

View

Online


Export
Citation

RESEARCH ARTICLE |  SEPTEMBER 03 2024

Stress field measurements using quantitative schlieren
S. M. Torres  ; J. Kimberley  ; M. J. Hargather  

J. Appl. Phys. 136, 095102 (2024)
https://doi.org/10.1063/5.0223560

 CHORUS

Articles You May Be Interested In

Adjusting single-axis acoustic levitators in real time using rainbow schlieren deflectometry

Rev. Sci. Instrum. (January 2021)

Reconstruction refinement of hybrid background-oriented schlieren tomography

Physics of Fluids (February 2024)

Neural deflection field for sparse-view tomographic background oriented Schlieren

Physics of Fluids (December 2024)

 26 August 2025 15:02:08

https://pubs.aip.org/aip/jap/article/136/9/095102/3311097/Stress-field-measurements-using-quantitative
https://pubs.aip.org/aip/jap/article/136/9/095102/3311097/Stress-field-measurements-using-quantitative?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0009-0002-8717-7206
javascript:;
https://orcid.org/0000-0002-7692-4002
javascript:;
https://orcid.org/0000-0001-5861-6770
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0223560&domain=pdf&date_stamp=2024-09-03
https://doi.org/10.1063/5.0223560
https://pubs.aip.org/aip/jap/article-pdf/doi/10.1063/5.0223560/20141713/095102_1_5.0223560.am.pdf
https://pubs.aip.org/aip/rsi/article/92/1/015107/1021428/Adjusting-single-axis-acoustic-levitators-in-real
https://pubs.aip.org/aip/pof/article/36/2/023618/3266814/Reconstruction-refinement-of-hybrid-background
https://pubs.aip.org/aip/pof/article/36/12/121701/3323039/Neural-deflection-field-for-sparse-view
https://e-11492.adzerk.net/r?e=&s=8HB26Vm2FkJZc97yJtdQmH2gLbY


Stress field measurements using quantitative
schlieren

Cite as: J. Appl. Phys. 136, 095102 (2024); doi: 10.1063/5.0223560

View Online Export Citation CrossMark
Submitted: 15 June 2024 · Accepted: 14 August 2024 ·
Published Online: 3 September 2024

S. M. Torres, J. Kimberley, and M. J. Hargathera)

AFFILIATIONS

Department of Mechanical Engineering, New Mexico Tech, 801 Leroy Pl, Socorro, New Mexico 87801, USA

a)Author to whom correspondence should be addressed: michael.hargather@nmt.edu

ABSTRACT

Quantitative schlieren analysis is extended here to optically transparent solids in quasi-static and dynamic experiments to measure stress
distributions. The quasi-static experiments in polymethyl methacrylate (PMMA) compared refraction angles and stress gradients calculated
from schlieren images to the analytical Flamant solution of a line load on a half-space. The quantitative schlieren measurements of the
stress field in the thin sample with a load compared well to the analytical solution. The analysis method was then extended to explosive
induced shock waves in PMMA. The explosive induced response of PMMA was experimentally studied using high-speed schlieren to visual-
ize the shock propagation in conjunction with Photon Doppler Velocimetry (PDV) to record surface velocity histories. The stress state esti-
mated from the schlieren images was compared to the stress calculated from the PDV measurements. High-speed imaging limitations
caused the shock wave to not be fully resolved in the images, but was resolved in the PDV measurement. The stress state behind the shock
calculated from the high-speed images followed a similar trend to the stress calculated from the PDV measurements.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0223560

I. INTRODUCTION

When a transparent material is externally stressed, the refrac-
tive index of the material changes due to the induced stresses.
Maxwell formulated the stress-optic law which relates a material’s
refractive indices to the principal stresses.1 The stress-optic law is
based on the proportionality of the indices of refraction and the
principal stresses for temporarily birefringent materials. The refrac-
tive index change is indicative of an optical path length change;
thus, the stress-optic law can be leveraged to calculate stresses and
strains in materials which portray a change in refractive index due
to induced stresses using the change in optical path length. It is
important to note that deformation also contributes to a change in
optical path length of the transmitted light rays. The implementa-
tion of the stress-optic law to calculate the stresses and strains in a
material is not limited to temporarily birefringent materials, it has
also been extended to optically isotropic materials.1–3 Methods
such as photoelasticity,1 the shadow optical method of caustics,4,5

coherent gradients sensing (CGS),6,7 and digital gradient sensing2,3

are a few examples of methods which leverage the stress-optic law.
Photoelasticity is the only method in which birefringence is
required for the optical method to work, and the other methods

utilize the stress-optic law for both birefringent and optically iso-
tropic materials. These experimental methods are widely used in
the study of fracture mechanics.

