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We calculate the production and polarization of direct J=ψ in the improved color evaporation model in
eþ p photoproduction. We present the production as functions of transverse momentum, mass of the
hadronic final state, and inelasticity. We also present the polarization parameters λϑ, λφ, and λϑφ in the

helicity and the Collins-Soper frames, as well as the frame-invariant polarization parameter λ̃ as a function
of transverse momentum and inelasticity. We find agreement with both J=ψ unpolarized cross sections and
the invariant polarization parameters as a function of pT .
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I. INTRODUCTION

Quarkonium production is important to understand
hadronization in QCD. The production mechanism of
heavy quarks, from production in hard processes to the
hadronization of the final state quarkonium involves both
the perturbative and nonperturbative natures of QCD.
Nonrelativistic QCD (NRQCD) [1] and the color evapo-
ration model [2–4] remain the most commonly used models
today. While NRQCD has difficulties in describing data for
pT cuts less than twice the mass of quarkonium states [5,6],
both the CEM or the later improved CEM (ICEM) [7] have
only been employed extensively to hadroproduction. In this
work, we study the J=ψ production and polarization using
the ICEM framework in eþ p photoproduction as a timely
expansion beyond hadroproduction in preparation for the
era of the EIC. It is worth noting that photoproduction in
NRQCD has already been calculated at next-to-leading
order [8], which then was employed to perform a state-of-
the-art global fit [9]. In addition, recent work using
potential NRQCD [10] expands the understanding of the
long-distance matrix elements, the model parameters of
NRQCD. This work represents the first expansion of

(I)CEM beyond hadroproduction, which is needed to test
the universality for its model parameter.
Our most recent work extends the ICEM polarization

calculation from proton-proton to lead-lead collisions [11].
Despite tensions in pT dependence of the polarization
between our results and the measured ALICE data [12–14],
our polarization results generally align with the no polari-
zation experimental conclusion. In this work, we calculate
the production and polarization of direct J=ψ production in
electron-proton collisions via photoproduction. The effects
of feed-down production on J=ψ will be discussed in a later
publication.
In this paper, we calculate the polarized direct

J=ψ production as a function of transverse momentum
(pT), inelasticity (z), and mass of the hadronic final state
(W) in the ICEM using the collinear factorization
approach. We present the polarized cross section calcu-
lation in Sec. II and the formation of polarization
parameters in Sec. III. The results, along with comparison
of unpolarized production distributions to H1 HERA 2
data [15] in Sec. IVA, and polarization parameters to data
in Secs. IV B and IV C. Our conclusions are presented
in Sec. V.

II. POLARIZED CROSS SECTION

The ICEM assumes the J=ψ production cross section
takes a constant fraction, FJ=ψ , of the open cc̄ cross section
with invariant mass above the mass of the J=ψ but below
the hadron threshold, the DD̄ pair mass,
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σJ=ψ ¼ FJ=ψ

Z
2mD

MJ=ψ

dM
dσ
dM

����
pcc̄¼ M

MJ=ψ
pJ=ψ

; ð1Þ

where a distinction is made between the cc̄ momentum and
the J=ψ momentum in the ICEM compared to the tradi-
tional CEM. In eþ p collisions, using the Weizsäcker-
Williams approximation [16,17], the unpolarized direct
J=ψ production cross section in the ICEM is

σep→J=ψþX ¼ FJ=ψ

X
i¼q;q̄;g

Z
2mD

MJ=ψ

dMdydQ2dxi=pdkT

× fγ=eðy;Q2Þfi=pðxi; μFÞgðkTÞ
× σγþi→J=ψþX; ð2Þ

where i denotes the parton q (u, d, s), q̄ (ū; d̄; s̄) or g, and x
is the momentum fraction of the parton. Here, fγ=eðy;Q2Þ is
the photon flux for electron-proton collisions of inelasticity,
y, and virtuality, −Q2, fi=pðxi; μFÞ is the parton distribution
function for a parton i in the proton as a function of xi and
the factorization scale μF. Finally, σ̂γi→cc̄þk are the parton-
level cross sections for initial states γ þ i to produce a cc̄
pair with a light final-state parton k. The invariant mass of
the cc̄ pair, M, is integrated from the physical mass of J=ψ
(MJ=ψ ¼ 3.10 GeV) to two times the mass of the D0

