in Eq. (118) has a specific
orientation with respect to the 3-axis. Since the mean field
has spherical symmetry in combined position and isospin
space, the averages of the oriented components can be
converted to a manifestly spherically symmetric way.
Specifically,

τ3Σ3 ¼ 1

3
τ · Σþ…; ð120aÞ

Y33
2 τ3Σ3 ¼ 2

15
Yij
2 τ

iΣj þ…; ð120bÞ

where the ellipsis denotes structures with t-channel grand
spin > 0, which average to zero because of the selection
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rule, Eq. (89). We obtain

Z
dxGmf;0ðx; ξ; tÞ ¼ −

Nc

9

X
n;occ

hnjγ0ðΣ · τÞj0ðjx̂j
ffiffiffiffiffi
−t

p Þjni

þ
�
1

12
þ ξ2M2

N

t

�
Nc

X
n;occ

× hnjγ0ΣiτjYij
2 ðΩx̂Þj2ðjx̂j

ffiffiffiffiffi
−t

p Þjni:
ð121Þ

This spherically symmetric expression of the mean-field
GPD moment can be compared with the first-quantized
expressions of the mean-field tensor FFs, Eq. (116),

Z
dxGmf;0ðx; ξ; tÞ ¼ Fmf;0ðtÞ −

�
t

24M2
N
þ ξ2

2

�
Fmf;2ðtÞ

¼ Hu−d
T ðtÞ þ

�
t

8M2
N
−
ξ2

2

�
Eu−d
T ðtÞ:

ð122Þ

In the last line we have substituted the expression of the
mean-field FFs in terms of the conventional FFs of
Eq. (114). One observes that this result agrees with the
general expression of the first moment of Gmf;0 that one
obtains by expressing the mean-field GPD in terms of the
conventional GPDs. It shows the overall consistency of the
approach: the first-quantized mean-field expressions repro-
duce the general sum rules obeyed by the 1=Nc expanded
GPDs and FFs. Interestingly, the mean-field result
Eq. (122) indeed delivers a ξ2 term in the first moment
of the monopole GPD Gmf;0, as required by the presence of
the ξ2Eu−d

T term in Eq. (63a). It also correctly reproduces
the vanishing first moment of ξẼu−d

T .
The sum rules for the dipole and quadrupole mean-field

GPDs are proved in a similar manner in Appendix B.
Altogether our analysis shows that the sum rules for the
chiral-odd GPDs are correctly realized in the mean-field
picture of the nucleon at large Nc.

VII. CONCLUSIONS AND EXTENSIONS

We have performed a comprehensive study of the non-
perturbative properties of the nucleon’s chiral-odd GPDs in
the large Nc limit of QCD. This includes the parametric
ordering of the spin-flavor components, the polynomiality
property of the moments, and the sum rules connecting the
GPDs with the tensor FFs. The main findings can be
summarized as follows.

(i) Multipole structure: The chiral-odd GPDs contain
monopole, dipole, and quadrupole structures in the
transverse momentum transfer Δ⊥. The presence of
the quadrupole structure follows from longitudinal
angular momentum conservation in the light-front

representation and is confirmed by comparison with
the multipole expansion of the matrix elements of
the local tensor operators. The quadrupole structure
is unique to the chiral-odd GPDs and absent in the
chiral-even GPDs.

(ii) 1=Nc expansion: The nucleon matrix element of the
chiral-odd partonic operator in the large-Nc limit is
characterized by four independent mean-field GPDs.
This corrects the earlier analysis of Ref. [42], which
assumed three independent GPDs because it did not
include the quadrupole structure. As a result, all four
chiral-odd nucleon GPDs can be derived from large-
Nc mean-field GPDs without degeneracies, and their
Nc scaling is determined completely.

(iii) Large-Nc relation: The leading flavor-non-singlet
GPDs Eu−d

T and H̃u−d
T are connected by the nontrivial

large-Nc relation Eq. (61). The relation is well
satisfied by numerical results from recent lattice
QCD calculations (see Fig. 2).

