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18 Abstract. One practical challenge for the centrifugal-mirror confinement
19 concept is the large radial voltage necessary to drive supersonic azimuthal
20 rotation. In principle, the addition of a strong azimuthal field could reduce
the required voltage, since the simple azimuthal ExB drift would be replaced
by more rapid azimuthal trapped-particle precession. Also, if the mirror ratio
22 is large enough, newly ionized ions are accelerated to the necessary parallel
23 velocities in their first bounce orbit, both confining and significantly heating
24 them. Unfortunately, MHD analysis shows that the centrifugal-force-confining

plasma current is purely azimuthal. This implies that only the axial magnetic field
25 contributes to the confining magnetic pressure, severely limiting the usefulness of
26 the azimuthal magnetic field in a beta-limited plasma scenario.
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1. Introduction

Centrifugal confinement systems have long been known
to offer some significant potential advantages as a
fusion device [143]. They do not require a plasma
current to generate the confining magnetic field,
thus avoiding the risk of disruptions due to current-
driven instabilities. They can retain the geometrical
simplicity of magnetic mirrors, while using supersonic
rotation to close the loss cone and confine essentially
all ions in the parallel direction [4, |5]. Further, both
theoretical [6, 7] and experimental |8] investigations
have suggested that their strong E x B shear effectively
stabilizes MHD instabilities, so they might achieve
confinement so good that it is limited by classical
transport [4]. In addition, the radial electric field
results in immediate heating of newly-ionized ions, via
the polarization shift as they accelerate azimuthally to
the E x B speed [9].

One technical challenge for this approach is the
large electric potential difference that must be applied
to maintain the strong azimuthal E x B rotation. As
a simple estimate, equate the bulk azimuthal rotation
U, = Mvy with the E x B speed vg = |vg| for
ve = E x B/B?, with ion thermal speed vy =
(Ti/mi)1/2 and Mach number M; = u,/vyi. The
necessary potential ¢ can be estimated as Zie¢p/T; ~
M;i(Ro/p;i) for characteristic device radius Ry and ion
gyroradius p; = vy; /i, gyrofrequency Qi = ZieB/my,
and charge state Z;. [For example parameters, see
Appendix A.1]] As a further constraint, the magnetic
field must be strong enough to confine the plasma in
the radial direction, which leads to a limit u, < va
for Alfvén speed va = B/./fiopm with plasma mass
density pm, observed to be a hard limit in experiment
[L0]. Taken together, these imply the requirement
ZieqS/Ti Z Mf(RQ/)q) for )\i = mi/(Zie\/M) the
ion skin depth. For a practical fusion reactor, it would
clearly be desirable to ease these requirements for the
applied voltage. To do this, we need to find a way to
maintain the centrifugally-confining azimuthal velocity
u, while reducing the electric field strength F.

One possible approach could be the addition of
an azimuthal magnetic field. In contrast to previous
applications, in which a weak azimuthal field was used
to introduce stabilizing magnetic shear [3,[11], here we
propose an azimuthal field that is significantly stronger
than the axial field. Why would we do this? To
see, let’s adopt a simple cylindrical coordinate system

Figure 1. For axially trapped particles, the z components of vg
and v“l; must cancel, in the average. When the magnetic field
is mostly azimuthal, this leads to an azimuthal rotation that is
much larger than vg itself.

R, ¢, z, with R x ¢ = 2 for 2 aligned with the trap’s
axis of symmetry, then consider the sketch in Fig.[Il In
the average, an axially trapped particle must obviously
have a vanishing velocity in the £ (axial) direction,
ie 2 - (UHB + vg) = 0 with parallel velocity v and
magnetic direction b. The azimuthal components of
le; and vg then turn out to be additive. If the
magnetic field is mostly azimuthal, then v is quite a
bit larger than vg, leading to a much larger azimuthal
rotation for a given electric field, as desired (Sec. 2.2)).
In addition, we will find that newly ionized ions would
still be confined and significantly heated in their first
bounce orbit, assuming one does not make the axial
field too small (Sec.[Z3)). Further, since the azimuthal
magnetic field only varies as 1/R, while the axial field
strength goes as 1/R? (along a flux surface), one could
more easily achieve a large ratio of the confinement-
region radius over the endcap radius, which enhances
centrifugal confinement (Sec. 22)).

Unfortunately, as we will show in Sec. BBl the
equilibrium plasma current in this configuration would
also be aligned purely azimuthally. Effectively, this
implies that only the axial magnetic field contributes
to the magnetic pressure that confines the plasma
radially against the centrifugal force. Because of this,
an azimuthal field may reduce the ion gyroradius in
this configuration, but it will be unable to increase
the allowable plasma pressure in a beta-limited case,
severely restricting the set of scenarios in which an
azimuthal field could be used to reduce the voltage
required for centrifugal confinement.

We will derive the single-particle behavior in Sec.
and the MHD equilibrium properties in Sec. 3, then
review our conclusions in Sec. @ For reference, some
frequently used symbols are identified in Table. I

Page 2 of 16



Page3of 16

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PPCF-105114.R1

Centrifugal-mirror confinement with strong azimuthal magnetic field 3
Symbol Definition relax that approximation, one may use higher-order
P,z gyroradius, with v, and B, (Sec. 2.1)). approximate forms for the invariants [12], or simply
We bulk rotation angular frequency, before (Bl) | integrate the particle motion numerically [13].) Since

| v| in rotating frame, (I0) we allow strong electric field vg 2 v, the adiabatically

P flux function, see [0) and (2) conserved magnetic moment g must be defined such

Table 1. Definitions of some commonly used symbols.

2. Single-particle confinement

From a single-particle point of view, the addition
of a toroidal field has a lot of apparent advantages
for a centrifugal plasma trap, as we derive in this
section: The particle orbits, governed by constants
of the motion (Sec. 2I), allow one to retain good
centrifugal confinement at smaller applied voltage
(Sec. 22). If the axial magnetic field is not too
small, then newly-ionized ions are confined and are
substantially heated during their first bounce orbit
(Sec. 23). The physics underlying the corresponding
parallel acceleration may be inferred from the detailed
lab-frame energy balance (Sec. 24]). The single-
particle confinement properties compare favorably to
the reference case of a centrifugal trap with purely axial
magnetic field (Sec. 2H). Unfortunately, as we will
see in Sec. Bl MHD equilibrium constraints effectively
prevent us from gaining these advantages, at least for
a beta-limited mirror plasma.

2.1. Single-particle motion

Let’s consider particle motion in a system with time-
independent, axisymmetric fields B and E = —V¢.
Although the problem can be elegantly addressed in a
rotating frame [1], we will use the lab frame for physical
transparency.

In our simple-cylindrical coordinates (R, ¢, z), the
magnetic field may be written as

B =1IVyp+ Vi x Vo,

for axisymmetric functions (R, z) and

(1)

R
W(R, 2) = /0 dR' R'B.. @)

Single-particle motion under the resulting Lorentz
force exactly conserves an energy H and canonical
angular momentum P, given by

1 1
H = Zed+ 5mav® = Zeeo + sma(vf +vf) + uB.(3)
P, = Zse) + msRv, = Zse) + msR(byv + vEy), (4)

with b, = b-¢ = I/BR and vg, = vg - ¢. The
exact forms are given in terms of total particle velocity
v, with v, = ¢ - v. For the approximate forms, and
through the rest of Sec. @ we assume the Larmor
radius is small relative to system length scales. (To

that puB is the perpendicular kinetic energy in the
E x B-drifting frame [14].

Although we allow a supersonic azimuthal rota-
tion, meaning v, up to an order-unity multiple of vy,
we will still assume that the corresponding gyrora-
dius is small, even evaluated with only the axial field,
Po.z/l K 1 for p, . = msv,/ZseB, and characteristic
system length ¢. This implies that any given particle’s
radial position never strays far from ¢ ~ ¢y = P,/ Zse:
set (AR)oOrY =~ 1 = ¢ — g = —msRv,/Zse to
see that (AR), =~ —p,,.. We can therefore approx-
imately evaluate most functions at ¥ = 9. How-
ever, we must retain the corrections to Zse¢ in H:
we will see that v, ~ (Or¢)/B., which means that
Zs€¢(¢) - Zse(b("/JO) ~ Zsepw,zaR¢ ~ msvgp is compa-
rable with the leading-order kinetic energy.

