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Recent experiments observed fractional Chern insulators (FCI) in twisted bilayer MoTe, at zero
magnetic field, yet even the single-particle model of this material is controversial, leading to unre-
liable predictions of the experimental phase diagram as discussed in [Yu et al., 2023]. In this light,
we revisit the single-particle model of twisted bilayer MoTes. Utilizing large-scale density functional
theory, we calculate the band structure of twisted AA-stacked bilayer MoTe, at various twist angles
relevant to experiment. We find that a band inversion occurs near 4.41° between the second and
third bands in one valley. Our ab initio band structure is in qualitative agreement with [Wang et al.,
2023], but shows important differences in the remote bands and in the I" valley. We incorporate two
higher harmonic terms into the continuum model to capture the highest 3 valence bands per valley.
We confirm that the two highest valence bands per valley have opposite Chern numbers with |C] = 1
for experimentally relevant angles, and also use our model to predict a variety of Chern states in the
remote bands accessible by displacement field. We also perform DFT calculations and build models
for the AB stacking configuration. Our work serves as a foundation for accurate determination of

the correlated phases in twisted bilayer MoTes.

I. INTRODUCTION

Fractional Chern insulators (FCI) [1-3] were shown to
naturally appear in zero magnetic field when nearly flat
Chern bands [4, 5] are fractionally filled. Over the last
several years, there have been extensive theoretical [6-
33] and experimental [34-38] studies on zero-field FCIs
in moiré materials [39, 40], as well as studies of fractional
quantum Hall (FQH)-like states under nonzero external
magnetic field [41] (which were called FCIs because the
Chern bands where they appeared did not have flat Berry
curvature and quantum geometry), and small B-field-
induced FCIs [42]. Remarkably, FCIs without any exter-
nal magnetic fields have recently been observed in twisted
bilayer MoTey (tMoTez) [34-37] and in the pentalayer-
graphene /hBN moiré superlattice [38]. These moiré frac-
tional Chern insulator (mFCI) states provide the best
experimental platform to date for the physics proposed
in Refs. [1-3].

In this work, we will focus on tMoTes, where mFCIs
are observed at fractional fillings v = —2/3, —3/5, as well
as a Chern insulator (CI) at v = —1. Throughout, v is
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the electron filling measured from the charge neutrality
point. FCIs are expected to appear [1-3| in the CI bands
found in the tMoTe; model first proposed in Ref.[43].
However, an accurate model of the material is required
to correctly reproduce the FCI states and competing non-
topological states. Otherwise serious disagreement with
experiment can occur, as has been somewhat overlooked
in the flurry of recent literature. For example, the spin
polarization at v = —1/3,—4/3 cannot be reproduced
theoretically unless band-mixing is taken into account
[32], showing that a bands beyond the lowest valence
manifold play an integral part in the physics. Recent the-
oretical work [20, 21, 23, 24, 27, 29, 30, 32, 33, 44], some of
which predicts the existence of fractional states not seen
in the experiment, might then be subject to change when
band-mixing is properly included. Even interaction-
driven band mixing beyond the two-band Hilbert space
considered in Ref.[32] could be important if the single-
particle bands are energetically close. Hence it is of the
utmost importance to obtain a continuum model captur-
ing the ab-initio band structure over the range of energies
accessible by the Coulomb potential.

Most importantly, there are two different sets of ab-
initio parameters Ref. [20, 21] used [20, 21, 23, 24, 27, 29,
30, 32, 33, 44] for interacting calculations in the contin-
uum model of Ref.[43]. These sets of parameters give
rise to different single particle phase diagrams, many-
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body spin polarizations, and stabilities of 2/3 and 1/3
mFCI states Ref. [32]. Settling the single-particle model
of tMoTe, is the subject of this first work in the mFCI
series.

We perform large-scale density functional theory
(DFT) calculations to study twisted bilayer MoTey at
various twist angles for AA stacking, which is the stack-
ing configuration relevant to the experiments [34-37]. To
accurately capture the impact of crystal structure re-
laxation, we rigorously test 19 different van der Waals
(vdW) exchange-correlation functionals, and determine
that DFT-D2 yields the most reliable lattice parameters
when compared with experimental results. With DFT-
D2, we further use a highly efficient two-step method to
obtain the structure. Our first step is to use the DFT-
D2 functional to train a machine learning algorithm that
generates relaxed structures for a set of twist angles. The
second step is to use these relaxed structures as the initial
configurations, and further perform the full DFT relax-
ation to obtain final, accurate relaxed structures. The
moiré bands are eventually calculated with the final re-
laxed structures. Our DFT results show that the +K-
valley valence bands dominate the low-energy physics
while the I'-valley valence bands are about 80meV away
from the valence band maximum (VBM) for the experi-
mentally relevant angle 3.89°. Furthermore, the second
and the third valence bands in K valley (or —K valley re-
lated by time-reversal symmetry) undergo a gap closing
around 4.41°, changing the Chern number of the second
valence band from —1 at smaller angles to 1 at larger
angles. Our ab-initio results for the £K valley bands are
closer to those of Ref.[21] than to those of Ref.[20], al-
though our second and third band per valley are closer
to each other than those of Ref. [21] at 3.89°, which shifts
their gap closing to smaller angles. Our I'-valley band is
also lower in energy than that of Ref. [21], and hence will
not, contribute to many-body physics near v = —1. The
band structure in Ref. [20] looks different from ours due
to the different selection of the vdW functionals.

We then use the moiré model to capture the low-energy
DFT bands. If we only keep the first harmonics (FH)
as in Ref.[43], we can only manage to capture the top
two valence bands in each valley. To capture the top
three valence bands in each valley, we add two extra sec-
ond harmonic (SH) terms, and obtain a good match with
the DFT band structure and symmetry representations
(reps). We propose that this more accurate model be
used in many-body calculations. In our model with SH
terms, the gap closing between the second and third top
valence bands in one valley happens around 4.2° at zero
displacement field, which is consistent with our DFT cal-
culation. We find that adding a displacement field can
change the Chern number of the top valence band from 1
to 0 in K valley, and can also achieve a variety of Chern
numbers (from -2 to 2) for the second and third top va-
lence bands in one valley. Accessing these bands provides
another route to integer Chern physics seen in twisted
transition metal dichalcogenides[45—49].

In addition to the experimentally relevant A A-stacking
configuration, we also study the AB-stacking configura-
tion. Our DFT results show that the I'-valley bands in
the AB stacking case is closer to the VBM (only about
30meV away) and are extremely flat. We build a FH
model capturing these I'-valley bands, and show that
they are extremely localized atomic bands whose flat-
ness comes from zero hopping among atomic orbitals on
the triangular lattice. We also used the £K-valley model
in Ref.[43] to match the top two valence bands in each
valley.

In the rest of this paper, we discuss the DFT calcu-
lations at a range of twist angles and stacking configu-
rations in Sec.II, and the continuum models we employ
to faithfully reproduce these calculations in Sec. III. We
conclude the paper in Sec.IV, and provide more details
in a series of appendices.

II. DFT CALCULATIONS

In this section, we discuss the large-scale DFT calcula-
tions on the tMoTe; at various twist angles and different
stacking configurations. We will mainly discuss the re-
sults for 3.89°, which is the closest one to the structure
in recent experiments [34-37], as well as the topological
phase transition from large angle to 3.89°. A complete
discussion can be found in Appendix. A.

A. 3.89° tMoTe,

Utilizing the coincidence lattice method [50, 51], we
construct twisted bilayer crystal structures of MoTey at
various commensurate angles: 13.2°, 9.43°, 7.34°, 5.09°,
4.41°, 3.89° and 3.48°, considering both AA and AB
stacking. Here, AA (AB) stacking implies that, without
any twist, the Mo/Te atoms of the top layer respectively
align with the Mo/Te (Te/Mo) atoms of the bottom layer.
Subsequently, large-scale DFT calculations using the Vi-
enna ab initio simulation package (VASP) [52-56] are
performed on these structures.

To capture the van der Waals (vdW) interactions
between top and bottom layers, we test 19 exchange-
correlation functionals using the experimental bulk crys-
tal structure [57] as a benchmark (see Tab.III in Ap-
pendix. A 1). Ultimately, we find that DFT-D2 gives the
lattice parameter closest to the experimental value [57],
and we use this functional throughout the work. Sec-
ondly, different pseudo-potential (PP) combinations have
also been tested. It has been found that the energy dif-
ferences between different PPs are negligible (see Fig.7
of Appendix. A 1). Considering the computational cost,
we choose the PAW pseudo-potential and PBE exchange-
correlation functional.

Based on these functionals, we develop a highly ef-
ficient two-step relaxation scheme which combines ma-
chine learning and DFT. First, we construct the machine-
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FIG. 1. Relaxation and band structure of 3.89° tMoTez. (a)
Relaxation of the 3.89° AA stacking. (b) Relaxation of the
3.89° AB stacking. (¢) and (d) show the band structure and
density of states (DOS) of the structures in (a) and (b) re-
spectively, with red lines indicating bands from the I' valley
and the green line marking the Fermi level. The notations k1,
kv2, and k,3 represent the three highest pairs of valence bands
of the AA-stacked configuration in the £K valleys. The DOS
is normalized per molybdenum atom.

learned force field (MLFF) using the relaxation data gen-
erated by DFT-D2. The MLFF method has a much lower
computational cost than the direct relaxation with DFT
since the moiré unit cells are very large with 1302 atoms.
MLFF can produce a relaxed structure quickly. Using
this structure as an initial guess, we further perform
the full DFT relaxation. It turns out that the MLFF
is reasonably good, making the DFT relaxation quite
fast. To achieve total-force convergence with an accuracy
of 5meV /A and energy convergence of 1 x 10756V, the
DFT+MLFF method requires 17 ionic steps which take
7.5 hours using 16 NVIDIA A100 GPUs. In contrast,
direct relaxation using DFT requires 178 ionic steps and
take 55 hours when using 8 NVIDIA A100 GPUs, de-
manding approximately four times more resources than
the DFT+MLFF method.

The faster convergence of the DFT+MLFF method
(compared to the DFT direct relaxation) does not sac-
rifice precision in the band structure. To show it, we
present the band structures obtained from three differ-
ent approaches: MLFF relaxation, DFT+MLFF relax-
ation, and DFT direct relaxation, as shown in Fig. 17
of Appendix. A 3d. The band structures obtained from
the DFT+MLFF and DFT relaxed methods have qual-
itatively the same shapes, which is consistent with the
fact that the DFT relaxation upon the MLFF struc-
tures is quite fast. In particular, the bands from
the DFT+MLFF and the direct DFT relaxation meth-
ods are extremely similar, verifying the validity of the

DFT-+MLFF method. Moreover, the MLFF-initialized
relaxation leads to a more stable configuration, likely
due to the maintenance of (3, symmetry throughout
the relaxation process. MLFF+DFT relaxation results
in an approximately 0.9¢V lower energy compared to di-
rect DFT relaxation, indicating the advantage of MLFF
initial guess of relaxed structure in finding the lowest en-
ergy configurations. Therefore, we use the DFT+MLFF
method in this work instead of the DFT direct relaxation.
The stacking-dependent corrugated moiré structures of
AA and AB configuration generated by the DFT+MLFF
method are shown in Fig. 1(a,b).

AA-stacked tMoTe; has a two-fold rotational symme-
try axis along y axis, Csy, and the C3 symmetry. The
relaxed structure exhibits a maximum interlayer distance
d = 7.62A in the AA region, where the metal atoms in top
layer is aligned with metal atoms in bottom layer, while
a minimum interlayer distance d = 7.0A in the MX (XM)
region, where the top layer metal (chalcogen) atoms are
aligned with chalcogen (metal) atoms of bottom layer, as
shown in Fig. 6 of Appendix. A 1.

For AA tMoTes at 3.89 degree, the VBM is located at
the K point in the moiré Brillouin zone (BZ), which is
folded from the K point in the untwisted bilayer struc-
ture. The top three pairs of valence bands, labeled as
ky1, kyo and k,3, originate from the £K valleys, exhibit-
ing bandwidths of 12.8 meV, 16.2 meV, and 16.5 meV,
respectively. The combined effects of lattice relaxation
and SOC lead to the I'-valley bands shifting downward
by about 80 meV from the VBM. The I'-valley bands,
illustrated in Fig. 1 (c) and marked by red dashed lines,
contribute to two distinct peaks in the density of states
(DOS).

The AB stacking configuration has a two-fold rota-
tional symmetry Cs, with the axis along = as well as
the three-fold rotation symmetry Cs with axis along z.
For the twist angle 3.89°, the top two pairs of valence
bands also come from £K valley with band width of 16
meV, while the first pair of ultra flat bands from T" valley
is only 14.6 meV below the VBM. The charge density of
these ultra flat bands is highly localized in the AB region
of the moiré lattice (see Fig.20 of Appendix. A 3d).

B. Topological phase of valence bands from 5.09°
to 3.89°

In this part, we will discuss the topological phase tran-
sition around 4.41° of the valence bands in AA-stacked
tMoTey. Since the full DFT calculations are performed
in huge unit cells, it is impractical to calculate the Chern
number directly, and we turn to symmetry eigenvalues to
efficiently deduce the topology|[58].

Fig. 2 shows the band structure and the C5 eigenvalues
at the high-symmetry points I'y; and My, as calculated
using the IRVSP software Ref.[59]. Our convention is
to use the spinful C3 eigenvalues, which are labelled by

w=¢e"/3 w" =e /3 and 1 = e . Since +K-valley
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FIG. 2. Irreducible representations at high-symmetry points I' and K of valence bands of monolayer and twist MoTes with
twist angle 5.09°, 4.41°, and 3.89° for relaxed AA stacking configuration with SOC. The eigenvalues of the Cs are denoted as
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of moire BZ happens at around twist angle 4.41°.

/3 *
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bands are valley-spin locked, we distinguish two valleys
by their spins (spin up/down for K/—K valley).

For 5.09°, we observe that there is a gap of 2.8 meV be-
tween k2 and k,3 bands at the moiré I'j; point. This gap
is closed around 4.41°, and reopens at angle 3.89°. From
the C'5 eigenvalues labeled in Fig. 2, we see that this band
crossing exchanges the symmetry representations at I'ps
for ko and k,3 bands. Explicitly, for 5.09°, the k,2 band
at ['j; has two spin-polarized states: |1,w*) and ||, w),
while the k,3 band has |T,w) and ||,w*). When energy
gap reopening occurs, the symmetry representations of
kyo and k,3 at 3.89° switch in comparison to those at
5.09°.

The exchange of symmetry eigenvalues is proof of a
band inversion and causes a change in the spin/valley
Chern number. Specifically, recall that the Chern num-
ber can be determined from symmetry via 50 =
—&ru kK, where { is the spinful C5 eigenvalue at
high-symmetry point k [58]. Since Cs, T relates the moiré
Ky and K, points and is anti-unitary, ¢k, = €k, -

Thus for € slightly larger than 4.41°, we find 50 =
—(=1)(—=1)w* so that C = 1 mod 3 for the second top
spin-T band, but for € slightly smaller than 4.41°, we
find ¢/%C = —(—1)(—1)w so that C = —1 mod 3. This
topological phase transition is matched by the continuum
model as we will show in Sec. ITI.

C. Comparison with Ref. [20, 21]

Two recent works [20, 21] have also studied the relax-
ation and band structure of tMoTes. The band structures
in Ref. [20, 21] are different from our result, mainly due
to the different relaxed structures. Ref. [20] employed the
SCAN density functional with dDsC dispersion correc-
tion to perform crystal structure relaxation using VASP,
while Ref. [21] used STESTA with DFT-D2 functional to

. The critical point of band inversion between the 2nd and 3rd valence bands at « point

perform the relaxation. The comparison of the relaxation
results of AA-tMoTes between this work and Ref. [20, 21]
is shown in Fig. 3. As shown in Fig. 3, the interlayer dis-
tance in our relaxed structure has the qualitatively the
same shape as those in Ref.[20, 21]—largest interlayer
distance at MM and the smallest interlayer distance at
MX/XM. However, the interlayer distance in our relaxed
structure has smaller spatial fluctuations than that in
Ref. [20] as shown in Fig. 3(a,b), while our relaxed struc-
ture has larger interlayer distance than that of Ref. [21]
(Fig.3(c)). The maximum interlayer distances of this
work, Ref.[20], and Ref. [21] are about 7.6A, 7.8A and
7.4A, respectively, and the minimum interlayer distances
are respectively about 7.0A, 7.0A and 6.9A.

