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Modification to the law-of-the wall represented by a dimensionless correction function

φRSL(z/h) is derived using atmospheric turbulence measurements collected at two sites

in the Amazon in near-neutral stratification, where z is the distance from the forest

floor and h is the mean canopy height. The sites are the Amazon Tall Tower Obser-

vatory (ATTO) for z/h ∈ [1,2.3] and the Green Ocean Amazon (GoAmazon) site for

z/h ∈ [1,1.4]. A link between the vertical velocity spectrum Eww(k) (k is the longitudi-

nal wavenumber) and φRSL is then established using a co-spectral budget (CSB) model

interpreted by the moving-equilibrium hypothesis (MEH). The key finding is that φRSL is

determined by the ratio of two turbulent viscosities and is given as νt,BL/νt,RSL, where

νt,RSL = (1/A)
∫

∞

0 τ(k)Eww(k)dk, νt,BL = κ(z−d)u∗, τ(k) is a scale-dependent decorrela-

tion time scale between velocity components, A =CR/(1−CI) = 4.5 is predicted from the

Rotta constant CR = 1.8 and the isotropization of production constant CI = 3/5 given by

Rapid Distortion Theory, κ is the von Kármán constant, u∗ is the friction velocity at the

canopy top, and d is the zero-plane displacement. Because the transfer of energy across

scales is conserved in Eww(k) and is determined by the turbulent kinetic energy dissipation

rate (ε), the CSB model also predicts that φRSL scales with LBL/Ld , where LBL is the length

scale of attached eddies to z = d, Ld = u3
∗/ε is a macro-scale dissipation length.

Keywords: Amazon tall tower observatory, Canopy turbulence, Co-spectral budget model,

Green Ocean Amazon, Law of the wall, Roughness sublayer
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I. INTRODUCTION

The significance of the flow within the roughness sublayer (RSL) above tall vegetated canopies

to a plethora of physical, chemical, and biological processes is not in dispute1–4. It suffices to note

that numerical weather predictions (NWP) and Earth Systems Models (ESM) require a handshake

between the land surface and the atmosphere. Above tall forests such as the Amazon, this hand-

shake occurs in the RSL whose effects on the flow are usually ignored within NWP and ESM5,6.

The RSL delineates a region where the flow statistics are impacted by the presence of roughness

elements but is below the much-studied inertial sublayer (ISL)3,7–9. For vegetated canopy flows,

this region spans z/h ∈ [1,2−5]3,4,7,10 with the lower bound associated with momentum exchange

and the upper bound associated with scalar exchange, where z is the distance from the ground and

h is the canopy height. Hereafter, the RSL thickness from the ground is designated as z∗. Other

estimates of z∗ based on tree (or roughness element) spacing have also been proposed4,10–12.

For the mean longitudinal velocity U , the RSL effects are traditionally accommodated using a

so-called roughness sublayer correction function φRSL so that the law-of-the wall13,14, presumed

to be applicable in the ISL, is expressed as11,15–22

κv(z−d)

u∗
Γ(z) = φRSL (z/z∗,d/h, ...) , (1)

where Γ(z) = dU/dz is the mean velocity gradient at z, u∗ = (τs/ρ)1/2 is the friction velocity, τs

is the turbulent stress defined at z/h = 1, ρ is the mean air density, κv = 0.4 is the von Kármán

constant23, and d is the zero-plane displacement. Equation 1 serves as one definition of φRSL that

allows its empirical determination with a drawback that it requires an estimate of d. Methods to

estimate d are numerous24 though the common one is the centroid of the vertically distributed

drag force acting on the fluid due to the presence of obstacles25,26. For dense canopy flows,

common values for d/h vary from 0.6 to 0.9 with higher values originating from urban canopy

studies27,28. Not withstanding the dependence on d, this form of φRSL is convenient for theoretical

and practical reasons. Formulating RSL effects as an adjustment to Γ instead of U is desirable

as dU/dz is Galilean invariant whereas U is not29. On the practical side, extensions to stratified

flow cases becomes convenient as φRSL can be framed as a generalised similarity function derived

from the product of the standard form of the Monin-Obukhov30 stability correction function and a

function representing the RSL effects on Γ. Thus, φRSL(.) is a dimensionless roughness sublayer

modification function yet to be determined and frames the scope of the work here for near-neutral

3

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
3
5
6
9
7



Accepted to Phys. Fluids 10.1063/5.0135697

stratification. Near-neutral stratification forms a logical starting point for any extension towards

stratified cases in the future. In some studies above urban canopies and permeable beds, φRSL

has been represented as an adjustment to κv
31,32. Here, the convention from vegetated canopy

turbulence is followed and κv = 0.4 is not altered. By virtue of this definition, the log-law is

recovered when φRSL(.) = 1 though more significant is its independence of z. For this reason,

phenomenological theories describing φRSL(.) assume that φRSL(.) → 1 when z → ∞
4,17,18,33,34.

Thus far, studies (laboratory and field) suggest enhancement in momentum transport in the RSL

when compared to ISL predictions2–4,10,15,26,33–36 thereby requiring that φRSL ≤ 1 (though values

close to unity have been reported in the RSL as well for near-neutral stratification16,37). A common

empirical form for φRSL that satisfy these minimal constraints is4,10,17,18,33,34,38

φRSL = 1− exp
[

−a1

(

z−d

z∗

)]

, (2)

where a1 is related to the canopy roughness properties (usually encoded in a bulk drag coefficient).

This formulation for φRSL ensures that z∗/zo > 1, where zo is the momentum roughness length

(usually of order 0.1 h). In fact, some of the earliest wind-tunnel studies already demonstrated that

z∗/zo ≫ 139 and more recent estimates place z∗/zo to be between 15-254,27. Equation 2 ensures that

the RSL effects diminish asymptotically with increasing z−d and the log-law for U is recovered

(also asymptotically) far above the canopy. Common estimates for a1 vary from 2-3 and other

forms for φRSL such as power-laws36 have been proposed and are reviewed elsewhere4. Common

estimates for a1 vary from 2-3 and other forms for φRSL such as power-laws (i.e. φRSL = (z/z∗)
n

for z/z∗ < 1 with n = 0.636) have been proposed and are reviewed elsewhere4. To recap, in all

laboratory canopy flow studies as well as numerous field experiments, φRSL < 1 and this finding

is opposite to what is reported for impervious walls where φRSL > 140. Extending the log-law to

near the canopy top leads to an underestimate of measured U but an overestimate of U in the RSL

over impervious walls. It is this effect on φRSL that distinguishes the RSL of canopy flows from

canonical rough-wall boundary layers.

While the structure of turbulence in the RSL above tall canopies has been extensively studied3,7,41,

what appears missing is a connection between φRSL(.) and the most prominent feature of the flow

φRSL proclaims to describe - turbulent energetics (or fluctuations) carried by eddies of all sizes.