(iv) Polynomiality: The polynomiality of the moments of
the chiral-odd GPDs is fulfilled with the restricted
realization of translational and rotational invariance
in the mean-field picture of the nucleon at large Nc.
Our analysis exhibits precisely what elements of the
abstract mean-field picture are responsible for ensur-
ing polynomiality (discrete symmetries, triangle rule
for angular momentum addition).

(v) Sum rules: The sum rules connecting the chiral-odd
GPDs with the FFs of the local tensor operator are
satisfied in the large-Nc limit. The presence of the
quadrupole structure in the mean-field matrix ele-
ments is essential for ensuring the correspondence
between the matrix elements of the nonlocal partonic
and local tensor operators.

Altogether, our theoretical study shows that the essential
qualitative features of the chiral-odd GPDs are correctly
reproduced in the general mean-field picture of the nucleon
in the large-Nc limit of QCD. This provides a basis for
quantitative estimates of the chiral-odd GPDs with specific
dynamical realizations of the mean-field picture, such as
the chiral quark-soliton model. It also enables a model-
independent phenomenological analysis of chiral-odd
GPDs and exclusive processes incorporating large-Nc
constraints, such as the hierarchy of spin-flavor compo-
nents of the GPDs.
The studies presented here could be extended in several

directions. The spin-flavor symmetry of baryons in the
large-Nc limit of QCD naturally connects the N → N with
the N → Δ (and even Δ → Δ) transition matrix elements of
the same QCD operator [75]. This connection could be
used to predict the chiral-odd N → Δ transition GPDs in
terms of the chiral-odd N → N GPDs, in analogy to what
was done with the chiral-even GPDs [1]. The chiral-odd
N → Δ GPDs are sampled in exclusive pion production
processes with N → Δ transitions [76], assuming the
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chiral-odd twist-3 mechanism that was proposed and tested
for N → N exclusive pion production [15–18]; first mea-
surements have been performed at JLab [75,77].
Measurements of the N → Δ transition GPDs can serve
as additional tests of the spin-flavor structure predicted by
the 1=Nc expansion and access structures that are difficult
to separate in N → N measurements alone. In the chiral-
odd sector such studies are particularly promising because
the operators are pure nonsinglets, and there is no singlet
contribution in the N → N channel that would affect the
comparison between N → N and N → Δ.
The multipole expansion of the partonic matrix elements

developed here could be applied also to higher-twist
structures, e.g. the chiral-odd twist-3 structures connected
with spin-orbit correlations [78].
The predictive power of the 1=Nc expansion could be

greatly increased by computing subleading corrections to
the nucleon matrix elements. Subleading spin-flavor struc-
tures appear due to the finite angular velocity of the
collective rotations of the mean field; in the abstract
formulation of Sec. IV they could be captured by including
terms proportional to the angular velocity in the para-
metrization of the mean-field matrix elements. In addition,
there are 1=Nc corrections to the spin-flavor structures that
are nonzero in leading order; see Ref. [41] for a review.
Both types of corrections involve new dynamical input
beyond the mean-field expectation values. This input can
be provided by dynamical models such as the chiral
quark-soliton model. If lattice QCD calculations were
available at different values of Nc, the dynamical input
for subleading 1=Nc corrections could be assembled model
independently, substantially expanding the reach of the
1=Nc expansion.
The investigations of the polynomiality of the GPDs

presented here focus on how the property arises from the
mean-field picture of baryons in the large-Nc limit. The
polynomiality of the GPDs can also be realized explicitly
using the double distribution representation, a spectral
representation of the matrix element of the partonic
operator in which the light cone momenta Pþ and Δþ
(see Sec. II) are regarded as independent variables [1–4];
see Ref. [79] for a topical discussion. Whether this
representation could be connected with the mean-field
picture and employed for the 1=Nc expansion of the
GPDs presents an interesting question for further study.
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APPENDIX A: POLYNOMIALITY OF
MULTIPOLE GPDs

