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ABSTRACT

A structural uncertainty assessment is provided for a set of wall-resolved large-eddy simulations
(WRLES) using a turbulent channel flow (Re, 395) and a periodic hill in the turbulent regime (Re?
2800) validation suite. The standard one-equation subgrid scale turbulent kinetic energy model
(ksgs) using both a static and dynamic coeflicient approach along with Wall Adapting Local Eddy
Viscosity (WALE) are exercised. The kg model activated in this study also allows for a correction
that supports theoretical turbulent viscosity and total kinetic energy scaling (cubit and quadratic,
respectively) in the near-wall regime. Channel and hill results showcase very good agreement
between prediction and simulation for the WALE and the dynamic coefficient ks model. The
study also demonstrates that near-wall damping improves predictivity for the static coefficient kg
model, while proving an unnecessary additional contribution for the dynamic coefficient ko model
as near-wall scaling is naturally captured. Overall conclusions are that this suite of WRLES models
are well suited for production usage in the Sierra-based low-Mach codes.
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1. INTRODUCTION

While many low-Mach applications of interest to Sandia National Laboratories require a wall-
modeled large-eddy simulation (WMLES) formulation (due to the large computational expense
associated with resolving a turbulent boundary layer, c.f., the recent fire-engulfed objects subjected
to crosswind works of Domino [1] and Domino et al. [2]) a robust and theoretically consistent
WRLES is of interest to develop, test and deploy to production analysis. The often-exercised
standard one-equation static (or constant) coefficient turbulent kinetic energy k., model [3] in the
WRLES regime generally lacks proper near-wall subgrid scale kinetic energy damping, which drives
an overly thick turbulent boundary layer, as the mesh is refined. This general finding has motivated
approaches that seek to correct near-wall scaling laws [4]. In this report, we explore alternatives
to the static coeflicient, one-equation kg, WRLES approach by the inclusion of damping terms
suggested by Inagaki [4] in addition to evaluation of a dynamic coefficient kg, approach in the
WRLES regime. Due to the ubiquity and success of the Wall Adapting Local Eddy Viscosity
(WALE) approach [5], evaluation of this model is also of interest and, therefore, included in this
WRLES study.

The primary objective of this report is to capture an initial low-Mach validation study in which a
plane channel flow and periodic hill use case are used to evaluate a suite of WRLES models to
provide credibility statements (i.e., the ability for a simulation to predict quantities of interest (Qols)
such as mean velocity and select Reynolds stresses) along with structural uncertainty assessments
(i.e., model-form sensitivity). In Section 2, we overview the variable-density low-Mach turbulent
flow WRLES equation set for WALE and k. This section also includes a full description of the
additional k¢ source term and turbulent viscosity damping that allows for a theoretically consistent
near-wall scaling of turbulent viscosity and turbulent kinetic energy. In Section 3, nuanced code
implementations for the Inakaki model [4] are overviewed that have been driven by the lessons
learned associated with our study. Channel results (Re; 395) of Moser et al. [6] are provided in
Section 4, while in Section 5 the periodic hill configuration (Re 2800 [7]) is presented. Final
thoughts and conclusions are captured in Section 6.

11
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2. LES MODEL SUITE

The baseline model validation study includes both the wall-adapting local eddy viscosity model [5]
and the one-equation turbulent kinetic energy subgrid-scale model, k4 [3], that has been extended
by Inagaki [4] to account for proper near-wall scaling behavior. The dynamic procedure for a
localized ko5 model is presented in [8], with implementation details found in Fuego’s theory

manual [9].

For the LES model overview, we begin with the Favre-filtered momentum equations,

. . . sgs
dpii; . dpuji; 00y Tij

ot Ox; Ox; Ox;
where the subgrid scale turbulent stress, Tisjgs’ is defined as

sgs
Ti j

p(uuj — ;i ),
along with the viscous and normal stress, o;;, given by
O'ij = 2/.151;-; - P5,‘j.