The time is ripe to undertake this connection given the recent advances in understanding the

spectral properties of RSL in the atmosphere above vegetated canopies42. Early work on φRSL

speculated that wake-diffusion is responsible for φRSL < 143 though this speculation was displaced
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by the so-called mixing layer (ML) analogy for dense canopies35. Attempts to include the vortic-

ity thickness or shear length scale (Ls) associated with ML eddies in the description of φRSL have

already been proposed24,26,33. These descriptions associate a single (and fastest) growing mode

of instability (Kelvin-Helmholtz type) leading to coherent structures to be the dominant effective

mixing-length in the RSL thereby ignoring all other energetic modes in the spectrum of turbulence

that contribute to momentum fluxes35. Interestingly, that U has an inflection point at z/h = 1 was

already documented as early as 1926 in a tropical forest in Panama44. However, the connection

to Kelvin-Helmholtz instabilities and coherent structures transporting momentum above canopies

took some 70 years to develop. While conventional mixing length theories attribute a single

mixing length to momentum transport, RSL turbulence involves multiple length scales prompting

interest in how to accommodate all of them in the estimation of φRSL. The work here seeks to

arrive at a description of φRSL(.) starting from the energetics of turbulence whereby all eddy sizes

contribute to momentum transport. The data sets used in this exploration have been collected at

two sites. The first is the Amazon Tall Tower Observatory1, which spans up to z/h ∈ [1,8] though

the focus on near-neutral stratification precludes the use of all of these heights. The second is

the Green Ocean Amazon (GoAmazon), which spans z/h ∈ [1,1.4]. The data from GoAmazon

were collected at a tower (ZF2) situated in the Cuieiras Biological Reserve some 60 km north-

northwest of the city of Manaus, Amazonas, Brazil. The ATTO site is situated in the central

Amazon rainforest of Brazil within a pristine forested area unaffected by deforestation or other

human interference. Prior work at the ATTO site precluded the onset of an ISL and argued instead

that the outer layer and RSL dominate the flow statistics and specifically called for new methods

to be developed to correct ISL similarity arguments45. It was also shown that in some cases, ISL

scaling appears to hold for certain flow statistics but not others46. However, among the variables

used to argue against the existence of the ISL are the statistics of the vertical velocity variance45.

The vertical velocity variance appears to deviate from its expected ISL scaling at heights further

away above the canopy top but is closer to ISL scaling within the RSL47 inconsistent with logical

expectations45. Others have argued that the presence of gentle topography can lead to substantial

distortions to the turbulent kinetic energy K budget and introduce lack of equilibrium required

to the attainment of the ISL48. Moreover, over the past decade, a number of studies have pro-

posed the use of a so-called dissipation length scale Ld to represent flow statistics in the RSL and

ISL alike. The Ld collapses to κv(z− d) in the ISL when production (Pm) and dissipation (ε) of

K are balanced and when φRSL = 149–52. Thus, Ld may be another appropriate length scale to
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include in the description of φRSL and has not traditionally been considered in many prior RSL

studies (with some notable exceptions24,50–52). Hence, the work here seeks to explore all these

connections by addressing two inter-related questions: (i) What are the links between the spectral

properties of turbulence and φRSL? (ii) Is there a formal relation between φRSL and Ld deviating

from κv(z− d)? These questions are answered using near-neutral stratification runs collected at

ATTO and GoAmazon and analyzed from a co-spectral budget model53,54.

II. THEORY

Three models for φRSL are proposed and compared to equation 1 at ATTO and GoAmazon. The

first uses a simplified turbulent momentum flux budget along with standard closure schemes (sec-

tion II C). The second uses a ‘spectral’ version of the same approach and establishes a link between

φRSL and the spectrum of the vertical velocity (section II D). The third adopts idealized shapes for

the spectrum of vertical velocity in the RSL42 thereby enabling an analytical link between φRSL

and Ld (section II E). However, before presenting these models, key concepts and definitions are

reviewed for completeness.

A. Definitions

The Cartesian coordinate system used defines x, y, and z along the longitudinal, lateral, and

vertical directions, respectively with z = 0 being the ground or forest floor, and the longitudinal

direction is along the mean wind direction. The instantaneous velocity components along x, y, and

z directions are labelled as u, v, and w, respectively, with U = u defining the mean velocity, and

overline is time averaging. Turbulent fluctuations from their time-averaged values are indicated by

primed quantities with w′u′ being the turbulent momentum flux at z, σu =
√

u′u′, σv =
√

v′v′, and

σw =
√

w′w′ being the root-mean squared velocity fluctuations along the x, y, and z directions,

respectively. The turbulent kinetic energy is defined here as K = (1/2)(σ2
u +σ2

v +σ2
w). Because

canopy flows involve multiple length scales, the key ones are reviewed. The Lc = (Cdas)
−1 is

the adjustment length scale55,56 measuring how quickly the turbulent kinetic energy in eddies

advecting at U is dissipated by their work to overcome the drag elements characterized by a drag

coefficient Cd and leaf area density as, η =
(

ν3/ε
)1/4

is the Kolmogorov micro-scale with ε being

the mean dissipation rate of K at z, and ν is the kinematic viscosity. The shear length scale, Ls,
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that measures the thickness of the vortical structures produced by Kelvin-Helmholtz instabilities

and the length scale of attached eddies to the zero plane displacement, LBL are defined as:

Ls =
Uh

Γ(h)
(3)

LBL = κv(z−d) (4)

with Uh = U(h) being the mean velocity at z/h = 13,35. It is to be noted that for dense canopies

and under certain simplifying assumptions, d/h and Ls/h follow a complementary relation [d +

(1/2)Ls]/h = 14,28. Other complementary relations between d/h and Ls/h have also been pro-

posed, most notably the expression d/h+AskLs/h = 1, where Ask was determined to be between

0.4-0.65 (instead of 0.5) using imbalances in production and destruction of K24 with Ask reduced

with increasing K transport. To be clear, choices made about d are not independent of Ls and

may depend on the imbalances in the K budget. These imbalances are the main motivation for the

introduction of the dissipation length scale

Ld =
u3
∗

ε(z)
(5)

and has been used in roughness sublayer studies50–52. While Ld is labeled as a dissipation length

scale, it is emphasized that Ld is an integral scale much larger than η . In fact, Ld/η = (u∗/vk)
3,

where vk = (νε)1/4 is the Kolmogorov velocity satisfying Rek = vkη/ν = 1, Rek is the micro-scale

Reynolds number formed by the micro-scale turbulent diffusivity vkη and molecular viscosity

ν . A macro-scale Reynolds number can then be defined as Red = u∗Ld/ν = (u∗/vk)
4. Hence,

Ld/η = Re
3/4
d and is consistent with the Reynolds number dependent separation between macro-

and micro-scales in many turbulent flows57. This estimate of Ld/η = Re
3/4
d is independent of how

ε is determined and emerges from definitions.

B. The Inertial Sublayer (ISL) Region and the Moving Equilibrium Hypothesis

Contrary to many agricultural sites, forests are rarely situated on uniform and flat terrain. A

brief discussion on key restrictions to accommodate some aspects of these non-ideal effects within

φRSL estimates are presented using the so-called moving-equilibrium hypothesis58. Three key bud-

gets in the ISL for stationary and planar homogeneous high Red flow in the absence of subsidence

are reviewed.
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(i) The mean vertical momentum balance (∂w/∂ t = 0, t is time) that leads to an expression for

σ2
w = w′w′ given by

∂w′w′

∂ z
=−

1
ρ

∂P

∂ z
−g, (6)

where P is the pressure and g is the gravitational acceleration. Clearly, mean hydrostatic conditions

require that ∂σ2
w/∂ z = 0 (expected in a near-neutrally stratified ISL).