Our relaxation result is consistent with the AA and
AB stacking untwisted bilayer structure. In the AA re-
gion, the stacking configuration is close to that of AA
untwisted bilayer structure, and thus the maximum in-
terlayer distance should be close to but slightly smaller
than (due to the corrugation effect due to the connec-
tion to other stacking configurations in the moiré struc-
ture) the interlayer distance of AA stacking untwisted
bilayer (7.7A), which is consistent with our results but
not with Ref. [20]. Furthermore, the MX region has the
stacking configuration akin to that of AB untwisted bi-
layer structure. As a result, the smallest interlayer dis-
tance in tMoTe, structures should be close to but slightly
larger than (due to the corrugation) 7A, which is consis-
tent with our results but not with Ref. [21]. More details
about the relaxation and its influence on band structure
are discussed in Appendix. A 3e.

III. CONTINUUM MODELS

In this section, we use the continuum model to fit the
DFT results. Up to now, FCI states were only found for
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hole doping experimentally [34-37]; thus, we will focus
on the model for the valence bands. We will first discuss
the AA-stacking and then discuss the AB stacking.

A. AA-Stacking

According to the DFT results, the low-energy valence
bands mainly originate from the +K valleys in the mono-
layer. The symmetry group of AA-stacking tMoTe,
(AA-tMoTey) is generated by Cs, Cay, and T, in ad-
dition to the moiré lattice translations [43]. We pick a
convention where the top layer is rotated by —6/2 and

the bottom layer by 6/2. The moiré lattice constant is

ao
= — 1
M Jsin (9) (1)

where ag = 3.52A is the lattice constant of monolayer
MOTQQ.

The continuum model for the monolayer £K valleys in
general reads

AA AA Cnb,r
HA = / 22 (c;f]’b,T,c;’tm) hio (r) ( " ) )

Cn,t,r

jz,l,r labels the basis of the continuum model,

n = =+ labels the £K valleys (or equivalently spins),

where ¢




I = t, blabels the layer, and r labels the position. Ref. [43]
proposed a model with only the first harmonics (FH);
however, here we add the certain second harmonics (SH)
terms in order to accurately match the higher bands.
(See the definition of the first and second Harmonics in
Eq. (B17) and Eq. (B20) of Appendix. B1.) Expanding
the potential terms and using symmetry, we find the form

Vn,l(")zvef(*)lw Z 9T 4 Ve Z eTigiT
1=1,2,3 i=1,2,3

3
+ 2V, Z cos(gai - T)

=1
_ § : —niq;-r § : —niqz; T
tn(fr.) = w e Mai + woy e~ Mazi ,

i=1,2,3 i=1,2,3

3)

where [ = t,b corresponds to [ = 0,1 for (—)!, respec-
tively, g = Cé_le71, b]\/[71 = An (1,O)T and bM72 =

V3anm
¢§§ (3 Q)T are the basis moiré reciprocal lattice vec-
M

2072
tors, q1 = ;%%in(g) 0,17, go = Csq1, g3 = Ciqy,
921 = bary +bar2, 920 = Ci g1, @21 = bar1 +q,, and
q2; = C§71q21. V', ¢ and w characterize the FH terms,
while V5 and ws belong to the SH. The AA-stacking FH
+K-valley model (Eq. (2)) has effective inversion symme-
try that makes the two bands from the two valleys iden-
tical (in accord with the DFT results which show small
splitting about 1.2 meV). The effective inversion symme-
try is natural with only FH terms, and we only include
the SH terms that preserve the effective inversion symme-
try. In total, the model (Eq. (2)) has six real parameters
m*, V, 1y, w, Vo and ws.

We fit to the DFT band structure at § = 3.89° in
two ways. (See Appendix.B 1 for details.) First, we set
Vo = wy = 0, which corresponds to the FH model. In
this case, we manage to fit the top 4 valence bands (2
in each valley) with the corresponding FH parameters in
Tab. 1, as shown in Fig. 4(a). Then, we allow nonzero V5
and wo, i.e., adding the SH terms. We are now able to
fit the top 6 valence bands (3 in each valley) with the
corresponding FH+SH parameters in Tab. I, as shown in
Fig.4 (b). The match is not only good along the high-
symmetry line but also good in the full BZ as shown in
Fig. 21 (a,b) in Appendix. B 3.

As shown in Fig. 22 (a,b) in Appendix. B 3, we can see
that the C'5 eigenvalues for the top 6 valence bands match
the DFT calculation in both FH and FH+SH cases. Fur-
thermore, the Chern numbers of the top 3 bands (in de-
creasing order of energy) in K valley are (1,-1,0) in both
cases, which are consistent with the Cj5 eigenvalues [58].
The C5 eigenvalues and the Chern numbers of the top
two bands per valley are the same as those in Ref.[21].
It is clear that adding the SH terms improves the relia-
bility of the model across a wider range of energies. We
expect more remote bands to be accessible in future ex-
periments, and hence our FH+SH model is an essential
improvement.

Model [m™ (me)| V [ ¥(°) | w Vo | we
FH 0.60 |16.5|-105.9| -18.8 0 0
FH+SH| 0.62 |7.94(-88.43(-10.77{20.00{10.21

TABLE I. Values of the parameters in the +K-valley contin-
uum model (Eq. (3)) for the AA-stacking tMoTez. V,w, Va, w2
are in meV. “FH” means we only include the first harmonics,
whereas “FH+SH” means that we include both the first har-
monics and the effective-inversion-invariant second harmon-
ics.

At last, we discuss the evolution of the bands of the
A A-stacking moiré model in Eq. (2) with the FH+SH pa-
rameters values in Tab.I as a function of the twist angle
0 and the displacement field e. We will focus on the K
valley. As shown in Fig.5 (a), the gap between second
top and third top bands closes around 4.2° for zero dis-
placement field, which is close the the DFT’s 4.41° in
Fig. 2; the gap closing will change the Chern numbers of
the second and third top bands in K valley from (-1,0) to
(1,-2). Further increasing the angle at zero displacement
field will cause a band inversion between the third and
fourth top valence bands, which changes the Chern num-
ber of the third top band from -2 to -1 as shown in Fig. 5
(d). Fig.5 (b) shows that increasing the displacement
field can trivialize the top valence band, while a variety
of Chern numbers (ranging from -2 to 2) can arise for
nonzero displacement field for the second and third top
bands as shown in Fig.5 (c,d).

B. AB-Stacking

The generators of the symmetry group of AB-stacking
tMoTes (AB-tMoTes;), which can be thought of as twist-
ing the top layer of AA-tMoTes by another 180°, are
C3,Co,, and T. Note that Co, is local to the monolayer
K point (unlike Cs, in AA-tMoTey), and thus it preserves
the valley quantum number in the moiré model. This dif-
ference in the valley symmetry group is important and, as
we now show, leads to different behavior with the poten-
tial for interesting many-body spin and Hubbard physics
[60-66].

The DFT results show that the low-energy valence
bands of AB-tMoTey come from both the +K valleys and
the I" valleys in the monolayer. The +K-valley model was
proposed in Ref. [43], which reads

AB 2.1 m*v? 1€
Hv],O = Z d TCpir 9 + VT]J(T) + (7) 9 Cn,lyr
l

m*

+ {/ d2rcj77b7rtn(r)cn_’t,r + h.c.] ;
(4)

f labels the basis of the continuum model

n,lr
with n = =+ labeling the +K valleys (or equivalently

spins), [ = t,b labels the layer, and r labels the position.
Since AB-tMoTey is given by rotating the top layer of

where ¢
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FIG. 5. Phase diagram of AA-stacking moiré model in
Eq. (2) with the FH+SH parameters values in Tab.I. In this
plot, band 1,2,3 refer to the top, second top and third top
valence bands in the K valley. In (a), we show the Chern
numbers of the three bands (blue for 1, red for 2 and orange
for 3) for zero displacement field, which shows a band inver-
sion between the second and third top bands around 4.2°. In
(b,e,d), we show the direct gaps and the Chern numbers of
the top (a), second top (b) and third top (c¢) bands in the
+K valley. Explicitly, the direct gaps are illustrated by the
color (the color bar is the same across plots) and the Chern
numbers are labeled in white.

AA-tMoTey by an extra 180°, the two layers in K or —K
valley now have opposite spin. With first harmonics, the
forms of V;,;(r) and t,(r) derived from the symmetries
read

Vya(r) = Ve ¥ E 9T 4+ Vel E e 19T
i=1,2,3 i=1,2,3
tﬂ(r) —w E eni(ifl)%{e*mqr’f‘ ,
i=1,2,3

(5)

where V is real, and w can made real by choosing the
relative phase between the two layers. For ¢ = 0, the
minimal continuum model has the effective TR symmetry
within each valley that flips layer (or equivalently spin),
making the bands from the two valleys identical.

On the other hand, the I'-valley model has the follow-
ing form

Hr = /dzr (wi,b 1/’1,15) hitB (r) (ﬁ{:b) ) (6)

r,t

where we choose the kinetic term in the continuum model

as the intralayer spin-independent V2 term,

2y/2 T)—€ 7'
hIéB(r) = Z?’Z; + Er + (VF,bilT—‘z’l”) /2 Vr t?;; —|)- 6/2) )

7/1171 = (7/’171,T7w1,l7¢) ) (8)

t and b correspond to the top and bottom layers, respec-
tively, Er accounts for the energy difference between the
I-valley and £K-valley bands, and Vi ;(r) and tr(r) are
2 x 2 matrix functions. For zero displacement field, the
I'-valley model has effective TR symmetry within each
spin-subspace, which makes the bands from the two spins
identical (resulting in at least double degeneracy of each
band).

We fit the low-energy bands at § = 3.89°, and the
resulting parameter values are summarized in Tab. I1. As
the illustration, we show the good match between the
DFT bands and those from the models along the high-
symmetry line in Fig. 4 (b). The bands match well also in
the full BZ, and the C5 eigenvalues also match the DFT
calculation as discussed in Appendix. C 3.

For the +K-valley model, we notice that the inter-
layer coupling can be set to zero w = 0 in the +K-valley
model while keeping the match of the bands good, which
can be understood as the follows. The two layers in one
valley now have opposite spins; owing to the spin U(1)
symmetry for the low-energy states near £K valleys in
monolayer MoTeq, we expect the spin U(1) symmetry is
approximately preserved in tMoTe,, which means the in-
terlayer coupling is very small for the AB-stacking. The
zero interlayer coupling makes the eigenstates have well-
defined valley and layer/spin. As a result, the two states
with the same spin in the +K-valley model are degen-
erate at Kjs, since the combination of the effective TR
symmetry and the TR symmetry leaves the spin invari-
ant; this is consistent with DFT calculations as shown
in Fig. 19 of Appendix. C3. The top four valence bands
are in the A;@1la atomic limit, representing an atomic s
orbital at the MM stacking positions; the band structure
can be thought of as arising from hopping on this moiré
triangular lattice.

The T'-valley bands are extremely flat as shown in
Fig. 4 (c), owing to the large m{ = 10m. (—hleq%lz =
—2.49meV) compared to the potential Vi = 72meV. As
a result, those flat bands are extremely localized atomic
states localized around the minima of the intralayer po-
tential (i.e., la positions due to 1) = 0), and their energies
can be approximately calculated from an array of decou-
pled harmonic oscillators related by moiré translations.
(See Appendix. C 3.)

At last, we discuss the effect of the displacement field.
As shown in Fig.25 in Appendix. C 3, the effect of the
displacement field on the £K-valley bands is just to shift
the bands from different layers relative to each other,
since the layer is a good quantum number due to the zero



m* (me) |V (meV) | ¥(°) | w (meV)
0.62 53 -56 0

it () [Ve (V) [9r () [ (mev)
10 72 0 300

TABLE II. Values of the parameters in the £K-valley contin-
uum model in Eq. (5) (first and second rows) and the I'-valley
continuum model in Eq.(7) (third and fourth rows) for the
AB-stacking tMoTe,.

interlayer coupling (see Tab.II). On the other hand, the
effect of the displacement field on the low-energy I'-valley
bands is negligible, which is consistent with the fact that
the very large interlayer coupling makes the eigenstates
equally distributed between the two layers (see Tab.II).

IV. CONCLUSIONS

Our extensive DFT study, accelerated by machine
learning, has confirmed (along with our continuum model
analysis) that that the lowest two bands in the K valley
have Chern numbers +1 and —1 respectively, at a twist
angle of 3.89° for the experimentally relevant AA stack-
ing. A phase transition to K valley have Chern numbers
+1 and +1 occurs at slightly larger angle 4.41°. These
Chern numbers mod 3 are accessible directly from the
DFT data, and we compute the exact value from the con-
tinuum model fit to the DFT bands. The Chern numbers
are consistent with Ref.[21] but do not agree with those
computed by Ref. [20] at larger twist angles and extrap-
olated by us to 3.89°, although the phase boundaries are
relatively close.

We succeeded in matching the top three valence bands
(as well as much of the fourth band) per valley by adding
only two higher harmonic terms to the moiré Hamilto-
nian (see Eq. (2)). This Hamiltonian still preserves the
effective intra-valley inversion symmetry, and will serve
as a faithful model of the dispersion and topology for a
wide range of electron fillings. The matching of the 3
bands (rather than the previous matching of 2 bands)
might be necessary as the band mixing turns out to be
an important characteristic of these systems. Excitingly,
our model predicts a rich topological phase diagram ac-
cessible through displacement fields in the remote bands.
Our forthcoming work will study the many-body physics
of this model, contributing to the broader study of cor-
relations and topology [49, 67-82] now accessible in ex-
periment.
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Appendix A: DFT Results
1. Atomic structures of tMoTe->

Bulk 2H-MoTes, as sketched in Fig. 6 (b), has a hexag-
onal structure with space group 194 generated by the
inversion P, a three-fold symmetry C3 with axis along z
axis, a two-fold symmetry C5, with axis along x axis, and
lattice translations. Experimentally, the lattice constant
is found to be a=3.519A and c¢=13.976A [57].

We used VASP with Perdew-Burke-Ernzerhof (PBE)
functionals to perform the DFT calculation. Before per-
forming DFT calculations for band structure, we need to
choose the suitable exchange-correlation functionals to
describe the electron-electron interaction and the suit-
able pseudopotentials to deal with the interactions be-
tween electrons and nucleus. To pick the best exchange-
correlation functionals, we try 19 different ones to cal-
culate the relaxed bulk crystal structure, and show the
results in Tab.III. Here, we choose the energy cutoff
of 300eV and energy convergence condition of less than
1x 10~ %V in the self consistent calculation. The MoTesy
system is an insulator, so the smearing parameter for
VASP should be chosen as ISMEAR=0 to use Gaus-
sian smearing. We find that the DFT-D2 functional
(IVDW=10) provides a lattice constant of a = b =
3.518A and ¢ = 13.976A for the bulk MoTe, primitive
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FIG. 6. Rigid atomic structures of 13.2° tMoTez. The purple one is Mo atom and yellow-brown one is Te atom. (a) Bilayer
AA stacking configuration. (b) Bilayer AB stacking configuration. (c) 13.2° tMoTes AA configuration with in-plane 2-fold
rotational symmetry axis along the y-axis. (b) 13.2° tMoTez AB configuration with in-plane 2-fold rotational symmetry axis
along the x-axis. Both AA and AB have the C3 3-fold rotation symmetry axis perpendicular to the plane. Mo atom is labeled
by M, while chalcogen atom is labeled by X. MX represents the top layer Mo atom is aligned with bottom layer chalcogen

atom. Similarly with XM and MM.

crystal structure, which is closest to the experimental val-
ues in Ref. [57]. Therefore, we conclude that the DFT-D2
functional (IVDW=10) is the most appropriate choice for
the MoTe, structural relaxation among the 19 function-
als.