1. ξ-even dipole GPD

In this appendix we demonstrate the polynomiality
properties of the higher-multipole chiral-odd GPDs in
the large-Nc limit. As in the analysis of the monopole
GPD in Sec. V D, we take the first-quantized expressions of
the mean-field GPDs in Eq. (70), compute the moments as
in Eq. (77), and convert the results to a form that explicitly
shows the polynomiality in ξ. For simplicity we take t ¼ 0
in the analysis of the higher multipole GPDs; the extension
to finite t is straightforward.
Them-th moment of the dipole mean-field GPD Gmf;1 in

Eq. (70) is obtained as

Z
dxxm−1Gmf;1ðx; ξ; tÞ

¼ −
2M2

NNc

Mm
N jΔ⊥j2

X
n;occ

Xm−1

k¼0

�
m − 1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�

× hnjð1þ γ0γ3Þðγ⊥ · Δ⊥Þðp̂3ÞjeiΔ·x̂ðp̂3Þk−jjni: ðA1Þ

Under the G5 transformation Eq. (80) the single-particle
matrix element transforms as

hnjð1þ γ0γ3Þðγ⊥ · Δ⊥Þðp̂3ÞjeiΔ·x̂ðp̂3Þk−jjni
¼ hnjðγ0γ3Þkðγ⊥ · Δ⊥Þðp̂3ÞjeiΔ·x̂ðp̂3Þk−jjni: ðA2Þ

Here we use a notation analogous to Eq. (91),

ðγ0γ3Þk ¼
�
1 k even;

γ0γ3 k odd;
ðA3Þ

note that the even/odd pattern is opposite to the one in the
monopole GPD Eq. (90). Performing the partial-wave
expansion of the function eiΔ·x̂ in Eq. (A2) in the limit
t → 0 [see Eq. (87)], and replacing the factor 1=jΔ⊥j2 by
[see Eq. (71)]

1

jΔ⊥j2
¼ 1

−t − ð2ξMNÞ2
¼t→0 −

1

ð2ξMNÞ2
; ðA4Þ

we obtain
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lim
t→0; ξ≠0

X∞
l¼2

hnjðγ0γ3Þkðp̂3Þjið∇⊥ · γ⊥Þ

×

�ð−2iξMN jx̂jÞl
ð2ξMNÞ2l!

Pl

�
x̂3

jx̂j
��

ðp̂3Þk−jjni: ðA5Þ

Here the momentum transfer Δ⊥ in Eq. (A2) has been
replaced by a derivative acting on the function eiΔ·x̂,

lim
t→0; ξ≠0

Δi⊥eiΔ·x̂ ¼ lim
t→0; ξ≠0

½p̂i⊥; eiΔ·x̂�

¼ lim
t→0; ξ≠0

− i∇i⊥eiΔ·x̂

¼ −i
X∞
l¼2

∇i⊥
�ð−2iξMN jx̂jÞl

l!
Pl

�
x̂3

jx̂j
��

:

ðA6Þ
Note that the summation over l in Eq. (A5) starts from
l ¼ 2 because

�
p̂i⊥; jx̂jP1

�
x̂3

jx̂j
��

¼ 0: ðA7Þ

Because of parity invariance Eq. (84), the allowed partial
waves in Eq. (A5) are even, l ¼ 2; 4;…, and the sum
becomes

X∞
l¼2

½…� →
X∞

l¼2;4…

½…�: ðA8Þ

The spin part of the single-particle operator in Eq. (A2) can
be rewritten as

ðγ0γ3Þkγ⊥ · ∇⊥
¼ γ⊥ · ∇⊥ ¼ −γ0γ5ðΣ⊥ · ∇⊥Þ ðk evenÞ;
¼ γ0γ3γ⊥ · ∇⊥ ¼ γ0iðΣ × ∇Þ3 ðk oddÞ: ðA9Þ