(ii) The mean longitudinal momentum balance (∂U/∂ t = 0) that leads to

∂w′u′

∂ z
=−

1
ρ

∂P

∂x
. (7)

In the absence of a mean longitudinal pressure gradient, u′w′ = −u2
∗ and is independent of z. Its

value may be set at z/h = 1. Measured deviations from a constant σ2
w and u′w′ with z may signify

modifications to P expected over non-flat terrain. Provided these modifications to P are not too

large to introduce mean advective terms, the assumptions of stationary and planar homogeneous

flow conditions in the absence of subsidence may still hold in the ISL though the independence

of stresses and σ2
w from z may not. This is the essence of the moving equilibrium hypothesis58,59,

which has been shown to collapse some similarity laws in the RSL over forests60 and on complex

terrain covered with forests for σw
61.

(iii) The turbulent kinetic energy balance (i.e. ∂K/∂ t) in the absence of all transport terms

(pressure and turbulence) can be reduced to

Pm =−u′w′Γ(z) = ε, (8)

where Pm is the mechanical production of K. In the idealized ISL, ε =Pm = u2
∗Γ and Γ= (u∗/LBL).

Only under those conditions is Ld = LBL. A formal link between Ld , LBL, and φRSL will be estab-

lished later on using the simplified co-spectral budget model in which the shape of the vertical

velocity spectrum is externally supplied. Thus, the work here contributes to the growing evidence

that deviations of Ld/LBL from unity is a key factor to explaining many features of the RSL51,52

including φRSL.

C. Model 1: A stress budget model

In stationary and planar homogeneous high Reynolds number flow and in the absence of subsi-

dence, the turbulent stress budget reduces to40

∂w′u′

∂ t
= 0 =−σ2

wΓ(z)−
∂w′w′u′

∂ z
+Ru,w −2εuw, (9)
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where the terms on the right-hand side, respectively, are the mechanical (or covariance) stress

production, the flux transport, the pressure-rate-of strain de-correlation (Ru,w), and the viscous de-

correlation term (εuw). Upon ignoring the flux transport relative to the mechanical production and

the viscous de-correlation term relative to Ru,w (to be discussed later), and upon using a conven-

tional Rotta return-to-isotropy closure scheme to represent Ru,w corrected for the isotropization of

the production, the turbulent stress budget reduces to

− (1−CI)σ
2
wΓ(z)−CR

w′u′

τ
= 0, (10)

where CI = 3/5 is a constant associated with the fast isotropization of the production term whose

numerical value has been derived from Rapid Distortion Theory40,53, CR = 1.8 is the Rotta constant

associated with the slow pressure-rate-of-strain part, and τ is a de-correlation time scale. The so-

called LRR-IP model for Ru,w (after Launder, Reece, and Rodi including the isotropization of the

production) has been chosen because it reproduces the mean velocity and stresses in various types

of shear flows40,62–65. Equation 10 can be written as

−
1
A

τσ2
w

w′u′
Γ(z) = 1, (11)

where A =CR/(1−CI) = 4.5. Comparing equations 11 and 1 allows φRSL to be formulated as

φRSL =−A
u′w′

u2
∗

u∗

σw

LBL

τσw
. (12)

Equation 12 suggests that the RSL introduces deviations from φRSL = 1 through 2 key mechanisms:

(i) an u′w′/u2
∗ and σw/u∗ dependency on z presumably due to presence of complex topography dis-

torting P from its idealized ISL budget expectations, and (ii) a τσw that no longer scales with LBL.

This second dependency is more difficult to anticipate for the RSL as τσw may be sensing multiple

length scales (e.g. LBL, Ls, Ld , Lc, η , etc...) that require spectral information to unpack them and

frames the scope here. However, to offer foresight, an analogy to Lagrangian structure function

analysis40 is employed to formulate a plausible estimate of τ . In this analogy, it is assumed that

the Lagrangian time scale and τ are proportional to each other and we select τ = 2σ2
w/ε without

any extra proportionality coefficient. This estimate of τ leads to

φRSL =−
A

2
u′w′

u2
∗

(

u∗

σw

)4
LBL

Ld

. (13)

As a check to equation 13, the ISL is considered where u′w′ = −u2
∗, σw/u∗ = Aww = 1.2, Pm = ε

with Pm = u2
∗Γ, and Γ = u∗/LBL (i.e. law of the wall). Upon inserting all these estimates into

9
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equation 13 yields a φRSL = A/(2A4
ww) = 1.08, which is close to unity based on this selected

choice of τ . Equation 13 can also be used to infer the thickness of the RSL by finding the z for

which LBL/Ld yields φRSL = 1.

Equation 13 is now labeled as model 1 and will be used to estimate how φRSL deviates from

unity as the canopy top is approached from the ISL with decreasing z/h. Model 1 sets the back-

ground for the second model for φRSL based on the co-spectral budget. Commencing with the

normalizing property
∫

∞

0 Eww(k)dk = σ2
w where Eww(k) is the vertical velocity energy spectrum at

wavenumber k along the x-direction, the presence of an RSL is expected to distort Eww(k) from

its ’canonical’ shape in the ISL. These distortions can then be translated to φRSL estimates at var-

ious z/h values, which can be achieved through a co-spectral budget (CSB) model described next

(model 2). The basic properties of Eww(k) at production to inertial subrange (ISR) scales at various

z/h have been studied and reviewed recently42 making their connection to φRSL timely.

D. Model 2: The co-spectral budget (CSB) model

The momentum flux w′u′ can be linked to eddy sizes or scales using the normalizing property

−w′u′ =
∫

∞

0
Fwu(k)dk, (14)

where Fwu(k) is the one-dimensional co-spectrum at wavenumber k also defined along the x direc-

tion. A CSB model, originally developed for locally homogeneous turbulence, is given as66,67

∂Fwu(k)

∂ t
+2νk2Fwu(k) = Pwu(k)+Twu(k)+π(k), (15)

where εwu = 2ν
∫

∞

0 k2Fwu(k)dk is the viscous dissipation of the turbulent stress as before, Pwu(k) =

−Γ(z)Eww(k) is the mechanical stress production term, Twu(k) is the co-spectral flux-transfer term

across scales, and π(k) is the velocity-pressure interaction term, related to the pressure-rate-of-

strain Ruw. For stationary and planar homogeneous flows in the ISL, equation (15) reduces to

2νk2Fwu(k)≈−Γ(z)Eww(k)+π(k). (16)

Here, Twu(k) is ignored relative to π(k) as shown from direct numerical simulations discussed

elsewhere66 and other scaling arguments53. To establish a relation between Γ(z), Eww(k) and

Fwu(k) based on equation (15), a closure for the pressure-velocity co-spectrum π(k) is again

needed. A scale-wise closure for π(k) with a scale-wise isotropization of the production term

10
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that corrects the original Rotta scheme is used and is given by40,64,68,69

π(k) =CR
Fwu(k)

τ(k)
−CIPwu(k), (17)

where τ(k) is now interpreted as a scale dependent de-correlation time scale. Under this closure

assumption, the CSB model for Fwu(k) reduces to,

(1−CI)Γ(z)Eww(k)−
CR

τ(k)
Fwu(k) = 2νk2Fwu(k). (18)