After selecting the exchange-correlation function-
als, we test the different projector augmented wave
pseudopotentials—Mo-Te, Mo _pv-Te, Mo _sv-Te—
where the pseudopotentials without suffices are general
pseudopotential, and the suffix ¢ sv’ (* pv’) means
that the inner s (p) electrons are considered as valence
electrons. These combinations show little difference in
the relaxed lattice parameters. This is consistent with
experimental data. In addition, we also test different
pseudopotentials by calculating the band structure of
monolayer, bulk, AB stacking bilayer and AA stacking
bilayer MoTes;. The band structures calculated by
different pseudopotentials coincides with each other.
Therefore, it is legitimate to choose any of them.
Besides, we also test these pseudopotentials by doing the
relaxation of bulk MoTe,, see in Tab.IV. The "Mo-Te"
combination gives the most closest lattice parameters
to the experimental result, meaning that the "Mo-Te"
combination , which containing 6 electronics for Mo
atoms and Te atoms, can capture the relaxation effect of
bulk MoTey well. Considering the balance of accuracy
and computational cost, here we choose the "Mo-Te"
combination which has the smaller computational cost
due to fewer electrons while has the better accuracy.

Before studying the electronic structures of the tMoTe,
system, we first generated their crystal structures. We
start from both the AA and AB stacking[83]. As illus-

trated in Fig.6, AA stacking means that, when there is
no twist, the Mo/ Te atoms of the top layer aligns with the
Mo/Te atoms of the bottom layer. AB stacking means
that, when there is no twist, the Mo/Te atoms of the top
layer is directly above the Te/Mo atoms of the bottom
layer (see Fig.6 (a)). The bilayer untwisted crystal struc-
ture relaxed by DFT-D2 functional gives lattice param-
eter a = 3.5228A, and thus two primitive lattice vectors

are a; = a(1,0,0) and as = %(—3, \/Tg,O). For twisted ho-
mobilayer with both top and bottom layer being MoTes,
a commensurate structure occurs when the moiré lat-
tice vector of top layer and bottom layer satisfy the
commensurate lattice condition ay;, = nia; + nsas =
myaj + moah = ap for certain integers ni, ng, mi, ma,
where a’ is the primitive lattice vectors rotated by an
angle #. In this way, we can obtain the rigid tMoTe,y
structures with different angles. All the rigid structures
were generated using a homemade software 2DTwist. In
the DFT calculation for tMoTey, when the twist angle is
smaller than 9.43°, we use I' point sampling. While for
13.2° tMoTes, we use 4 X 4 X 1 k-point sampling.

The moiré structures twisted from AA stacking has a
hexagonal structure in space group 150 , with C3, Cy,
(see Fig.6 (a)) as well as the time-reversal (TR) symme-
try. Thus, the little group in the K valley is generated by
C3,C%,T, and £K valleys are exchanged by Cs, and 7.
In contrast, Fig. 6 (b) shows the moiré structures twisted
from AB stacking which has a hexagonal structure of
space group 149, with C3, C5; and 7. For the AB con-
figuration, the little group in the K valley is generated
by C3 and Cy,, and the two valleys are exchanged by 7.

As the twist angle becomes smaller but nonzero, a
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experiment optB8&6 optB8&8 vdW-DF vdW-DF-cx
a,b(A) 3.519 3.527 3.567 3.631 3.502
c(R) 13.964 14.032 14.213 15.007 13.867
PBE optPBE-vdW| rVV10 [SCAN+rVV10[r’SCAN+4rVV10
a,b(A) 3.551 3.580 3.546 3.503 3.542
c(R) 15.095 14.475 13.949 14.223 14.187
rev-vdW-DF2| vdW-DF2 |[[IVDW=10| IVDW=11 IVDW=12
a,b(A) 3.529 3.711 3.519 3.512 3.490
c(R) 14.028 14.891 13.976 13.984 13.649
IVDW=20 | IVDW=21 |[IVDW=263] IVDW=4 IVDW=3
a,b(A) 3.514 3.516 3.490 3.515 3.531
c(A) 13.923 13.826 13.709 14.047 14.222

TABLE III. Relaxed lattice constant of bulk MoTes using different vdW functionals. The IVDW number corresponds to different
vdW functionals provided in VASP. Here IVDW=10 is the DFT-D2 method of Grimme (marked by gray). IVDW=11 is the
DFT-D3 method of Grimme with zero-damping function. IVDW=13 is the DFT-D4 method. IVDW=20 is the Tkatchenko-
Scheffler method. IVDW=21 is the Tkatchenko-Scheffler method with iterative Hirshfeld partitioning. IVDW=263 is the Many-
body dispersion energy with fractionally ionic model for polarizability method. IVDW=4 is the dDsC dispersion correction
method. IVDW=3 is the DFT-ulg method. Experimental data is from [57].
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FIG. 7. Band structure of bulk, monolayer, AA bilayer and AB bilayer MoTe; calculated with SOC and different pseudopo-
tentials. The crystal structures are relaxed with corresponding pseudopotentials and IVDW=10(DFT-D2) functional.

experiment | Mo-Te|Mo pv-Te/ Mo sv-Te
a,b(A) 3.519 3.519 3.521 3.523
c(R) 13.964 13.976 13.985 13.997

TABLE IV. Relaxed lattice constant of bulk MoTes using
different pseudopotentials. Three pseudopotentials combina-
tions show little difference. Experimental data is from [57].

U(1) valley symmetry emerges due to the exponential
suppression of inter-valley scattering off the moiré po-
tential. This will enable us to build continuum models
around the monolayer +K points using the little group
symmetries to constrain the low-order terms.

2. Relaxation of tMoTes

Since the relaxation will greatly affect the band struc-
ture, it is necessary to perform relaxation on tMoTes.
However, there are 1302 atoms for 3.89° and 1626 atoms

for 3.48° in the moire cell of twisted structures, making
the relaxation process difficult to converge. We decided
to construct a Machine Learning Force Field (MLFF)
to obtain relaxed structures in an efficient way (see be-
low). MLFF is a machine learning algorithm that will
“learn” energies and forces of atoms from ab-initio cal-
culation and can be applied to predict forces and en-
ergies for similar systems. We note that MLFF is not
a relaxed structure—it is a function that maps struc-
tures to forces/energies; it can be used to efficiently gen-
erate the relaxed structures. We firstly constructed a
MLFF and applied it to obtain an MLFF-relaxed struc-
ture. Then, we performed DFT relaxation on the MLFF-
relaxed structures. It only took around 20 DFT steps in
relaxing the largest moire structure to converge in this
strategy. In comparison, the relaxation from rigid 3.89°
AA-tMoTe, takes 178 steps to converge.



a. Construction of Machine Learning Force field

During the construction of MLFF, two software pack-
ages are used. One is the VASP together with its inte-
grated MLFF module [84], and the second is NequlIP[85],
which is an MLFF built on an E(3) equivariant neural
network.

We use the VASP MLFF module to generate the ab-
initio data needed for training a high-precision MLFF.
The VASP MLFF module itself is a way to generate
MLFF and accelerate the Molecular Dynamics (MD) sim-
ulation. It firstly runs several ab initio MD steps, collects
all the energies, forces and structure data into a dataset,
then trains a MLFF, and finally estimates the error by
doing MLFF-based MD calculations. Here the MLFF-
based MD calculation is based on Bayesian linear regres-
sion, and the error is directly estimated by the spread
of the Gaussian distribution. If the estimated error of
MLFF is large, an additional ab initio MD step will be
performed to enlarge dataset, the MLFF is retrained with
the new dataset, and estimate the error again. The pro-
cedure will be repeated until the total number of MD
steps exceeds the preset.

However, the MLFF algorithm in VASP is lightweight.
It helps accelerate the MD simulation, but the MLFF
generated by the algorithm is not accurate enough.
Therefore, we will not directly use the generated MLFF;
instead, we just run the VASP MLFF module for tens
of thousands of steps to generate a set of ab-initio MD
data.

With the set of ab-initio MD data generated from the
VASP MLFF module, we use the NequlP software to
train an accurate MLFF. NequlP is based on an E(3)
equivariant neural network, meaning that the input and
output of each neural network layer are equivariant (in
other words, covariant) under the rotation, reflection and
translation in 3D space. The NequlP software is reported
to outperform several other MLFF algorithms in both
data efficiency and accuracy [85].

The training process is summarized as the follows. We
started from small supercells of untwisted AA and AB
bilayer MoTe, with different in-plane shift between top
and bottom layer. We ran MD simulation using VASP
MLFF module on those structures and collected the data
from all ab-initio MD steps. We merged all the collected
data and trained a NequlP MLFF, which is then used in
Atomic Simulation Environment [86] to relax the tMoTeq
at various angles.

b. Relaxation results

The relaxation results of AA and AB MoTe, in differ-
ent twist angles are listed in Fig.8, Fig.9 and Fig. 10.
As we mentioned before, the DFT+MLFF-relaxed re-
sults are obtained by further DFT relaxation based on
the MLFF-relaxed structures. In Fig.8 and Fig.9, the
MLFF-relaxed structures are close to the DFT-+MLFF-
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relaxed structure. The extra DFT relaxation in the
DFT+MLFF method only modified the quantitative de-
tails, keeping the qualitative shape of the MLFF-relaxed
structures unchanged. It indicates that the MLFF can
reproduce the main part of DFT relaxation, making the
DFT relaxation easier to converge.

In structures of smaller twist angles, the local confor-
mation is more similar to untwisted structures. Because
our MLFF are constructed from untwisted structures,
more accurate results in smaller angles are expected.
Compare Fig. 9 with Fig. 8, the MLFF-relaxed results are
indeed better at 3.89° than that at 7.34°.

Fig. 10 shows the relaxation results of AA and AB
tMoTe, in different twist angles. In both AA and AB
stacking, interlayer distance comes to the lowest point in
MX/XM/AB region and becomes higher in MM /XX /AA
region. In AA stacking, the interlayer distance of MX re-
gion is the same as XM region since MX and XM config-
urations are related by Cy symmetry. In the case of AB
stacking, however, the MM region is different from XX
region, as they are not symmetry-related. The interlayer
distance of XX region is always higher than MM region,
which results in the asymmetry in Fig. 10 (b) and Fig. 10

(d).

3. Electronic structures of tMoTe;

In this part, we discuss the electron band structures of
tMoTey obtained from the DFT+MLFF relaxed struc-
ture.

a. FEnergy bands of monolayer, AA bilayer and AB bilayer
MOT62

Before diving into electronic structure of the tMoTes,
we first study the monolayer and bilayer structures. For
the monolayer structure, the inclusion of SOC brings a
clear splitting for top valence band at K point. Addi-
tionally, at the I'" point, SOC causes a downward shift
of the top valence band by 70 meV in comparison to the
scenario without SOC, as depicted in Fig. 11 (a).

Fig. 11 (b) shows that lattice relaxation has negligi-
ble influence on the band structure of AB stacking. The
reason is that the functional we used is optimized for the
bulk MoTes which is also AB stacked. Conversely, Fig. 11
(c) demonstrates that lattice relaxation significantly al-
ters the band structure of AA stacking. This is due to
the fact that the relaxed interlayer distance measures ap-
proximately 7.7 A, which is around 10% greater than the
interlayer distance of the rigid structure at 7 A. Relax-
ation causes a downward shift of the first valence band at
the T" point, resulting in an energy about 380meV lower
at I' compared to the K point. For conduction bands,
upon relaxation, the bottom bands along I'-K path are
elevated to a similar energy level as those at the K point.
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FIG. 8. Relaxation results of 7.34° AA and AB tMoTez. (a), (b), (c) and (d) are interlayer distances of MLFF-relaxed AA
structure, DFT+MLFF-relaxed AA structure, MLFF-relaxed AB structure and DFT+MLFF-relaxed AB structure respectively.
(e), (f), (g) and (h) are intralayer displacements of MLFF-relaxed AA structure, DFT+MLFF-relaxed AA structure, MLFF-
relaxed AB structure and DFT+MLFF-relaxed AB structure. Interlayer distance is the distance between the top and bottom
layer, while the intralayer displacement indicates the in-plane displacement from rigid positions to relaxed positions of a Mo
atom in top layer. In the interlayer distance plots, rigid structures are selected to have the same lattice constant as relaxed
structures.
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arrows in Fig. 9 (b, d). (a) and (b), interlayer distance of AA
and AB structures given by MLFF. (c) and (d), interlayer
distance of AA and AB structures given by DFT-+MLFF.

b. 13.2° tMoTes

We start from the 13.2° tMoTes and gradually decrease
the twist angle to follow the evolution of the band struc-
ture. In Fig.12 (a), when spin orbit coupling (SOC) is
not considered, there is an isolated narrow valence band
(NVB) located at the top of the valence bands for AA
stacking 13.2° tMoTe, without relaxation. A very similar
band is also present for the AB stacking with negligible
difference (Fig.12 (d)). After considering the SOC, the
NVB start to go down and entangle with other bands.
(See Fig. 12 (b,e).) Further including the relaxations, we
obtain stacking-dependent corrugated moiré structures.
Relaxation pushes the NVB further below as shown in
Fig. 12 (c,f).

By projecting the moiré bands into atoms’ orbitals as
shown in Fig. 12 (1)-(n), it is clear that the NVB is con-
sist of Mo atoms d,2 orbitals which is the same band
character of the VBM at I' point of monolayer MoTe,
(see Fig. 14 (a)). So we can identify the NVB as the T
valley band. Using the orbital nature, we can see that
upon considering both SOC and lattice relaxation effects,
the I'-valley bands are pushed down by 250 meV below
the valence band maximum (VBM) for AA configura-
tion, while about 180 meV for AB configuration. Then,
the state around the VBM are composed of molybdenum
(Mo) dg2_,2 and d,, orbitals which have the same or-
bital characteristics as the VBM at the +K points in a
monolayer MoTe; (see Fig. 14 (a)). Therefore, the VBM
of the moiré energy bands primarily originates from the
+K valley. We note that the downward shift of the I'
bands, caused by the SOC and lattice relaxation effects,
is consistent with the lower I'-valley bands after includ-
ing the relaxation in the AA-stacking untwisted case in
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Fig. 11(c).

c. AA stacking: Evolution of band structure from 9.43° to
3.89°

We also calculate the band structures of several relaxed
AA stacking tMoTes structure at 9.43°, 7.34°, 5.09°,
4.41°, 3.89° and 3.48° as shown in Fig. 13.

We discuss the valence bands first. The valence band
maximum is at the Kj,; points of the moire BZ. The top
pair of valence bands remains quasi degenerate in I'j; —
Ky — My high symmetry line, suggesting the presence
of an extra symmetry than TR symmetry, which would
map —k to k. As shown in Fig. 14 on the orbital natures
of the bands at 9.43°, the valence bands near the VBM
mainly come from £K valleys, owing to their d,>_,» and
dyy nature, similar to the discussion of Appendix. A 3b;
the expectation is the bands labeled by red dashed lines
in Fig. 13, which comes form the I" valley owing to its d 2
orbital nature.

Analyzing the evolution of the valence bands in Fig. 13
from panel (g) to (1), it becomes evident that the band-
width of the top two pairs of valence bands narrows as
the twist angle decreases—a characteristic commonly
observed in twisted systems. The band width of first top
pairs of valence bands (Kv1) and second top pairs of va-
lence bands (Kv2) are shown in Tab. V. Moreover, there
is a discernible indication of band inversion between ko
and k,3 at ['ps, occurring as the twist angle decreases
from 5.09° and 3.48°. Specifically, at the I'j; point for
5.09°, there is a gap of approximately 2.8 meV separating
the second and third pairs of top valence bands. This gap
closes at a twist angle of 4.41° and reopens to about 1.2
meV at 3.89°. This cycle of gap closing and reopening
suggests the possibility of a band inversion. To investi-
gate this, we calculated the irreducible representations of
the six highest valence bands at the Kj; and I'y; points
for twist angles ranging from 7.34° to 3.89° and have
presented the findings in Fig. 2.