Above, the traceless rate-of-strain tensor is,
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The deviatoric subgrid stress tensor is,
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where the subgrid turbulent kinetic energy is defined as 7,;" = 2pkgs.

turbulent kinetic energy is defined as,

1

ksgs = 3 (ukuk - ﬂkﬂk) .
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The manner in which the subgrid stress tensor that appears in Eq. 2.1 is closed defines the particular
LES model in use. Many models used to close the subgrid scale stress are algebraic [10], i.e., do
not include extra transport equations, while other approaches include a transport equation. Most
baseline approaches define static model constants, while more recent methodologies have allowed
for a dynamic approach [11].

2.1. WALE

For the WALE model, an algebraic approach is taken to compute the turbulent viscosity. Moreover,
the model-form for the turbulent viscosity is designed such that the near wall turbulent viscosity is
a function of the cube of distance from the wall. Away from the wall, the model behaves much like
the well-know standard static Smagorinsky model [10]. Given the algebraic form of this model,
there are no immediate approaches to augment production of turbulent kinetic energy via baroclinic
mechanisms — a possible model requisite for fire use cases.

The description of WALE begins with the turbulent viscosity definition as provided in [5], here
shown for completeness using the fully compressible formulation of Han et al. [12],

3/2
d ¢d
(s¢s2)

& & \3/2
(S,'jSl‘j) + (SZSi

pe = p (CwA)? (2.8)

)5/4’

with the constant C,, of 0.325 and a standard filter, A related to the dual control volume, A = V%.
The rate of strain, S; 7, 1s defined in Eq. 2.5, while S;ij is,

1 1 0ii,, Oty
S?’.:—( 2 2..)———m—6~~. 2.9
1] 2 gl]+gjl 3 axl axm 12 ( )

The velocity gradient squared terms are

oi; O
2 i k
L= — 2.10
8ij Oxy Ox;j ( )

and
2 6ﬁj Oliy,

= 2 2.11
TV Oxy Ox; ( )

We note that the above usage of the dual nodal volume to compute a standard filter yields an
averaged length scale over three directions. Sometimes, a minimum edge-length connected to the
node is used. However, we have not explored this sensitivity aside from our nonlinear stabilization
approach used as a turbulence model where flow-aligned scales are determined by elemental metrics
contracted with the velocity field (see Domino et al. [13]).
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2.2, Standard &,

The baseline transport equation for the subgrid kinetic energy activated in this study is given

by [3],
aﬁksgs + ap_ﬁjksgs + aq~]

= (P, —Dy), 2.12
ot (9va 6xj ( k k) ( )
where the diffusive flux vector G; is defined by,
_ o | Okggs
R Pl il . 2.13
qj (O_Ik O'zk) 0xj ( )

Above, O'lk and O'tk are laminar and turbulent Schmidt numbers that, for the baseline model, are
taken to be 0.9 and 1.0, respectively. The production of subgrid turbulent kinetic energy, Py, is
modeled by,

=_ 1 aﬁl
Py = —pu; U e (2.14)
while the dissipation of turbulent kinetic energy, Dy, is given by
3
ksgs
Dy = pCe (2.15)
A
Finally, the subgrid turbulent eddy viscosity is then provided by
M = PpCu A\kygs. (2.16)

Above, the standard model constants for Ce and C,_ are 0.845 and 0.0856, respectively. For
the wall-resolved simulation use case, the subgrid turbulent kinetic energy is zero at the wall

Okgg
while when using a wall function approach, is subjected to a Neumann condition, =0, as

described in [2]. However, this report does not explore wall-modeled LES for the channel and hill
configuration. Recent exploration of so-called exchange-based velocity sampling for WMLES can
be found in [2].