The relative importance of the Rotta (or slow) component and the viscous dissipation term is given

as53

2νk2Fwu(k)

CRFwu(k)/τ(k)
=

2
CR

(

ν3k4

ε

)1/3

=
2

CR
(kη)4/3. (19)

Noting that CR = 1.8 and for kη ≪ 1, the de-correlation due to viscous effects can be ignored rela-

tive to the Rotta term (as assumed in the stress budget earlier). As kη → 1, these two de-correlation

terms become comparable in magnitude though their combined contributions to the overall w′u′

is negligible at those locally isotropic scales. Hence, for analytical tractability, the viscous de-

correlation term is ignored throughout at all k relative to π(k). With these simplifications and

closure assumptions for π(k),

−Fwu(k) = A−1
Γ(z)τ(k)Eww(k), (20)

where τ(k)=αε−1/3k−2/3 is the relaxation time at k associated with turbulent stress de-correlation53,54,66,70,

and α is a proportionality constant of order unity. Upon integrating equation 20, a spectral version

of equation 12 is obtained so that φRSL can be expressed as

φRSL =−A

(

u′w′

u2
∗

)(

u∗ LBL
∫

∞

0 τ(k)Eww(k)dk

)

. (21)

Distortions to the scale-wise product τ(k)Eww(k) by the RSL away from their canonical ISL shapes

can now be directly linked to deviations of φRSL from unity. Equation 21 is labelled as model 2

when the measured Eww(k) is used at each z/h to evaluate φRSL.

Before proceeding to a simplified version of model 2, a comment about ignoring Twu(k) in

the RSL is in order given that LBL may be small in the RSL. Specifically, it has been shown that

in the presence of strong shear, Twu(k) can be ignored for kLco ≫ 1, where Lco =
√

ε/Γ3 is the

Corrsin scale71,72. In the ISL where Pm = ε and Γ is given by the law-of-the wall, Lco = LBL.

High Reynolds number canonical boundary layer experiments already demonstrated an onset of
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Fwu(k) ∼ Γk−7/3 (i.e. ignoring Twu(k)) for kLBL > 1 instead of kLBL >> 172. Moreover, these

same experiments show that the onset of a k−7/3 scaling in the co-spectrum occurs at eddy sizes

larger than those at which the k−5/3 commences in the much studied inertial subrange region (ISR)

of Eww(k). Several conjectures have been offered and are reviewed elsewhere70 as to why. These

studies show that τ(k) and Eww(k) adjust to maintain a k−7/3 in the co-spectrum while preserving

linearity between Fuw(k) and Γ. Returning to the RSL, Lco can be related to LBL and Ld from

definitions using Lco = φ
−1/2
RSL

√

L3
BL/Ld . Compared to the ISL, Lco/LBL = φ

−1/2
RSL

√

LBL/Ld . While

LBL/Ld < 1 in the RSL is to be expected, this reduction is more than compensated for by φRSL < 1.

Hence, in the ISR, Fwu(k)∼ Γk−7/3 still holds for kLd > 1 as will be demonstrated later on for the

experiments here.

E. Model 3: A simplified co-spectral budget (CSB) model

As earlier noted, to model φRSL using equation 21 requires Eww(k). An ideal shape for Eww(k)

is introduced so as to arrive at a closed-form expression that links φRSL to Ld while accommodating

all the energetics of the flow albeit via an assumed Eww(k). We label this outcome as model 3. The

rationale behind this simplified treatment is that virtually all experiments in the RSL, including

measurements conducted at z/h = 1, confirm the presence of an extensive ISR in Eww(k) at kh >

142,54,73. Thus, an ISR is expected at high wavenumbers (but for kη ≪ 1) where Eww(k)∼ k−5/3.

At large scales, the Eww(k) may be characterized by an energy-splashing region (i.e. Eww(k)∼ k0).

A model of maximum simplicity is to introduce a transition wavenumber between them designated

by ka (to be discussed later on). These two limiting regimes have received numerous experimental

support for near-neutral stratification and close to the ground42,69,74,75. This model for Eww(k)

ensures continuity but not smoothness at ka and is thus given as

Eww(k) =Coε2/3k
−5/3
a ∀ k/ka ≤ 1, (22)

Eww(k) =Coε2/3k−5/3, ∀ k/ka > 1. (23)

where Co = (24/55)Ce is the Kolmogorov constant for the one-dimensional vertical velocity

energy spectrum, and Ce = 1.5 is the Kolmogorov constant for the turbulent kinetic energy

spectrum40. With this representation, ka and ε are the only two unknowns that completely specify
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Eww(k). Moreover, imposing the normalization condition
∫

∞

0 Eww(k)dk = σ2
w requires that

1
kaLd

=

[

(

2
5Co

)1/2(σw

u∗

)

]3

. (24)

When inserting the assumed Eww(k) (Eqs. 22, 23) and τ(k) into equation 21 and enforcing the

outcome of equation 24 yields

φRSL =−
5
3

ACo

α

(

u′w′

u2
∗

)(

u∗

σw

)4
LBL

Ld

. (25)

Equation 25, which is labelled as model 3, underscores the link between φRSL and LBL/Ld arising

from Eww(k) already derived in equation 13. As before, a lack of equilibrium in the K budget (i.e.

Pm/ε 6= 1) can impact φRSL through Ld . The normalizing condition on Eww(k) also suggests that

ka ∝ 1/Ld with a proportionality coefficient that depends on (σw/u∗)
3. Last, equations 25 and 13

become identical when setting α = 10Co/3 in the formulation of τ(k). The three models derived

here will be compared to the φRSL directly estimated from equation 1 using multi-level velocity

time series measurements from the ATTO research station and the GoAmazon site. It is to be

noted that all three models derived here do not require d in their formulation of eddy-diffusivity.

The emergence of d in the three models of φRSL is only due to LBL being set as the basic length

scale in the ISL.

III. DATASET DESCRIPTION

The data used were collected at two sites in Amazonia: the ATTO research station during the

first intensive observation period (IOP-1) and the GoAmazon site during another intensive field

campaign. The ATTO research station is located on a plateau approximately 130 m a.g.l. in a

terra firma forest region, located 150 km in a straight line from the city of Manaus (Brazil). The

velocity measurements were performed in the dry season from 25 October to 25 November of

2015. However, all sonic anemometers only performed simultaneous measurements from the 11th

to the 29th of November. During this period, the average canopy height of the surrounding forest

was 37 m, which is set to h. The leaf area index (LAI) in the vicinity of the tower is about 5.5-

7.5 m2 m−2 as discussed elsewhere48,76. Assuming a typical Cd = 0.2 and a leaf area density

as = LAI/h yields an Lc/h that is roughly of order unity. A d/h = 0.9 was earlier estimated45 and

compared to other independent methods and literature values for dense canopies. This d/h value is

13
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adopted unless otherwise stated. Its consequences on φRSL are discussed later on. The three wind

velocity components were measured at 3 heights: 40, 55 and 81 (a.g.l.) on an 80-m scaffolding

tower (2◦08.647′ S 58◦59.992′ W.). The IOP-1 also included measurements at 150 m (a.g.l.) on a

325-m steel lattice tower (2◦08.752′ S 59◦00.335′ W). The two towers are separated by 670 m45.