Photoelasticity is ideal for full-field optical analysis; however,
difficulties can arise with measurement of stress singularities.8

For stress singularities, like crack tips, analysis of isocromatic fringe
patterns is non-ideal. The introduction of the optical method of
caustics introduced an alternative method for quantifying stress
concentration problems.1,8 Unlike photoelasiticity, the optical
method of caustics is not a full-field method and has a simple
arrangement because the method is based on the law of refraction
of geometric optics. All that is required is an illumination source
and a reference screen.8 The light from the illumination source
propagating through, or reflecting off, a deformed specimen will be
deflected from the original light path creating a shadow pattern.
Then, the evaluation of the shadow patterns can be applied to solve
stress concentration problems.1 This method is typically imple-
mented for the determination of stress intensity factors around
crack tips in which only the diameter of the caustic is needed.5 The
method of caustics leverages the stress-optic law which has been
utilized for other optical analysis methods such as coherent gradi-
ent sensing (CGS).
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Coherent gradient sensing (CGS) is a full-field optical tech-
nique developed by Tippur et al.9 to measure surface slopes or
in-plane stress gradients.7 With the similarity to the optical method
of caustics, it was extended to quantification of crack tip deforma-
tions.7,10 This method is a lateral shearing interferometry technique
in which a first order diffraction analysis is used.9 The optical
arrangement consists of light propagating through, or reflecting off,
a specimen, two Ronchi gratings, a filtering lens, and a camera. The
Ronchi gratings and the filtering lens create the interference
pattern. This method is widely used for static and dynamic fracture
analysis.6,7,11 The mapping of the deflected light ray’s angular
deflection to the mechanical field used for CGS was then extended
to digital gradient sensing (DGS).

Digital gradient sensing (DGS) is a full-field method for mea-
suring small light deflections due to local stress gradients in opti-
cally transparent materials.3 Digital gradient sensing relates the
refraction angles to the principal stress gradients based on the same
relations used for CGS. The stress gradients parallel and perpendic-
ular to a line load applied to the sheet of PMMA were experimen-
tally measured and compared to the analytical Flamant solution.3

The method was also extended to dynamic experiments, where a
PMMA sample was dynamically loaded with a line load and was
again validated against the Flamant solution.2 The solution to the
Flamant problem yields an analytical solution for stresses and dis-
placements for a body subjected to a line load in a half-space. Both
the static and dynamic experiments were in good agreement with
the analytical solution.

The DGS method is similar to background oriented schlieren
(BOS)12–14 in that both methods leverage a speckled background to
detect changes caused by disturbances in the object plane. Both
methods utilize Digital Image Correlation (DIC), or similar analysis
methods,15 to determine how a speckle pattern on a background
appears to have been displaced. The apparent displacement is then
related to a refraction angle which can then be used to calculate
optical properties of the disturbance. BOS is a type of schlieren
imaging, which is a class of refractive imaging techniques com-
monly applied in fluid dynamics12,16 to visualize refractive index
variations in flows containing density or gas species variations. In
schlieren imaging, the refraction angles of a light ray are propor-
tional to the refractive index gradient.16 Refraction angles are mea-
sured and converted to refractive index gradient fields, which are
then integrated to yield the refractive index field which can be
related to a density field in the medium.17

For schlieren images, the relationship between index of refrac-
tion and refraction angle is based on the gradient of the refractive
index being proportional to the angle of the bent light rays.
Classical schlieren uses a collimated light source, focusing optics,
and a knife-edge cut-off to produce images with intensity variations
related to the angles of refraction. Light rays refracted toward the
cut-off result in a reduction in intensity, conversely refraction away
from the knife edge result in increases in intensity. Quantitative
schlieren techniques have been applied to experiments with objects
of a fixed length17 and for spherically symmetric objects like shock
waves using the Abel transform.18 Pressure and temperature mea-
surements using the calculated density have also been demon-
strated.17,18 The densities calculated from quantitative schlieren
analysis in air leverage the Gladstone–Dale relationship. In the

literature, quantitative schlieren has not been demonstrated as a
method to image stress fields in transparent solids, which is the
focus of the work here.