The small-gyroradius approximation also implies
that the potential is approximately a flux function:
Due to electrons’ small mass, the centrifugal force is
negligible for them, so their parallel flux is governed
by a balance between their parallel pressure gradient
and the parallel electric force. This constrains the
parallel potential variation ¢. to take a value of order
the electron temperature ¢.. ~ T/e [15]. This is much
smaller than typical values of the total potential ¢,
with ¢~/¢ ~ Te/e£8R¢ ~ (ZiTe/Ti)(Ugi/vi)(p%z/é)'
For simplicity, we will neglect ¢. altogether in the
main text, and, through the rest of Sec. Bl we
will focus solely on the confinement of ionic species.
For a derivation including ¢. and parallel electron

confinement, see

2.2. Single-particle orbits

In this section, we will evaluate the classes of ion orbits
that are confined, for the geometry and orderings laid
out in Sec. 211

Recalling our simplifying assumption that the
potential is a flux function ¢ = ¢(¢)), we may define
a flux-function angular frequency w, = 0y¢. Also
using (), we can evaluate

B? = (I* + |Vy]*)/R?,

vE, = vp - @ = (1 -b2)w,R,

(5)
(6)
(7)

One may then straightforwardly obtain the
approximate axial (R, z) orbits, using the invariants
u, H, P, and the small-gyroradius ordering. First,
expand ¢ = g + ¢1 with Y9 = P,/Zse and 1 ~
—msR(byv) +ve,)/Zse. In H, we may then evaluate
all spatial functions at v, except the potential, which

’UQE = Vg Vg = (1 - bi)w?ﬂRQ
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requires the first-order correction Zsed(v)) ~ Zsedo +
Zsewpn, with ¢o = ¢(10o). We can then expand the
Hamiltonian, with all spatial functions evaluated at

Y = to:

1 1
H—Zepy ~ §ms (v” — b@w@R)2—5m5w5R2+uB.(8)
The last two terms here provide the centrifugal and

mirror confinement. To interpret the first term on the
right-hand side (RHS), consult Fig. [l and note that

bowoRb + vE = Wy RP (9)
to see that
’l~}|| = UH — bwwwR (10)

is the parallel velocity in the frame rigidly rotating
azimuthally with angular frequency w, = —FEr/B.R.
The axial (in the R,z plane) velocity of a particle is
straightforwardly found from v||5+ Vg —weRp = f)HlA),
so the turning points occur when o = 0. If we evaluate
(H — Zsedp) in terms of its value at an initial axial
position z = zy, which we will label with a subscript I,
then a particle’s 9| is given as a function of z (at fixed

o) as
Lo 1 5 1 2/p2_ p2
5 MU ~ §msv|\l_§m5w<ﬂ(Rl_R )—u(B—Br).(11)

A vparticle is therefore confined as long as ﬁﬁl <
W?p(R§ — Riin) + 214(Bumax — Br)/ms.

To see the effect of nonzero B, = B - ¢ on the
required voltage, let’s focus on the centrifugal potential
term, which is generally the larger term for supersonic
rotation w,R > v. The radial potential gradient is
Or¢ = weOrY = wyRB,. One can therefore reduce
the applied voltage at fixed centrifugal confinement,
as long B, is reduced by the same factor as (Or¢).
This can be done at fixed total magnetic field strength,
if one increases Bf, to cancel the reduction in B2
Physically, this follows because the trapped particles
must rotate azimuthally with the precession speed,
which is larger than vg when B, # 0, as is sketched in
Fig.[I This possible reduction in applied voltage is the
principal motivation to add a strong azimuthal field to
a centrifugal mirror machine. Unfortunately, though,
we will see in Sec. ] that the radial plasma pressure
confinement is only due to the magnetic pressure from
B?, rather than the total field strength B2. So, for
a mirror at MHD-equilibrium beta limits, one would
be unable to reduce B, at all, no matter how much
B, was added. In this case, the applied voltage could
also not be reduced at all, and would need to stay at
its original value. (See a specific numerical example in
Appendix A.1J

2.3. Newly-ionized particles

In Sec.[Z2] we saw that the trap geometry from Sec.[ZT]
confines particles that are rotating azimuthally with
an angular velocity around w,. Much of that angular
velocity may come from parallel motion, in principle
allowing one to reduce the applied voltage. But will
newly ionized ions be accelerated to the necessary
range of azimuthal velocities? In this section, we
will find that classical and neoclassical polarization do
indeed confine and accelerate newly ionized particles,
when the geometry satisfies certain conditions. The
derivation also clarifies several distinct length and time
scales that are important for the confinement.

In the E x B-drifting frame, the electric
force —Z,eV¢ = —Zsew,V1 is canceled by the
magnetic force of the frame drift Zs;evp x B =
Zsew,Vp. In our small-gyroradius limit, the particle
trajectory then evolves under the simple magnetic
force for nearly-constant magnetic field. In the
drifting frame, it undergoes a simple circular gyro-
orbit with gyrofrequency Qs = ZseB/ms; and
gyroradius vy mg/ZseB for v, = (2uB/mg)"/?,
the shortest confinement-related time and length
scales. At first glance, a newly ionized particle
looks different—initially approximately stationary, it
is accelerated in the direction of the electric force
until the magnetic force bends its trajectory enough to
overpower the electric force and return it to its starting
radius, where it is momentarily stationary. However,
this cycloid path is in fact just a special case of the
simple gyro-orbit, with v, = vg and with gyrocenter
shifted vgms/ZseB down V¢ from the ionization
location. ~ Within the first gyro-period, the new
particle is therefore drifting with gyro-center velocity
v and magnetic moment satisfying B ~ tmgv%, [9].
However, this acceleration is purely perpendicular, and
leaves the lab-frame parallel velocity v near zero.

Is this new ion also confined in the parallel
direction? This orbit is a special case of the orbits
from Sec. 22, with initial values pB ~ im,v} and
with 9 =~ 0 — byw,R. Recalling (), and assuming
the minimum of R and maximum of B occur in the
same place, the new ion will be confined if %msﬁﬁ <

smswi (R} — RE:) + 11(Bmax — Br). Recalling (7) and
canceling a common factor of $m.w2 R}, this criterion

will be met when

R2. B
_ 12 min I
(=8> g (12)

Noting that (1 —b2); > B2 ;/Bj and that we expect
at least Br/Bmax < Rmin/RIE equation (I2)) will be

2 MHD equilibrium requires that I is a function of 1 alone,
see B4). Assume B% < BZ and B:(R,z2) = B:(z). Eq. @
reduces to ¥(R, z) ~ B,(z)R?/2. Then, defining a function R(z)
such that ¢ (R(2), z) = 1o, we may evaluate B (z) = 2t/ R2(2)

Page 4 of 16
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3w/ R?). New particles will
therefore generally be confined as long as (B, /B) in the
bulk of the trap is no smaller than (Rmin/R1)3/2, which
represents a non-trivial but manageable constraint on
our choice of trap magnetic geometry.

The rotating-frame parallel kinetic energy of new,
confined ions is then around %msﬁﬁ ~ %meQ w2 R?.
If the azimuthal field is stronger than the axial field,
then this initial parallel in-frame kinetic energy is
larger than the perpendicular in-frame kinetic energy
pB ~ imgvy ~ img(1 — bi)w;RQ. Also assuming
supersonic rotation, we have ¥ ~ wiR? ~ M
for M; greater than unity, so we expect collisions to
generally scatter these new ions to smaller ﬁﬁ, thus
deeper parallel confinement.

The parallel heating of the new ions may be seen
as a form of neoclassical polarization: To first order,
the particle is located at ¢ = vy — msR(b,0) +
wyeR)/Zse. At any given point in z on a specific
particle’s bounce orbit, the sign of o will take both
positive and negative signs, depending on the direction
of axial motion of the particle. The introduction of an
azimuthal field has thus brought in a finite drift-orbit
width Fmb,v)/ZseB., of order p, .. For mostly-
azimuthal magnetic field (B, < B) and vy ~ 9,
this is larger than the true gyroradius, analogously
to banana orbits in tokamaks. The frequency scale
for this confinement is ~ b7/, the inverse of the
bounce time, with characteristic system length ¢. This
is slower than the gyrofrequency by a factor of the
gyroradius over the scale length. In the presence of
collisions, this finite orbit width will enable neoclassical

transport (cf. [Appendix AJ5)). Returning to the case

of our newly ionized particle, the orbit begins with

satisfied if B2 ;/B} > (R}

vy = 0, thus 9y = —byw,R and radial position
Y =1y —ms(1 — bi)wy,R?/Zse. When it returns to
its starting point it must have ¥ = +b,w,R, thus

radial position ¢ = 1 — ms(1 + b2)w,R*/Zse and
lab-frame parallel velocity v = 2b,w,R. The gain
in parallel kinetic energy, from 0 to 2msb2w? R*, came
from the lost potential energy Zse(9y @) (Yreturn — 1) =
—2msbiw?pR2. In the next section, we will take a closer
look at the detailed transfer mechanisms.