Because of this separation distance and because near-neutral stratifications were rarely recorded

at this elevation, the data from this sonic anemometer were not employed. At heights 40 and

55 m, measurements were performed by CSAT3, Campbell Scientific, Inc., sonic anemometers,

while at 81 m a Windmaster, Gill Instruments Limited, sonic anemometer was installed. All

sonic anemometers were sampled at a frequency fs =10 Hz and the raw data stored for future

processing. Detailed description of the ATTO site and the (IOP-I) measurement campaign are

presented elsewhere1,45 and are not repeated here.

The GoAmazon data were collected at a 50 m tall tower (2◦36.5′S 58◦12.5′ W.) located at 130

m a.g.l (known as K34) some 60 km North-Northwest of Manaus. The site is on top of a plateau

surrounded by a dense primary forest with characteristics similar to the ATTO site. The mean

canopy height was h = 35m and LAI=6 m2 m−2. All velocity components above the canopy were

measured using 3 triaxial sonic anemometers(model CSAT3, Campbell Scientific Inc, Logan,UT)

set at z/h=1, 1.15, and 1.38 commencing from 23 March 2014 to 16 January 2015. The sampling

frequency was set to 20 Hz. Detailed description of the experimental field campaign are presented

elsewhere77,78. Thus, the GoAmazon offers higher vertical resolution of the the flow statistics in

the RSL near the canopy top whereas the ATTO site is focused on transitions between the RSL

and ASL. Double rotations were used at all heights to ensure that w = v = 0. The analysis resulted

in seven 1-hour runs for the ATTO and 25 1-hour runs for the GoAmazon that are stationary with

mean wind directions that are consistent across all z. The friction velocity at the canopy top was

estimated from u∗ = (|w′u′|2 + |w′v′|2)1/4. Longitudinal (Euu( f )) and vertical (Eww( f )) velocity

spectra as a function of frequency ( f ) were evaluated using Fast Fourier Transforms. Different

from several prior studies42,79 that used 30-min subsets, the present analysis employs one-hour

runs to resolve low frequency influences on the spectral scaling exponents.

For the ATTO data, the ε(z) values were computed from the longitudinal velocity spectrum

Euu(k) in the ISR using Taylor’s frozen turbulence hypothesis to convert f to k, where the

wavenumber k = 2π f/U . Although the turbulent intensity in the RSL is large, the validity of

Taylor’s hypothesis remains acceptable as discussed elsewhere42,80. A comparison between ε

estimated from the ISR of Euu(k) and Eww(k) was also conducted for the ATTO data and the

14
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difference between them was found to be under 10% when all runs and z values were considered.

For the GoAmazon data, ε(z) values were calculated from the longitudinal velocity second-order

structure functions using the slope of the structure function in the ISR and are already discussed

elsewhere50. The rationale for using the longitudinal velocity spectrum or structure function were

two fold: (i) ε(z) is determined independent from Eww(k), and (ii) the ISR spans more scales

for the longitudinal velocity spectra and structure functions compared to their vertical velocity

counterparts thus yielding robust estimates of the dissipation rate. The Γ(z) was estimated after

fitting a 3rd order polynomial in log(z) to U and computing derivatives analytically from fitted

coefficients.

The transition wavenumbers ka were estimated from the maxima of the average pre-multiplied

spectra kEww(k) (Fig. 4). Two methods were used: i) evaluating the maximum of a spline interpo-

lation of the averaged pre-multiplied spectra, ii) fitting each 1-hour sampled pre-multiplied spectra

with generic forms37 as discussed elsewhere42. This form is given as 0.164 (k/k0)/[1+0.164 (k/k0)
5/3]

and leads to ka = 3.77k0, where k0 is determined from fitting to measured pre-multiplied spectra.

Since no appreciable difference was found between the two methods, the ka results derived from

the second method are shown for consistency with prior results42.

Only data collected in near-neutrally stratified atmospheric conditions were considered in the

analysis. Seven and twenty five hours were respectively used for the ATTO and the GoAmazon

data sets.

IV. RESULTS

To address the two questions, the results section is organized as follows. The height dependence

of the main bulk flow statistics relevant to the CSB model prediction of φRSL (primarily u′w′/u2
∗,

σw/u∗, and Pm/ε) are first discussed. Next, the spectra and co-spectra as well as the predictions of

Fuw(k) from Eww(k) using the CSB model are presented. Since the CSB model assumes that τ(k)=

αε−1/3k−2/3, an investigation of this assumption for the various k along with the optimal α are

considered. One of the key findings from the CSB model with an idealized Eww(k) representation

is that kaLd must be constant when Eww(k) is normalized by σ2
w. This finding is explored along with

other possible scaling variables for ka. Last, predictions of φRSL from the proposed formulations

are compared.
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A. Bulk flow statistics

a)

c)

b)

d)

<u'w'> u*
2 Pm ε

U u* σw u*

−1.25 −1.00 −0.75 −0.50 −0.25 0.0 0.5 1.0 1.5

5.0 7.5 10.0 12.5 0.7 0.9 1.1 1.3

1.0

1.5

2.0

1.0

1.5

2.0

1.0

1.5

2.0

1.0

1.5

2.0

z
/h ATTO

GoAmazon

FIG. 1. Profiles of U/u∗ (panel a), σw/u∗ (panel b), u′w′/u2
∗ (panel c), and Pm/ε (panel d) as a function of

normalized height z/h for ATTO and GoAmazon. The dashed lines refer to: in panel a the 3.3 reference

value for dense canopy; in panel b to the reference mixing layer, 1.1, and near neutral surface layer, 1.25,

values; in panel d to the perfect balance between production and dissipation.

Figure 1 presents U/u∗, σw/u∗, u′w′/u2
∗, and Pm/ε as a function of normalized height z/h,

where u∗ is defined at the canopy top at both sites. The extrapolated values of U/u∗ = 3.3 to the

canopy top is commensurate with typical values (Uh/u∗ ∼ 3.3) reported for dense canopies in field

experiments, wind tunnels, and flumes3,26,35 for both data sets. The σw/u∗ near the canopy top is
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higher than expectations from mixing layer (ML) analogy arguments (=1.15) for ATTO but consis-

tent with the ML analogy for the GoAmazon. Further away from the canopy top (z/h > 2), σw/u∗

is near unity instead of its expected near-neutrally stratified surface layer value (i.e. Aw = 1.2−1.3)

for ATTO. These average patterns of σw/u∗ are consistent with prior studies45–47 at ATTO and

reflect the behaviour of the individual profiles (not shown). More crucial is that σw/u∗ is not in-

dependent of z for both sites. Likewise, the turbulent stress w′u′/u2
∗ profile is clearly not constant

with z at both sites. That w′u′/u2
∗ and σw/u∗ are varying with z are both suggestive that topo-

graphic effects are impacting P. The data here broadly suggests that as z/h increases, −u′w′/u2
∗

decreases but (u∗/σw)
4 increases. Since φRSL scales with both −u′w′/u2

∗ (decreasing with z/h)

and (u∗/σw)
4 (increasing with z/h) the product −u′w′/u2

∗ and u∗/σw might partly compensate

each other in the φRSL determination at GoAmazon and to a lesser extent ATTO. This finding

underscores the significant role of LBL/Ld in shaping the z variations in φRSL. The key quantity

impacting LBL/Ld is Pm/ε . In the neutral atmospheric surface layer (or ISL), there is ample ex-

perimental support for Pm/ε = 151,72,81–83. However, numerous experiments and direct numerical

simulations have already demonstrated that Pm/ε can be as large as 2 near the canopy top for neu-

tral conditions51,82,84, a value commensurate to Pm/ε reported in the buffer layer below the ISL

of smooth-wall boundary layers40. The experiments here suggest that Pm/ε is indeed large and

exceeds 1.5 near the canopy but drops below unity for z/h > 1.3 instead of attaining a unity value

as expected in the ISL. For GoAmazon, this drop may be due to the rapid decline −(u′w′/u2
∗) with

increasing z as Pm/ε = (u′w′/u2
∗)(LBL/Ld). That is, the measured drop in −u′w′/u2