As shown in Fig. 13 from panel (a) to (f), the conduc-
tion bands are quite messy. Based on the decomposition
of orbital content depicted in Fig. 14, we determine that
the conduction band minimum (CBM) at the I'j; point
for a 9.43° twist exhibits the same orbital characteris-
tics—specifically Mo d,y and d,2_,>—as those found in
the electron pocket along the I'-K path in the monolayer
band structure, also illustrated in Fig. 14. The conduc-
tion band minimum of tMoTesis around the I'j; point
rather than Kj; point can be understood from the band
structures of untwisted AB and AA bilayers in Fig. 11.
In the AB bilayer band structure, the dip of conduction
bands along the I' — K path is lower than that at the K
point. Conversely, in the AA bilayer, the I' — K path’s
minimum aligns with the level at the K point. Given that
the moiré unit cell is consist of AA, AB stacking and the
intermediate stacking states between AA and AB types,
the moiré conduction band minimum consequently shifts
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FIG. 11. Band structure of monolayer, AB bilayer and AA bilayer MoTe, with and without relaxation. (a), band structure of
monolayer, the effective mass of the monolayer MoTes of the VBM at the I' and K points, and the CBM at the K point, along
two different directions, are indicated in the orange boxes with units m.. (b), band structure of AB bilayer, where the rigid
and relaxed) bands of AA and AB bilayer MoTe, are indicated by black and red lines, respectively. (c, band structure of AA
bilayer. All the effective masses are calculated for relaxed structures with SOC.
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FIG. 12. Band structure and band character analysis (fatband) of 13.2° tMoTes. (a) is the band structure for rigid AA without
SOC, showing negligible difference with rigid AB without SOC in (d). Considering SOC, the top isolated valence band tangles
with other valence bands both for rigid AA and AB. SOC brings larger splitting in I' — M k-path for rigid AA in (b) while
larger splitting around K point for rigid AB in (e). After the relaxation, the bands from +K valley are lifted up to the top of
valence bands, both for relaxed AA in (¢) and relaxed AB in (f).

away from the K, point. sitively on the angle through G ;.

We discuss the erratic evolution of the electron bands
in Appendix. C4, which we can attribute to the lowest

energy states coming from an electron-like pocket. This d. 3.89° AA stacking tMoTe; electronic structures
pocket occurs at generic momentum p; in the untwisted
BZ, so that the bands are folded around a generic point Let us focus on the 3.89° twisted AA stacking. In

pi: mod G, in the moiré BZ that depends extremely sen- Fig. 15, we present the band structure calculations for
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Twist angle|9.43°(7.34°
%v1 (meV) |133.3] 80.7
kv2 (meV) | 88.7 | 56.9
kvs (meV) | None | None

5.09° 4.41° |3.89°|3.48°
31.3 | 19.7 | 128 | 7.6
276 | 21.3 | 16.2 | 12.2
24.5 | 21.1 | 16.5 | 11.3

TABLE V. Band width of the top two pairs of valence band of AA stacking tMoTes.
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FIG. 15. AA stacking configuration band structure of 3.89°
tMoTe;. (a) and (b) show the band structures without SOC
and with SOC bands for rigid structure, respectively. (c) and
(d) show the band structures without SOC and with SOC
bands for relaxed structure, respectively

both the rigid and relaxed configurations, with and with-
out SOC. Before relaxation, the I' valley ultra flat bands
are located at the top of the valence bands when SOC
is omitted. The introduction of SOC raises some disper-
sive bands; however, even with SOC, the rigid structure
maintains flat T' valley bands at the top. Relaxation de-
pendent on stacking has a significant impact on the band
structure.  When SOC is absent, the relaxation raises
the +K bands. Further incorporating SOC, +K bands
new becomes the VBM, and the red dashed bands orig-
inating from the T valley, as denoted in Fig. 15 (d), are
markedly diminished, sinking approximately 80 meV be-
low the VBM. Our results are different from Ref.[21],
where the I" bands are close to the top two valence bands
from +K valley, with only 30 meV away from the VBM.
The top valence band in Ref. [21] has the bandwidth of
about 9 meV, while the width of the same band in our
results is about 12.8 meV.

The density of states (DOS) calculations depicted in
Fig. 16 (c) reveal two distinct peaks within the valence

bands around -75meV and -105meV, which correspond to
the I' valley band embedded in the backdrop of dispersive
bands. Additionally, several minor peaks around OmeV,
20meV, are observed, which originate from the valence
bands of the £K valleys.

In Fig. 17, we show the band structure given by three
different relaxation methods: a, only using MLFF, b,
two-step MLFF+DFT relaxation and c, relaxation di-
rectly from rigid structure using DFT. The accuracy of
MLFF can closely approach that of DFT calculations,
especially the top three pairs of +K-valley valence bands
and the highest I'-valley bands as shown in Fig. 17(a).
However, we find the forces of MLFF relaxed struc-
ture is not small enough (with a mean absolute force of
7.8 x 1072eV/A), meaning that the MLFF result can be
relaxed further using the more accurate DFT relaxation
method. After the further DFT relaxation, the mean
absolute force reached 2.1 x 10~3eV/A, and the band
structure changes quantitatively (see in Fig.17 (a) and
(b)). If the relaxation is performed from the rigid struc-
ture using DFT only, we will get almost the same band
structure as the two-step relaxation band. The two-step
relaxation leads to a more stable configuration, likely due
to the maintenance of C'sz symmetry throughout the re-
laxation process. MLFF+DFT relaxation results in an
approximately 0.9 eV lower energy compared to direct
DFT relaxation, indicating the advantage of MLFF ini-
tial guess of relaxed structure in finding the lowest energy
configurations.

The squared wavefunctions |¢r,,|? of the top four va-
lence bands at the I'j; point in the K valley is illustrated
in Fig.20(a). The wavefunctions of the first and second
topmost valence bands in the K valley are predominantly
localized in the XM and MX regions, collectively mani-
festing a hexagonal lattice pattern in real space. In con-
trast, the wavefunction of the third topmost valence band
primarily occupies the AA region, delineating a triangu-
lar lattice. Meanwhile, the fourth band’s wavefunction
is concentrated at the XM, MX, and AA regions, consti-
tuting another hexagonal lattice configuration.

e. Comparision with Ref. [20, 21]

Ref. [20] and Ref.[21] have studied the relaxation and
band structures of tMoTes. Ref. [20] employed the SCAN
density functional with dDsC dispersion correction to
perform crystal structure relaxation. In our assessment
of 19 different functionals, as shown in Tab. III, we find
that the SCAN functional and dDsC dispersion correc-
tion (IVDW=4 in Tab.III) yielded a larger c-axis lat-



17

3.89° AA 3.89° AB
(a)
1.05
>
L 1.00
>
20
=
2 Lo
= 0.95
3
¥
5
S
= 0.95 0.90
=
z ;
0.90 he
: 0 1 2 3 4 1 2 3 4
I'm Ky My IV states/Mo atoms states/Mo atoms
(c) (d)
0.00
L /~ \ —
>
2 005 ™ é ;
=
& ~—
E =
3
S -0.10 7]
= /g
§
% —~
-0.15
0 1 2 3 4 0 1 2 3 4
I'm Ky My M ates/Mo atoms I'v Ky Mw '™ states/Mo atoms

FIG. 16. Conduction bands and valence bands with their density of states (DOS) in unit of states per Mo atom of 3.89° for
relaxed AA stacking and AB stacking configuration with SOC. a and b are the conduction bands of AA and AB stacking
configuration with DOS. ¢ and d are the valence bands of AA and AB stacking configuration. The green line represents the

Fermi level.

tice parameter and smaller a(b)-axis lattice parameters,
whereas the DFT-D2 functional that we use (IVDW=10
in Tab.III) provide the lattice parameters closest to the
experimental results. After crystal structure relaxation,
Ref. [20] showed a larger interlayer distance compared to
our relaxation.

In contrast to both our approach and Ref. [20], Ref. [21]
used SIESTA with DFT-D2 functional to perform the
DFT calculations. After the relaxation, Ref. [21] obtains
a smaller inter-layer distance (ILD) of which the mini-
mum is about 6.9 A. This Mo-Mo ILD is smaller than
our relaxation result shown in Fig. 3, even smaller than
ILD of bulk MoTe, crystal structure with 7.0 A.

Our relaxation results shows that, in the AA region,
where the stacking configuration is close to that of AA
untwisted bilayer structure, and thus the maximum in-

terlayer distance should be close to but slightly smaller
than (due to the drag of surrounding environment which
is not aligned in AA form) the interlayer distance of AA
stacking untwisted bilayer (7.7A), which is not satisfied
by Ref. [20]. Furthermore, the MX region has the stack-
ing configuration akin to that of AB untwisted bilayer
structure. As a result, the smallest interlayer distance in
tMoTey structures should be close to but slightly larger
than (due to the surrounding environment’s influence)
7A, which is violated by Ref. [21].

From Fig. 15, it is clear that relaxation will push the
I'-valley bands down as well as lift the bands from +K
valleys up. The relaxation in Ref.[21] gets the smaller
ILD, resulting that their I'-valley bands are not pushed
down significantly and close to the £K-valley bands. The
relaxed T-valley bands in Ref.[21] are only 30 meV be-
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FIG. 17. Comparision of different relaxation band structures. a, band structure of MLFF relaxation. b, band structure of
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Top(bottom) row is for conduction(valence) bands. The lattice was fully relaxed with DFT-D2 vdW functional. SOC are

considered in the calculation.

low the valence band maximum, while our I'-valley bands
are 80 meV below the VBM. This implies, likely, lack of
band-mixing from the I'- valley band in the many-body
calculations. Meanwhile, the relaxation in Ref. [20] gives
the maximal ILD of 7.8 Awhich is larger that us, due
to the overestimated c-axis lattice parameter by SCAN

functional. Ref.[20] calculated the band structure of
4.4° moiré structure (1014 atoms per unit cell). Due
to Ref.[20] only calculated 4 k point along the high-
symmetry line, the band width is estimated from their
fitted continuum model. From the model, the top va-
lence band from +K valleys has band width of about 30
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meV at 4.41°, while our 4.41° structure (1014 atoms per
unit cell) £K-valley band has a smaller bandwidth. For
3.89° structure in Ref.[21], the top pair of the valence
bands have band width of about 9 meV, which is smaller
than our result of 12.8 meV.

- AB stacking: Evolution of band structure from 9.4%° to
3.89°

The symmetry group of the AB stacking can be given
by replacing Cs, in the group for AA stacking by Coy.
At large twist angle, such as 13.2°, the electronic struc-
tures of the two stacking configurations appear similar,
as illustrated in Fig. 12. However, they exhibit notable
differences at smaller twist angles (most notable for an-
gles smaller than 5°, as seen in Fig. 18 and Fig. 13.

As listed in Tab. VI , the bandwidth of the top two
pairs of bands narrows with decreasing twist angle,
specifically to 16 meV for 3.89° and 9.8 meV for 3.48°.
As the twist angle decreases, a pair of ultra flat va-
lence bands gradually moves up, and become isolated for
0 < 4.41° as shown in Fig. 18. When the twist angle de-
creases to 3.89°, the two set of ultra flat valence bands
are separated with about 56.0 meV, bringing two distinct
peak in the DOS as shown in Fig. 16.

Similar with that of AA, the top two pairs of valence
bands of AB configuration consist of d2_,> and d, or-
bitals of Mo atoms as shown in Fig. 14, indicating these
bands come from the £K valleys. We also find that the
flat valence bands of AB come from I" valley because they
consist of Mo d,2 orbitals.

Distinct from from AA stacking, there are isolated
moiré bands on the conduction band side for the AB
stacking. As the twist angle decreases to 4.41° (see
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Fig. 18(d)), there are 12 bands at the bottom of the con-
duction bands that are isolated from the higher-energy
bands. The degeneracy of these bands suggests they
likely originate from the pockets along the I'-K line of
the conduction bands, as depicted in Fig. 11(b) and (c).
Compared with AA stacking, the valence bands from the
T valley in AB stacking are extremely flat (see Fig. 18(k)
and (1)), resulting in pronounced peaks in the density
of states (DOS) (see Fig.16). To facilitate further com-
prehensive analysis in Appendix. B and Appendix. C, we
have also calculated the irreducible representations of the
top 4 valence bands for AB stacking, which can be found
in Fig.19. In Fig. 20(b), we plot the charge densities of
first four pairs of valence bands’ wavefunctions at I'y;.
The top £K valley bands wavefunctions are localized at
MX region, similar with the top I' valley bands. The
third pair valence bands’ wavefunctions are localized at
MM region, forming triangular lattice, while the forth
pair valence bands’ wavefunctions form triangular rings
with minimum at MX region.

Appendix B: Single-Particle Continuum Model and
Fitting: AA-Stacking

The symmetry group of AA-stacked tMoTe,
(AA-tMoTey) is generated by C3, Coy, and T, in
addition to the moiré lattice translations Tg,, [43],
where R); labels the moiré lattice vectors. We label the
moiré lattice basis vectors as apn1 = aM(é,—%)T
and any2 = Czap,, and the moiré reciprocal
lattice basis vectors as bar;

4 T
NET (1,0)* and
4 1 \/g)T

bM’2 T V3Baum (27 2

, where

ao
- % Bl
M 9sim (2) (B1)

and ag = 3.52A is the lattice constant of the monolayer
MoTes.

Up to now, FCI states were only found for hole doping
experimentally [34-37]. From Fig. 13, it is immediately
apparent that isolated, nearly flat bands (understood to
be an important precursor to the FCI phase [1-3]) appear
only in the valence bands, which are accessible through
hole doping. In contrast the conduction bands do not
have well-separated bands. As such, we focus on building
a model for the valence bands in this section.

We will discuss the continuum models for both +£K
valleys and the IT" valley.

1. AA-Stacking: +K Valleys
a. Microscopic Basis, Symmetries, and Inter-layer coupling

We now derive the moiré states that make up the
continuum model basis for the AA-stacked twisted het-
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FIG. 20. Charge densities of the valence-band wavefunctions at I"a; point in the 2x2 moiré cell of relaxed 3.89° (a) AA-twist
and (b) AB-twist MoTe,. The color bar represents the value of charge density.

Twist angle 9.43°

7.34°

5.09°(4.41°|3.89°|3.48°

135.4

Bandwidth (meV)

89.8

36.1 | 22.5 | 16.0 | 9.8

TABLE VI. Band width of the top two pairs of valence band of AB stacking tMoTes.

erostructure. This derivation follows [88, 89] by expand-
ing the tight-binding states around the monolayer K
point. (K can be straightforwardly obtained via time-
reversal symmetry.) We consider a two-layer system
where the [ = t,b layer is twisted via the linear transfor-
mation M, = R(—(—)'%) to leading order 6 < 1, where
I = t,b corresponds to [ = 0,1 for (—)!. We will derive
the symmetry representations as well as the form of the
interlayer coupling within the two-center approximation.

From our first principles calculations in Fig. 14, we
see the valence band maximum around K is spanned by
dg2_y2 + idy, orbitals on the Mo atoms, which we will
refer to as d for brevity in this part. The d,» Mo orbitals
and Te orbitals do not contribute significantly to the den-
sity of states near the active bands. We write M;R as
the positions of the Mo atoms on the ¢th layer, where
R is an untwisted lattice vector. The states carried by
these orbitals are

_ 1 S imrep /
0) i %: e MR/, 0)

P, (B2)

for £ = 0, 1 corresponding to top/bottom, and p = K+dp
is a momentum near the K point. The intra-layer Cj
symmetry acts as (define K, = M,K)

C3 ‘KZ + 5pa €>
1 iMR-Cs (Ko+6 5
_ etMe 3(K¢+0p) |M€R g> ethd
N 2 |
_ 1 ZeiM[R;(Kg-‘er-‘ng(Sp) |M@R €> ei)‘d (Bg)
VN ’
= |K¢ + C30p, £) e

7r

where ¢ = ¢F is the (spin-less) Cs eigenvalue of d

orbital, and G, = C3K, — K, is a reciprocal lattice vec-
tor obeying Gy - MyR = Omod27w. We also used that
the rotation matrix C3 commutes with My, since both
are rotations. Note that e* is simply an overall phase
of the rotation representation. Secondly, the Co,T rep-
resentation is

O2y ‘KZ + 5pa >

—= Y e MRKeHoP) |0y MR, 1)
fz

\/T Z —iM/R-(K¢+dp) |M ZCQyR €>
R

—iMC2yR-(K¢+6p) |M R, g>
f§

(B4)

5

Z tM_ R (—C2y)(K¢+p) |M7gR, _£>
R

= > 1Ko + Cay (=0p). ) [ ]ee
v
using the fact that 7 is anti-unitary and Cs, flips layer,
the reflection property ngMgC;yl = M_y, the symme-
try —C, K, = K_; since the untwisted K point is at the
x-axis, and the trivial transformation of d orbital under
CoyT [32]. In this discussion, we have neglected the spin
degree of freedom, which can be easily re-introduced be-
cause of the spin-valley locking in MoTes. Including the
angular momentum of the spin 1 states in the K val-
ley, we have A\g — Aq, xe’s . In the K’ valley, the band is
composed of the Mo dy2_,2 —id,, with spin down, giving
A,k = e~ . These form a spin-ful representation of Cs.
Lastly, we note that the emergent intra-valley inversion
(which will be discussed in Appendix. B 1b) has no rep-
resentation on the microscopic basis since it is not a true



symmetry of the model, much like the emergent particle-
hole symmetry in twisted bilayer graphene [89, 90].
Here have
We now derive the form of the interlayer Hamiltonian.
Formally, we compute the overlap

Z —iM;R-p+iM_;R’-p’
NRR’ (B5)

(MR,I| H|M_R',~1) .