2.4. Lab-frame energy balance

The parameter bounds for confined orbits are most
succinctly calculated in terms of the invariants, as in
Secs. and In this subsection, we will look at
the same problem using the guiding-center equations.
This will not extend or change our previous results,
but it may help to clarify the underlying physical
mechanisms.

and, using (0), B, (R(2),2) = I(v0)/R, so
Bf _ IP(o)/Ri+43 /Ry Ry, I (o) +493/ R

B2 I2(th0)/R2, +492/RE - R? T2 (o) +44p2 /R2, -

R2

min

5
Ry

We will use single-particle guiding-center equa-
tions that allow strong E x B flows vg ~ wv [14].
The approximate guiding-center velocity is

Vge = U||B+UE+UJ_17 (13)
in which
v = Q71 x (v)diob + dve + m; ' pVB) (14)

for dyg = (v”B + vg) - V. The first-order drift v,
captures the strong-E X B versions of the curvature
drift bx (v”dtof))/(25, polarization drift b x (diovE)/Qs,
and grad-B drift b x (uVB)/msQs. Each term in v, 4
is smaller than the leading-order velocity (le; + vg)
by one order in gyroradius over scale length. We need
only evaluate evolution of v to its leading order:

mydyv) = —ZseV ¢ — uV | B + myvg - diob,

with V) =b- V.
Equations (I3)-([IH) approximately conserve the
energy given by []), with individual terms evolving as

1
dtimsvﬁ = —UH(ZSGV”¢ + /LV”B)

(15)

+ msVE ’L)Hdtoi)ﬂlﬁ)

dipB = (v)b+vg) - uVB, (17)
1
digmsvg = msvp - dov, (18)
dtZSG(bZUHZSGV”gf)—UE'[ms(v”dtoi)—l—dto’vE)—HLVE]Lg)
These equations are only accurate to the order of
msvd,/, so the right-hand sides of (I6)—(I8) are only
evaluated to their leading order] For ([I9)), we had to
keep the correction due to v 1, for which we rearranged
the triple product as

~

b - VB
’l)J_l'VZSG(b = _Q_ ><V(Z56¢)-(’U”dt0b+dt0'UE+'u

S

Let’s now consider the parallel confinement of an
ion, particularly the special case of a newly ionized
ion, looking through (3] term by term, and comparing
with the example orbit sketched in Fig.[2l First, since
we assume ¢ = ¢(¢), we have V| ¢ = 0. Next, we have
the standard parallel magnetic mirror force —uV) B,
which always pushes towards regions of weak B, thus
confines the ion towards the midplane and away from
the endcaps. For a newly ionized ion, which had
v = 0 at the midplane, this force is transferring energy
to the ion’s parallel motion msvﬁ /2 over the entirety
of the first half bounce orbit (midplane to endcap
and back to midplane). This seems counterintuitive,
because the energy comes from the perpendicular
kinetic energy (uB), which is also growing in the first
quarter orbit (midplane to endcap). The resolution
is that the particle is concurrently V B-drifting down
V Zsep, which is transferring energy from Z e¢ into uB

)-(20)
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£ N p—

Figure 2. Initial half-bounce orbit of a newly ionized ion,
projected onto R,z plane. (In this case, the azimuthal motion
is always in the —¢ direction, around the axis of symmetry,
1 = 0.) The ion is ionized on the o magnetic surface, but
due to the initial polarization, the gyro-center starts at (Ry, z1).
The ion’s total kinetic energy %ms (vﬁ + v%) + uB comes from
the potential energy lost by the radial shift from g to its
current radial position (¢o + 1), the thin-line orbit that is

sketched. At (Ryp,z1), vﬁ = 0 and puB = %msv%. Over

the first quarter orbit (dash-dotted blue), the ion moves from
(Ry,z1) out to the bounce point near the positive-z endcap,
then in the second quarter orbit (dotted red) it returns to the
midplane but at greater R = Rret. Over this whole time, ol
is becoming increasingly negative, corresponding to an increase
in %msvﬁ, with the net increase in total kinetic energy coming
from potential energy Zse¢ released by the first-order drifts v 1
down V.

via the vg - uVB term, and |vg - uVB]| > |v||13 - uVB|
for the first quarter orbit.

Centrifugal confinement is in fact electrostatic
confinement mediated by the last term of (&), but it
takes a little algebra to see this: Equations (II) and (&)
jointly imply

1
xVip = 23 [[(IVp—B)+ +HVy|* V] =
an 1dent1ty commonly used in neoclassical theory [16].
In our axisymmetric geometry with ¢ = ¢(1), we find
thatf]

b b .
Vg = 5 % Vo = B X we VY = w,R($ —byb),  (22)
dip = (’U”B +og) V= (wnga + ’l~}||i)) -V, (23)

diob = [(weRG+7b) - Vb = w2 x b+ (b-V)b,(24)

R(¢—b,b),(21

)

1argerﬁ This term accelerates a particle’s parallel
velocity towards large radius, thus acts to confine a
particle from the endcaps back towards the central
region. In the case of the newly ionized particle,
this corresponds to an energy transfer into %msvﬁ.
Recalling the derivation of (I9]), this energy comes from

potential energy freed by the generalized curvature
drift,

Qs_li) X U”dt()B =0 (26)

where the subscript | indicates the perpendicular
projection, e.g. 2, = 2 — (b- 2)b.

1’U” [wwﬁ + ’17” (V X B)]J_,

2.5. Purely azial field

For comparison purposes, we consider a centrifugal
mirror with no azimuthal field. Mathematically, this
is just a special case of the analysis we have already
done—the equations of the previous sections continue
to hold here, simply taking the special case I = 0, thus
also b, = 0 and ¥ = v. However, this special case
serves as a useful point of reference, connecting with
current and past experiments including Ixion, a small,
pulsed device that generated a cool but supersonically-
rotating and axially-confined plasma back in the 1960s
[2], and the larger Maryland Centrifugal eXperiment
(MCX/CMFX)[3], which demonstrated momentum
confinement times longer than an MHD-instability
growth time [8] and strong pressure gradients in the
parallel direction [5].

The key physical difference is a clear separation of
the azimuthal rotation, which consists to leading order
only of the E x B drift vg = w, R, from the parallel
flow, v||5 1 @. When we consider orbit confinement,
as in Sec. [2.2] this means that the parallel velocity is
the same in the rotating frame and in the lab frame,
0 = v). The criterion for orbit confinement remains
that from (), but it may here be applied directly to
the lab- frame parallel velocity, so a particle is confined
when v — R?) +2u(B — By)/ms. Unlike in
Sec. Eﬂ here newly ionized ions are trivially confined,
since their simple gyromotion is still immediately
accelerated to uB = m,v%/2, but their near-zero lab-
frame parallel velocity v = 0 now implies an equally
small rotating-frame parallel velocity o = 0. Put

ve-digh = w,Rp- diob = Vi(w 2R2/2)+UHW¢VH(() R). (25)another way, this special case trivially satisfies the

For centrifugally confined particles, we expect || <
wyR, so the first term on the RHS of (28] is the

3 Consistent with the analysis at the end of Sec. 2] we assume
that Vqu ~ Te/le is one order smaller than its nominal order.
4 Use the facts that [b]2 = 1, b- diob = dio]b|2/2 = 0, and
R - [(b- V)bl = (b- V) (b, ).

magnetic-geometry requirement given by (I2)).

5 For a newly ionized particle, the two terms may be comparable
in size, but the net effect is still definitely confining. To see
this, note first that v, ~ (v”E + vEg) - 2 = Oy bz, then evaluate
the leading order msdid) = msdiv) — mswedi (b R), with dio)|
from (5] and (25)), and using axisymmetry and (23) to evaluate
the leading order di(by R) = 9|V (by R), thus

msdi¥) = —ZseV | — pV | B +msV | (w2 R?/2).

The first term on the RHS is zero for ¢ = ¢(), and the other two
definitely push away from the endcaps and towards the midplane.

Page 6 of 16
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The detailed physical mechanisms of confinement
are also basically unchanged. Consider the equations
of Sec. 24 which continue to apply here, in the special
case I = 0 thus b, = 0 and 9 = v. Parallel
confinement is enforced by the terms on the RHS
of (I3). Since we still assume ¢ = ¢(v)), the first term
x V)¢ is zero. The magnetic mirror term —uV B
again acts as a confining force, pushing the particle
towards weak B, thus towards the device midplane
z = 0. However, in this special case the energy
balance is simpler: Since vg || ¢ L VB, equation (I7)
simplifies to dipuB = v uV) B, so energy is taken from
%msvﬁ to uB for outgoing particles (increasing B),
and from uB to %msvf for incoming particles. This
energy transfer is confining in this case, because the
axial motion is now purely parallel, thus the turning
points occur when v = 0.

Centrifugal confinement again follows from the
last term of (&), and remains an electrostatic
effect, though somewhat simplified: With b, = 0,
equation (25) simplifies to vy - digb = V(w2 R?/2), so
the centrifugal confinement force is no longer modified
by any 0 dependence. Physically, the strong-E x
B curvature drift from (26) has a corresponding
simplification. The second term of the drift may now
be written as Qs_lvﬁ (Vx B), and it is purely azimuthal.
This part of the drift is therefore orthogonal to Z;eV ¢,
so it cannot transfer energy between %msvz‘ and the
potential. The first term is now entirely due to the
(vg - V)b portion of dib, and it is actually mostly
radial, since in our simplified magnetic geometry

Q;lvnwwﬁl = Q;lv|‘w¢(—bszR + b%ﬁ’) (27)

and we expect bp < b, ~ 1 for a typical elongated
device. The potential energy gain due to this drift,
O oywezl - ZeVo = —msv”B - V(w?R?/2), indeed
comes from %msvﬁ via the vg - dtoi) term, thus slowing
an outgoing particle (motion towards small R) and
accelerating an incoming particle.