∗ at both sites

is large compared to previous RSL experiments reported elsewhere3 for z/h = 1 and z/h = 2.2.

Previous work has attributed this drop in Pm/ε below unit to the effects of the topography at both

sites48,85. Both observations48 and LES85 showed that the presence of even a gentle topography

modifies the turbulent kinetic energy budget, producing complex profiles that do not conform with

canonical surface layer scaling. Hence, the departure of the profiles in Fig.1 depends on both the

presence of a RSL and on topography.

B. Spectral and co-spectral properties

The measured averaged spectral and co-spectral shapes at all levels are featured in Fig. 2 at

both sites. From this figure, it can be seen that measured Euu(k) exhibits an extended ISR (i.e.

k−5/3) scaling at all levels for smaller eddies (kz > 1), including z/h near unity consistent with
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FIG. 2. Measured longitudinal velocity spectra Euu(k)/σ2
u (top row), vertical velocity spectra Eww(k)/σ2

w

(middle row), and co-spectra Fuw(k)/|u′w′| (bottom two rows) for ATTO and GoAmazon. For the co-

spectra, the columns represent the 3 heights (increasing from left to right). The vertical dashed line is

kaz = 1. The expected scaling exponents k0, k−2/3, k−1, k−5/3, k−7/3 are also featured as dotted lines in their

respective subranges (i.e. k0 for energy-splashing range, k−1 for attached eddy range, and k−5/3 for ISR in

the energy spectra, and k0 or k−2/3 and k−7/3 in the ISR for the co-spectra). The predicted co-spectra from

Eq. (20) using α = 10Co/3 and measured Γ in Fig. 1) and measured Eww(k) (middle row) are also shown

in the bottom row.

numerous experiments and simulations42,73. However, as z/h increases and presumably the influ-

ence of RSL turbulence weakens, the onset of a k−1 scaling becomes evident at low wavenumbers

18

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
3
5
6
9
7



Accepted to Phys. Fluids 10.1063/5.0135697

(kz < 1) suggestive of dominance of attached eddies42,86–88. The Eww(k) also exhibits an extended

ISR scaling for kz> 1 at all z. However, at kz< 1, the emerging picture is rather different. Near the

canopy top, the measured Eww(k) is well approximated by the idealized shape assumed in equa-

tion 22. This finding is underscored by the GoAmazon data that interrogates the near canopy top

region z/h ∈ [1,1.3] better than ATTO. With increasing z/h, deviations from a ’flat’ or ’energy-

splashing’ (i.e. k0) region at kz < 1 become noticeable but small. Increasing z/h, Eww(k) exhibits

a scaling exponent k−β with β increasing from 0 (near z/h = 1) to a small but finite (sub-unity)

value (for z/h ∼ 2.2). This increase was also documented in a number of field experiments re-

viewed elsewhere42. The reason for this increase are dynamically interesting and are the subject

of a future study. It suffices to note that earlier studies argued that a k−1 scaling should exist in

Eww(k) at kz < 1 for near-neutrally stratified boundary layers in the ISL89 and other wall-bounded

flows90. However, this scaling remains difficult to ascertain given its restricted range and con-

troversy surrounding it. Nonetheless, what is not in dispute is that deviations from k0 in Eww(k)

at kz < 1 are present and their signatures in φRSL can be explored using the CSB model (model

2). How well the CSB model performs is diagnosed in Fig. 2 (panels i, j ,k) by comparing the

predicted Fuw(k) from equation 20 with measured Fuw(k) for all k using α = 10Co/3. Both mea-

surements and predictions at all z agree to the onset of a k−7/3 scaling at kz > 1 (i.e. the ISR with

finite Γ). However, due to measurement limitations (random noise, path-averaging) at the high-

est k, a rapid decline in Fuw(k) is noted in the experiments. These effects are expected to impact

Fuw(k) far more than Eww(k). The notable difference between measured and modeled Fuw(k) is at

kz ≪ 1. Because τ(k) = αε−1/3k−2/3, a k−2/3 scaling is expected in modeled Fuw(k) when Eww(k)

experiences an energy splashing (or k0) regime. However, the measured Fuw(k) does not support

a k−2/3 scaling near the canopy top at kz < 1. Nonetheless, with increasing z/h, the measured and

predicted Fuw(k) do agree better at the low wavenumber end. Notwithstanding this issue at low k,

the overall agreement between measured and modeled Fuw(k) from equation 20 can be deemed ac-

ceptable for linking φRSL to Eww(k) at both sites. Recall that φRSL is sensitive to
∫

∞

0 τ(k)Eww(k)dk

as in equation 21.

A comparison between measured and modeled averaged τ(k) as well as averaged α are pre-

sented in Fig. 3 for ATTO as the height variations are more substantial than the GoAmazon site.

The ’measured’ averaged τ(k) and α are determined using equation 20 from measured Γ, esti-

mated ε , Fuw(k), and Eww(k) at each height and for each hour and then averaging over all hours.

The comparison here is suggestive that τ(k) is reasonably reproduced for kz > 1 at all z values as
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FIG. 3. Top panels: Comparison between measured (shown for ATTO for reference) and modeled de-

correlation timescale τ(k) as a function of k at each measurement height z (panels a, b , c). The red line

refers to τ(k) estimated from Eq. (20). The blue and green lines refer to τ(k) estimated as αε−1/3 k2/3

with α = 1 and α = (10/3)Co, respectively. The dashed vertical line represents k = ka. Bottom panels:

Proportionality constant α of the modeled de-correlation timescale τ(k) from Eq. (20) as a function of

normalized wavenumber k z at each measurement height z (panels d, e, f). The red line refers to α estimated

from Eq. (20). Horizontal lines identify a perfect ε1/3k−2/3 scaling with constant α (α = 1 blue line,

α = (10/3)Co green line, α = α purple line) is the scale-wise average value of α .

assumed in the analysis of the CSB (i.e. τ(k) scales as k−2/3). However, for kz ≪ 1 and z/h < 2,

τ(k) is becoming independent of k (i.e. measured τ(k) is approaching a k0 instead of k−2/3 for

z/h → 1). This independence at kz ≪ 1 from k may be hinting that canopy scale processes are

restricting τ at large scales (at least for z/h = 1). Clearly, these restrictions become weaker with

increasing z/h. Figure 3 (d,e,f) shows the limiting values of α: α = 1 (blue line) and α = 10
3 Co

(green line), together with the value, α averaged over all wavenumbers (purple). The influence of

the limiting value of α on φRSL will be discussed further on.
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FIG. 4. Pre-multiplied normalized vertical velocity spectra, k Eww(k)/σ2
w at different heights for ATTO as

reference. Panel a shows the spectra as a function of k z. Panels b,c and d, represent k normalized using

k L[BL], k Ls and k Ld , respectively. The vertical dashed lines refer to: in panel a ka estimates at the different

heights; in panels b, c and d to kLχ = 1, where Lχ = LBL, Ls, and Ld . Note the collapse of the spectral peaks

at kLd = 1 for all z/h in panel d.