2.3. Inagaki k., Model

The one-equation form for the Inagaki model is very similar to the baseline model with a few select
changes that allow proper scaling of the subgrid scale turbulent kinetic energy near a wall boundary.
For more details on the derivation of this model, the reader is referred to Inagaki [4]. In this model,
the dissipation rate, D, now includes an added dissipation term that is a function of gradients of

VKsgs, OF
% a\/ sgs 6\/ sgs

A 8x] 0x;j

Dy = PEsgs = pC s (2.17)
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while the turbulent viscosity is modified via a blending coeflicient f,,

Mt :ﬁf,uc,uEAVksgs- (2.18)
The functional form for f,, provided in Inagaki [4] is
/2 Bo
_ Ye |’
Ju=l-exp|={| ; (2.19)
Ao

where the model constants A, and B, are 20 and 2, the former of which closely replicates Van
Driest scaling while the B, value of 2 provides the functional form of f,, o y? (here, y is the
minimum distance to the wall).

The functions y.. and u are

Ve = —yuf, (2.20)
%
and
’ 1 y
U, = (vesgs)“ CIK' (2.21)

The static model constant C; is specified to be a value of 4. As implied by Eq. 2.17, €, is the
modified dissipation rate that includes the augmented dissipation by gradients of /&g,

kogs?  O/Ksgs OfKsgs
s A }

A 8xj 6)61'

€Esgs = Ce (2.22)

The Inagaki model constants for Ce and C,,_ are now taken to be 0.835 and 0.054, respectively.
For the diffusive flux vector, O'lk and O'tk are specified to be 1.0 and 0.54. We stress that the above
equations are a function of the normal distance to the wall, y, thereby requiring a pre-processing
step to obtain this quantity.

All simulations presented in this report have been under the uniform-density, incompressible low-
Mach form.
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3. CODE IMPLEMENTATION

For fast-prototyping, we exercise Nalu [14] — a low-Mach code base that supports both edge- and
element-based finite volume methods, and finite element discretization [15]. All baseline turbulence
models of interest tested in this paper are implemented in the open domain where arbitrary selection
of wall-resolved and wall-modeled boundary conditions are supported in a single simulation. The
open-source code is frequently run in the extreme-scale computing regime [16, 17, 18]. An
approximate pressure projection scheme [19] with equal-order interpolation is used in this study
and has been well-exercised in various generalized unstructured LES studies including coughing
and breathing [20, 21], impinging jets [18], and fire use cases [22, 23, 2]. For more simplistic
geometries where non-orthogonality is reduced, the edge-based scheme is used, e.g., following our
former large-eddy simulation structural uncertainty efforts [24, 25]. Credibility of this numerical
approach (either element- or edge-based) in the large-eddy simulation regime on unstructured
mesh topologies was established in [26]. At the time of writing this report, WRLES in Fuego (i.e.,
Sandia’s flagship fire environments code [9]) provides the static- and dynamic-based Smagorinsky
model, a static coefficeint kg; model (with or without Inagaki near-wall correction), and a dynamic
dynamic kg approach. Neither WALE nor a dynamic k¢ model with Inagaki near-wall correction
are currently supported in Fuego.

In Nalu and Fuego, the turbulent viscosity is represented as a nodal quantity. To avoid projection
of the turbulent viscosity from the element to the nodes, we define a nodal field for the blending
constant, f,,. This blending term is a function of the nodal-based modified dissipation rate, €g;.

0 Vksgs 0 ksgs

To compute this augmented dissipation rate term at a node, the extra term ———5— is also
J J
required at the nodes of the mesh and is determined by a CVFEM volumetric-based projection,

0 Vksgs
(%/ksgs Zscv ijcvvscv

3.1)
a-Xj Zscv Vscv

This nodal-based quantity can be used for the modified kg source term (mass-lumped) and is
required for the nodal calculation of €4 that is used in Eq. 2.19. Our approach removes the
requirement to use a standard kg, projected nodal gradient, G kg, in the calculation of €4y
and, therefore, removes any difficult divide-by-zero approaches that are found in a chain rule-
based approach. Should design-order numerics be sought for the kg, transport equation, the
augmented source term can be computed as part of the source term element-based assembly, again
using element-based gradient operators as found in Eq. 3.1. Both lumped and consistent source
formulations have been tested in Nalu and both performed equally well. In fact, a lumped-mass
approach in the element source term assembly mimics a simple nodal loop when the viscosity and
ksgs quantities are evaluated at the nodes. In the design-order element-based approach, a nodal f,,