Using the grand spin selection rule and Eq. (A9), following
the same logic as in the derivation of Eq. (96), the maximum
value of l in the sum of Eq. (A5) is determined as

lmaxðkÞ ¼ kþ 2 ðk evenÞ; ðA10aÞ

¼ kþ 1 ðk oddÞ: ðA10bÞ

In terms of m, the maximum value is given by
lmaxðk ¼ m − 1Þ. It is convenient to change the summation
variable in Eq. (A5) from l to l − 2, so that it represents the
actual powers of ξ in the polynomial. Themaximumvalue of
the new variable is then given by

lmaxðmÞ ¼ m − 1 ðm oddÞ; ðA11aÞ

¼ m − 2 ðm evenÞ: ðA11bÞ

Altogether we obtain the moment of the dipole mean-field
GPD Gmf;1 as

Z
dxxm−1Gmf;1ðx; ξ; 0Þ ¼

XlmaxðmÞ

l¼0;2…

ξlCml
mf;1ðt ¼ 0Þ; ðA12Þ

where the generalized mean-field FFs are given by

Cml
mf;1ðt ¼ 0Þ ¼ −

Nc

2Mm
N

X
n;occ

Xm−1

k¼0

�
m − 1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�

× hnjðγ0γ3Þkðp̂3Þjið∇⊥ · γ⊥Þ

×

�ð−2iMN jx̂jÞlþ2

ðlþ 2Þ! Plþ2

�
x̂3

jx̂j
��

ðp̂3Þk−jjni:

ðA13Þ

Equation (A12) shows that the moments of the dipole mean-
field GPD Gmf;1 are even polynomials in ξ, with a degree
given by Eq. (A11). This agrees with the polynomiality
properties required by the identification of the mean-field
GPD with the conventional GPDs, Eqs. (5) and (63).

2. ξ-odd dipole GPD

Them-th moment of the dipole mean-field GPD G̃mf;1 in
Eq. (70) is obtained as

Z
dxxm−1G̃mf;1ðx;ξ;tÞ

¼2

3
i
M2

NNc

Mm
N jΔ⊥j2

X
n;occ

Xm−1

k¼0

�
m−1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�

×hnjð1þγ0γ3Þτ3ðp̂3ÞjðΔ×γÞ3eiΔ·x̂ðp̂3Þk−jjni: ðA14Þ

Under the G5 transformation Eq. (80) the single-particle
matrix element transforms as

hnjð1þ γ0γ3Þτ3ðp̂3ÞjðΔ × γÞ3eiΔ·x̂ðp̂3Þk−jjni
¼ hnjðγ0γ3Þkþ1τ3ðp̂3ÞjðΔ × γÞ3eiΔ·x̂ðp̂3Þk−jjni; ðA15Þ

where we use the same notation as in Eq. (91). Performing
the partial-wave expansion of the function eiΔ·x̂ at t ¼ 0,
treating the factor 1=jΔ⊥j2 as in Eq. (A4), we obtain

lim
t→0; ξ≠0

−
X∞
l¼2

hnjðγ0γ3Þkþ1τ3ðp̂3Þjð∇ × γÞ3

×

�ð−2iξMN jx̂jÞl
ð2ξMNÞ2l!

Pl

�
x̂3

jx̂j
��

ðp̂3Þk−jjni: ðA16Þ

Here the momentum transfer Δ⊥ in the matrix element has
again been replaced by a derivative as in Eq. (A6). Parity
invariance Eq. (84) now requires that the partial waves are
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odd, l ¼ 1; 3; 5;…, and the sum becomes

X∞
l¼2

½…� →
X∞

l¼3;5…

½…�: ðA17Þ

The sum now starts with l ¼ 3 because the l ¼ 1 term is
zero by Eq. (A7). The spin part of the single-particle
operator can be rewritten as