C. Spectral peaks and the dissipation length scale

The agreement between measured and modeled Fuw(k) prompted further investigation into the

relation between measured ka and Ld . Figure 4 shows the normalized pre-multiplied energy spec-

trum kEww(k)/σ2
w as a function of k along with different normalization for k (abscissa): z, LBL, LS,

and Ld . Again, the ATTO site is used for illustration given the wider coverage in z/h values. At

all z/h, the pre-multiplied spectrum confirms that 0 ≤ β < 1 and thus a ka that can be reasonably

identified from the maximum of kEww(k)/σ2
w. When normalizing k with LBL, the peak location is

not constant and varies with measurement height. The kEww(k)/σ2
w spectral peaks collapse to a

single value when normalized by Ls, Ld , and z. However, the peaks associated with the Ls and z

scaling are one to two orders of magnitude smaller in size (or larger in wavenumbers) than z or Ls.

Interestingly, when Ld is used to normalize k, the peaks roughly align in the vicinity of kLd = 1.

This analysis provides experimental support to the finding from Eq. (24) that kaLd may be constant
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of order unity when the σw differences across z/h are accounted for through the normalization of

the pre-multiplied energy spectrum here.
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0.0 0.5 1.0 1.5 2.0

Lχ Ls

z
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LBL

Eq. (24)
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
3

z
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FIG. 5. Panel a: Profiles of k−1
a (red), Ld (blue) and LBL (green) as a function of normalized height z/h for

ATTO (continous lines) and GoAmazon (dashed lines). The dashed red line represents Ld evaluated from

Eq. (24). Panel b: Comparison between (ka Ld)
−1 (u∗/σw)

3, red points. The continuous lines represent a

local regression (LOESS) of the experimental points.

The profiles of inferred ka from the spectral peaks in the pre-multiplied spectra and Ld are now

shown in Fig. 5 at all levels and for the two sites. For reference, LBL is also shown. All these

length scales are normalized by the shear length scale (Ls) chosen because it does not vary with

z/h. When using near-neutral stratification runs at ATTO, Ls/h = 0.48 is a representative mean

value. Interestingly, for z/h < 1.5 all length scales (1/ka, LBL, and Ld) appear smaller in size

when compared to Ls. For z/h > 2, both Ld and LBL become sufficiently developed to exceed

Ls. As expected, extrapolating LBL to z/h = 1 produces length scales that are smaller than 1/ka,

Ld , and Ls, meaning that attached eddies are not likely to be responsible for large momentum

transport. Around z/h = 1.5, 1/ka, Ld , and LLB are approximately equal. Predictions of Eq. (24)
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are also compared to measured kaLd in Fig. 5 for both sites. This comparison suggests that the

link between ka and Ld primarily depends on (σw/u∗)
3 variations with z though some unexplained

variations around this constant are also noted albeit with uncertainty (see right-panel).

D. Comparisons of φRSL model predictions

a)

c)

b)

d)

Model 2 α =
10

3
 C0 Model 2 α = 1

Empirical Models 1,3

0.00 0.25 0.50 0.75 0.0 0.5 1.0 1.5
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2

3

FIG. 6. The φRSL profiles for ATTO and GoAmazon evaluated using Eq. (1) (panel a), Eqs. (13 or 25)

(panel b), and Eq. (21) for two values of α (panel c for α = 10Co/3 and panel d for α = 1). The four lines

are predictions from Eq. (2) with a = 2 and a = 3 and z∗/h = 1.5 and z∗/h = 3. In the ISR, φRSL = 1.

Having discussed all the three model assumptions, the φRSL profiles evaluated using Eq. (1),
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Eq. (13, labelled as empirical in panel a) or (25) with α = 10Co/3 (models 1, 3 in panel b), and

Eq. (21) for two values of α (model 2 in panels c and d) are compared in Fig. 6 for both sites.

For reference, predictions from Eq. (2) with a = 2 and a = 3 and z∗/h = 1.5 and z∗/h = 3 are

featured as those values encompass much of the literature φRSL ranges4. Based on Eq. (1), which

may be treated as one possible definition of φRSL, a φRSL → 1 is attained around z/h = 1.5 and

maintains its near-unity value for z/h = 2.25. Near the canopy top, φRSL < 1 in agreement with

logical expectations though its value remains larger than those predicted from Eq. (2) when using

commonly reported z∗ and a. Interestingly, Eq. (25) yields values commensurate with Eq. (2)

when setting z∗/h = 1.5 and a = 3. Equation (21) leads to a φRSL < 1 for all z/h when setting

α = 10Co/3 = 2.2. Figure 6d suggests that α is a scaling parameter with φRSL ∼ α−1. Hence,

setting α = 1 would increase the computed φRSL curve by a factor of 2.2 thereby making the CSB-

modeled φRSL much closer to Eq. (1) as shown in Fig. 6. Variations in α reflect how CR is actually

defined and may also be treated as deviations from its accepted 1.8 value (that is assumed here

when determining A).

V. DISCUSSION

Having compared all three models with φRSL from Eq. (1), a discussion on the causes of the

height dependence of φRSL and deviations between the models and empirical estimates from Eq.

(1) is presented. As earlier mentioned, Eq. (1) requires an estimate of d and choices made about

d may even ’flip’ φRSL < 1 to φRSL > 1. In all cases, LBL/Ld , σw/u∗, and u′w′/u2
∗ vary with z/h.

These variations will be discussed here within the context of the validity of the moving-equilibrium

hypothesis. Moreover, the Eww(k) shape was shown to vary with z/h at low wavenumbers, which

impacts φRSL (as in model 2).