17



is required and, thus far, has been nodally lumped, i.e., no consistent mass matrix projection as this
alternative approach would require a linear solve for the consistent mass inversion.
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4. PLANE CHANNEL

In this section, WRLES results are presented for a standard Re, 395 channel and compared to the
direct numerical simulation of Moser et al. [6]. More details on the mesh and setup can be found in
Jofre et al. [24]. Adequacy of the mesh spacing was also demonstrated in Jofre ez al. [24] (maximum
y* is approximately 0.3) where the WALE model was solely activated. In our current study, the
edge-based scheme is activated with linear hexahedral elements and exactly follows the Jofre et
al. [24] approach, i.e., sub-unity fixed Courant numbers, low-dissipation numerics, and activation
of an implicit second-order temporal BDF2 time integrator. Simulations were also run with the
baseline CVFEM with very small differences noted (similar to those found in [27]) and are not
reported. In Fig. 4-1, the basic landscape of the turbulent channel is shown by providing shadings
of velocity and the kg4 field for both time-mean and instantaneous snapshots. The boundary
configuration for this case is very simple, requiring a no-slip top and bottom wall in addition to side
and streamwise periodic boundaries. A constant body force is applied in the streamwise direction
to replicate the required Re, 395 value.

For a quantitative perspective, Fig. 4-2 showcases averaged streamwise velocity profiles (u) as a
function of vertical distance from the wall (y) using wall units y* (pu,y/u) and u* (u/u.) for the
following five LES-based models: WALE, dynamic coefficient ko (D-kg), dynamic coefficient
ksqs with Inagaki’s near-wall correction (D-kges Inagaki), static coefficient kgo; with Inagaki’s
near-wall correction (S-ky,, Inagaki), and the static coeflicient ks, model, i.e., without near-wall
correction (S-ky,s). In this results set, which includes the DNS data of Moser et al. [6], the
standard model constants used for the static coefficient ky,; model are Cy e = 0.0856 and C¢ =
0.845 while for Inagaki, the parameters used are 0.054 and 0.835, respectively. Results show good
predictivity for all models with exception of the standard static coeflicient k., model where an
extremely non-physical boundary layer is predicted. Simulations were also carried out using the
Inagaki model constants for the non-corrected static coeflicient kz¢ model (results not included in
this report) where the non-physical boundary layer prediction persisted, suggesting that the set of
constant changes for the Inagaki model represents a secondary effect. However, the Sierra-based
codes Fuego and Nalu allow for user specification of these static coefficients should future studies
desire to quantify the precise effect that model constant specifications have on key Qols.

In Fig. 4-3, the normalized turbulent viscosity as a function of wall unit y* profiles are shown
for all turbulence models described in this report. Results clearly show non-standard near-wall
asymptotic behavior of the static coefficient k., model where a first-order functional dependence
on y* is predicted. The low-Reynolds corrected form of Inagaki (under the static coefficient
formulation), WALE, and the dynamic coefficient k., model display the expected third-order slope
for normalized turbulent viscosity, while the Inagaki dynamic coeflicient ks, model showcases a
higher functional dependence on y*. These results suggest that the additional dynamic procedure

19



(a)

(b)

Figure 4-1. Magnitude of velocity (a) and k. (b) shadings outlining mean and
instantaneous examples in the left and right column, respectively.
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Figure 4-2. Mean streamwise velocity profile (shown in wall units) capturing «* as a
function of normalized distance to the wall, y*. In this figure, the DNS data of Moser
et al. [6] are compared with five turbulence models (model descriptions above).
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to the Inagaki model form is not warranted. In general, with the use of a dynamic or near-wall
corrected damping, turbulent viscosity decays quickly as the sample points approach the wall.
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Figure 4-3. Normalized turbulent viscosity for the five turbulence models as
described above.