Quantitative schlieren analysis is extended here using the
stress-optic law to estimate stresses using the measured refraction
angle in PMMA. The method is validated using quasi-static experi-
ments for comparison to the analytical Flamant solution. The
quantitative schlieren analysis method was then extended to experi-
ments where an explosively driven shock wave propagated through
a PMMA sample.

II. GOVERNING EQUATIONS

Compression of a material increases the thickness of the body
due to the Poisson effect, and the inverse is true for a body in
tension. The change in thickness causes a change in optical path
length. The optical path length is changed because the light ray
travels through more of the material. The stresses imparted by an
external load also cause a change in refractive index of the material
which also can result in a change in the optical path length.
Accounting for both of these effects, the optical path length change
(Δs) caused by deformation can be represented as1

Δs ¼ (n0 � 1)Δde þ deΔn, (1)

where n0 is the refractive index of the undisturbed material, Δde is
the change in effective thickness of the material, de is the effective
thickness of the material, and Δn is the change in refractive index.
Refractive index can vary with the direction in solids, and for bire-
fringent materials, the indices of refraction are related to the princi-
pal stresses through the the Maxwell–Newmann law,

Δnx ¼ Acσx þ Bc(σy þ σz), (2)

Δny ¼ Acσy þ Bc(σx þ σz), (3)

Δnz ¼ Acσz þ Bc(σx þ σy), (4)

where Δnx , Δny , and Δnz are the change in refractive indices in the
x-, y-, and z-directions, respectively, Ac and Bc are the stress-optic
constants, and σx , σy , and σz are the principle stress in their
respective directions. Generalized Hooke’s law describes Δde for
propagation in the z-direction in terms of the normal stresses as1

Δde ¼ 1
Ey

σzz � ν(σxx þ σyy)
� �

de, (5)

where ν and Ey are Poisson’s ratio and Young’s modulus for the
material, respectively. Equations (1)–(5) can then be used to define
the optical path length change caused by external stress in the
respective directions. For PMMA, the stress-optic coefficients are
approximately equal, Ac � Bc implying optical isotropy; thus, the
two values were averaged in the present work to obtain an isotropic
stress-optic coefficient Dc. In this arrangement, x and y are planar
coordinates and z the coordinate in the imaging direction. For a
two-dimensional plane stress case, (σzz ¼ 0), only the optical path
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length change in the x- and y- directions are considered. The
optical path length change is, thus,

Δs ¼ deCσ σxx þ σyy
� �

, (6)

where

Cσ ¼ Dc � ν(n0 � 1)
Ey

: (7)

The values σxx and σyy are the normal stress components
averaged over the thickness of the sample.3,7 The elasto-optic coef-
ficient, Cσ , accounts for the change in optical path length due to
both the refractive index change and Poisson effect as described by
Eq. (1).7 The presented equations are the governing equations for
experimental techniques, including Coherent Gradient Sensing
(CGS),7,10 the optical method of caustics,1 and Digital Gradient
Sensing (DGS),2,3 and will be shown here to hold for schlieren as
well. The unit light propagation vector, d̂, for a perturbed light ray
is then related to the change in optical path length, Δs, through3,7,10

d̂ � @(Δs)
@x

îþ @(Δs)
@y

ĵþ k̂: (8)

The unit light propagation vector is defined in Cartesian coor-
dinates with î, ĵ, and k̂ being unit vectors in the x, y, and z direc-
tions, respectively. As such, the unit vector k̂ for an undisturbed
system is parallel to the imaging direction. The relationship pre-
sented in Eq. (8) is for the case of small angular deflections and
small stress gradients. The relationship between the light propaga-
tion vector and the optical path length change is then used to relate
the optical path length change to refraction angle as described by
Periasamy and Tippur.3 The resulting relationship is

εx � @(Δs)
@x

� deCσ
@ σxx þ σyy
� �

@x
, (9)

εy � @(Δs)
@y

� deCσ
@ σxx þ σyy
� �

@y
: (10)

These equations are the governing equations for obtaining the stress
gradients from schlieren images. The refraction angles, εx and εy , are
measured through calibration of the schlieren imaging system.17,18

III. THE ANALYTICAL FLAMANT SOLUTION

The Flamant solution provides an analytical expression of the
stresses throughout a linear elastic, homogeneous, isotropic body
subjected to a line load in an elastic half-space19 as depicted in
Fig. 1. For a normal force, F, acting in the y-direction, there exists a
simple stress distribution.20