Hznter(p p

It is convenient to shift the sum so that the bottom layer
is rotated by 6 and the top layer is unrotated:

H; (p, p')

1 . . ’ ’
=~ Y e MRPHRIPT (VR b H R, 1)
R,R’

(B6)

where M = R(6). To proceed, we assume that the matrix
element of the Hamiltonian is only dependent on the dis-
tance between orbitals (the “two-center" approximation)
leading to

(MR, b| H R, 1)

N % Z th+G6i(q+G)'(MR—R') .
N

qeBZ G

(B7)

Plugging this expression into the interlayer Hamiltonian
and using Mr -k = (Mr)Tk =r - M7k gives

- tp+a
Héﬁter(P’P/) = Z pQ ~0p+Gy.p/+MG: -

G1,G2

(B8)

Using p = K + ép (and similarly for p’), we see that
Hi"ter(p, p’) connects momenta apart by MK —K = q;.
We now keep only the lowest order Gy since ty, is rapidly
decaying. Thus in real space, this Hamiltonian can be
written

Hznter(K + 5p,MK + 5pl (Bg)

3
)= E WOsp,op/+a;
=1

where w = tx. We will find agreement with this term
and the symmetry-based approach in the following sec-
tion.

The intra-layer Hamiltonian, in the two-center approx-
imation, is given by expanding the monolayer dispersion
hmono (K +0p) = h 5p to leading order. Note that the
two-center approxnnatlon cannot capture the intra-layer
moiré potential which arises due to relaxation within the
moiré unit cell.

b. Continuum Model

In this part, we discuss the continuum model for the
low-energy states around the +K valleys based on sym-
metries. Ref.[43] proposed a model with first harmonics,
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and we will introduce more terms into it. In monolayer
MoTes, the strong spin-orbit coupling locks the spin de-
gree of freedom to the valley degree of freedom. Ex-
plicitly, the highest valence band around the K valley is
made up of d2_,2 + id,, Mo orbitals with spin 1 [91].
The highest and second highest valence bands are sep-
arated by the large energy 200meV [43], and thus we
only consider the highest electron valence band around
K and —K (in both layers) to construct the moiré model.
The basis of the continuum model is labelled by Cn L
with 7 = &+ labels the £K valleys (or equivalently splns)
I = t,b labels the layer and r labels the position. The
wavefunction of ¢! il is a continuous approximation to
the microscopic basm in Eq. (B2). Using Egs. B4 and B3
and after accounting for the electron spin, the spinful
symmetry representations furnished by c:r%l,r read

-1 inZt
03677 l 7‘03 = I] l, C3’I‘eln 8
_
(C2yT) i ”'(021/7—) o c771va2y7' (Blo)
T n, l T'T —77 l r( 77)
1 _ .t —inRu-K
TRy 'fll'I‘TRM = Cpir+ Ry € e

where [ = b,t for | = t,b respectively, and K; is the
rotated K point of the [th layer. For AA-tMoTe,, we
rotate the top layer by —6/2 and the bottom layer by
6/2, and thus

T
Ky = A <COS <9> ,sin <9)>
3&0 2 2
4 0 (0"
K = 30 (cos (2> , —sin (2)> .

For the convenience of the discussions in the rest of this
part, we define

(B11)

q =Ky —K; = —2

dm (0 (0
3ag sin 5 1

= C??(h .

(B12)
=C3q1, g3

The general form of the single-particle Hamiltonian in
the n valley reads

AA 2 t f hp(r)  ty(r) Cn,b,r
i = [ (k) (05 iin) (o)
(B13)
where h,;(7) is hermitian. The symmetry requirements

on the terms in the Hamiltonian read
Cat hya(Car) = hyu(r) , £y(Car) = t(r)
CoyT hn,f(02y7°) = ;,1("") ; ty(Cayr) =ty (7)
T hega(r) = hy(r) , tp(r) = t3(r)
TRy t by i(r + Rar) = hyy(r)
ty(r + Ray) = ty(r)e v

Owing to C3 symmetry, the dispersion around £K in
the monolayer MoTey is quadratic. Thus, the spatial

(B14)
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(a) AA-Stacking, FH, # = 3.89° (b) AA-Stacking, FH+SH, 6 = 3.89° (¢) AB-Stacking, 6 = 3.89°

Energy (meV)
Energy (meV)

-60H

-20¢

—40F

-60+

Energy (meV)

_807001

-100¢

-120

s .o :
.o ee 33 HHA *
.2 .o o .2
.o
st ey, .
. .o
.ols oo .o H
tes TR T FYRRT IV A
IO PITE YT R A4 L1 ) it 80

~80 10715 20 25 30

5 10 15 20 25 30

5 10 15 20 25

FIG. 21. The comparison between the valence bands from the DFT calculation (black dots) and from the continuum model
(red/orange line) for twist angle 3.89° in the fundamental zone for (a,b) AA-stacking and (c) AB-stacking . The red line comes
from the £K-valley model, while the orange line comes from the I'-valley model. The horizontal axes labels the 31 momenta
in the k-mesh of the fundamental zone that we choose. Each red line is at least doubly degenerate. The orange line in (c) has
double degeneracy around —30meV and 4-fold degeneracy around —86meV. The fitting in (a) is done with FH terms, while SH

terms are added in (b).

derivatives are kept to the second order in the intra-layer
term:

_ R2V2

hn,g(T‘) = o (B15)

+ Viyu(r) ,

where m* is real and positive as we are considering the
valence electron bands, the Co, 7 and 7 symmetries re-
quire m* to be the same for all values of 7,l, and her-
miticity requires V;,;(r) to be real. The kinetic term
follows from the two-center approximation (see the dis-
cussion after Eq. B9). Owing to the constraints imposed
by moiré lattice translations on the potential terms (see
Eq. (B14)), V,u(r) and €9'"¢,(r) can be expanded in
series of the moiré lattice vector G;:

Vaa(r) =D e "V 6,,
G

e (B16)
t77<’l“) = Ze T rtn7<11+GM )

G
where the TR symmetry requires V;, ; ¢, = _*777l7GM and

ln,gi+Gu = ttn,qlJrGM'

In Ref.[43], only the first harmonics of V,,;(r) and
t,(r) is kept, i.e., only including G € {£g;|i = 1,2,3}
with g; = C’é_leJ for the intralayer terms, and only
include g1 + Gy € {—q;|li = 1,2,3} for the interlayer
terms. Combined with C3, C2,7 and TR symmetries,

V() and ty(r) take the forms of

VI = Ve O T v 3 e
i=1,2,3 i=1,2,3

) =w Y e

1=1,2,3
(B17)

where “F H” labels the first harmonics, [ = ¢,b respec-
tively correspond to [ = 0,1 for (—)!, V and 1 are real,
and w is chosen to be real non-positive by tuning the rela-
tive phase between the two layers. The lowest-harmonics
model has effective inversion symmetry

ICI},I,TI_l =cl

nl,—r °

(B18)

Adding displacement field would induce an energy differ-
ence between the two layers, i.e.,

3
Hye= [ el ipenin(-)
l

which breaks the effective inversion symmetry, as well as
the Coy, symmetry.

As discussed in the previous work (e.g., Ref.[21]) and
in Appendix. B 3, the lowest-harmonics model can only
well describe the highest two valence bands per valley
and the gap between 2nd and 3rd valence bands at I'. In
our work, we want to capture the 3rd band in each valley
by including one more harmonics. In general, includ-
ing higher harmonics may break the effective inversion

(B19)



symmetry. However, according to the DFT band struc-
ture in Fig. 13, the 3rd pairs of valence bands are still
approximately degenerate for angles below 5.09 degrees;
therefore, we will keep the effective inversion symmetry
when adding extra harmonics. The second harmonics
(SH) have |G| = |bas1 + bag2| for the intra-layer po-
tential and have |g1 + G| = g1 +bas1 for the inter-layer
potential; combined with C3, Cs, 7, TR and the effective
inversion symmetries, the form of the SH for the intra-
layer potential read

3
Vo (r) =2V ZCOS(Q% - 7)

i=1 (B20)
() —wy 3 e

i=1,2,3

where ga1 = bar,1+bar2, g2i = Ci'go1, o1 = bara+q,,
Qo = C’éflqgl, and V5 and ws are real. We note that
here we already include the effective inversion, which
constraints the form of Eq. (B20); without the effective
inversion, we would have additional terms. With the ex-
tra terms in Eq. (B20), the final form of V() and ¢, (r)
reads

Ve ()i Z 9T 4 Vel=
i=1,2,3

Vyu(r) = )i Z e—igir

1=1,2,3
3

+ 2V, Zcos g2i ' T)

Yy=w E e M 4, E: e~ i@z

i=1,2,3 i=1,2,3

(B21)

The moiré translations allow us to express the Hamil-
tonian in the momentum space. The Fourier transforma-
tion of the basis reads

nlr:\fzk:Qg ﬂ(kQTj;,,k Q> (B22)
where
! ={Gu +n(-)'a:} . (B23)
As a result, H, o reads
Hf7464 - Z Z n,kQ nQQ’(k)CnJ%Q/ ) (B24)

k QQ€Q

where we have included the displacement field, Q =
{Gu+ a1} U{Gn — a1},

i _f

ChkQ = CUJ%JC*Q , (B25)

and I}, = I for Q@ € Q] The general form of h;;"é,Q, (k)
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reads

2 (k-Q)° =
hpaq (k) = dqq (W + 577(*)(2
+ Z 5Q1»Q2+7]G1¥1 legl ,Gum
Gy (B26)

+ Z 6Q1:Q2+"7(Q1+GM)t777q1+G1W
Gu

+ Z 6Q1’QZ*W(QI‘FGNI)tjhlh"rG}\{ :
G

With the FH and SH terms in Eq.(B21), the matrix

Hamiltonian h;?‘éQ/(k:) has the form

1 (k- Q)
Wb (k) = dgq (ng) n ;n<—>Q>

3
+V Z {e_n(_)inéQJrgi,Q' + en(_)inéQ*gi’Q,}
=1
3
+Va Z [5Q+92¢7Q' + 6Q7Q/+921]
=1
3
Tw) [6g+q.0 +00.q'+a.]
=1
3
+ w2 Z [5Q+QZ1'7QI + 6Q7Q'+Q2i] )
=1
(B27)

where (=)@ = +1 for Q € {Gy + ¢1}, and we used
1"

n-)R = (=)'

2. AA-Stacking: I' Valley

In this part, we discuss the continuum model for the
T" valley. In the monolayer MoTes, the bands around
I mainly come from the d.» orbital, and time-reversal
symmetry at I' leads to a Kramers degeneracy between
spin up and spin down states. Thus, the basis of the
moiré model at I' valley is labelled as 1/’7« 1,s» Where [ is
the layer index, and s =1 / | labels the spin. Then, the
continuum model in general has the following form

B ; : hrp(r)  tr(r) ?ﬁl,
HAA = /d27" (wr’b T/)r,t> ( tlt(r) hr,t@")) <¢I‘:> ’

(B28)
where

T (T T
?/1” - (¢r7l,T7wr,l7¢) )

t and b correspond to the top and bottom layers, re-
spectively, and hp ;(r) and ¢p(r) are 2 X 2 moiré-periodic
matrix functions.

(B29)



The spinful representations of the d,» orbital symme-
tries of the moiré model are

03w1710§1 = wggr,le_iszg
C@T?ﬂi’l(ngT)_l = wgzyr,i
Twl,ﬂ-fl = T/’l,zisy

Top-1 _
TRM¢T7ZTR1\/1 - w"“f‘Rle ’

(B30)

where sz, 5., 5, are the Pauli matrices for the spin index,
and [ =t,bif [ = b,t. Based on symmetries, we know

e_is‘z%hp’l(’!‘)ei82§ = hp’l(c‘g’f')

e =5 tp(r)el® 3 = tp(Cyr)

Wi o(r) = hr i(Cayr) , t5(r) = th(Cayr)
oyhp(r)oy = hr(r) , oytp(r)oy = tr(r)
hri(r) = hry(r + Ryr) , tr(r) =tr(r + Ry) -

(B31)

The intra-layer kinetic energy term must take the form

h2v2

hra(r) = 2mi
r

So + V["l(’!‘) (B32)
since a linear Rashba-like kinetic term is forbidden by
Cs, T, and M, symmetry in the monolayer. The effective
mass my: is the same in both layers because of the Cy,
symmetry. We note that the value of mj in Eq. (B32)
might not be equal to that for monolayer MoTey due to
the inter-layer coupling renormalizing the bands, due to
the fact that the bands near I' in the monolayer is quite
flat as shown in Fig. 11 (a). The potentials are periodic
and can be expanded as

Vrau(r) = Z Vige'®T
G

. (B33)
tr(r) = Ztncel M
Ie]

whose components are restricted by symmetry to obey
e =3 Vp ge®* 3 = Vo oa s €3t ge’*t 3 =t o
* _ _ * _ 4t
Vrie =Vri-c6 5 tre =tr—c,,c
* *
syVriasy = Vri-a» sytrgsy =tr.-a
T _
VF,l,c = VFJ,—G :

(B34)

To capture the dominant contribution, we only include
the first harmonics in Vp;(7), and the zeroth harmonic
in the tr(r), i.e.,

Viar) = 3
Ge{+tg;li=1,2,3}

tr‘(’r‘) = tr"o .

VF,l,GeIG.r

(B35)

We neglect the zeroth harmonic in Vr;(7) since it is just
a total shift of energy (although it must be included to
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compare the energies of the in-active I" valley and active
+K valleys). According to Eq. (B34), the first harmonic
terms in Vp;(7) can be written

N
Vip g = Ve "Tsg

. B36
Vit tg, = VreT¥T s (B36)

and similarly, tr ¢ has the form
tF,O = wpeiSZ‘bF . (B37)

Here Vr, ¢, wr and ¢r are real. We set ¢r = 0 as a
gauge choice of the relative phase between the layers. As
a result, Eq. (B35) is further simplified to

3 3
VFJ(T) = Z VFei(_)lwreigi'r + Z VFe_i(_)lee—igi'T
i=1 i=1
tr(r) = wrso .
(B38)

With the simplification in Eq. (B32) and Eq. (B38), the
I-valley continuum model in Eq. (B28) has effective in-
version symmetry, i.e.,

Tl I =l (B39)
Similar to the +K-valley case, adding displacement

breaks the effective inversion symmetry, as well as the
Csy symmetry, where the displacement field term reads

3
Hro = [ @rY ol nd-)'5
l

Including the first harmonics in ¢r(7) and the higher har-
monics in Vr;(r) may also break the effective inversion
symmetry.

(B40)

3. AA-Stacking: Fitting to the DFT Data

As shown in Fig. 13, the I'-valley valence bands are
below the 6th highest valence bands for 8 < 5.09° and
zero displacement field € = 0. Therefore, we only use the
+K-valley model (Eq. (B27)) in the fitting.

We fit the DFT bands at 3.89° in two ways. First, we
set Vo = wo = 0, which corresponds to the FH model.
In this case, we manage to fit the top 4 valence bands
(2 in each valley) with the corresponding FH parameters
in Tab. I, as shown in Fig. 4 (a) along the high-symmetry
lines and in Fig. 21 (a) for the k points in the fundamental
zone. Then, we allow nonzero V5 and ws, which means we
add the effective-inversion-symmetric SH terms. We are
now able to fit the top 6 valence bands (3 in each valley)
with the corresponding FH+SH parameters in Tab. I, as
shown in Fig.4 (b) along the high-symmetry lines and in
Fig.21 (b) for the k points in the fundamental zone.