hadron (2mD0 ¼ 3.72 GeV). Because the Oðαα2sÞ contri-
bution diverges when the light parton is soft, in order to
describe the pT distribution at low J=ψpT, the initial-state
parton is each given a small transverse momentum, kT , kick
of hk2Ti¼ ½1þð1=12Þ lnð ffiffiffi

s
p

=20GeVÞ�GeV2¼1.23GeV2

for
ffiffiffi
s

p ¼ 319 GeV. The collinear parton distribution func-
tion is then multiplied by the Gaussian function gðkTÞ,

gðkTÞ ¼
1

πhk2Ti
expð−k2T=hk2TiÞ; ð3Þ

assuming the x and kT dependences completely factorize.
The same Gaussian smearing is applied in Refs. [7,18,19].
We make the same distinction between the J=ψ and cc̄
momenta as adopted in previous ICEM calculations
[7,11,20], which helps describe the pT distributions at
high pT .
We consider production diagrams for photoproduction at

Oðαα2sÞ that gives a heavy cc̄ pair and a light parton. We
denote the momenta of γ, i, c, c̄, and k in the partonic
process γ þ i → cþ c̄þ k as q, k2, pc, pc̄, and k3,
respectively, where k is the emitted parton, with ϵq, ϵ2,
and ϵ3 denoting the polarization of the photon and the light
partons. When calculating the 2 → 3 cross section, we
transform the momenta of the charm quark (pc) and the
anticharm quark (pc̄) into the momentum of the proto-J=ψ
(pψ ) and the relative momentum of the heavy quarks (kr),

pc ¼
1

2
pψ þ kr; ð4Þ

pc̄ ¼
1

2
pψ − kr: ð5Þ

We note that, since the mass of the proto-J=ψ is
integrated from the physical mass of J=ψ to the hadronic
threshold, the relative momentum kr depends on the mass
of the proto-J=ψ . This differs from NRQCD approaches
where the limit kr → 0 is taken.
We factorize the amplitudes into a product of the color

factors, C, and the colorless amplitude A, so that
M ¼ CA. The color factors, C, in the squared amplitudes
are calculated separately by summing over all initial and
final state colors, and averaging over the initial state colors.
There are eight diagrams for the γ þ g → cc̄g process.

The factorized amplitudes, A, arranged by the number of
three-gluon vertices, are

Aγg0 ¼ igαg2s ½ūðpcÞ=ϵ1ð=pc − =qþmcÞ=ϵ�3ð−=pc̄ þ =k2 þmcÞ=ϵ2vðpc̄Þ�
1

ðpc − qÞ2 −m2
c

1

ðk2 − pc̄Þ2 −m2
c

þ five diagramswith no three-gluon vertices; ð6Þ

Aγg1 ¼ igαg2s ½ūðpcÞ=ϵ�1ð=pc − =qþmcÞγμvðpc̄Þ�½ð−2k2 þ k3Þ · ϵ�3ϵ2μ
þ ðϵ2 · ϵ�3Þðk3 þ k2Þμ þ ðk2 − 2k3Þ · ϵ2ϵ�3μÞ�

1

ðpc − qÞ2 −m2
c

1

ðk2 − k3Þ2
þ one diagramwith one three-gluon vertex: ð7Þ

There are four γ þ q → cc̄q diagrams, which are

Aγq;1 ¼ −igαg2s ½ūðpcÞγνvðpc̄Þ�½ūðk3Þγνð=qþ =k2Þ=ϵquðk2Þ�
1

m2
ψ

1

ðqþ k2Þ2
; ð8Þ
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Aγq;2 ¼ −igαg2s ½ūðpcÞ=ϵqð=pc − =qþmcÞγνvðpc̄Þ�½ūðk3Þγνuðk2Þ�
1