Any element, rxy , which is a distance r from the load, under-
goes a compression in the radial direction. The stress components
for the compression of a body having a thickness of de are given in
polar coordinates,3,20

σrr ¼ � 2F
πde

cos θ
r

, (11)

σθθ ¼ 0, (12)

σrθ ¼ 0: (13)

The Hoop stress σθθ and shearing stress σrθ are zero, satisfying the
equilibrium equation. The relationship between σrr and (σxx þ σyy)
for the Flamant solution is20

(σxx þ σyy) ¼ σrr( cos
2 θ þ sin2 θ) ¼ σrr: (14)

A light ray passing through the stress field will be distorted accord-
ing to Eqs. (9) and (10). For the Flamant solution, the light ray
angular deflections in the x- and y-directions, respectively, become

εx ¼ deCσ
@ σrrð Þ
@x

, (15)

εy ¼ deCσ
@ σrrð Þ
@y

: (16)

Substituting Eq. (11) into the above equations, the analytical
solutions for εx and εy are

εx ¼ deCσ
2F
πde

sin 2θ
r2

, (17)

εy ¼ deCσ
2F
πde

cos 2θ
r2

: (18)

IV. EXPERIMENTAL METHODS

Schlieren imaging is used to visualize the first spatial deriva-
tive of refractive index in optically transparent materials.12,16 The
schlieren effect requires the implementation of a knife-edge cut-off.
Without the cut-off, the imaging technique visualizes the Laplacian
of the refractive index and is referred to as focused shadowgraphy.16

FIG. 1. Schematic of an elastic half-space loaded with a point load.
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A schematic of a lens-type schlieren imaging system is shown in
Fig. 2. The lens based system utilizes achromatic doublets as the
schlieren optics SL1 and SL2. Light from a point light source is col-
lected by SL1 collimating the light. After the test section, the colli-
mated light is recollected and refocused using a second schlieren
optic SL2. The refocused light creates a point, having a diameter
equivalent to the original light source, one focal length from SL2
where the knife-edge (KE) cut-off is placed to produce the schlieren
effect. The light is then collected and the schlieren object is imaged
by a camera which is focused to the schlieren object location.

In a schlieren imaging system, the refraction angle of a light
ray is proportional to the refractive index gradient. For a light ray
propagating in the z-direction with the light refracted in the
x-direction, εx is generally represented as16,17

εx ¼ 1
n

ð
@n
@x

@z: (19)

The integration is performed over the extent of the schlieren
object where the refractive index gradient is considered to exist. For
a two-dimensional schlieren object having a thickness in the
z-direction of d, this reduces to

εx ¼ d
n0

@n
@x

, (20)

where n0 is the refractive index of the undisturbed medium. Bent
light rays are visualized in the schlieren imaging system as a change
in the pixel intensity. Depending on the direction, the ray is bent
and an individual pixel will either experience an increase or
decrease in the pixel intensity due to the interaction with the
knife-edge cut-off.

PMMA was selected as the specimen material to match previ-
ous works2 and has well defined optical properties. The material
constants used here for PMMA are presented in Table I. The

PMMA samples used in the present work were cast sheets of
PMMA purchased from Boedeker Plastics. The imaging surfaces
were used as delivered. The samples were cut to the length and
height as described below.

A. Experimental methods for quasi-static experiments

Quantitative schlieren analysis was applied to PMMA samples
which were quasi-statically compressed using a Mark-10 Motorized
Force Tester. The PMMA sample had a thickness of 9.4 mm, a
length of 177.8 mm, and a height of 88.9 mm. The sample geome-
try was selected such that a plane stress assumption could be made
and it was similar to previous works.3 The sample also had to be
thin enough to minimize light ray perturbations caused by the
unstressed PMMA. The sample length and width allowed for a
semi-infinite body assumption. The base of the sample was stabi-
lized using a piece of aluminum on the bottom compression head
which supported the length of the PMMA sample.

To create the point load in the imaging plane, a
4-mm-diameter steel pin was attached to the top compression
head. The PMMA was placed in the Mark-10 such that the loading
pin was centered along the length of the PMMA sample as shown
in Fig. 3. The Mark-10 compression head speed was set to the
minimum, 0.167 mm/s. The load cell used to measure the applied
force was a series R01 tension and compression force sensor. The
force as a function of time was recorded with a sample rate of
50 Hz.