A. The moving equilibrium hypothesis

The RSL modifications to the law-of-the wall were considered within the context of the moving

equilibrium hypothesis58. In this hypothesis, the mean pressure is allowed to gradually vary in x

and z so that turbulent stresses and σw can also vary in x and z. The standard definitions of φRSL

such as the one in Eq. (1) are now difficult to interpret because the mean momentum fluxes evolve

in x and z. However, when P variations in x as well as deviations from hydrostatic conditions
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in z are assumed to be not too large to result in advective acceleration terms in the respective

mean momentum balances, simplifications can be introduced to explain φRSL. The most significant

simplification is that at a given x, the u∗ at the canopy top becomes a local variable reflecting the

overall local balance between friction (or canopy drag), variations in P (due to topography) and

geostrophic winds. Thus, the moving equilibrium hypothesis sets u∗ at the canopy top to be the

logical variable to normalize flow statistics in z locally, which is assumed here. Variations in w′u′

and σw in z now introduce vertical scales in φRSL that must be considered. The work here revealed

that a φRSL can be derived to accommodate some of the variations in w′u′/u2
∗ and σw/u∗ as well as

any imbalance between production and dissipation of turbulent kinetic energy (i.e. Pm/ε 6= 1) with

z. The moving equilibrium hypothesis is plausible when the advection time scale τadv = Lx/U is

much longer than the de-correlation or relaxation time scale of turbulence (τ = 2σ2
w/ε) so that

turbulence equilibrates with Γ prior to being distorted by advection55. Here, Lx is a characteristic

length scale responsible for topographic variability and may be set to their integral scale. Thus, the

moving equilibrium hypothesis requires that the integral scale of topographic variability producing

∂P/∂x abides by
Lx

Ld

≫ 2
U

u∗

(

σw

u∗

)2

. (26)

For the ATTO dataset analyzed here, U/u∗ is of order 1-8 whereas σw/u∗ is of order 1. Hence, the

working assumption here is that Lx/Ld ≫ 1− 20 for z/h ∈ [1,2.2] (see Fig. 1). Based on digital

elevation maps, Lx = 2.5 km around the ATTO site48 so the condition in Eq. (26) is reasonably

satisfied for z/h < 2.2 when estimating Ld ≈ κ(z−d). The topographic variability at GoAmazon

is not as appreciable as ATTO, and Lx/Ld is sufficiently large.

B. The length scales in the CSB model

Within the moving equilibrium hypothesis, the derivation for φRSL showed that the macro-

scale dissipation length scale Ld = u3
∗/ε emerges naturally from a co-spectral budget model. The

derivation presumed that ε is the quantity that is ’conserved’ across the energy cascade of Eww(k)

thereby enabling ’generic’ description for its shape as well as τ(k). The derivation made explicit

how φRSL can be related to deviations in κv(z−d)/Ld from unity using a co-spectral budget model.

The model agrees with existing data from the ATTO where w′u′, σw, and Pm/ε all vary in z (Fig.

1) provided d/h = 0.945.

Analyzing all the near-neutral stratification runs here, it was found that Ls/h = 0.48. Using
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this estimate for Ls and the complementary relation [d +(1/2)Ls]/h = 128 yields a d/h = 0.76.

This complementary relation was derived using the drag-force centroid method for d25, assuming

a constant leaf area density and Cd throughout, assuming the mean wind speed is monotonic and

exponentially decaying within the canopy, and assuming a mixing length inside the canopy that

is constant. As discussed elsewhere, those assumptions lead to an underestimate of d/h in dense

urban canopies28. Likewise, other complementary formulation have shown that the contribution

of Ls/h diminishes when the transport of K is large. In fact, in the limit when the transport of K

is roughly in balance with Pm, d/h → 124. Thus, d/h = 0.76 must be viewed as a ’lower-bound’

on d. Setting a d/h = 0.76 in Eq. (1) also yields φRSL > 1 at ATTO for all z/h contrary to logical

expectations for the RSL.

Indirect testing of the CSB model assumptions confirmed that the peak in the pre-multiplied

vertical velocity energy spectrum kEww(k)/σ2
w occurs around kLd = 0.5 (Fig. 5). This finding also

implies that this peak varies with (σw/u∗)
3 (Fig. 5).

VI. CONCLUSIONS

In his acceptance letter of the Rumford Medal in 1881, the physicist Josiah Willard Gibbs wrote

that "one of the principal objects of theoretical research is to find the point of view from which

the subject appears in the greatest simplicity". Guided by this viewpoint, deviations from the

law-of-the wall, a term first coined by Coles14, are considered for the roughness sublayer above

tall and dense forests. Near the top of vegetated canopies, modifications to the law-of-the wall

have a long tradition of being accommodated using a dimensionless roughness sublayer correction

function φRSL whose shape continues to draw research attention. In tall forested canopies such

as the Amazon region, the experimental determination and modeling of φRSL may be challenging

for a number of reasons. The chief one is the non-ideal terrain that introduces z-dependent mean

pressure gradients that then lead to variability in second-order flow velocity statistics with z at

a given tower position. Using data for near-neutral atmospheric stratification collected at two

sites in Amazonia, a link between the vertical velocity spectrum Eww(k) and φRSL is derived. The

derivation employs a co-spectral budget (CSB) model where the friction velocity u∗ is interpreted

from the moving-equilibrium hypothesis to be appropriately defined at the canopy top. The CSB

model reproduces the measured co-spectrum Fuw(k) between u′ and w′ at all k when using the

measured Eww(k) and when adopting a scale-dependent de-correlation time τ(k) = αε−1/3k−2/3
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where α ∈ [1,10Co/3]. Because the turbulent kinetic energy dissipation rate (ε) is conserved

across Eww(k), the CSB model reveals a novel link between φRSL and LBL/Ld , where LBL = κ(z−

d) is the size of attached eddies to the zero-plane displacement (d) and Ld = u3
∗/ε is a dissipation

length scale. The CSB model unambiguously shows that the appropriate eddy viscosity (νt) that

applies simultaneously in the RSL and ISL is given by

νt =
1−CI

CR

∫

∞

0
τ(k)Eww(k)dk, (27)

where CR and CI are constants. It will be a remiss if the analogy to the fluctuation-dissipation

theorem is not pointed here. Equation 27 relates the fluctuations in velocity at all scales to a

macroscopic turbulent friction or viscosity91. While the fluctuation-dissipation here arise from

a co-spectral budget model that is in local equilibrium (stress production balances covariance

destruction scale-by-scale), the Eww(k) contains all the complexities in turbulence associated with

non-equilibrium phenomenon92. That is, the production of Eww(k) occurs at scales much larger

than the viscous dissipation thereby setting an energy cascade from large to small eddies. This

transfer of energy across scales is accommodated in the K41 scaling for the ISR. It is precisely the

conservative (i.e. constant ε across k) nature of this cascade and the lack of equilibrium between

scale-wise energy production and energy dissipation at each k that resulted in Ld being a new length

scale needed to describe νt and thus φRSL. In the case where σw/u∗ and u′w′/u2
∗ are not constant in

z, φRSL is shown to scale with (u′w′/u2
∗)(σw/u∗)

−4(LBL/Ld). That Ld emerges as a key length scale

in the RSL is independently confirmed when analyzing the eddy sizes associated with the spectral

peaks in kEww(k). The experiments also show that Ld/Ls < 0.6 for z/h < 1.5, Ld/Ls = 1 around

z/h = 1.5, and Ld/Ls > 1 for z/h > 1.5, where Ls is the shear length scale or vorticity thickness

associated with Kelvin-Helmholtz instabilities presumed to dominate coherent structures near the

canopy top. It may be conjectured that when σw/u∗, u′w′/u2
∗, and Pm/ε appreciably vary with z,

Ld is an appropriate variable in the RSL and ISL when compared to Ls for modeling φRSL and the

vertical velocity spectrum. The estimated φRSL derived from data near the canopy-top appear to

be closer to unity when compared to those reported over agricultural crops. Future effort seeks to

extend this analysis to stratified flow cases, where buoyancy production and destruction must be

explicitly considered in the Eww(k) and Fuw(k) budgets.
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