ðpc − qÞ2 −m2
c

1

ðk2 − k3Þ2
; ð9Þ

Aγq;3 ¼ −igαg2s ½ūðpcÞγνð−=pc̄ þ =qþmcÞ=ϵqvðpc̄Þ�½ūðk3Þγνuðk2Þ�
1

ðq − pc̄Þ2 −m2
c

1

ðk2 − k3Þ2
; ð10Þ

Aγq;4 ¼ −igαg2s ½ūðpcÞγνvðpc̄Þ�½ūðk3Þ=ϵqð=k3 − =qÞγνuðk2Þ�
1

m2
ψ

1

ðq − k3Þ2
: ð11Þ

There are four γ þ q̄ → cc̄ q̄ diagrams, obtained by replacing the spinors in the above five γ þ q → cc̄q diagrams:

Aγq̄;1 ¼ −igαg2s ½ūðpcÞγνvðpc̄Þ�½v̄ðk3Þγνð=qþ =k2Þ=ϵqvðk2Þ�
1

m2
ψ

1

ðqþ k2Þ2
; ð12Þ

Aγq̄;2 ¼ −igαg2s ½ūðpcÞ=ϵqð=pc − =qþmcÞγνvðpc̄Þ�½v̄ðk3Þγνvðk2Þ�
1

ðpc − qÞ2 −m2
c

1

ðk2 − k3Þ2
; ð13Þ

Aγq̄;3 ¼ −igαg2s ½ūðpcÞγνð−=pc̄ þ =qþmcÞ=ϵqvðpc̄Þ�½v̄ðk3Þγνvðk2Þ�
1

ðq − pc̄Þ2 −m2
c

1

ðk2 − k3Þ2
; ð14Þ

Aγq̄;4 ¼ −igαg2s ½ūðpcÞγνvðpc̄Þ�½v̄ðk3Þ=ϵqð=k3 − =qÞγνvðk2Þ�
1

m2
ψ

1

ðq − k3Þ2
: ð15Þ

We fix the spin of the proto-J=ψ by forming the spin triplet
states from the spinor states and extract the orbital angular
momentumbyprojecting theLegendremomentswith respect
to the relative momentum to obtain the matrix elements

Miz ¼
Z

dΩkYl¼0;m¼izM: ð16Þ

We assume that the angular momentum of the proto-J=ψ
is unchanged by the transition from the parton level to the
hadron level. We then convolute the partonic cross sections
with the CT14 parton distribution functions [21] in the
domain where pψ · kr ¼ 0. We restrict the partonic cross
section calculations within the perturbative domain by
introducing a regularization parameter such that all propa-
gators are at a minimum distance of Q2

reg ¼ M2 from their
poles, as employed in Ref. [22] and in the previous ICEM
hadroproduction results [20].
The photoproduction cross section is related to the eþ p

cross section in Eq. (2) by [23,24]

σγp ¼ σep
Φγ

; ð17Þ

where Φγ is the effective flux of virtual photons and is
computed as

Φγ ¼
Z

dydQ2fγ=eðy;Q2Þ;

¼
Z

dydQ2
α

2πyQ2

�
1þ ð1 − yÞ2 − 2M2

ey2

Q2

�
; ð18Þ

where α is the electromagnetic coupling constant. To
compare to H1 HERA 2 data, the Q2 integral runs from
Q2

min ¼ M2
ey2=ð1 − yÞ to 2.5 GeV2, and the y integral runs

from ymin ¼ W2
min=s to ymax ¼ W2

max=s. We also take
Wmin ¼ 60 GeV, Wmax ¼ 240 GeV, and

ffiffiffi
s

p ¼ 319 GeV.
Contributions from only the transversely polarized photons
are considered for the photoproduction calculation. It is worth
noting that in electropdocution, whereQ2 is much bigger, the
longitundinally polarized photons must also be considered as
the relative contribution grows as a function of Q2, and thus
should have a sizable impact to the polarization of J=ψ . To
construct the uncertainty bands, we take the factorization
and renormalizaton scales to be μF=mT ¼ 2.1þ2.55

−0.85 and
μR=mT ¼ 1.6þ0.11

−0.12 , respectively, where mT is the transverse
mass of the produced charm quark (mT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

c þ p2
T

p
, where

p2
T ¼ 0.5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
Tc þ p2

Tc̄

p
). We also vary the charm quark mass

around 1.27� 0.09 GeV. These variations were determined
inRef. [18], inwhich theuncertainties on the total charmcross
section were considered.