The PMMA specimen was centered in the schlieren imaging
system test section. The schlieren system was a simple lens-type
schlieren system which was set up in line with the Mark-10 as
shown in Fig. 4. The schlieren lenses had focal lengths of 400 mm
(f/# � 4), and a white LED light was used as the light source. The
camera used to record the event was a Photron Nova operating at a
frame rate of 50 fps which matched the sample rate of the force
measurements. Two knife-edge cut-off orientations, vertical and
horizontal, were studied separately allowing for the calculation of
refraction angles in horizontal (x) and vertical (y) directions.

FIG. 2. Schematics of a lens-type schlieren system.

TABLE I. PMMA constants used for quantitative schlieren analysis.

PMMA constant Value Units

Ac
1 −0.530 × 10−10 m2/N

Bc
1 −0.570 × 10−10 m2/N

no 1.49
ν 0.35
Ey 2.8 × 109 Pa

FIG. 3. A schematic of the PMMA sample with dimensions and the location of
the applied force.
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The schlieren imaging system sensitivity is dependent on the
amount of light that is being cut-off. The amount of cut-off was
determined using a plano–convex calibration lens, with a 2 m focal
length as shown in Fig. 5. The focal length of the calibration lens is
of particular importance and should be selected such that the focal
length of the calibration lens is longer than the distance from the
object to the cut-off. If the calibration lens focal length is too long,
then the full range of grayscale values will not be visible; thus, the
system dynamic range is not fully calibrated. The schlieren system
dynamic range is set by the focal length of the schlieren optic SL2
and the system geometry.17 For the experiments here, the PMMA
specimen thickness and loading conditions were chosen so that the
expected refractions were within the dynamic range of the schlieren
system.

B. Experimental methods for explosive experiments

To quantify the explosively driven material response of
PMMA, two synchronized high-speed cameras were used to image
the event. The two high-speed cameras were Shimadzu HPV-X2s
which recorded at 2 Mfps. The light source was a SI-LUX pulsed
laser, with a pulse width of 15 ns. The laser had a wavelength of
640 nm allowing for a bandpass filter of the same wavelength to be
placed in front of the cameras, reducing external illumination from
the detonation event. The explosive was an RP-80 EBW detonator
placed in contact with the PMMA as shown in Fig. 6. Silicone
grease was placed on the interface between the PMMA and the det-
onator face to improve the contact between the two materials.

The PMMA sample was the same thickness as the quasi-static
experiments, 9.4 mm, which was also approximately the diameter
of the detonator. The length and width of the sample were both
88.9 mm. Surface velocity measurements were made on the surface
opposite of the detonator using Photon Doppler Velocimetry
(PDV).21 The PDV data were analyzed with the SIRHEN analysis
software.22 A piece of retro-reflective tape was placed on the surface
where the PDV measurement was taken. The explosive event was
contained in a boom box, as shown in Fig. 7. The specimen was
centered in the parallel light schlieren system test section. Optical
glass was used as the window material in order to reduce distor-
tions in the parallel light test section. The same schlieren lenses
used for the quasi-static experiments were used for the dynamic

FIG. 4. Image of the quasi-static
experimental setup.

FIG. 5. (a) An image of a plano–convex calibration lens with a vertical
knife-edge cut-off and (b) a plot of the pixel intensity values as a function of
position for the purple line in (a) and the average background intensity with
(green line) and without (blue line) PMMA.
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tests. After the focusing optics, prior to the focal point, the light
path was split toward the two different cameras using a beam split-
ter cube. The two cameras had different knife-edge cut-offs, one
vertical and one horizontal. An image of the experimental setup is
shown in Fig. 7.

V. DATA ANALYSIS

The application of external force introduced grayscale inten-
sity variations in the PMMA when imaged in the schlieren system.
In order to quantify the stress gradient from the external force,
vertical and horizontal refractions were measured. The knife-edge
direction dictates the direction of the refraction angle being mea-
sured, with a horizontal knife-edge measuring vertical refractions
and vertical knife-edge measuring horizontal light refractions.16

Representative schlieren images of the grayscale intensity varia-
tions experimentally observed from quasi-static loading are shown
in Fig. 8.

A. Explosive experiment data synchronization

Two high-speed cameras were used to image the explosive
event to measure the displacements in the x- and y- directions syn-
chronously. The two cameras were synchronized in time, however,

the spatial alignment was off slightly. The alignment of the two data
sets was achieved using image registration in MATLAB. A marker
was placed on the PMMA samples prior to testing with the intent of
aligning the two image sets as shown in Figs. 9(a) and 9(b). The
marker also indicates the y-location of the PDV measurement.