As shown in Tab.I, the value of the effective mass m*
is similar to the monolayer and untwisted AA-stacking



(a) AA-Stacking, FH, 6 = 3.89°

(b) AA-Stacking, FH+SH, 6 = 3.89°
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(c) AB-Stacking, 6 = 3.89°
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FIG. 22. The C3 eigenvalues of the bands from the continuum model for twist angle 3.89° for (a,b) AA-stacking and (c)
AB-stacking . The plot in (a) is done with FH terms, while SH terms are added in (b). In (a,b), we only include C5 eigenvalues
for the K-valley bands (red) at I'as and Kz, since K, point is related to the K point by Ca2, 7 and the —K valley can be
obtained from the TR symmetry. In (c), we only include C3 eigenvalues for the K-valley bands (red) and the I'-valley spin-up
bands at I'ys and Kz, since K}, point is related to the Kjs point by the effective TR symmetry, and those for the —K valley
and the I'-valley spin down can be obtained from the TR symmetry. Like in Fig.2, w = ™3 and 1= —1.

bilayer structures masses, as shown in Fig.11. We note
that all bands from the —K-valley continuum model are
the same as those from the K-valley continuum model,
due to the combination of the effective inversion and the
TR symmetry. By comparing Fig. 22 (a,b) to Fig.2 (c),
we can see that the C3 eigenvalues for the top 6 va-
lence bands from the model are the same as those from
the DFT calculation in both FH and FH+SH cases at
3.89°. At 3.89°, The Chern numbers of the top 3 bands
in K valley are (1,-1,0) for the highest, the second high-
est and the third highest valence bands in both FH and
FH+SH cases, respectively, which are consistent with the
Cj5 eigenvalues. The Chern numbers and the Cj3 eigen-
values of the top two bands per valley are the same as
those in Ref. [21] at 3.89°. The quantum geometry on the
moiré Brillouin zone is shown in Fig. 23-24, with Chern
number C' and integrated Fubini-Study metric G/27 (see
Ref. [32]). We observe that the Berry curvature and
Fubini-Study metric are more uniform in the first band
than in the second (remote) band, with the second re-
mote band showing a peak around I' where the gap to
the third band is smallest. Note also that the effect of
second harmonic terms is weak on the first (C = —1)
valence band, whereas the second valence band becomes
significantly more strongly peaked at the I' point and flat-
ter elsewhere on the BZ. This can be understood from
the decrease in the gap at I' between the second and
third valence bands due to the improved accuracy of the
higher-harmonic model.

Since the FH+SH model captures more bands than the
FH model, we use the FH+SH model to discuss the phase
diagram under the twist angle 6§ and the displacement
field €. Fig.5 in the Main Text shows the single-particle
phase diagram for the top three valence bands in K val-
ley. The highest valence band — most relevant to the
filling factors where FCIs have been observed. The top
valence K-valley band displays a Chern number C' = 1

throughout the phase diagram at ¢ = 0, and shows a
phase transition into a trivial insulator as € is turned on.
The phase diagram of the remote bands is richer, show-
ing all Chern numbers C' = —2,...,2 throughout the 8, ¢
plane. In particular, at ¢ = 0, the second and third top
bands have a gap closing around 6 = 4.2°, which is close
to the gap closing around 4.41° shown in Fig. 2.

Appendix C: Single-Particle Continuum Model and
Fitting: AB-Stacking (2H-Stacking)

Replacing Csy, by Ca, in the generators of the sym-
metry group of AA-tMoTey gives the generators of the
symmetry group of AB-stacking tMoTes (AB-tMoTes),
which can be thought of as twisting the top layer of AA-
tMoTey by another 180°. The change of symmetry has
a dramatic effect on the model. Since C5, is local to the
monolayer K point (unlike Cy,), it preserves the valley
quantum in the moiré model.

Different from the AA-tMoTes, the DFT results show
that the low-energy valence bands of AB-tMoTes come
from both the K valleys and the I" valleys. Therefore,
in the following, we will review the continuum model for
the +K valleys proposed in Ref. [43], and will also discuss
the continuum model for the I' valley.

1. AB-Stacking: £K Valleys

In this part, we review the continuum model of
AB-tMoTe, for the K valleys proposed in Ref. [43]. The

basis of the continuum model is still labelled by cj%l,r
with n = =+ labeling the +K valleys (or equivalently
spins), I = t,b labels the layer, and r labels the posi-
tion. Since AB-tMoTes is given by rotating the top layer

of AA-tMoTe; by an extra 180°, the two layers in one
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FIG. 23. Quantum geometry of the AA-stacked continuum FH model (0 = 3.89°) in (B27) (without higher harmonics). (a,b)
show the Berry curvature and Fubini-Study metric of the highest valence band, respectively, and (¢, d) show the corresponding
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FIG. 24. Quantum geometry of the AA-stacked continuum model (6 = 3.89°) including second-shell harmonics in (B27). (a,b)
show the Berry curvature and Fubini-Study metric of the highest valence band, respectively, and (¢, d) show the corresponding
plots for the second highest valence band. The Chern numbers are C' = —1,+ for (a) and (c¢) respectively.

valley now have opposite spin. Then, the symmetry reps
furnished by cj]’l’r now read

-1 _ —in(=)'%
C3c7] l, rC3 - cn,l,Cgre 2
Cagel |, Cot =l o ()

l,r~2z 1,Cou
En, j M,0,C20m (Cl)
TC'I] l, 7'7- —'q I, r( 77)
1 T —inRp-K;

Troc) ndor TRy = Cndart Ras© ’

where [ = b, t for | = t, b respectively, K; is the rotated K
point of the (th layer, and [ = ¢, b respectively correspond
tol=0,1 for (—).

The general form of the single-particle Hamiltonian in
the n valley reads

2

v
HA —Z/d2 i, {_m —l—Vn,l(r)] .

+ |:/ d2’l"cj-7’b’rt’r](r)c77,t77‘ + hC:| s

where V;,;(r) is real, and we have used the fact that
the dispersion around +K in the monolayer MoTe;y is
quadratic and the fact that m* is the same for two valleys
and two layers owing to Ca, and 7 symmetries. The

(C2)

symmetry requirements on V, ;(r) and t,(r) read

Cs: Vyi(Csr) = Viyu(r) , ty(Csr) = t,(r)e” 75

Coz : Vyi(Copr) =V, 1(r) , t;r](ch’l") =ty(r)

T Vogu(r) =Vy(r) , ty(r) =t (r)
V(v + Rag) = Vyu(r)

by + Rag) = ty(r)en® T

(C3)

Tr,,

By keeping the first harmonics, the symmetry require-
ments lead to

Vou(r) = Ve ™ Z 9T 4+ Velt Z e igim
i=1,2,3 i=1,2,3
i(i—1)2=  —nig; v (04)
ty(r) =w Z e e

i=1,2,3

As can be checked from the expressions above, this
lowest-harmonics model has effective anti-unitary sym-
metry

S (C5)
which flips the layers and acts like time-reversal. This

symmetry can be anticipated since the opposite layers



have opposite spins in the twisted AB stacking. Adding
displacement field would induce an energy difference be-
tween the two layers, i.e.,

9
Hye = [ dr S iene ()
l

which breaks the effective TR symmetry, as well as the
Cs, symmetry. Including higher harmonics for the in-
tralayer and interlatyer terms may break the effective TR
symimetry.

Similar to the discussion in Appendix. B 1, we can ex-
press the Hamiltonian in the momentum space based on
the Fourier transformation in Eq. (B22), leading to

(C6)

HAB

nO*Z Z

k Q,Q€Q

n k Q n, QQ’(k)Cn,kyQ/ ) (C7)

where ci;,k:,Q is defined in Eq.(B25), and Q is defined
right below Eq. (B24). Specifically, h77 QQ,( ) reads

WT:Q) + ;U(—)Q>

+Viz [e

hitoq (k) = dqqr (

_aiw6Q+agi’Q/] (08)
i=1 a==%
3 i 27r(7, 1)
twy { Q. Q’+aq1} ;
i=1 a==%

where we have included the displacement field, and w is
chosen to be real by picking the relative phase between
the two layers, and (—)@ = £1 for Q € {G +q1}. We
can see that without the displacement field, hﬁ,gQ' (k) is
the same for two valleys due to the effective time-reversal
symmetry.

2. AB-Stacking: I' Valley

In this part, we discuss the continuum model for the "
valley. Thus, the basis of the moire model at I" valley for
AB-tMoTeq 1s the same as that for AA-tMoTes which is
labelled as 1/} 1.5 With [ being the layer index and s =1 / ¢
labeling the spin. The important difference is that,
the T' valley, the momentum space lattice is trlangular
instead of a honeycomb at +K points. The reps of the
symmetries of the moiré model read

Oy O3t = wéﬂ e s

Corthf ((Cou) ™" = &, | i(—isy)

R Cogr,l (C9)
7-1#1,17-71 = 1/’1,1151/
TRZ\fwi,lTéi{ = wi-&-RM,l )

where s;, 5., 5, are the Pauli matrices for the spin index,
and [ =¢,bif [ =b,t.
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After choosing the kinetic term in the continuum
model as the intralayer spin-independent V? term simi-
lar to the AA-stacking case, the form of the continuum
model reads

+
Hr = /d27“ (lbi,b ¢i,t> hit? (r) (ﬁ?b> 5 (C10)

r,t
where
n2v?
=S80+ Vra(r tr(r
h?B(’I") _ 2mp Oj- F,b( ) . F( ) +EF,
ti(r) Sme 50 + Vo (7)
(C11)
djrl - (¢I71,T7¢171,¢) ’ (012)

t and b correspond to the top and bottom layers, re-
spectively, Er accounts for the energy difference between
the I'-valley and +K-valley bands, and V¢ (r) and tr(r)
are 2 X 2 matrix functions. Similar to the discussion for
AA-tMoTe,, we only include the terms up to the first har-
monics in Vp;(r), and the zeroth harmonics in the ¢p(r).
Then, combined with the symmetry reps in Eq. (C9), we
arrive at

Vra( Z Vpel¥reldim 4 Z Ve Wremigim | g
=1 =1
tr(r) = wrso .

(C13)

With the simplification in Eq. (C11) and Eq. (C13), the
I-valley continuum model in Eq. (C10) has an effective
TR symmetry

Kol Kt =gl (C14)
arising because of the spin-layer locking in the AB
stacked structure. Similar to the +K-valley case, adding
displacement breaks the effective inversion symmetry, as
well as the Cs, symmetry, where the displacement field

term reads
€
Hr. = /d2r El: Ul ()5

Including the first harmonics in ¢r(7) and the higher har-
monics in Vp(r) can also break the effective TR sym-
metry.

To express the Hamiltonian in the momentum space,
we use the Fourier transformation of the basis, which
reads

—i(k—G T
"’lS— ZZ i M)Tw —Guilys

k Gu

(C15)

(C16)

As shown in Eq.(C13), the Hamiltonian has the same
form in the two spin subspaces. As a result, H, o reads

T AB
Y. D Yk-cyashitoue, K)k-ayr.s

k,Grn, Gy LU s

AB _
Hpg =

(C17)



where

(k- G)’

%
2mpf,

l€

hﬁ%MG;w(k) = [ + (=) 5 tEr 0y .G,

3
+Vr Z [elwr 6GM7G§M -g; t e_le(SGM,Gﬁ\/H-Qi]
i=1

AB _
hli,GNIGQVI (k) - wFaGM,G'M ’

(C18)

and we have included the displacement field.

3. AB-Stacking: Fitting to the DFT Data

As shown in Fig. 18, both the +K-valley and the I'-
valley valence bands are close to the charge neutral-
ity. Therefore, we only use both the £K-valley model
(Eq. (C8)) and the I'-valley model (Eq. (C18)) in the fit-
ting. We mainly fit to the top 4 valence bands (2 in each
valley) for the £K-valley model (Eq. (C8)) and top 6 va-
lence bands in the T' valley; similar to the case of AA
stacking, we fit to the DFT bands at § = 3.89°. The
good match between those DFT bands and those from
the models is shown in Fig.4 (b) and Fig.21 (b), where
the model parameter values obtained from the fitting are
shown in Tab.II. In the following, we provide more de-
tails for the fitting for the +K-valley model (Eq.(C8))
and the I'-valley model, separately.

a. EK-valley

We choose the value of m* to be the effective mass
(~ 0.62m,) of the top valence band for the untwisted AB-
stacking bilayer structure around K, as shown in Fig. 11.
The value of effective mass around K is similar for the
monolayer MoTey and the untwisted AB-stacking bilayer
MoTes.

Owing to the effective TR, symmetry Eq. (C5) and the
true microscopic TR symmetry, the —K valley has the
same bands as the +K valley, leading to at least double
degeneracy of each band from the +£K-valley continuum
model. Along the I'j; — M), line, the bands from the +K-
valley continuum model have 4-fold degeneracy because
we set the interlayer coupling to be zero (w = 0), which
is justified by the nearly 4-fold degeneracy for the top 4
DFT valence bands along I'y; — My, as shown in Fig. 4.
The small w = 0 can be understood as the follows. The
two layers in one valley now have opposite spin; owing
to the spin U(1) symmetry for the low-energy states near
+K valleys in monolayer MoTes, we expect the spin U(1)
symmetry is approximately preserved in tMoTes, which
means the interlayer coupling is very small for the AB-
stacking. The zero interlayer coupling makes the eigen-
states have well-defined valley and layer/spin. As a re-
sult, the two states with the same spin are degenerate at
Ky, since the combination of the effective TR symmetry
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and the TR symmetry leaves the spin invariant. This is
consistent with the DFT result in Fig. 19. In Fig. 22 (b),
we show the Cj eigenvalues of the bands from the K-
valley model, which is consistent with Fig. 19 and which
shows that each of the top four valence bands is in the
A;1@Qla atomic limit, representing an atomic s orbital at
the origin of the center of moiré Wigner-Seitz unit cell.

b. T-wvalley

In our fitting, we choose the values of m{ to be the
effective mass of the top valence band for the untwisted
AB-stacking bilayer structure around I in Fig. 11. (There
is some anisotropy, so in practice we round the effec-
tive mass to 10m.. The resulting bands show little de-
pendence on the precise value of the mass.) Although
the value of effective mass around K is similar for the
monolayer MoTey and the untwisted AB-stacking bilayer
MoTes, it differs a lot around I' as shown in Fig. 11. The
change of the I' effective mass from the monolayer MoTe,
to the untwisted AB-stacking bilayer MoTes comes from
the interlayer coupling between the monolayer conduc-
tion and valence bands. This effect can only be taken
into account in the I'-valley continuum model by chang-
ing the value of m*, since the the monolayer conduction
bands are not explicitly included in the I'-valley contin-
uum model. Therefore, we do not take the values of mf;
from the monolayer; instead, we round it to the I' effec-
tive mass in the untwisted AB-stacking bilayer MoTes.
Furthermore, we determine the interlayer coupling wr
for the I'-valley model based on the interlayer coupling
at I' for the untwisted AB-stacking bilayer structure, as
shown in Fig. 11.

The T-valley continuum model in Eq. (C10) preserves
spin U(1). Owing to the effective TR symmetry Eq. (C5)
and the TR symmetry, the spin-down bands are the same
as the spin-up bands, leading to at least double degen-
eracy of each band from the I'-valley continuum model.
As shown in Fig. 22 (c), the C3 eigenvalues of the bands
from the £K-valley model are consistent with the DFT
calculation shown in Fig. 19.