γ0γ3τ3ið∇ × γÞ3 ¼ −τ3ðΣ⊥ · ∇⊥Þ;
τ3ið∇ × γÞ3 ¼ −γ0γ5τ3ið∇ × ΣÞ3; ðA18Þ

for even and odd k, respectively. Using the grand spin
selection rule and Eq. (A18), following the same logic as in
the derivation of Eq. (96), the maximum value of l in the
sum of Eq. (A16) is now determined as

lmaxðkÞ ¼ kþ 3 ðk evenÞ; ðA19aÞ

¼ kþ 2 ðk oddÞ: ðA19bÞ

In terms of m, the maximum value is given by
lmaxðk ¼ m − 1Þ. Changing the summation variable from
l to l − 3, the maximum value of the new variable is then

lmaxðmÞ ¼ m − 1 ðm oddÞ; ðA20aÞ

¼ m − 2 ðm evenÞ: ðA20bÞ

Altogether we obtain the moment of the dipole mean-field
GPD G̃mf;1 as

Z
dxxm−1G̃mf;1ðx;ξ;0Þ¼

XlmaxðmÞ

l¼0;2;…

ξlþ1C̃ml
mf;1ðt¼0Þ; ðA21Þ

where the generalized mean-field FFs are now given by

C̃ml
mf;1ðt ¼ 0Þ

¼ −
Nc

6Mm
N

X
n;occ

Xm−1

k¼0

�
m − 1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�

× hnjðγ0γ3Þkþ1τ3ðp̂3Þjð∇ × γÞ3

×

�ð−2iMN jx̂jÞlþ3

ðlþ 3Þ! Plþ3

�
x̂3

jx̂j
��

ðp̂3Þk−jjni: ðA22Þ

Equation (A21) shows that the moments of the dipole
mean-field GPD G̃mf;1 are odd polynomials in ξ, with a
degree given by Eq. (A20). This agrees with the poly-
nomiality properties required by the identification of the
mean-field GPD with the conventional GPDs, Eqs. (5) and
(63). In particular, the highest power of ξ in the mean-field
GPD G̃mf;1 correctly accounts for the fact that its expression

in terms of the conventional GPDs in Eq. (63) contains an
“extra” power of ξ in the ξEu−d

T term.

3. Quadrupole GPD

The m-th moment of the quadrupole mean-field GPD
Gmf;2 in Eq. (70) is obtained as

Z
dxxm−1Gmf;2ðx;ξ;tÞ

¼−
8

3

M3
NNc

Mm
N jΔ⊥j2

X
n;occ

×
Xm−1

k¼0

�
m−1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�

×hnjð1þγ0γ3Þiϵ3iaγiτbðp̂3ÞjXab
2 eiΔ·x̂ðp̂3Þk−jjni: ðA23Þ

Under the G5 transformation the single-particle matrix
element transforms as

hnjð1þ γ0γ3Þγiτbðp̂3ÞjXab
2 eiΔ·x̂ðp̂3Þk−jjni

¼ hnjðγ0γ3Þkþ1γiτbðp̂3ÞjXab
2 eiΔ·x̂ðp̂3Þk−jjni; ðA24Þ

where we use the same notation as in Eqs. (91) and (A15).
Performing the partial-wave expansion of the function eiΔ·x̂

in Eq. (A24), including the factor 1=jΔ⊥j2, and taking the
limit t → 0, we obtain

lim
t→0; ξ≠0

−
X∞
l¼4

�
δacδdb −

1

2
δcdδab

�

× hnjðγ0γ3Þkþ1γiiϵ3iaτbðp̂3Þj∇c⊥∇d⊥

×

�ð−2iξMN jx̂jÞl
ð2ξMNÞ4l!