III. POLARIZED PRODUCTION OF DIRECT J=ψ

We factor the polarization vector, ϵψðJzÞ, from the
unsquared amplitudes for all subprocesses, giving us the form

Mn ¼ ϵμψ ðJzÞMn;μ ð19Þ

for each subprocess denoted by the initial states,
n ¼ gg; gq; gq̄; qq̄. The polarization vectors for Jz ¼ 0,
�1 in the rest frame of the proto-J=ψ are
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ϵψ ð0Þμ ¼ ð1; 0; 0; 0Þ; ð20Þ

ϵψ ð�1Þμ ¼∓ 1ffiffiffi
2

p ð0; 1;�i; 0Þ; ð21Þ

using the convention that the fourth component is the z
component. While the unpolarized cross section does not
depend on the choice of R̂z axis, the polarized cross
sections does depend on the orientation of the z axis. In
this calculation, the R̂y axis is chosen to be the normal
vector of the plane formed by the two beamswith momenta
P⃗1 and P⃗2,

R̂y ¼
−P⃗1 × P⃗2

jP⃗1 × P⃗2j
: ð22Þ

In the helicity frame, the R̂z;HX axis is the flight direction of
the cc̄ pair in the center of mass of the colliding beams. In the
Collins-Soper frame [25], the R̂z;CS axis is the angle bisector
between one beam and the opposite direction of the other
beam. The x axis is then determined by the right-handed
convention.
We compute the polarized cross section matrix element,

Mn, in the rest frame of the cc̄ pair by first taking the
product of the unsquared amplitude with polarization
vector of Jz ¼ iz corresponding to the polarization axis
R̂z and the unsquared amplitude with polarization vector of
Jz ¼ jz in each subprocess (n), then adding them, and
finally calculating the components of the polarized cross
section matrix according to Eq. (2),

σiz;jz ¼
Z X

n

ðϵμψðizÞMn;μÞðϵνψðjzÞMn;νÞ�; ð23Þ

where iz; jz ¼ f−1; 0;þ1g and the integral is over all
variables explicitly shown in Eq. (2) as well as the
Lorentz-invariant phase space in 2 → 3 scatterings. The
unpolarized cross section is the trace of the polarized cross
section matrix

σunpol ¼
X
iz

σiz;iz ¼ σ−1;−1 þ σ0;0 þ σþ1;þ1: ð24Þ

The polarization parameters are calculated using the
matrix elements σiz;jz . The polar anisotropy (λϑ), the
azimuthal anisotropy (λφ), and polar-azimuthal correlation
(λϑφ) are given by [26]

λϑ ¼ σþ1;þ1 − σ0;0
σþ1;þ1 þ σ0;0

; ð25Þ

λφ ¼ Re½σþ1;−1�
σþ1;þ1 þ σ0;0

; ð26Þ

λϑφ ¼ Re½σþ1;0 − σ−1;0�ffiffiffi
2

p ðσþ1;þ1 þ σ0;0Þ
: ð27Þ

The polar anisotropy parameter (λϑ) reflects the propor-
tion of the J=ψ in each spin projection state, with λϑ ¼ 1
referring to completely transverse production of Jz ¼ �1
and λϑ ¼ −1 referring to completely longitudinal produc-
tion of Jz ¼ 0.
The azimuthal anisotropy parameter (λφ) reflects the

azimuthal symmetry of J=ψ production. When λφ ¼ 0, the
production is azimuthally symmetric. When λφ ¼ �1,
the azimuthal distribution is maximally asymmetric. We
note that this parameter strongly depends on the production
mechanism as well as the measurement frame.
The polar-azimuthal correlation parameter (λϑφ)