Previous work has pointed out that a centrifugal
mirror with purely axial field should not exhibit
neoclassical transport [3, |9]. This may appear
inconsistent with the clear role of a radial drift-orbit
excursion (¢; # 0) in the centrifugal confinement.
However, the magnetic geometry of this section should
in fact be free of neoclassical transport, at least in the
conventional sense. The basic reason is that the orbit
excursion, although finite, is velocity-independent.
Collisions alter a particle’s velocity at a fixed point
in space. However, in this B, = 0 case, a collision-
induced velocity shift does not cause a change in the
spatial trajectory of the particle, except possibly its
(insignificant) azimuthal position.

However, this arrangement is the most demanding
one when it comes to the applied-voltage requirements.

As in the finite-B,, case, one here has Or¢ = w,0rY =
weRB,. With B, = 0, and assuming a reasonably
elongated trap, we have B ~ B, which means that
we are unable to reduce B, without also reducing the
confining magnetic field.

3. MHD equilibrium

In Section Bl we found that the applied voltage
needed for centrifugal confinement could be reduced,
if you were able to reduce the axial magnetic
field. Unfortunately, in this geometry, only the axial
magnetic field is able to confine the plasma pressure.
In this section, we will derive a modest generalization
of the Grad-Shafranov equation (Sec. B, find the
resulting constraints on the effect of B, (Sec.B.2), and
tie these conclusions to their physical origins in single-
particle motion (Sec. B3)

3.1. Centrifugal-mirror equilibrium equations

For this derivation, we will use the ideal MHD
equations [17], with mass density pm,, mass-flow
velocity w, plasma pressure p, and current density j [§i
We assume that the fields and plasma are axisymmetric
and time-independent, implying E = —V¢ and B
given by (). Since we use the ideal Ohm’s Law
E +u x B =0, we have b- Vo = 0[] Together with
axisymmetry 0,¢ = 0, this implies that the potential
is a flux function ¢ = ¢(¢)), thus we may again define
the flux-function angular frequency wy,(v) = 0y.
Recalling (22)), the perpendicular components of the
ideal Ohm’s Law then imply

X (ux B) =vp = w,R(p — byb), (28)

VRSB

u—quz

for uy = u-b. With o) = u) —byw, R, the mass-density
flux is

~

Pt = pm(WeRP + ﬁHb)v (29)
so mass conservation implies
0=V"(pmt) = V- (pmiyb) = B - V(pmiy/B). (30)

We are only interested in configurations that confine
the plasma in the parallel direction, which means that
pm) must go to zero in the endcaps, thus by ([30) we
must have @ = 0 everywhere, so u = w,Rp.

We are now ready to consider force balanceE

pm(u-V)u=3xB—Vp. (31)
6 The generalized Hall-MHD formulation has interesting impli-
cations for centrifugal mirrors [18], but does not significantly
alter the results of this section.

7 See a treatment including the parallel electric field in
8 Here we assume an isotropic plasma pressure, which should
approximately hold for a magnetized, supersonically rotating
mirror: Recall from Sec. 2] that ions stay close to a reference
magnetic surface ¥ = 1. From (IIJ), and here using subscript I
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First evaluate Ampere’s Law for B from (1), yielding
o =V x B=VIxVp— (A"))Vp (32)
for A*p = 0%¢ — R™'0py + 024 |17]. The inertial

term is

(- V)t = pua, 0, (0, RP) = — iV (R?/2).(33)
The azimuthal component (poRp-) of (BI)) reduces to
0=puoRp-jxB=B-VI, (34)

so I is a flux function (). The parallel component of
force balance,

Vip = pmw2V)(R?/2) = pu V(Wi R?/2), (35)

determines the pressure up to an arbitrary flux
function, physically capturing the parallel centrifugal
confinement. The detailed solution depends on the
equation of state, which relates p and p,. For
example, an (ad hoc) isothermal relation p = cZpy,
for flux-function sound speed c¢; = ¢5(v)) would lead
to p(¢, R) = pr(v) exp(wi(R* — R7)/2cZ). However,
we will not make this assumption, since our results
do not depend on any specific form for the parallel
variation of p. Finally, we will calculate the radial-
confinement component [|[V|=2(V1)-] of @), which
gives us a generalized Grad-Shafranov equation

(A") = —I'T — poR*[0yp — pmwipdy (R?/2)],  (36)

where I’(v)) is the derivative of I(¢) with respect to
and where 9y, = [Vy|72(Vy) - V.

3.2. Constraints on rotating equilibria

The basic MHD equilibrium force balance directly
implies that the azimuthal rotation is limited by the
Alfvén speed, as observed in experiment [10]. To see
this simply, we can write the R component of @) in
the forrr%

OrB2+R™20RI*~2B.0.Br = 240 (pmw’ R—0rp).(37)

For supersonic flows, we expect pmwf,R > |Ogrp|, and
for an elongated trap we expect |0,Br| < |0rB:|.
Neglecting the Orp and 0,Bpr terms altogether, for
simplicity, we consider first the case of a centrifugal
mirror with only axial field, so 1> = 0. We can

to indicate the value at the outermost R for the i = g surface,
we conclude that ions’ motion (at roughly constant 1) is limited
by wl (R} —R?) £ of, thus (R;—R)/R; < 0f /w} Ri(Ri+R) ~
Mif2 < 1. Consistent with footnote[2] we expect (B—By)/By ~
(Rr — R)/ Ry to also be small, implying that p conservation does
not lead to a significant pressure anisotropy. For electrons, a
similar conclusion follows from confinement by the ambipolar
electric field discussed at the end of Sec. 211

9 This form can also be obtained by multiplying (B8) by
2R™20Rry = 2B./R, then using (5) and the relation dr =

(ORY)Oy + bRV .

integrate the remaining two terms radially from R to
some outer-bound radius Ry, rearranging a bit to

BXR) . /R AR’ (w,R)?
B2(Row) R R BXRow)/nopm’
Obviously, this must be positive for any physical
equilibrium, setting an upper bound on the size of
the last term. That term represents a weighted radial
average of the ratio of the squared toroidal velocity
(weR)? to the square of the Alfven speed evaluated
with the axial field B?(Rout)/popm- Equation (38)
thus limits the Alfvénic Mach number, similarly to
experiment.

In a case with B, = I /R larger than B,, we might
expect the second term of (37)) to dominate over dr B2.
If that were true, and still neglecting dgp and 0,Bg
terms, we could radially integrate the two remaining
terms to get

Pm)zk%ﬁwmw (weR)?
I2 (Rout) R Rgut Bgy (Rout)/MOpm

Since I? = B?/,R2 needs to be positive for a physical
equilibrium, the RHS again represents a limit on a
radial average of the Alfvénic Mach number. However,
in (B9) the Alfvén speed is evaluated with B,
suggesting that one may indeed increase the rotation
speed via the addition of an azimuthal field.

Unfortunately, even with the addition of a strong
azimuthal field, the axial-field Mach number constraint
of (B8)) continues to apply, as we will now show. The
key constraint comes from ([32]) and (34), which jointly
imply that

toJ + (A" )V = I'Vip x Vo = I'(B — Byg).  (40)

In words, the axial (R, z-plane) equilibrium current is
just I’/ po times the axial magnetic field. However, any
successful trap must confine both ions and electrons
in the axial direction, meaning that the axial current
density must go to zero in the endcaps. Unfortunately,
since I’ is a flux function, and since the axial magnetic
field must stay nonzero in the endcaps, equation (40)
implies that the only way to eliminate the axial current
density in the endcaps is to set I’ = 0. Physically,
this is equivalent to stating that the axial current
density must be zero, which restricts the azimuthal
field to take only its vacuum-field value. This means
that the azimuthal field is actually completely unable
to contribute to the confining pressure balance, since
the OrI? term in ([B7) must be zero, equivalently the
I'T term in (B8) must be zero. The rotation-velocity
limit is then set purely by the axial field, as in (B8],
preventing one from reducing B, below a rotation-
dependent floor, regardless of the value of B,.

(38)

(39)

Page 8 of 16



Page 9 of 16

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - PPCF-105114.R1

Centrifugal-mirror confinement with strong azimuthal magnetic field 9

3.8. Single-particle interpretation of MHD constraints

While the results of Sec. are mathematically
straightforward, they may appear inconsistent with the
single particle results of Sec. 2l In this section, we will
resolve the apparent discrepancy with a simple single-
particle interpretation of our MHD results.