Pl

�
x̂3

jx̂j
��

ðp̂3Þk−jjni: ðA25Þ

Here we use the relation Eq. (A4), and Xab
2 eiΔ·x̂ in

Eq. (A24) has been rewritten in terms of the momentum
operator:

jΔ⊥j2Xab
2 eiΔ·x̂¼

�
δacδbd−

1

2
δcdδab

�
½p̂c⊥p̂d⊥;eiΔ·x̂�: ðA26Þ

This expression is the same as the derivative acting on
eiΔ·x̂, i.e.,

lim
t→0; ξ≠0

jΔ⊥j2Xab
2 eiΔ·x̂

¼ −
X∞
l¼4

�
δacδbd −

1

2
δcdδab

�

×∇c⊥∇d⊥
�ð−2iξMN jx̂jÞl

l!
Pl

�
x̂3

jx̂j
��

: ðA27Þ
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Note that the lower limit starts from l ¼ 4 because

��
δacδdb −

1

2
δcdδab

�
p̂c⊥p̂d⊥; jx̂jlPl

�
x̂3

jx̂j
��

¼ 0; ðA28Þ

for l ¼ 1…3. Due to the parity transformation given in
Eq. (84), the allowed partial waves in Eq. (A25) are even,
i.e., l ¼ 4; 6;…. Thus, Eq. (A25) becomes

X∞
l¼4

½…� →
X∞

l¼4;6;…

½…�: ðA29Þ

In order to apply the grand spin selection rule we convert
the 2D irreducible tensors in the single-particle operator
into 3D irreducible tensors. The spin part of the operator is
rewritten as

γ0γ3γiiϵ3iaτb
�
∇a⊥∇b⊥ −

1

2
∇2⊥δab

�

¼
�
∇a∇b −

1

3
∇2δab

�
ðΣa⊥τb⊥Þ

þ 1

2

�
∇3∇3 −

1

3
∇2

�
ðΣ⊥ · τ⊥Þ ðA30Þ

for even k, and

γiiϵ3iaτb
�
∇a⊥∇b⊥ −

1

2
∇2⊥δab

�

¼ iγ0γ5ð∇ × ΣÞ3ð∇⊥ · τ⊥Þ

þ 1

2
iγ0γ5ðΣ × τÞ3∇2⊥ ðA31Þ

for odd k. Using the grand spin selection rule and
Eqs. (A30) and (A31), similar to the logic presented in
the derivation of Eq. (96), the maximum value of l is
determined as

lmaxðkÞ ¼ kþ 4 ðk evenÞ; ðA32aÞ

¼ kþ 3 ðk oddÞ: ðA32bÞ
In terms of m, the maximum value is given by
lmaxðk ¼ m − 1Þ. Changing the summation variable from
l to l − 4, the maximum value is then given by

lmaxðmÞ ¼ m − 1 ðm oddÞ; ðA33aÞ
¼ m − 2 ðm evenÞ: ðA33bÞ

Altogether we obtain the moment of the mean-field GPD
Eq. (A23) as

Z
dxxm−1Gmf;2ðx; ξ; 0Þ ¼

XlmaxðmÞ

l¼0;2…

ξlCml
mf;2ðt ¼ 0Þ; ðA34Þ

where the generalized mean-field FFs are given by

Cml
mf;2ðt¼0Þ¼ Nc

6Mm−1
N

X
n;occ

×
Xm−1

k¼0

�
m−1

k

�
Em−1−k
n

2k

Xk
j¼0

�
k

j

�
iϵ3ia

×hnjðγ0γ3Þkþ1γiτbðp̂3Þj
�
∇a⊥∇b⊥−

1

2
∇2⊥δab

�

×

�ð−2iMN jx̂jÞlþ4

ðlþ4Þ! Plþ4

�
x̂3

jx̂j
��

ðp̂3Þk−jjni:

ðA35Þ

Equation (A34) shows that the moments of the quadrupole
mean-field GPD G̃mf;2 are even polynomials in ξ, with a
degree given by Eq. (A33). This agrees with the polyno-
miality properties required by the identification of themean-
field GPD with the conventional GPDs, Eqs. (5) and (63).