The I'-valley bands are extremely flat as shown in
Fig. 4. To understand it, first we note that the interlayer
coupling wr is very large (shown in Tab.II), allowing us

to project the model into 1], , = %(1/}2),,,8 +wgv,,’5) basis.
(Note that we have rotated the relative phase between
1/);7.75 and wgms to make wr positive.) Then, the T'-
valley continuum model in Eq. (C11) with zero displace-
ment field becomes

2%72

EAB(,,,) — .
2mp;

+wr + Er + VF(’P) R (019)



where the spin degeneracy is implicit, and

3 3
Vr(r) = Z VrelVreldim 4 Z Vpe WreTigim
= = (C20)
=2Vp Z cos(g; - T+ ¢r) .
i=1

For convenience of the discussion, let us consider the hole
Hamiltonian

h2Vv?
2mp

—ilAB(’I') = — Wwr — EF — VF(’I') ] (021)

the highest bands of hAB(r) are lowest bands of
—hAB(r). With ¢ = 0 and Vp > 0 in Tab.II, the
minimum of the potential —Vp(7) is at the moiré lat-
tice points r = Ry, which has value —Vr(Rys) = —6Vr.
To go from one moiré lattice point Rj; to its nearest
neighbors R)s to Ry + a1, the minimum energy bar-
rier is 8Vp = 576meV. The energy barrier is much larger
than the kinetic energy term estimated for my = 10m.:
h2 \lh ‘2

Tmi = 2.49meV. As a result, the lowest-energy states

of —hAB(r) are bounded around Rys; then we can ex-
pand —V(7) around R, to the second order of r — Ry,
(the first order of r — Ry, is forbidden by the C3 sym-
metry):

— VF(’!‘)
= ~V(Ry)+ W Y _(gi - (r = Ryr))* + O(lr — Ry|*)

2lr — Ry* + O(jr — Ry |Y)
(C22)

3
= —6Vr + §VF|bM,1

for small | — Rys|. Then, the effective Hamiltonian for
those lowest-energy states can be approximated by an
array of decoupled harmonic oscillators centered around
the Rj;. Harmonic oscillators centered around different
R),’s are related by the moiré lattice translations, and
thus have the same spectrum. As a result, we have a
set of flat bands with energies given by solving (choosing
R); =0 as an example)

h2 2
W o) =
2mpr,

2
T',harmonic ‘

3
+wr — Br + §VF|bM,1|2 |r

(C23)
which yields

EAB

T',harmonic

hw
(Ng,ny) = waF—ﬁw—(nx—I—ny)? , (C24)

where n,,n, =0,1,2,3,... and

2
hw = hy [3Velbal® _ g6 76mev .
mr

This spectrum tells us (i) after including spin, the highest
valence band (ng,n,) = (0,0) is doubly degenerate and

(C25)
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FIG. 25. The evolution of the bands of the AB-stacking

tMoTez based on the continuum model with parameter values
in Tab. II. The red and orange lines come from the +K valley
and the I' valley, respectively.

the second highest valence band (n;,n,) = (1,0),(0,1)
is 4-fold degenerate, (ii) the highest and second valence
bands have spinless Cj eigenvalues 1 and e®27/3_ re-
spectively, and (iii) the energy difference between the
highest valence band and the second highest valence is
hw = 56.76meV. All of the features are consistent with
the DFT calculation. In Fig.21 (b), the flat bands from
the T" valley around —30meV and —86meV have near 2-
fold degeneracy (spinless C5 eigenvalue 1) and near 4-fold
degeneracy (spinless C3 eigenvalue eFi2m/ 3), and the en-
ergy difference between them is 56.74meV.

At last, we discuss the effect of the displacement field.
As shown in Fig. 25, the effect of the displacement field
on the +K-valley bands are just to shift the bands from
different layers relative to each other, since the valley is a
good quantum number due to the zero interlayer coupling
(see Tab.II). On the other hand, the effect of the displace-
ment field on the low-energy I'-valley bands is negligible,
which is consistent with the fact that the very large inter-
layer (see Tab.II) coupling make the eigenstates equally
distributed between the two layers.

4. AB-Stacking Electron Bands

For completeness, we also briefly discuss the conduc-
tion bands although they are not the focus of this work.
The Fermi surface of the electron bands in the untwisted
structure is more complex than the valence bands (see
Fig. 11), exhibiting an electron-like pocket along the I'K
line which is below the +K-valley states in both bilayer
configurations. Let us denote the center of the pocket by
sK, s ~ .7, along with its Cs- and T-related partners.
Thus in total there are 6 pockets in the untwisted BZ.
Fig. 11 shows that there are only two low-energy states
(spin 1 and spin |) at sK, unlike the four total states
(spin 1 and spin | in both layers) at K. This can be un-
derstood from the simple model %7‘0 —wpT1 wWhere T is
a layer Pauli matrix, k is the momentum measured from
the Fermi pockets with mass m,, and w, is the effec-
tive inter-layer coupling, which splits the two layers into
bonding/anti-bonding states with energy k?/2m,, F w,.

Comparing the monolayer and bilayer band structures



in Fig. 11, we estimate w, ~ 200meV. Since this is a large
hybridization that removes the anti-bonding state from
the low-energy bands, an effective moiré model on the
bonding state is

(—iV + p;)?
Qmp

H,

Pi — + V;,(I‘) (026)

where V,(r) is a moiré-periodic potential and p; =
R(%)SK is the center of the pocket. Note that the
momentum-space origin of Hp,, p; mod Gjs, depends
sensitively on the value of s and 6 and is generically off
the moiré high-symmetry points. The resulting shifting
and folding of the p; pocket onto the moiré BZ explains
the non-uniform evolution of the conduction bands in
Fig.13 and 18 as a function of twist angle. In compar-
ison, the valence bands which originate at the K points
converge smoothly.

We show band structures at § = 4.41°,3.89° in Fig. 26
using s = .68 as an example to illustrate the strong effect
of p;. Here we chose similar parameters to the K-valley
model in Tab. II, namely m, = .62m., V = 26.5meV
(half the K valley value), and ¥ = —52°. We see that
Fig. 26 qualitatively matches the lowest bands in Fig.
18. Since the only symmetry preserved at p; is Cay,
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symmetry does not strongly constrain the form of Eq.
(C26. Nevertheless, the minimal model here successfully
reproduces many features of the bands.

@ AN Y %&/\/

E (meV)

) K M ! r K M r

1 I

FIG. 26. Conduction bands of the AB-stacked tMoTezusing
s =0.68 for § = 4.41° (a) and 6 = 3.89° (b). Note that there
are 6 low energy bands (per valley) in each case, although
in (b) they are nearly degenerate. The features of the band
structures are well-matched by the lowest 12 bands in ab-
initio in Fig. 18 between both angles. One should note that
the ab-initio band structures also show bands from the K
valley at slightly higher energies.

[1] T. Neupert, L. Santos, C. Chamon, and C. Mudry, Phys.
Rev. Lett. 106, 236804 (2011).

[2] D. N. Sheng, Z.-C. Gu, K. Sun, and L. Sheng, Nature
Communications 2, 389 (2011), arXiv:1102.2658 [cond-
mat.str-el].

[3] N. Regnault and B. A. Bernevig, Phys. Rev. X 1, 021014
(2011).

[4] E. Tang, J.-W. Mei, and X.-G. Wen, Phys. Rev. Lett.
106, 236802 (2011).

[5] K. Sun, Z. Gu, H. Katsura, and S. Das Sarma, Phys.
Rev. Lett. 106, 236803 (2011).

[6] E. J. Bergholtz and Z. Liu, International
nal of Modern Physics B 27, 1330017
https://doi.org/10.1142/S021797921330017X.

[7] S. A. Parameswaran, R. Roy, and S. L. Sondhi, Comptes
Rendus Physique 14, 816 (2013), topological insulators /
Isolants topologiques.

[8] A. Abouelkomsan, Z. Liu, and E. J. Bergholtz, Phys.
Rev. Lett. 124, 106803 (2020).

[9] P. J. Ledwith, G. Tarnopolsky, E. Khalaf, and A. Vish-
wanath, Phys. Rev. Res. 2, 023237 (2020).

[10] C. Repellin and T. Senthil, Phys. Rev. Res. 2, 023238
(2020).

[11] D. Parker, P. Ledwith, E. Khalaf, T. Soejima,
J. Hauschild, Y. Xie, A. Pierce, M. P. Zaletel, A. Ya-
coby, and A. Vishwanath, “Field-tuned and zero-field
fractional chern insulators in magic angle graphene,”
(2021), arXiv:2112.13837 [cond-mat.str-el].

[12] P. Wilhelm, T. C. Lang, and A. M. Lauchli, Phys. Rev.
B 103, 125406 (2021).

[13] Y. Sheffer and A. Stern, Phys. Rev. B 104, L121405
(2021).

Jour-
(2013),

[14] H. Li, U. Kumar, K. Sun, and S.-Z. Lin, Phys. Rev. Res.
3, L032070 (2021).

[15] V. Crépel and L. Fu, Phys. Rev. B 107, L201109 (2023).

[16] J. Dong, J. Wang, and L. Fu, “Dirac electron un-
der periodic magnetic field: Platform for fractional
chern insulator and generalized wigner crystal,” (2022),
arXiv:2208.10516 [cond-mat.mes-hall].

[17] A. Abouelkomsan, K. Yang, and E. J. Bergholtz, Phys.
Rev. Res. 5, L012015 (2023).

[18] N. Morales-Duran, J. Wang, G. R. Schleder, M. Angeli,
Z. Zhu, E. Kaxiras, C. Repellin, and J. Cano, Physical
Review Research 5, 1032022 (2023), arXiv:2304.06669
[cond-mat.str-el].

[19] Y.-M. Wu, D. Shaffer, Z. Wu, and L. H. Santos, arXiv
e-prints , arXiv:2309.07222 (2023), arXiv:2309.07222
[cond-mat.mes-hall].

[20] A. P. Reddy, F. F. Alsallom, Y. Zhang, T. De-
vakul, and L. Fu, “Fractional quantum anomalous hall
states in twisted bilayer motes and wse2,”  (2023),
arXiv:2304.12261 [cond-mat.mes-hall|.

[21] C. Wang, X.-W. Zhang, X. Liu, Y. He, X. Xu, Y. Ran,
T. Cao, and D. Xijao, “Fractional chern insulator in
twisted bilayer motes,” (2023), arXiv:2304.11864 [cond-
mat.str-el].

[22] W.-X. Qiu, B. Li, X.-J. Luo, and F. Wu, arXiv
e-prints , arXiv:2305.01006 (2023), arXiv:2305.01006
[cond-mat.mes-hall|.

[23] J. Dong, J. Wang, P. J. Ledwith, A. Vishwanath, and
D. E. Parker, arXiv preprint arXiv:2306.01719 (2023).

[24] H. Goldman, A. P. Reddy, N. Paul, and L. Fu, arXiv
preprint arXiv:2306.02513 (2023).

[25] H. Yu, M. Chen, and W. Yao, National Science Review


https://doi.org/ 10.1103/PhysRevLett.106.236804
https://doi.org/ 10.1103/PhysRevLett.106.236804
https://doi.org/ 10.1038/ncomms1380
https://doi.org/ 10.1038/ncomms1380
http://arxiv.org/abs/1102.2658
http://arxiv.org/abs/1102.2658
https://doi.org/10.1103/PhysRevX.1.021014
https://doi.org/10.1103/PhysRevX.1.021014
https://doi.org/10.1103/PhysRevLett.106.236802
https://doi.org/10.1103/PhysRevLett.106.236802
https://doi.org/ 10.1103/PhysRevLett.106.236803
https://doi.org/ 10.1103/PhysRevLett.106.236803
https://doi.org/10.1142/S021797921330017X
https://doi.org/10.1142/S021797921330017X
http://arxiv.org/abs/https://doi.org/10.1142/S021797921330017X
https://doi.org/https://doi.org/10.1016/j.crhy.2013.04.003
https://doi.org/https://doi.org/10.1016/j.crhy.2013.04.003
https://doi.org/10.1103/PhysRevLett.124.106803
https://doi.org/10.1103/PhysRevLett.124.106803
https://doi.org/10.1103/PhysRevResearch.2.023237
https://doi.org/10.1103/PhysRevResearch.2.023238
https://doi.org/10.1103/PhysRevResearch.2.023238
http://arxiv.org/abs/2112.13837
https://doi.org/10.1103/PhysRevB.103.125406
https://doi.org/10.1103/PhysRevB.103.125406
https://doi.org/10.1103/PhysRevB.104.L121405
https://doi.org/10.1103/PhysRevB.104.L121405
https://doi.org/ 10.1103/PhysRevResearch.3.L032070
https://doi.org/ 10.1103/PhysRevResearch.3.L032070
https://doi.org/10.1103/PhysRevB.107.L201109
http://arxiv.org/abs/2208.10516
https://doi.org/10.1103/PhysRevResearch.5.L012015
https://doi.org/10.1103/PhysRevResearch.5.L012015
https://doi.org/ 10.1103/PhysRevResearch.5.L032022
https://doi.org/ 10.1103/PhysRevResearch.5.L032022
http://arxiv.org/abs/2304.06669
http://arxiv.org/abs/2304.06669
http://arxiv.org/abs/2309.07222
http://arxiv.org/abs/2309.07222
http://arxiv.org/abs/2304.12261
http://arxiv.org/abs/2304.11864
http://arxiv.org/abs/2304.11864
https://doi.org/ 10.48550/arXiv.2305.01006
https://doi.org/ 10.48550/arXiv.2305.01006
http://arxiv.org/abs/2305.01006
http://arxiv.org/abs/2305.01006
https://doi.org/ 10.1093/nsr/nwz117

7,12 (2019).

[26] N. Morales-Duran, N. Wei, and A. H. MacDonald, arXiv
e-prints , arXiv:2308.03143 (2023), arXiv:2308.03143
[cond-mat.str-el].

[27] A. P. Reddy and L. Fu, arXiv e-prints , arXiv:2308.10406
(2023), arXiv:2308.10406 [cond-mat.mes-hall].

[28] X.-Y. Song, Y.-H. Zhang, and T. Senthil, arXiv
e-prints arXiv:2308.10903 (2023), arXiv:2308.10903
[cond-mat.str-el].

[29] C. Xu, J. Li, Y. Xu, Z. Bi, and Y. Zhang, arXiv
e-prints arXiv:2308.09697 (2023), arXiv:2308.09697
[cond-mat.str-el].

[30] T. Wang, T. Devakul, M. P. Zaletel, and L. Fu, arXiv

e-prints arXiv:2306.02501 (2023), arXiv:2306.02501
[cond-mat.str-el].
[31] X. Liu, C. Wang, X.-W. Zhang, T. Cao, and

D. Xiao, arXiv e-prints , arXiv:2308.07488 (2023),
arXiv:2308.07488 [cond-mat.mes-hall|.

[32] J. Yu, J. Herzog-Arbeitman, M. Wang, O. Vafek, B. A.
Bernevig, and N. Regnault, “Fractional chern insula-
tors vs. non-magnetic states in twisted bilayer motes,”
(2023), arXiv:2309.14429 [cond-mat.mes-hall].

[33] A. Abouelkomsan, A. P. Reddy, L. Fu,
Bergholtz, arXiv:2309.16548 (2023).

[34] J. Cai, E. Anderson, C. Wang, X. Zhang, X. Liu,
W. Holtzmann, Y. Zhang, F. Fan, T. Taniguchi,
K. Watanabe, Y. Ran, T. Cao, L. Fu, D. Xiao, W. Yao,
and X. Xu, Nature (2023), 10.1038/s41586-023-06289-w.

[35] Y. Zeng, Z. Xia, K. Kang, J. Zhu, P. Kniippel,
C. Vaswani, K. Watanabe, T. Taniguchi, K. F. Mak, and
J. Shan, Nature (2023), 10.1038/s41586-023-06452-3.

[36] H. Park, J. Cai, E. Anderson, Y. Zhang, J. Zhu, X. Liu,
C. Wang, W. Holtzmann, C. Hu, Z. Liu, et al., arXiv
preprint arXiv:2308.02657 (2023).

[37] F. Xu, Z. Sun, T. Jia, C. Liu, C. Xu, C. Li, Y. Gu,
K. Watanabe, T. Taniguchi, B. Tong, J. Jia, Z. Shi,
S. Jiang, Y. Zhang, X. Liu, and T. Li, arXiv
e-prints arXiv:2308.06177 (2023), arXiv:2308.06177
[cond-mat.mes-hall].

[38] Z. Lu, T. Han, Y. Yao, A. P. Reddy, J. Yang, J. Seo,
K. Watanabe, T. Taniguchi, L. Fu, and L. Ju, (2023),
arXiv:2309.17436 [cond-mat.mes-hall|.

[39] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken,
J. Y. Luo, J. D. Sanchez-Yamagishi, K. Watanabe,
T. Taniguchi, E. Kaxiras, et al., Nature 556, 80 (2018).

[40] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi,
E. Kaxiras, and P. Jarillo-Herrero, Nature 556, 43
(2018).

[41] E. M. Spanton, A. A. Zibrov, H. Zhou, T. Taniguchi,
K. Watanabe, M. P. Zaletel, and A. F. Young, Science
360, 62 (2018).