For near-wall behavior of k4 and total turbulent kinetic energy (kTot = Res 4 ksgs) —each quantity
has been normalized by u2 — the reader is referred to Fig. 4-4. For the ksqs plots, WALE is omitted
and, thus, its total turbulent kinetic energy captured in panel (b) solely includes the resolved
turbulent kinetic energy, %@ In these particular plots, the resolved turbulent kinetic energy
is computed from post-processed LES Reynolds Stress field. Results showcase the errant static
coefficient kg, linear-like behavior of subgrid scale kinetic energy in the near-wall regime, while
noting a quadratic-like scaling for the static coefficient Inagaki and dynamic coefficient subgrid scale
kinetic energy behavior. This overall scaling is dominated by the tangential fluctuating velocity
scaling (linear), and influenced by the faster decaying wall-normal fluctuating velocity component
scaling (quadratic) [28]. Finally, it is noted that the Inagaki dynamic coefficient model showcases
increased damping as the sample locations approach the wall. All subgrid scale and total turbulent
kinetic energy scalings are reasonable, suggesting very good mesh resolution.

For a select description of wall-normal Reynolds stress profiles (u®MS, yRMS 1 RMS and R,.,/) as

a function of y*, see Fig. 4-5. WALE and select k, results showcase a classic over-prediction of
streamwise ufMS, along with under prediction of VvRMS and wRMS that is difficult to avoid, even
with an eigenvalue decomposition perturbation and rotation methodology as demonstrated in Jofre
et al. [24]. However, WALE results appear to be the most predictive over all Qols, while noting the
exceptional prediction of the burst-sweep-controlling R,/,» Reynolds stress.

4.1, General Findings Summary

For the plane channel turbulent flow use case, results suggest that the WALE model provides
an improved prediction for the mean velocity profile, while noting a superior prediction for all
stresses. The un-corrected static coefficient kgs model in the vicinity of a wall-resolved surface
does not predict the asymptotic behavior of normalized turbulent kinetic energy well (the model
demonstrates a first-order dependence on y*) and falsely predicts a linear dependence of turbulent

21
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viscosity to y*. Moreover, the centerline velocity magnitude is also incorrect and is motivated by
an unphysical near-wall turbulent viscosity and subgrid scale kinetic energy profile. Conversely,
the Inagaki-corrected static coefficient model and non-corrected dynamic coefficient model in the
near-wall region both capture a y* quadratic functional dependence for normalized turbulent kinetic
energy and displays the proper cubic functional dependence on y* for the normalized turbulent
viscosity. The findings also showcase that the dynamic coefficient procedure for kg is sufficient
to capture classic near-wall scalings, while noting that the importance to do so is not viewed as
critical to the success of a turbulence model [29].
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5. PERIODIC HILL

The DNS study of Balakumar and Park [7] is now explored in minor detail. For this configuration,
the Reynolds number based on the bulk velocity is 2800. Fig. 5-1 outlines the geometry and a WALE
result outlining mean and instantaneous velocity shadings. The domain consists of a streamwise,
spanwise, and height of dimension 9, 4.5, and 3.035, respectively, with a hill height of unity. The
WRLES mesh is approximately one million elements. Again, top and bottom no-slip boundaries
are specified along with spanwise and streamwise periodic boundaries. As with the channel flow, a
constant streamwise body force is applied. Results indicate that the maximum y* is approximately
O (1) with this first tested configuration meeting the upper end of acceptable wall normal resolution.
A uniform refinement is suggested for complete confidence in mesh-converged results [2]. For this
study, the majority of models are run using the edge-based vertex centered scheme, however, a
single CVFEM simulation (dynamic coeflicient k) is included for a numerical comparison.