describes the angular correlation between 2ϑ and φ.
When λϑφ ¼ 0, the two angles are uncorrelated and as
λϑφ departs from 0, the behavior of the distribution becomes
similar at locations where 2ϑ ¼ φ.
The above three polarization parameters depend on the

frame (helicity or Collins-Soper) in which they are calcu-
lated and measured. However, since the angular distribution
itself is rotationally invariant, there are ways to construct
invariant polarization parameters from Eqs. (25)–(27). One
of the combinations to form a frame-invariant polarization
parameter (λ̃) is [26]

λ̃ ¼ λϑ þ 3λφ
1 − λφ

: ð28Þ

The choice of λ̃ is the same as the polar anisotropy
parameter (λϑ) in a frame where the distribution is azimu-
thally isotropic (λφ ¼ 0). We can remove the frame-induced
kinematic dependencies when comparing theoretical pre-
dictions to data by also considering the frame-invariant
polarization parameter, λ̃.

IV. RESULTS

We first show how our approach describes the photo-
production cross section of J=ψ as functions of transverse
momentum (pT), inelasticity (z), and the mass of the
hadronic final state (W) by comparing to H1 photo-
production measurements for Q2 ≲ 2.5 GeV2 at

ffiffiffi
s

p ¼
319 GeV [15]. We then compare the frame-dependent
polarization parameters λϑ, λφ, and λϑφ as well as the
frame-invariant polarization parameter λ̃ to the measured
data. In our calculations, we consider theoretical uncer-
tainties by varying the charm quark mass, the renormaliza-
tion scale, and the factorization scale. The total uncertainty
band is constructed by adding the uncertainties in
quadrature.
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A. Unpolarized J=ψ distributions

We calculate the pT distribution of direct J=ψ produc-
tion at

ffiffiffi
s

p ¼ 319 GeV with 60 < W < 240 GeV and
0.3 < z < 0.9. We assume the direct production is a
constant fraction, 0.62, of the inclusive production [27]
to obtain the inclusive J=ψpT distribution. We compare our
ICEM inclusive J=ψpT distribution with the data measured
by the H1 collaboration [15]. The comparison is presented
in Fig. 1. By comparing the total cross section for
1 < pT < 10 GeV, we find FJ=ψ ¼ 0.0259, consistent
with previous CEM [18] and ICEM calculations in hadro-
production [20,28], where FJ=ψ is found to be between
0.0216 and 0.0363. We add the statistical and systematic
uncertainties of the H1 total cross section in quadrature for
comparison. We also present the pT distribution with the
regularization parameter, Q2

reg ¼ 0.5M2 on the same figure
to demonstrate effect on the choice of the regularization
parameter, which is used to avoid counting the process that
would result in a soft gluon being emitted. We will work
towards obtaining the next to leading order results in photo
production as in done hadroproduction [29]. Overall, we
have good agreement with the data over the pT range
measured.
We present the ICEM inclusive J=ψ photoproduction

distributions as a function of the mass of the hadronic final
state (W) and inelasticity (z) in Figs. 2 and 3, respectively.
The production in the ICEM in Fig. 2 is integrated
over ranges of values of W for comparison. We find the
ICEM photoproduction cross section as a function of W to
be consistent with the measured result. The production in
the ICEM in Fig. 3 slightly underestimates the data in the
lowest z bin and slightly overestimates the data at the

highest z bin. This trend is also found in photoproduction
using NRQCD [8]. As we have seen in the CEM calcu-
lation [18] where the uncertainties in total charm and J=ψ
cross sections were explored, the best fit values of μF=mT
and μR=mT depends on the charm mass. We find FJ=ψ

to be 0.0654 when we choose mc ¼ 1.5 GeV and
μF=mT ¼ μR=mT ¼ 1. This is also consistent with the
findings in Ref. [18] where FJ=psi is necessary to be
larger for the larger quark mass. Overall, we find the ICEM
describes the production data well. We note that all the
distributions calculated in the ICEM agree with the
NRQCD results [8].