To begin, we consider the drift motion of electrons
and ions in a strongly magnetized, supersonically
rotating two-species plasma. Recall (I3) and focus first
on perpendicular motion. The strongest drift is the
E x B drift, but that is equal for electrons and ions,
thus it causes no current. Recalling (22)) and (23), the
first-order drifts from (Id]) can be rearranged as

Substituting {@H]) for 7 in ([B2), the axial component
gives us VI = 0. The azimuthal component then
reproduces ([B6) with I’ = 0, in the supersonic limit,
thus neglecting Vp and taking B% < Bg With that,
we have reproduced the basic result of Sec. B2l from
an intuitive single-particle point of view.

4. Conclusions

Although centrifugal mirrors offer many potentially
appealing features, they generally require an extremely
large applied voltage Zie¢p/T; ~ Mi(Ro/p;i), presenting
a significant technical challenge for a reactor-scale
device (Sec. ). If one were to modify the centrifugal-

v = Q;lf)x[(wngé—H?”B)-V(wsaRcﬁ—i-ﬁ”B)—i—m;luVB].(4{11)r1"0r geometry by adding a strong azimuthal field

For the supersonically rotating ions, the largest first-
order drift is

vi1 & QO bx[w,Re-V (weRP)) = — O 'bxwiRR.(42)

Assuming T, < T, the electrons’ small mass implies
that all of their first-order drift terms are smaller
than ([@2). If the drift from (42) were the ions’ only
response to the centrifugal force, then we would indeed
have I’ # 0, so a plasma with mostly azimuthal B
could rotate at the Alfvén speed corresponding to B,
as in (B9).

However, particle confinement along the field
implies a constraint that changes this conclusion: In
order for a particle to be confined in the 2 direction,
its time-averaged v, = v - 2 must be zero. Consider
an ion with perpendicular drift vy + v,1 with v,

from (IEI) Recalling (22) and [23)), we find
()b +vE +v11) 2= by +bw? R/, (43)

so in the time average we expect U ~ —bwwiR/Qibz,
thus an azimuthal velocity around

(UHB +vg+vi1) @ =w,R— (bi + bg)wiR/szi.(élél)

We can then calculate the current. The average
z-directed velocity is separately zero for both ions and
electrons, so j, = 0. For the azimuthal current, both
electrons and ions rotate with the net E x B rotation
weyRP, causing no net current. However, the ions’ net
centrifugal drift is much larger, so we can estimate the
azimuthal current density to be around the ion charge
density (Ziepm/m;) multiplied by their time-averaged
azimuthal velocity minus w, R, leading to

. A(h2 2 2

J = —p(b, + b)) pmw,R/b:B. (45)
10 This first-order drift did not contribute to the MHD mass
flux pmu in (29), even though pmu is very nearly equal to
the ion particle flux, times mj;. The basic reason is that the
MHD equations only evaluate the mass flux with leading order
u. However, as necessitated by a leading-order cancellation, they
actually evolve the current density j up to the first-order drifts.
See Ref. [14] for a tutorial discussion.

B, this could transfer some of the toroidal rotation
to a parallel flow (Fig.[d). Indeed, an invariant-based
orbit calculation indicates that one could maintain a
given confining azimuthal velocity w, R with a smaller
applied voltage ¢ if the axial magnetic field B, were
proportionately decreased, even if one maintained the
total magnetic field strength by adding B, (Sec. 2.2)).
Further, if some modest geometric restrictions (I2) are
met, then newly-ionized ions would be confined and
experience both significant perpendicular and parallel
heating within their first bounce orbit (Sec. 23]).
Physically, the centrifugal confinement and the first-
orbit heating are electrostatic effects due to drifts up
and down V¢ (Sec. 24]).

Unfortunately, the MHD equilibrium limits the
possible benefits of this configuration. In essence,
the fact that the plasma current can not flow in or
out through the endcaps of the device restricts the
current, like the single-particle drifts (Sec. B3], to be
oriented in the azimuthal direction, (Z0) and following.
This means that only the axial field can contribute
effectively to radial confinement against the centrifugal
force, equivalently that the azimuthal velocity is
limited roughly to the Alfvén speed evaluated with the
axial magnetic field alone (Sec. BZ). This presents a
hard limit on any reduction of B, thus of the applied
voltage required for a given azimuthal rotation speed.
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H Equation () limits wi(R% - R?) < f)ﬁl, thus (R — R)/R <
f)ﬁl/wiR(RI + R) ~ M2 < 1. For this small radial excursion to

be consistent with a system-scale axial (2-directed) orbit length,
we must require B% < B2
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Appendix A. Electron confinement and axial
potential variation

In this appendix, we relax the approximation that the
potential is a flux function, exploiting a separation of
timescales to evaluate the weak parallel variation of the
potential that confines electrons to ensure ambipolar
losses.

In we discuss the separation of
timescales that allow for an approximate solve, us-
ing parameters for a proposed centrifugal-mirror fusion
device as concrete examples. We then solve approxi-
mately in order of decreasing/slowing rates, from cy-

clotron frequency (€2, [Appendix A.2), down through
collisionless parallel transit (vs/¢., [Appendix A.3),
collision frequency (v, [Appendix A.4), and inverse of
confinement time (7,1, [Appendix A.f). The dynamics

at each frequency scale is constrained by the steady
state of all of the faster rate scales.

For definiteness, we assume a geometry like
Fig. 2 of Ellis, Hassam, Messer and Osborn (EHMO)
[3], namely with a long central confinement region,
bounded at some positive and negative z by points
z4+ and z_ at which B takes its maximum value B
and flux-surface radius R takes its minimum value Rec.
Beyond these points, there are relatively short endcap
regions where R increases and B decreases, but there
is no plasma confinement. In this geometry, there
is no direct contact of confined-particle orbits with
the material insulators at the axial ends of the vessel.
Except when otherwise stated, our analysis will focus
on the confined-plasma region, that is, on the range of
z that contains confined particle orbits.

Appendix A.1. Timescale separation: example
parameters

The high degree of confinement required for a
centrifugal-mirror fusion reactor leads naturally to
designs that feature a separation of timescales. When
EHMO proposed the Maryland Centrifugal Torus, they
also gave parameters for a possible centrifugal-mirror
fusion reactor design point. In this appendix, we use
these parameters, listed in Table[AT], to give a concrete
numerical example of the failure of B, to allow a
voltage reduction, and to exemplify the frequency
orderings that underlie the analysis in the subsequent
sections of [Appendix A]

Consider first the velocities and voltages implied
by the parameters given in Table [ATl for comparison
with Sec. M~ With v; ~ 7.1 - 10°m/s, the bulk
rotation is around wu, ~ 4.2 - 10°m/s, quite close
to the Alfvén speed vy =~ 4.6 - 10°m/s. Since the
proposed configuration would have little or no B,
the necessary radial electric field would be (Or¢) =
u,B ~ 107V /m. Even if this electric field is localized

Parameter Value
Ne 6-10"m=3
T, Ts 13keV
M; 6
B 2.6T
Ro 4.4m
(AR) 1.1m
£, 22m

Table A1l. Parameters for a centrifugal-mirror fusion-plant
design point proposed by EHMO (3], with Ry and (AR) the
central radius and radial width of the plasma at the midplane
(z = 0), and £, the axial length of the plasma. We take Z; = 1
and m; to be 2.5 times proton mass, to model a deuterium-
tritium mix.

to the plasma region of width (AR), this would
require a potential difference of over 107V, a daunting
engineering challenge. The potential difference is much
larger than (7i/e) = 1.3 - 10*V, both because M; is
somewhat larger than unity and because the radial
device scale [at least (AR)| is much larger than the
thermal ion gyroradius p; ~ 7.1 -1073m, also than the
ion skin depth A; ~ 4.6 - 10~2m.

Imagine that we changed the design to add an
azimuthal field B, = 2.6T and reduced the axial field
to B, = 0.26T, so B = 2.6T stayed roughly constant,
leaving all other parameters the same. If we could do
this, the necessary electric field would drop to (Or¢) ~
upB, &~ 10°V/m, thus the voltage to ~ 10V, still
large but significantly more feasible. The ion thermal
gyroradius would stay just as small at p; =~ 7.1-10>m,
but the system would now have finite banana widths
vimi/ZieB, ~ 7.1 - 1072m, small relative to system
lengths (but allowing some neoclassical transport).
However, no MHD equilibrium could exist, because our
beta limit from (B8] is substantially exceeded, that is,
2 [ o AR (w,R)(AR)

r R B2(Rout)/fi0pm Ry B2/uopm
is much larger than unity. Indeed, the original
design (without B,,) is already close to the limit, with
2A(AR)/Rol[u2 /(B opm)] = 2[(AR)/Ro)(u2 /v3) ~
0.42, leaving almost no room to reduce B, (and thereby
the required voltage difference). This design is an
example of a beta-limited configuration.