APPENDIX B: SUM RULES
OF MULTIPOLE GPDs

1. ξ-even dipole GPD

In this appendix we prove the sum rules for the
higher-multipole chiral-odd GPDs in the large-Nc limit.
As in Sec. VI, compute the first moment of the mean-
field GPDs in the first-quantized representation of Eq. (70),
convert it to a spherically symmetric form using the mean-
field symmetry, and compare it with the mean-field
expression of the tensor FFs. For simplicity we take
t ¼ 0 in the analysis of the sum rules of the higher
multipole GPDs; the extension to finite t is straightforward.
The first moment of the ξ-even dipole GPD Eq. (A12) is

obtained as

Z
dxGmf;1ðx;ξ;0Þ¼

2

3
MNNc

X
n;occ

hnjγ0γ5iðΣ · x̂Þjni; ðB1Þ

where we have used the relation Eq. (120a) to convert
the expression to a rotationally invariant form. Comparing
Eq. (B1) with the expression of the anomalous tensor
magnetic moment Eq. (117), we verify the sum rule

Z
dxGmf;1ðx; ξ; 0Þ ¼ κuþd

T : ðB2Þ

2. ξ-odd dipole GPD

The first moment of the ξ-odd dipole GPDs Eq. (A21) is
obtained as
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Z
dxG̃mf;1ðx;ξ;0Þ¼−

2

15
M2

NNcξ
X
n;occ

×hnjγ0
�
ðΣ · x̂Þðτ · x̂Þ−1

3
ðΣ ·τÞx̂2

�
jni;

ðB3Þ
where we have employed the relation

Y3b
2 τ3Σb⊥ ¼ 1

5
Yab
2 τaΣb þ � � � ; ðB4Þ

to convert the expression to a rotationally invariant form;
the ellipsis denotes structures with t-channel grand spin
> 0. Comparing Eq. (B3) with the expression of the tensor
quadrupole moment Eq. (117), we verify the sum rule

Z
dxG̃mf;1ðx; ξ; tÞ ¼ −ξEu−d

T ð0Þ: ðB5Þ

Similar to the case of the monopole GPD in Sec. VI, we
obtain the proper ξ dependence of the moment, corre-
sponding to the nonzero moment of ξEu−d

T and the
vanishing moment of Ẽu−d

T in Eq. (63).

3. Quadrupole GPD

The first moment of the quadrupole GPDs Eq. (A34) is
evaluated using the relation Eq. (A27),

Z
dxGmf;2ðx; ξ; 0Þ ¼

M2
NNc

9

X
n;occ

hnjγ0γ3γiiϵ3ia

× τb
�
∇a⊥∇b⊥ −

1

2
∇2⊥δab

�

×

�
jx̂j4P4

�
x̂3

jx̂j
��

jni: ðB6Þ

Applying the derivatives to the expression in brackets, we
obtain

Z
dxGmf;2ðx; ξ; 0Þ ¼

M2
NNc

3

X
n;occ

hnj
�
Yab
2 ðΩx̂ÞΣa⊥τb⊥

þ 1

2
Y33
2 ðΩx̂ÞðΣ⊥ · τ⊥Þ

�
x̂2jni: ðB7Þ

Using now the relation

Yab
2 τa⊥Σb⊥ ¼ 7

15
Yij
2 τ

iΣj þ � � � ; ðB8Þ

to convert the expression to a rotationally invariant form,
we obtain

Z
dxGmf;2ðx; ξ; 0Þ

¼ 2

15
M2

NNc

X
n;occ

× hnjγ0
�
ðΣ · x̂Þðτ · x̂Þ − 1

3
ðΣ · τÞx̂2

�
jni: ðB9Þ

Comparing this expression with that of the tensor quadru-
pole moment, Eq. (117), we verify the sum rule

Z
dxGmf;2ðx; ξ; 0Þ ¼ Eu−d

T ð0Þ: ðB10Þ
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