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Topic. Inverse problems, which involve inferring unknown parameters from observed data,
present significant computational challenges, especially in large-scale settings with high-dimensional
unknown parameters and nonlinear relationships between the unknowns and observations. Bayesian
inference provides an approach for addressing these problems, often relying on sequential sampling
methods like Markov chain Monte Carlo (MCMC) to approximate the posterior distribution of the
parameters. However, MCMC methods become computationally demanding as the dimensionality
of the problem increases, particularly in large-scale systems where likelihood evaluations rely on
solving partial differential equations (PDEs) on large spatial domains with finely resolved meshes.
To overcome these limitations, recent advancements have focused on designing scalable computa-
tional techniques – for both PDE simulations and sampling strategies – to make Bayesian methods
feasible for high-dimensional problems.

Challenge. To achieve scalable approaches for Bayesian inference, it is essential to develop
efficient algorithms for both the inner and outer loop components. In this context, the outer loop
involves sampling the high-dimensional parameter space, while the inner loop focuses on solving
the PDE using the sampled parameter as input. Depending on the applications, several algorithms
are available to perform scalable inner loop PDE solves, most notably multigrid methods [2]; fur-
thermore, high performance computing software can be leveraged for distributed computing, e.g.,
[1, 11]. The inner loop, on the other hand, requires intelligent sampling strategies to efficiently
explore the parameter space. This becomes more challenging in high-dimensional settings, where
the posterior becomes more concentrated in small regions, making it harder to sample from effi-
ciently. To help alleviate this issue, sequential approaches such as MCMC can utilize two forms
of parallelism to improve scaling: each PDE solve may be performed in parallel using distributed
computing, and multiple MCMC chains may be performed in parallel. But given the sequential
nature of MCMC, individual simulations within a Markov chain cannot be executed in parallel.

Opportunity. In this high-dimensional, nonlinear setting, effective sampling strategies are
necessary to improve scaling of Bayesian inference. These outer loop methods must intelligently
sample from a large parameter space to converge to regions of high density with respect to the pos-
terior distribution. Furthermore, the approaches used to intelligently sample – or, in the context
of MCMC, propose samples – must not incur significant computational overhead. Ideally, no addi-
tional solvers will be needed; however, if they are, the computational benefits should be significantly
justified. Even better, if these sequential algorithms can integrate some form of parallel simulation
without substantially increasing communication overhead, it would greatly enhance scalability.

Innovation. Over the past couple of decades, several methods have been developed to ac-
celerate MCMC mixing by modifying the proposal distribution. Notable approaches include those
which utilize approximations of the Hessian and gradient to modify the MCMC proposal [13, 14, 6],
which significantly reduce the number of PDE simulations compared to MCMC; though, these ap-
proaches require solvers for forward and adjoint PDE models. These approaches become even more
effective when dealing with complex posterior distributions. Another approach, delayed acceptance
MCMC [3, 8], leverages cheaper model approximations to accelerate parameter search, often using
coarser spatial discretizations in multilevel hierarchy. Building on these methods, multilevel MCMC
techniques improve mixing and sampling efficiency through variance reduction (similar to multilevel
Monte Carlo [10, 4]) and hierarchical spatial discretizations [7, 9], in which [7] provides a theoretical
cost analysis and numerical results applied to a two-dimensional example, and [9] demonstrates a
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speedup compared to traditional MCMC methods when applied to a three-dimensional problem.
Notably, [16] performs scaling studies of two-dimensional spatial problems utilizing load balancing
to manage running parallel chains (including independent expectation approximations) and dis-
tributed PDE evaluations, which results in efficient scaling. More recently, these cheaper models
have included offline trained neural networks [12, 15] to accelerate MCMC.

All these approaches greatly improve MCMC scaling and efficiency. Future work should utilize
similar tools, potentially combining them as in [5], and identify and improve aspects that create
bottlenecks in overall scalability. Furthermore, approaches that increase the level of parallelism for
outer lop methods will greatly improve overall scaling.
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