Let’s move on to the timescales, again giving
examples using the parameters from Table [ATl, and
thinking back to Sec. Perpendicular force balance
(Appendix A.2) is established on a gyrofrequency rate
~ Qg with Q; ~ 1.0- 108571 and Q. ~ 4.6 - 101151,
Any variation about a collisionless drift orbit varies
at the slower parallel transit scale ~ wys/f,, with
(vi/l.) ~ 3.2-10% 71 and (vie/l,) ~ 2.2- 105571, The
velocity-space dependence of the distribution functions
fs relaxes towards a Maxwellian at the collision rates

Page 10 of 16
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vs, with 1 = 2.6-10%s7 1 and v, ~ 2.1:103s~. EHMO’s

(perhaps optimistic) confinement estimate was 7.1 ~

Vo(4/M?2) exp(—M2/4) ~ 2.9 - 1073571, With these
orderings in mind, we will proceed to approximately
calculate the behavior at each frequency scale, with
each scale restricted by the steady-state constraints
from faster scales.

Appendiz A.2. Perpendicular force balance (Qs)

In this appendix, we will show that axisymmetry and
steady-state perpendicular force balance jointly imply
that the leading-order potential is a flux function ¢ ~
¢(1). For intuition, you may compare with the first
gyro-orbit of the newly-ionized ion in Sec. 2.3

At this frequency scale, we may use the cold fluid
momentum equations, also neglecting source term

msnsOus = Zsengs(E 4+ ug X B). (A.2)

Here ns and ug are the the species particle density and
fluid flow velocity, related to the MHD variables via
Pm = Y nsms and u = Y ngmsus. At this level,
just as for single-particle dynamics, we see that the
(species-independent) steady-state balance is

us) = (b/B) x (us x B) = (E x B)/B*> = vg, (A.3)

and any imbalance (us; — vg # 0) triggers rapid
evolution Qyus; ~ Zse(us X B)/mgs ~ Qs .
With axisymmetry, the azimuthal (R@-) compo-

nent of (A2) is
msOy(Rusy) = —Zseus - VP, (A.4)

so in steady state (here meaning: rates slow compared
to ), we expect the velocity to lay within the flux
surface (us- Vi) = 0). Also recalling (A.3)), we see that
us - VYo = ug) - Voo = vg - Vi), so with axisymmetry
and (I) we find the steady-state constraint

0=V -vp = (I/B*)(VY x V) - (Vo). (A.5)

Since both the axial and azimuthal derivatives of ¢ are
zero, we find the steady-state constraint that ¢ = ¢(v))
to leading order, as a consequence of perpendicular
force balance.

For emphasis, this is only a constraint on the
leading-order ¢, of order (V¢) ~ v;B. In the next
section, we will evaluate a first-order (much smaller)
potential ¢.. that does vary within the flux surface.

12This equation neglects some small terms, particularly
using (Vps)/(Zsensus x B) ~ (nsTs/l)/ZsensusB ~
(vis/up)[(ves/€) /Qs] and [msns(us - V)us)/(Zsensus x B) ~
(us/0)/Qs < 1.

Appendiz A.3. Collisionless orbits (vis/l:)

Because wys/f, > vs, particles typically complete
many bounce orbits within a collision time, necessitat-
ing a kinetic treatment. At this frequency scale, each
species’ distribution function fs (dependent on spatial
position @, velocity v, and time t) evolves according to
the Vlasov equation

Zse

6tfs+'v'vfs+
m

(E+vxB) -0uyfs =0. (A.6)

S

Consider first a steady state (0; — 0), and recall that
when 0;¢ = 0 the collisionless particle orbits conserve
the energy H(x,v,t) from (), meaning thatl

Zse

OH+v -VH+Z(E+vxB)-0,H=0. (A7)

ms

Still assuming ;¢ = 0, any fs; that is a function
of H alone will therefore be a steady-state solution
of the Vlasov equation, since such an fs evolves
according to (A7) times (O fs), by the chain rule.
By the same logic, any fs that is a function only of
invariants of the collisionless motion (in our case, H,
Py, and p) is a steady-state solution of the Vlasov
equation. Any deviation from this dependence will
cause variation at the v /¢, frequency scale until f
relaxes to fs(H, Py, ).

To proceed, we generalize the approach of Sec.[2.2]
recalling the approximate forms for H and P, from
Eqs. @) and @). Treating the flux-function part of ¢
just as we did in Sec.[Z.2] we now retain an additional
weaker portion ¢ (1, z), which may vary within a flux
surface. We can neglect the contribution of ¢. to
vg, and may approximate ¢ (¢, z) & ¢. (1o, z) in the
small-gyroradius expansion. Eq. (§) then generalizes
to

1 1
H— Zje¢g ~ Emsﬁﬁ — §msw§,R2 +uB+ Zsed...(A.8)

For emphasis, the only change from (8] is the added
term Zse¢.. In particular, ¢o and w, are evaluated
with the leading-order zonal potential, ¥ is exactly
as defined in (), and all functions are evaluated at
¥ = 1o.

What does this mean for ¢.7 At our level of
approximation, we may consider Eq. (A8) at a fixed
flux surface 1) = 1y, on which each species’ distribution
function is now a function of the invariants f; =
fs(H, Py, ). Using the spatially varying Jacobian,
[ a3 = (4xB/m?) [ dH [ duloy| [ where [5)] is a
function of H, p, and z via (A8)), we can calculate the

131n this formulation, z, v, and t are the independent variables,
so e.g. x and t are held constant in the velocity partial 9. Note
also that 9yv? = 2v.

14The given integral form assumes the integrand is even in B
which is true for the integrals here. If the integrand is not even,
one must use Zav:+1771(27r3/m§) f dH fdu ||~ where oy,
is the sign of 9.
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z-dependent ny(z) = [d3v f(H, Py, ) E Since the

plasma is quasmeutral to an excellent approximation

(cf. [Appendix A.F), it must satisfy
0= Z Zsens(z), (A.9)

and this is the relationship that determines ¢.(2).
Looking closer, the centrifugal potential 2m5w2 R?
acts to confine ions along the field, but is negligible for
electrons. If we imagine that ¢. = 0 at some time
t = 0, then electrons would rapidly move outward
in z at a rate ~ wv/l,, and their outflux would
drive the growth of an electron-confining ¢. (z) until
their outflux was reduced to match that of the ions.
[Since such a potential is de-confining for the ions,
it will concurrently increase the ions’ parallel outflux.
However, it will not cancel the centrifugal confining
force altogether, since ¢ only grows until the outflux
of electrons and ions are equal] Since electrons’
kinetic energy is of order T, this implies a steady-
state ¢. ~ T./e, much smaller than the leading-
order flux-function potential. We will explicitly
calculate a relevant special case of this relationship in
A DD d A A

Appendiz A.4. Collisional relazation (vs)

Although the collisionless orbits allow an arbitrary
dependence of the distribution functions fs; on the
orbit invariants H, P,, and u, collisions relax the
distribution function towards a Maxwellian f5 o
exp(—H/Ts). However, any loss orbits are drained of
particles at the collisionless transit rate ~ v /€., much
faster than collisions can refill them. In this appendix,
we will crudely treat this situation in a way that yields
a more concrete estimate for the z-varying potential
O

Mechanically, the principal step here is to
calculate the velocity-space boundaries for confined
orbits, as a function of z over the confined-plasma
region. For brevity, let’s deﬁne a generalized species-
dependent potential @5 = Z.e(dg + @) — 2m w2 R?,
so H = %msﬁﬁ + uB + ®,. An orbit is Conﬁned if
its orbit turns (¢ = 0) for some z in the confinement
region, equivalently if H < pBec + ®sec. Conversely,
an orbit only extends to those z for which 17ﬁ > 0, thus
H > uB + @, with g > 0 by definition. [We expect
D, oc > P, over the whole confined range of z, for both

151t may appear somewhat mysterious that the spatial
dependence enters through the Jacobian in d3v. This happens
because the Vlasov equation’s characteristics (single-particle
trajectories) are divergence-free in the 6-dimensional (z, v) phase
space, but the trajectories are not divergence-free in a-space
alone.

ions and electrons] With that, we will crudely take

fs = csoe T O(UBoct P oe— H)O(H —nB—3,)O(11),(A.10)

with c¢so a normalizing constant and © the Heaviside
function (equal to unity for positive argument, and
to zero for negative argument). Of course, in a
real system, collisions will distort f; away from a
Maxwellian for (H,P,,u) near to the loss boundary,
but in a well-confined centrifugal system this distortion
should be weak outside a relatively small fraction of
phase space, motivating our ad hoc approximation.