FIG. 1. The pT dependence of inclusive J=ψ production atffiffiffi
s

p ¼ 319 GeV with 60 < W < 240 GeV and 0.3 < z < 0.9 in
the ICEM. The combined mass, renormalization scale, and
factorization scale uncertainties are shown in the band and
compared to the H1 data [15]. The ICEM baseline with Q2

reg ¼
0.5M2 is also shown (dashed). H1 statistical and systematic
uncertainties on the data are added in quadrature.

FIG. 2. The W dependence of inclusive J=ψ production atffiffiffi
s

p ¼ 319 GeV with p2
T > 1 GeV and 0.3 < z < 0.9 integrated

over bins of W in the ICEM. The combined mass, renormaliza-
tion scale, and factorization scale uncertainties are shown in the
band. They are compared to the H1 data [15]. H1 statistical and
systematic uncertainties on the data are added in quadrature.

FIG. 3. The z dependence of inclusive J=ψ production at
ffiffiffi
s

p ¼
319 GeV with 1 < p2

T < 100 GeV2 and 60 < W < 240 GeV in
the ICEM using (mc; μF=mT; μR=mT ¼ 1.27 GeV, 2.1, 1.6) as
central result (blue band) and the central result with
(mc; μF=mT; μR=mT ¼ 1.5 GeV, 1, 1) in dashed line compared
to the H1 data [15]. H1 statistical and systematic uncertainties on
the data are added in quadrature.
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B. pT dependence of λϑ, λφ, λϑφ, and λ̃

We calculate the pT dependence of the frame-dependent
polarization parameters λϑ, λφ, and λϑφ at

ffiffiffi
s

p ¼ 319 GeV
in the helicity frame and in the Collins-Soper frame. We
compare these polarization parameters in the same kin-
ematic ranges presented in Sec. IVA to compare with the
data measured by the H1 collaboration [15]. The compar-
isons in the helicity frame and in the Collins-Soper
frame are presented as a function of pT in Figs. 4 and
5, respectively.
We find λϑ is close to zero in both the helicity frame and

the Collins-Soper frame at low pT. In the Collins-Soper
frame, the transverse component (Jz ¼ �1) falls off more
slowly than the longitudinal component (Jz ¼ 0) as pT
grows. Thus, λϑ becomes slightly positive in the Collins-
Soper frame but remains near 0 in the helicity frame.
In both the helicity frame and the Collins-Soper frame,

λφ is slightly positive, indicating neither the R̂z;CS axis or
the R̂z;HX is an symmetry axis of the distribution. λϑφ is
slightly negative in the helicity frame and is slightly
positive in the Collins-Soper frame. We expect discrepan-
cies in the polarization parameters across the two frames as
R̂z;CS and R̂z;HX become approximately orthogonal as pT

increases. Overall, the frame-dependent polarization
parameters as functions of pT are generally within the
uncertainties of the data.

We show the frame-invariant polarization parameter λ̃ as
a function of pT in Fig. 6. This removes the frame-
dependent kinematics and allows for a quick comparison
between our results and the measured data. Only λϑ and λφ
are needed to compute the frame-invariant polarization
parameter λ̃. We also calculate λ̃ for the H1 data in the
helicity frame and in the Collins-Soper frame.

FIG. 5. (a) The polar anisotropy parameter (λϑ), (b) the azimuthal anisotropy parameter (λφ), and (c) the polar-azimuthal correlation
parameter (λϑφ) as functions of pT in the Collins-Soper frame at

ffiffiffi
s

p ¼ 319 GeV in the ICEM. The combined mass, renormalization
scale, and factorization scale uncertainties are shown in the band and compared to the H1 data [15].

FIG. 4. (a) The polar anisotropy parameter (λϑ), (b) the azimuthal anisotropy parameter (λφ), and (c) the polar-azimuthal correlation
parameter (λϑφ) as functions of pT in the helicity frame at

ffiffiffi
s

p ¼ 319 GeV in the ICEM. The combined mass, renormalization scale, and
factorization scale uncertainties are shown in the band and compared to the H1 data [15].