[42] Y. Xie, A. T. Pierce, J. M. Park, D. E. Parker, E. Khalaf,
P. Ledwith, Y. Cao, S. H. Lee, S. Chen, P. R. Forrester,
K. Watanabe, T. Taniguchi, A. Vishwanath, P. Jarillo-
Herrero, and A. Yacoby, Nature 600, 439 (2021).

[43] F. Wu, T. Lovorn, E. Tutuc, I. Martin, and A. H. Mac-
Donald, Phys. Rev. Lett. 122, 086402 (2019).

[44] B. Li, W.-X. Qiu, and F. Wu, arXiv preprint
arXiv:2310.02217 (2023).

[45] T. Li, S. Jiang, B. Shen, Y. Zhang, L. Li, Z. Tao,
T. Devakul, K. Watanabe, T. Taniguchi, L. Fu, J. Shan,
and K. F. Mak, Nature (London) 600, 641 (2021),
arXiv:2107.01796 [cond-mat.mes-hall|.

[46] M. Yankowitz and K. F. Mak, APL Materials 10 (2022).

and E. J.

31

[47] W. Zhao, K. Kang, L. Li, C. Tschirhart, E. Redekop,
K. Watanabe, T. Taniguchi, A. Young, J. Shan, and
K. F. Mak, arXiv e-prints , arXiv:2207.02312 (2022),
arXiv:2207.02312 [cond-mat.mes-hall|.

[48] K. F. Mak and J. Shan, Nature Nanotechnology 17, 686
(2022).

[49] P. Mai, E. W. Huang, J. Yu, B. E. Feldman, and P. W.
Phillips, npj Quantum Materials 8, 14 (2023).

[50] K. Uchida, S. Furuya, J.-I. Iwata, and A. Oshiyama,
Physical Review B 90, 155451 (2014).

[61] D. S. Koda, F. Bechstedt, M. Marques, and L. K. Teles,
The Journal of Physical Chemistry C 120, 10895 (2016).

[62] G. Kresse and J. Hafner, Phys. Rev. B 47, 558 (1993).

[63] G. Kresse and J. Hafner, Physical review B 47, 558
(1993).

[64] G. Kresse et al., Phys. Rev. B 54, 169 (1996).

[65] G. Kresse and J. Hafner, Journal of Physics: Condensed
Matter 6, 8245 (1994).

[56] G. Kresse and D. Joubert, Physical review b 59, 1758
(1999).

[67] D. Puotinen and R. E. Newnham, Acta Crystallographica
14, 691 (1961).

[68] C. Fang, M. J. Gilbert, and B. A. Bernevig, Phys. Rev.
B 86, 115112 (2012).

[59] J. Gao, Q. Wu, C. Persson, and Z. Wang, Computer
Physics Communications 261, 107760 (2021).

[60] Y. Xu, K. Kang, K. Watanabe, T. Taniguchi, K. F. Mak,
and J. Shan, Nature Nanotechnology 17, 934 (2022),
arXiv:2202.02055 [cond-mat.str-el].

[61] Y. Xu, S. Liu, D. A. Rhodes, K. Watanabe, T. Taniguchi,
J. Hone, V. Elser, K. F. Mak, and J. Shan, Nature 587,
214 (2020).

[62] C. R. Kometter, J. Yu, T. Devakul, A. P. Reddy,
Y. Zhang, B. A. Foutty, K. Watanabe, T. Taniguchi,
L. Fu, and B. E. Feldman, Nature Physics , 1 (2023).

[63] N. Morales-Duran, P. Potasz, and A. H. MacDonald,
Phys. Rev. B 107, 235131 (2023).

[64] Q. Tan, A. Rasmita, Z. Zhang, H. Cai, X. Cai, X. Dali,
K. Watanabe, T. Taniguchi, A. H. MacDonald, and
W. Gao, Nature Materials , 1 (2023).

[65] N. Morales-Duran, N. C. Hu, P. Potasz, and A. H. Mac-
Donald, Phys. Rev. Lett. 128, 217202 (2022).

[66] B. A. Foutty, C. R. Kometter, T. Devakul, A. P.
Reddy, K. Watanabe, T. Taniguchi, L. Fu, and
B. E. Feldman, arXiv e-prints , arXiv:2304.09808 (2023),
arXiv:2304.09808 [cond-mat.mes-hall|.

[67] C. Setty, F. Xie, S. Sur, L. Chen, M. G. Vergniory,
and Q. Si, arXiv e-prints , arXiv:2309.14340 (2023),
arXiv:2309.14340 [cond-mat.str-el].

[68] B. A. Bernevig, B. Lian, A. Cowsik, F. Xie, N. Regnault,
and Z.-D. Song, Phys. Rev. B 103, 205415 (2021).

[69] Z.-D. Song and B. A. Bernevig, Phys. Rev. Lett. 129,
047601 (2022), arXiv:2111.05865 [cond-mat.str-el].

[70] N. Bultinck, E. Khalaf, S. Liu, S. Chatterjee, A. Vish-
wanath, and M. P. Zaletel, arXiv: Strongly Correlated
Electrons (2019).

[71] M. O. Soldini, N. Astrakhantsev, M. Iraola, A. Tiwari,
M. H. Fischer, R. Valenti, M. G. Vergniory, G. Wag-
ner, and T. Neupert, Phys. Rev. B 107, 245145 (2023),
arXiv:2209.10556 [cond-mat.str-el].

[72] J. Herzog-Arbeitman, B. A. Bernevig, and Z.-
D. Song, arXiv e-prints , arXiv:2212.00030 (2022),
arXiv:2212.00030 [cond-mat.str-el].

[73] P. Mai, B. E. Feldman, and P. W. Phillips, Phys. Rev.


https://doi.org/ 10.1093/nsr/nwz117
https://doi.org/10.48550/arXiv.2308.03143
https://doi.org/10.48550/arXiv.2308.03143
http://arxiv.org/abs/2308.03143
http://arxiv.org/abs/2308.03143
https://doi.org/10.48550/arXiv.2308.10406
https://doi.org/10.48550/arXiv.2308.10406
http://arxiv.org/abs/2308.10406
https://doi.org/10.48550/arXiv.2308.10903
https://doi.org/10.48550/arXiv.2308.10903
http://arxiv.org/abs/2308.10903
http://arxiv.org/abs/2308.10903
https://doi.org/ 10.48550/arXiv.2308.09697
https://doi.org/ 10.48550/arXiv.2308.09697
http://arxiv.org/abs/2308.09697
http://arxiv.org/abs/2308.09697
https://doi.org/ 10.48550/arXiv.2306.02501
https://doi.org/ 10.48550/arXiv.2306.02501
http://arxiv.org/abs/2306.02501
http://arxiv.org/abs/2306.02501
https://doi.org/ 10.48550/arXiv.2308.07488
http://arxiv.org/abs/2308.07488
http://arxiv.org/abs/2309.14429
https://doi.org/ 10.1038/s41586-023-06289-w
https://doi.org/10.1038/s41586-023-06452-3
https://doi.org/10.48550/arXiv.2308.06177
https://doi.org/10.48550/arXiv.2308.06177
http://arxiv.org/abs/2308.06177
http://arxiv.org/abs/2308.06177
http://arxiv.org/abs/2309.17436
https://doi.org/10.1038/nature26154
https://doi.org/10.1038/nature26160
https://doi.org/10.1038/nature26160
https://doi.org/ 10.1126/science.aan8458
https://doi.org/ 10.1126/science.aan8458
https://doi.org/ 10.1038/s41586-021-04002-3
https://doi.org/ 10.1103/PhysRevLett.122.086402
https://doi.org/10.1038/s41586-021-04171-1
http://arxiv.org/abs/2107.01796
https://doi.org/10.48550/arXiv.2207.02312
http://arxiv.org/abs/2207.02312
https://doi.org/10.1103/PhysRevB.47.558
https://doi.org/https://doi.org/10.1107/S0365110X61002084
https://doi.org/https://doi.org/10.1107/S0365110X61002084
https://doi.org/10.1103/PhysRevB.86.115112
https://doi.org/10.1103/PhysRevB.86.115112
https://doi.org/ https://doi.org/10.1016/j.cpc.2020.107760
https://doi.org/ https://doi.org/10.1016/j.cpc.2020.107760
https://doi.org/ 10.1038/s41565-022-01180-7
http://arxiv.org/abs/2202.02055
https://doi.org/10.1103/PhysRevB.107.235131
https://doi.org/10.1103/PhysRevLett.128.217202
https://doi.org/ 10.48550/arXiv.2304.09808
http://arxiv.org/abs/2304.09808
https://doi.org/ 10.48550/arXiv.2309.14340
http://arxiv.org/abs/2309.14340
https://doi.org/ 10.1103/PhysRevB.103.205415
https://doi.org/10.1103/PhysRevLett.129.047601
https://doi.org/10.1103/PhysRevLett.129.047601
http://arxiv.org/abs/2111.05865
https://api.semanticscholar.org/CorpusID:207880424
https://api.semanticscholar.org/CorpusID:207880424
https://doi.org/ 10.1103/PhysRevB.107.245145
http://arxiv.org/abs/2209.10556
https://doi.org/10.48550/arXiv.2212.00030
http://arxiv.org/abs/2212.00030
https://doi.org/10.1103/PhysRevResearch.5.013162

Res. 5, 013162 (2023).

[74] N. Wagner, L. Crippa, A. Amaricci, P. Hansmann,
M. Klett, E. Konig, T. Schéfer, D. Di Sante, J. Cano,
A. Millis, A. Georges, and G. Sangiovanni, arXiv
e-prints arXiv:2301.05588 (2023), arXiv:2301.05588
[cond-mat.str-el].

[75] P. Mai, J. Zhao, B. E. Feldman, and P. W. Phillips,
Nature Communications 14, 5999 (2023).

[76] J. K. Ding, L. Yang, W. O. Wang, Z. Zhu, C. Peng,
P. Mai, E. W. Huang, B. Moritz, P. W. Phillips, B. E.
Feldman, et al., arXiv preprint arXiv:2309.07876 (2023).

[77] Y. Fu, J. H. Wilson, and J. Pixley, Physical Review B
104, L041106 (2021).

[78] V. Crépel, D. Guerci, J. Cano, J. Pixley, and A. Millis,
arXiv preprint arXiv:2304.01631 (2023).

[79] X. Hu, T. Hyart, D. I. Pikulin, and E. Rossi, Phys. Rev.
Lett. 123, 237002 (2019).

[80] F. Xie, Z. Song, B. Lian, and B. A. Bernevig, Phys. Rev.
Lett. 124, 167002 (2020).

[81] A. Julku, T. J. Peltonen, L. Liang, T. T. Heikkila, and
P. Térmé, Phys. Rev. B 101, 060505 (2020).

[82] E. Rossi, Current Opinion in Solid State and Materials
Science 25, 100952 (2021).

[83] S. Olin, E. Jmukhadze, A. H. MacDonald, and W.-C.
Lee, arXiv preprint arXiv:2310.17824 (2023).

[84] R. Jinnouchi, F. Karsai, and G. Kresse, Physical Review
B 100, 014105 (2019).

[85] S. Batzner, A. Musaelian, L. Sun, M. Geiger, J. P.

32

Mailoa, M. Kornbluth, N. Molinari, T. E. Smidt, and
B. Kozinsky, Nature Communications 13, 2453 (2022).

[86] A. H. Larsen, J. J. Mortensen, J. Blomqvist, I. E.
Castelli, R. Christensen, M. Dulak, J. Friis, M. N.
Groves, B. Hammer, C. Hargus, E. D. Hermes, P. C.
Jennings, P. B. Jensen, J. Kermode, J. R. Kitchin, E. L.
Kolsbjerg, J. Kubal, K. Kaasbjerg, S. Lysgaard, J. B.
Maronsson, T. Maxson, T. Olsen, L. Pastewka, A. Pe-
terson, C. Rostgaard, J. Schigtz, O. Schiitt, M. Strange,
K. S. Thygesen, T. Vegge, L. Vilhelmsen, M. Walter,
Z. Zeng, and K. W. Jacobsen, Journal of Physics: Con-
densed Matter 29, 273002 (2017).

[87] U. Herath, P. Tavadze, X. He, E. Bousquet, S. Singh,
F. Mufioz, and A. H. Romero, Computer Physics Com-
munications 251, 107080 (2020).

[88] R. Bistritzer and A. H. MacDonald, Proceedings of
the National Academy of Science 108, 12233 (2011),
arXiv:1009.4203 [cond-mat.mes-hall|.

[89] Z.-D. Song, Z. Wang, W. Shi, G. Li, C. Fang, and
B. A. Bernevig, Phys. Rev. Lett. 123, 036401 (2019),
arXiv:1807.10676 [cond-mat.mes-hall|.

[90] J. Herzog-Arbeitman, A. Chew, and B. A. Bernevig,
Phys. Rev. B 106, 085140 (2022), arXiv:2206.07717
[cond-mat.mes-hall].

[91] D. Xiao, G.-B. Liu, W. Feng, X. Xu, and W. Yao, Phys.
Rev. Lett. 108, 196802 (2012).


https://doi.org/10.1103/PhysRevResearch.5.013162
https://doi.org/ 10.48550/arXiv.2301.05588
https://doi.org/ 10.48550/arXiv.2301.05588
http://arxiv.org/abs/2301.05588
http://arxiv.org/abs/2301.05588
https://doi.org/ 10.1038/s41467-023-41465-6
https://doi.org/ 10.1103/PhysRevLett.123.237002
https://doi.org/ 10.1103/PhysRevLett.123.237002
https://doi.org/ 10.1103/PhysRevLett.124.167002
https://doi.org/ 10.1103/PhysRevLett.124.167002
https://doi.org/ 10.1103/PhysRevB.101.060505
https://doi.org/10.1103/PhysRevB.100.014105
https://doi.org/10.1103/PhysRevB.100.014105
https://doi.org/10.1038/s41467-022-29939-5
https://doi.org/ 10.1088/1361-648X/aa680e
https://doi.org/ 10.1088/1361-648X/aa680e
https://doi.org/ https://doi.org/10.1016/j.cpc.2019.107080
https://doi.org/ https://doi.org/10.1016/j.cpc.2019.107080
https://doi.org/10.1073/pnas.1108174108
https://doi.org/10.1073/pnas.1108174108
http://arxiv.org/abs/1009.4203
https://doi.org/ 10.1103/PhysRevLett.123.036401
http://arxiv.org/abs/1807.10676
https://doi.org/10.1103/PhysRevB.106.085140
http://arxiv.org/abs/2206.07717
http://arxiv.org/abs/2206.07717
https://doi.org/ 10.1103/PhysRevLett.108.196802
https://doi.org/ 10.1103/PhysRevLett.108.196802

	Moiré Fractional Chern Insulators I: First-principles calculations and Continuum Models of Twisted Bilayer MoTe2
	Abstract
	Introduction
	DFT Calculations
	3.89 tMoTe2
	Topological phase of valence bands from 5.09 to 3.89
	Comparison with Ref.reddy2023fractional,wang2023fractional

	Continuum Models
	AA-Stacking
	AB-Stacking

	Conclusions
	Acknowledgments
	DFT Results
	Atomic structures of tMoTe2
	Relaxation of tMoTe2
	Construction of Machine Learning Force field
	Relaxation results

	Electronic structures of tMoTe2
	Energy bands of monolayer, AA bilayer and AB bilayer MoTe2
	13.2 tMoTe2
	AA stacking: Evolution of band structure from 9.43 to 3.89
	3.89 AA stacking tMoTe2 electronic structures
	Comparision with Ref.reddy2023fractional,wang2023fractional
	AB stacking: Evolution of band structure from 9.43 to 3.89


	Single-Particle Continuum Model and Fitting: AA-Stacking
	AA-Stacking: K Valleys
	Microscopic Basis, Symmetries, and Inter-layer coupling
	Continuum Model

	AA-Stacking:  Valley
	AA-Stacking: Fitting to the DFT Data

	Single-Particle Continuum Model and Fitting: AB-Stacking (2H-Stacking)
	AB-Stacking: K Valleys
	AB-Stacking:  Valley
	AB-Stacking: Fitting to the DFT Data
	K-valley
	-valley

	AB-Stacking Electron Bands

	References