One can straightforwardly (if tediously) evaluate
the velocity-space integral to obtainf]

o®s/Ts

(27)3/203 cs0

+ BY2e®a(0-B2)/Bacrfo(\/®,5 /Ba)(A.11)

with normalized nonnegative functions @4 = (P ec —
®,)/Ts and Bao = (1 — B/Bec), and with erfc the
complementary error function. Physically, the “1”
on the RHS captures the basic Gibbs (adiabatic)
response to @49 and the two erfc terms capture the
p-dependent loss cone. Approaching the boundary
points, where both ®4a and Ba go to zero, the last
term of (AL goes to zerd™ and the second-last term
approaches (-1), correctly indicating that the confined-
plasma density goes to zero therePd In a deeply-
confined plasma away from the endcap/loss points,
. becomes large-ish (comparable to M?) but Ba <
1, and the erfc corrections become very small. See

Fig. [ATl

16 On one hand, this seems trivial—the centrifugal force confines
ions, and ¢. confines electrons. However, the centrifugal
confinement is in fact also electrostatic, as we discussed in
Sec. 241 The key here is that the ions, with their greater
mass, undergo a much wider radial drift orbit, which leads
to electrostatic confinement by drift motion up or down the
radial gradient of the leading-order flux-function potential,
overpowering the smaller deconfining-for-ions force from 9, ¢~ .
17 First carry out the p integral, with the velocity-space Jacobian
from and [5)] = [R(H — uB — ®2)/m]V?

obtaining

m3/2 3/2 LI , ,
s —H/T, _ 1/2
25/27¢40 e 25/27rcso /d v fe= / e (H = @)

+/ dH e /T [H(1 — B/Bec) + ®s,0cB/Bec — ®5]*/2.

s,ec

ns = 1 — erfc(® 1/A2)

For the two H integrals, change the integration variables to
t = [(H — ®5)/Ts]*/? and t = [(H + b)/Ts]/2, with constant
b = (Ps,ecB/Bec — ®s)/(1 — B/Bec). Integrate the results by
parts using 8,56*’52 = —2te~t
cancel.

18 Interestingly, the Gibbs response also retains effects of the
mirror force, even though neither p nor B appear explicitly. In
essence, the volume element is smaller where B is larger, due to
V - B =0, so it contains less particles even at the same density.

19 Note that 0 < eésA/BAerfc(w /®.a/Ba) <1, for all positive
(QSA/BA)‘

20 There will be a very small outflowing plasma density on the
loss orbits, but that is not included in this density estimate.

and note that the boundary terms
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05 not eliminating) the ion potential barrier, leading to
0.4 ambipolar parallel confinement:

2 ~ ~ 1
03 & /T. = &;/T; = 5miwf,(Rf; — RY)/(ZT. + T3).(A.16)
0.2
In this special case, the solution for ¢. from (A5
0.1+ holds unmodified even where the erfc terms become
‘ : ‘ nonnegligible, since (AI6) also implies ®op = Pin. In
02 04 06 BA°-8 the cold-electron limit Z;T, < T;, the ¢. necessary to
-01t

Figure Al. Plots of (1 — nse®s/Ts/23/273/293 c0) as a
function of B for ®,5/Ba (moving downwards) of 1, 4, 9,
16, and 25. As these lines approach zero, ns approaches a Gibbs
response. All lines go to unity as Bo — 0, meaning that no
confined orbits remain at the actual throat of the endcap, where
B = Bec and @5 = P ec.

We can use Eq. (A.11)) to more concretely evaluate
the quasineutrality relation (AX9). For simplicitly,
consider a well-confined case, where (Psec — @s)/Ts
is rather larger than one (although still order unity)
in the bulk/central column. Focusing on this central
region, the erfc terms of (AI1) may be neglected
relative to the Gibbs response. Defining constant
nso = (27)3/203 co0e~®*=0)/T= and function ®(z) =
O,(z) — ®s(z = 0), we may replace the first term
of (AII) with ng(2)/(nse"*s/T) so, when the erfc
terms are negligible,

ne(z) & ngpe” <)/ T (A.12)
Letting ¢ (z) = ¢..(2) —¢-(z = 0) and Ry = R(z = 0)
here Y we have ©,(2) = Zseg.+3m w?(RE—R?), with
P, ~ —quN for the electrons. With ) __; indicating a
sum over only ionic species (i.e. excluding electrons),
we can rewrite (A29) here as

confine the electrons is negligible in the ion dynamics,
in which case the treatment in Sec. [ (focusing on
ion force balance and neglecting ¢. altogether) is
quantitatively justified.

We conclude that the plasma develops a potential
¢. that varies in a flux surface but is much smaller
than the leading-order flux-function ¢, and that this
potential ¢ ensures that quasineutrality is maintained
along the entirety of the confined plasma. This is
maintained by dynamics local to the confined-plasma
region, and does not depend on specific assumptions
about the endcap regions.

Appendiz A.5. Momentum transport and azxial current
()
We have seen that the leading-order potential is
a flux function that it is roughly
unaffected by electron parallel dynamics, which are
restricted to an ambipolar level by the much-smaller ¢
(Appendix A.3| and [Appendix A.4). In this appendix,
we see how the leading-order potential evolves in time,
on the slowest 7.1 frequency scale, controlled by the
transport of conserved angular momentum.

Our system conserves angular momentum because
the single-particle orbits conserve canonical angular
momentum P,, defined in (), fundamentally due to

nepe?®~/Te Zansoe—zs6<5~/Ts—%mswi(Rﬁ—Rz)/Ts,(Allgx)zimuthal symmetry. Considering P, = P, (z,v) for

s€i

with the special case ney = Zsei Zsngo at z = 0.
At any fixed z # 0, the LHS increases monotonically
with (;~SN while the RHS decreases monotonically, so we
expect they will be equal at a single, unique value of
¢.(z), making the problem well posed.

For physical understanding, we consider the
special case of a single ionic species. In this case
neo = Zinip and we can rearrange (A13)) to

O (BT T)/TiTe oy o= gmiw (RG—R*)/T; (A.14)
thus

- 1
eo.|Te ~ —gmiwi(R(Q) - R)/(ZT. +T). (A.15)

As expected, ¢.. is negative and of order T, /e, forming
a potential barrier for the electrons and weakening (but

21 Note that this is a distinct usage from the Rg in Table (&T).

an axisymmetric, time-independent magnetic field, one

may show the P, analog to @&

Zse

diPy = 0yPp+v-VPy+— (E+vxB)-0,P, = 0.(A.17)

ms

Although the electromagnetic part of P, is the
larger part for any single particle, msRv,/Zselp ~
Po.z/REY its contribution to the total momentum
balance is constrained by quasineutrality: Consider a
volume V bounded radially by a constant-i surface Sy,
and axially by two axisymmetric surfaces S;, and S,_,
which are aligned with Vi and lay within the z range

22Note that Rv, = R - v, in which R = £ X = depends only
on x. Recalling that V is taken at fixed v, one finds (e.g. using
Cartesian components) that V(Rv,) = —£Xwv, so v-V(Rv,) = 0.
Also, since Oy(Rvy,) = R¢p, we have E - Oy(Rvy,) = 0 by
axisymmetry, and [recalling (I)] (vx B)-9y(Rv,) = v-BX Rp =
—v -V

23 Recall @).
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of confined particle orbits Charge conservation
(Otpen = —V - j) and Gauss’s Law, integrated over
this volume, give us

€00 /dSE+Z/dS-E] :—/dS-J Z/ng (A.18) 60 X B - Rp
Sw Sw

Z4,2— Z4,2—

Since the endcap surfaces have dS L1 Vi), the
term -, [dS-E=-3_ _ [dS-Ve¢. may be
neglected relative to fsw dS - E ~ — fSw dS - w,Vi.
For Sy, some geometry: First, since Sy is a surface
of constant ¢, its normal is parallel to Vi), so one
has dS = o0, dS(VY)/|VY|, with oy = %1 the sign
of Ory. Second, since two nearby flux surfaces ¥ and
1 + dip are spaced physically by dv/|V], the volume
element at Sy may be written as d®z = dS dy [V ~?
and the total volume between the adjacent surfaces is
V'dy for flux function V' = fsw dS/|Vy|. The flux-
surface average (---), defined as the volume average
taken at a flux surface, may be written for Sy as (---) =

-1 fsw dS|Vy|~t. With that, and recalling (),
we can relate the first term in (A8) to the field
(Poynting) angular momentum since

—<60E><B'Rg0> <60E V1/)> —Go/ds E. (Alg)

V/

Assuming that Sy, is chosen inside the confined-plasma
volume, we may evaluate j = > fd3v Zsefsv, so

Vl, A55=0, -w>=awzsj< /d% Fod(Zoew)).(A.20)

For the mechanical angular momentum, we act
on Eq. (A6) with ), [d3vmsRv,, doing some
integrations by parts to find?>

Oy Z/dgv msRu,fs +V - [Z/dgv msRu,v fs]
_ Z/d% fudi(myRo,), (A.21)

which we will flux-surface average. Using (A7) to
replace di(msRv,) = —d¢(Zserp) in the last term, we
may equate

V’(Z/d3vfsdt(msRv¢)> = —%/ ds - j

Sy

~ -V'OleoExB-Rg) +oy > [dS-j.

24,2

(A.22)

24The axial-bounding surfaces Sz, and S,_ are close to
constant-z discs, but are a bit bent in the z direction so that
they are normal to the flux surfaces, thus have dS L V1.