FIG. 6. The pT dependence of inclusive J=ψ production atffiffiffi
s

p ¼ 319 GeV as a function of pT in the ICEM (blue region)
compared to the H1 measurements [15] derived from data in the
helicity frame (blue squares) and in the Collins-Soper frame (red
squares).
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Since the azimuthal anisotropy parameter λφ is slightly
positive, the pT dependence of the invariant polarization
parameter λ̃ is positive and becomes significantly transverse
at the highest pT . Except for the lowest pT bin, our
photoproduced J=ψ -invariant polarization results are in
reasonable agreement with the measured data.

C. z dependence of λϑ, λφ, λϑφ, and λ̃

We present the z dependence of the frame-dependent
polarization parameters in the helicity frame and in the
Collins-Soper frame in Figs. 7 and 8, respectively. We
integrate the results from 60 < W < 240 and 1 < p2

T <
100 GeV2 to compare with the data measured by the H1
collaboration [15].
We find λϑ to be similar in the helicity frame and in the

Collins-Soper frame. λϑ is slightly negative in both frames,
indicating the production is longitudinal. However, λϑ is
more negative in the Collins-Soper frame than in the
helicity frame, which is consistent with the dependence
at low pT. Agreement with the data is better in the Collins-
Soper frame than in the helicity frame.
We find λφ to be slightly positive in both the helicity

frame and in the Collins-Soper frame. We find the ICEM
results are well within the uncertainties of the data. We do
not find λϑφ to have a significant z dependence and is
consistent with 0. We expect less difference in the

polarization parameters across the frames as functions of
z because the pT dependence is integrated over.
We show the frame-invariant polarization parameter λ̃ as

a function of z in Fig. 9. Similarly, we calculate λ̃ for the H1
data in the helicity frame and in the Collins-Soper frame for
comparison. Even though the ICEM calculation lies within
the uncertainties of the data, since the experimental

FIG. 7. (a) The polar anisotropy parameter (λϑ), (b) the azimuthal anisotropy parameter (λφ), and (c) the polar-azimuthal correlation
parameter (λϑφ) as functions of z in the helicity frame at

ffiffiffi
s

p ¼ 319 GeV in the ICEM. The combined mass, renormalization scale, and
factorization scale uncertainties are shown in the band and compared to the H1 data [15].

FIG. 8. (a) The polar anisotropy parameter (λϑ), (b) the azimuthal anisotropy parameter (λφ), and (c) the polar-azimuthal correlation
parameter (λϑφ) as functions of z in the Collins-Soper frame at

ffiffiffi
s

p ¼ 319 GeV in the ICEM. The combined mass, renormalization scale,
and factorization scale uncertainties are shown in the band and compared to the H1 data [15].

FIG. 9. The pT dependence of inclusive J=ψ production atffiffiffi
s

p ¼ 319 GeV as a function of z in the ICEM (blue region)
compared to the H1 measurements [15] derived from data in the
helicity frame (blue squares) and in the Collins-Soper frame (red
squares).
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uncertainties on the invariant polarization are large, and the
average values of λ̃ are substantially different when
measured in one frame than the other, it is very hard to
draw a conclusion about the invariant polarization as a
function of z.

V. CONCLUSIONS

We have presented direct J=ψ photoproduction as
functions of pT , W, and z, as well as the polarization as
functions of pT and z in the improved color evaporation
model. We compare our calculations to the unpolarized
production and the polarization results measured by the H1
collaboration. We find that the ICEM direct J=ψ photo-
production is consistent with the cross section data with an
FJ=ψ that is also consistent with previous CEM and ICEM
calculations. The future Electron-Ion Collider will test the
universality of FJ=ψ at a lower collision energy. We find the
invariant polarization to be near unpolarized at small and

moderate pT , becoming transverse in the high pT limit.
In the near future we will see if the feed-down contri-
bution will have an influence on the parameter for better
agreement with the data. We will study the effects of
feed-down production in this approach in a future
publication.
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