(a)

velocity_ X velocity_ra_one_ Magnitude
20e+01 0 20 5.0e+01 0.0e+00 10 20 30 4.3e+01

S " onsiee | o
(b) (c)

Figure 5-1. Periodic hill geometry (a) and shadings of instantaneous streamwise
velocity,(b) and time-mean velocity velocity magnitude, (c).

The extensive DNS results provide a large number of stations within the domain. In this brief
write-up, we have showcased the data provided by the author at the “0” (x = 0.0, corresponding to
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the left most inlet plane), “4” (x = 1.99125, just past the hill) and “6” (x = 2.9925, within the core
recirculation zone). The mean velocity plots, scaled by the inlet predicted bulk velocity, for WALE,
dynamic coefficient k4, (with and without Inagaki’s near-wall corrections), static coeflicient k4
with Inagaki’s near-wall correction, and the constant coeflicient ks, model without near-wall
correction are shown in Fig. 5-2.
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Figure 5-2. Periodic hill mean streamwise velocity normalized by predicted bulk
velocity as a function of normalized vertical distance for station(s) 0, 4, and 6 (panels
a, b, and c, respectively) of Balakumar and Park [7]. In the above plots, we retain the

author’s definition of vertical distance, i.e., relative to the bottom hill plane of zero,
and normalize distance by the hill height. A single CVFEM result (dynamic
coefficient k) represents an additional numerical result.

A consistent theme of improved WALE predictions over the static coeflicient ks model is noted
along with substantial improvement in predictivity when the dynamic kg, model (non-corrected)
is activated. For this case, the static coefficient Inagaki-based approach showcases deviations from
the benchmark data set that increase as the stations move downstream. At the top wall, which
can be viewed to mimic the channel configuration, we again see a corrupted near-wall velocity
profile for the un-damped kg; model. At station O and 4, all models aside from the uncorrected,
static coefficient ks, model predicts mean streamwise velocity profiles extremely well. For the
final station, the dynamic procedure applied to the ks model out performs the static coefficient
ksgs model, with near-wall corrections. Results also showcase very little difference between the
edge-based and CVFEM dynamic kg results, while noting the typical 2x speedup when using the
edge-based scheme.
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6. CONCLUSIONS

In this report, we have outlined five WRLES models including WALE, dynamic coefficient kg,
dynamic coefficient kg with Inagaki’s near-wall correction, static coefficient k4, with Inagaki’s
near-wall correction, and the constant coefficient ks, model without near-wall correction. As
highlighted above, the WALE and the dynamic kg, model each provides the best predictivity
at a highly economical cost. The static coefficient Inagaki approach also provides good results,
noting that this formulation requires the minimum distance to the wall be post-processed prior
to the simulation and adds three new static model constants. The results of plane channel flow
also showcase the ability for the dynamic coefficient model to naturally capture near-wall scaling
behavior for turbulent viscosity and total turbulent kinetic energy — as found in WALE, by design.
However, we find that including both a dynamic procedure along with near-wall Inagaki damping
is not justified — both from a theoretical perspective and provided validation that showcases overly
damped normalized turbulent viscosity and subgrid scale kinetic energy.

For the more complex periodic hill configuration, both WALE and the dynamic coefficient k5 again
emerge as the best WRLES models based on good agreement with three mean streamwise velocity
stations as presented by Balakumar and Park [7]. Virtually no difference between the edge- and
element-based numerical approach are noted for the normalized streamwise velocity comparisons
using the D-k,; model. The static coefficient Inagaki model also provides good results suggesting
that this is a viable WRLES approach should a dynamic procedure not be implemented.

At the writing of this report, WALE has not been implemented in Fuego, noting that these WRLES
findings suggest it can be a powerful production WMLES model. Based on the results found in
this report, the dynamic-form of the k., Inagaki model need not be implemented/supported in
Fuego. Finally, it is suggested to uniformly refine the periodic hill mesh (with surface smoothing)
to further investigate the final station mean velocity profiles predictions as a function of mesh
spacing. Stresses should also be compared and contrasted for all viable turbulence models.
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