25 At this slow frequency scale, we should retain the collision
operator in ([(A6). However, collisions conserve momentum, so
that contribution sums to zero here.

The field momentum term is much smaller than the
E x B contribution to the physical momentum term
oY, [ dBvmsRu,fs, sincel%

0 x B- R v3
S . [BvmRop,fs pmE x B-Rp/B?

For Table [AT] parameters, v3 /c* ~ 2.4-10~%. This is
one statement of quasineutrality—it implies that we
may neglect the o< O, F terms relative to the o j
terms in ([(AI8). Physically, a changing electric field
corresponds to a changing E x B angular momentum,
and ions move radially as they pick up this azimuthal
momentum, similar to the newly-ionized ion in Sec.[2.3]
The ion charge density resulting from this radial shift
is much larger than the actual net charge density.

With that, our flux-surface averaged angular
momentum equation 1‘

zsj[at ( / dPvmy R, fo)+
X e sl

with unit vector by, = (Vi) x V)/|Vy) x Ve, and
o+ = =1 chosen at each end (zy, z_) s0 Oibay
points outward towards the endcaps. Physically, the
flux-surface-averaged angular momentum (first term)
evolves in time due to outfluxes of mechanical angular
momentum in the radial (second term) and axial
(third term) directions, and due to a net outgoing
axial current (fourth term, equal and opposite to net
incoming radial current by quasineutrality). For the
end fluxes (second row), note that only the mechanical
momentum outflux at the surface ¥ contributes, while
the entire outgoing current (axis to the 1 surface)
contributes to the final term.

Although a comprehensive transport analysis is
beyond the scope of this article, we briefly consider
the terms in the momentum transport equation (A.24)),
focusing on the ways that they are constrained by the
steady states of the more rapid timescales. Let’s start
with radial transport, the second term of (A24]). At
the most rapid rates ~ ), the radial flow v - V¢ is
blocked by gyro-motion and the fact that ¢ is a flux
function to leading order, so vg - Vi = 0. At the
next-slower rate ~ wvs/f, recall that the collisionless
orbits followed surfaces of constant H, P,, and p,

0V [0 m. o fo0- V)

26 Use vg, = (E X B - (,5)/32, Zsfd3'vmsfs = pm, and
eopo = 1/c2.

27To evaluate the flux-surface average of the flux-divergence
term (2nd on LHS), it may be easiest to evaluate the flux-
surface average as a derivative of the volume average over V,
that is, (---) = o, (V') 710y fV d3z. Before differentiating in
1, use the divergence theorem on the volume integral. The
surface integral at the endcaps may be explicitly written as

... Jas=>. . 2mos [V dy RIVY| Lbax.

A
== <1
2
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which causes their poloidal projection to be closed,
so their v - Vi averages to zero. Collisions allow
particles to take radial steps, of width the gyro-orbit
(~ ps = vsms/ZseB) for B, = 0 (causing classical
transport) or of width the drift orbit (~ ps, =
vsms/ZseB,) for B, # 0. In either case, there is
a radial diffusivity (~ vsp? or ~ vsp?,, respectively),
and in either case the transport is ambipolar (because
collisions conserve total momentum, and the radial
step is proportional to the change in momentum)
This drives radial transport at a rate ~ vsp?/¢? or
vsp: . /0?, in either case much slower than v. It cannot
directly drive radial current, since the transport is
intrinsically ambipolar. There may also be turbulent
transport, although this is potentially weakened by the
strong E X B shear in the centrifugal mirror.
Consider next the parallel mechanical momentum
end loss, the third term of (A:24). This case is again
constrained by the fact that the collisionless orbits
are closed, within the confined plasma region. Again,
collisions can scatter particles onto loss orbits, but this
process is slowed by the strong centrifugal potential
barrier for ions and comparably strong electrostatic
barrier for electrons, the ®;q. from
so only ~ exp(—®,/Ts) particles have enough energy
to escape, with ®,/Ty ~ M2. As discussed e.g. by
EHMO, this leads to a parallel loss rate of order
vs(4/M?) exp(—M?/4) < vs. Since the momentum
is mostly carried by ions, the momentum end losses
may only occur at their slower rates, evaluated with ;.
The example 7,1 from is at the faster
electron rate and captures a parallel heat-loss channel.
Consider now the current end losses, the fourth
term of (A24). Note first that this integral goes
radially from the reference flux surface all the way
in to the axis of symmetry, so it includes not only
plasma current, but also any net current entering or
leaving the (solid) central conductor (at the trap’s axis
of symmetry, R = 0). Indeed, this central-conductor
current supplies the torque to drive the plasma
rotation, but it will generally relax to ~transport rates
in any steady state, since the conductor is usually held
at a fixed, time-independent potential. Consider then
the plasma portion of 37 JdS-j. Of course, with
insulating endcaps, one should strictly set this to zero,
but perhaps the endcap region or end insulator is leaky
somehow and permits some outgoing current. Even in
this case, the upstream balances will restrict outgoing

28In detail, for neoclassical transport: The collisionless orbits
conserve Py, which determine’s a particle’s radial position
(start of Sec. Z2). A collision transfers momentum between
two particles, conserving the sum. This occurs at fixed 1,
thus changes their Py, thus their radial orbit center ~ g =
Po/Zse. Recalling @), the equal and opposite increments to
P, correspond to equal and opposite steps of Zseo, thus zero
radial current.

current. The closed collisionless orbits independently
restrict individual species’ outgoing fluxes thus also
current, but the constraint on j is even stricter. As we
saw in[Appendix A.3|and[Appendix A.4] the confined-
plasma region fluxes relax the potential ¢. so that
parallel fluxes are ambipolar, and this requires only
a ¢. that is much smaller than the leading-order flux-
function potential. Given this, and assuming a well-
confined centrifugal mirror, even with leaky endcap
regions the outgoing current would be restricted to the
rate at which transport can supply cross-field radial
current divergence, which must then be balanced by
outgoing current to restore the ambipolar ¢.. Since
that upstream charge density mostly results from ion
radial drifts due to momentum transport, that limits
the outgoing current term to be of a similar magnitude,
even if the endcaps were to tolerate f dS-j #0.

Appendix B. Endcap current to relax MHD
constraints

In Sec. Bl we found that the MHD equilibrium
beta limits were set by axial magnetic field (= B,)
alone. For a beta-limited plasma, this means that
the addition of B, does not permit any reduction of
B,, and therefore also no reduction of the applied
voltage. For example, B, could not meaningfully
reduce the voltage required for EHMO’s reactor design
point (see [Appendix AT]). But could we get around
this restriction if we were somehow able to allow
some current out the endcaps? What would the
requirements be? In this appendix, we offer brief
analysis of these questions.

To evaluate this, we revisit Sec. B but relax the
analysis to allow current out the ends. The analysis
in Sec. Bl proceeds completely unchanged—those
conclusions rested only on force balance within
the plasma, leading-order particle confinement, and
Ampere’s LawPd In particular, even if we allow
outgoing current, the equilibrium must still satisfy (30])
[equivalently @BT)] with I = I(y) [due to (B4)].
However, a nonzero outgoing current would allow I’ #
0, cf. ([ @0) and adjacent discussion.

How big would this current need to be in order
to effectively relax the MHD beta constraints? To get
the basic magnitude, let’s estimate the axial current-
density jax that we would need in order to do the entire
radial force balance, for example by solving (36) with

29 Note that no matter how you drive the plasma currents,
within the plasma volume they must still be consistent with force
balance and with Ampére’s Law.
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(A*1)) set to zeroPY Unwinding our definitionsP] we
find (neglecting Oy p relative to the larger centrifugal
term)

(B.1)

simply the axial current for which j x B,¢ balances
the outward centrifugal force.

As one possibility, suppose we generated this
current purely through plasma losses, somehow letting
all ions escape axially in one direction and electrons
in the other. The corresponding density outflux would
limit the density confinement rate to
T b ~ong Hax /el ~ (we /) (up /L), (B.2)
only one order smaller than simple thermal outflows.
This is much too rapid for a reactor. For example,
for the parameters from Table [AT] this is around 7, ~
1.8 -103s7!, much more rapid than their estimated 7.

As another possibility, suppose we somehow
emitted a current from one end insulator and let
it pass through the plasma, absorbing it into the
other. An electron current would be most practical,
because the light electrons carry more current per heat
flux, and they would not contribute to the outward
centrifugal force in the bulk plasma region. They
would be accelerated into the plasma by ¢., passing
through the confined-plasma region with a kinetic
energy around MZ2T, [cf. (AIH)] thus speed around
Mivie and correspondingly low collisionality. They
would be decelerated again by ¢. on the way out to
the far endcap. However, the currents required are
almost certain to be impractically large. For Table[ATl
parameters, taking B, =2.6T, the current density
from (B.J) times a cross-sectional plasma area around
2mRo(AR) comes to an axial current of around 107A.

jax ~ pmw?gR/Bgaa
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