B. Calculating refraction angle from pixel intensity

Two cut-off directions were used to calculate vertical
(y-direction) and horizontal (x-direction) displacements. A hori-
zontal cut-off allows for the refraction angles in the y-direction, εy ,
to be calculated, whereas a vertical cut-off allows for the refraction
angles in the x-direction, εx , to be calculated. The refraction angles
are calculated through calibration of the imaging system grayscale
intensities to a known refraction angle. This was done using a weak
positive focal length lens as the calibration object. The calibration
lens used for both the quasi-static and dynamic tests was a plano–
convex lens with a focal length of 2m purchased from CVI laser
optics (part No.: PLCX-25.4-1030.2-C). Images of the calibration
lens with the vertical and horizontal cut-off are presented in
Figs. 10(a) and 10(c), respectively.

FIG. 6. Schematic of the PMMA sample used for the explosively loaded PMMA
experiments.

FIG. 7. Image of the experimental
setup used for conducting the explo-
sively loaded PMMA experiments.

FIG. 8. (a) Vertical knife-edge and (b) horizontal knife-edge schlieren images of
the PMMA sample subject to a line load of 2365 N.
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A gradient of “light” pixels to “dark” pixels was captured in the
calibration lens. The grayscale value of the pixels is referred to as the
pixel intensity. The calibration lens was used to relate pixel intensity
to refraction angle, ε, using the light to dark gradient of pixel intensi-
ties in the center of the calibration lens. Figure 10 shows schlieren
images of the calibration lens for a vertical [Fig. 10(a)] and horizon-
tal [Fig. 10(c)] cut-offs. In Fig. 10(a), the horizontal row of pixels
across the image and through the center of the calibration lens is
highlighted with the purple line and the pixel intensities along that
line are plotted in Fig. 10(b) as the purple line. To reduce noise
due to camera pixel intensity fluctuations, five rows of pixels
along the centerline [outlined in orange in Fig. 10(a)] were

averaged to create an average pixel intensity vs position in the
lens. These average data were fit to a polynomial such that
the pixel location in the calibration lens, Rx , was a function of
the pixel intensity, I. Fitting the data in this manner allows for
determination of the location in the calibration lens from a pixel
intensity value. The same process was applied to the horizontal
cut-off image in Fig. 10(c) using five columns of pixels and yield-
ing Ry as a function of I.

The location in the calibration lens, Rx and Ry indicated as the
orange lines in Figs. 10(b) and 10(d), is used to calculate the refrac-
tion angle for a specific intensity value. First, the average background
intensity for the uncompressed PMMA sample was calculated from
the image and its value is plotted as the green dotted-dashed line in
Figs. 10(b) and 10(d). The lens location (rPMMA) corresponding to
this intensity value was determined using the polynomial fit to the
calibration lens data. This average PMMA background intensity was
taken as a value of zero refraction (ε ¼ 0). Once the location of zero
refraction was known, then the lens geometry was used to calculate
the refraction angles.17

Calculating a vertical refraction angle, εy , for an arbitrary per-
turbed light ray begins with the pixel intensity of the light ray from
the image. The intensity of the perturbed light ray, Ip, was then
used to determine, where in the calibration lens, the same pixel
intensity value exists using the polynomial fit, Ry(Ip). The location
of the pixel value inside the calibration lens, Ry , then allows for the
calibration lens geometry to be used to calculate the refraction
angle, εy . The ray displacement, ry , depicted in Fig. 11 was calcu-
lated using the location in the calibration lens, Ry , relative to the
location of zero refraction, rPMMA,

ry ¼ Ry � rPMMA: (21)

Then, ry and the focal length of the calibration lens f were used to
calculate εy using trigonometry,

εy ¼ arctan
ry
f
: (22)

The same analysis was applied to the vertical cut-off images in
order to calculate εx . Note, the amount of cut-off for the two
cameras does not need to be exactly the same. Ideally, the two
cameras would image the same dynamic pixel intensity range;
however, it is not required.

VI. EXPERIMENTAL RESULTS AND DISCUSSION

A. Quasi-static experiments

The Mark-10 force data and the schlieren images were
synchronized such that at each force there was a corresponding
schlieren image. A force of 2365 N was selected for the analysis.
The refraction angles in the schlieren images were calculated using
the pixel intensities in the image. The raw schlieren image with a
vertical knife-edge cut-off is presented in Fig. 12(a) and the result-
ing refraction angles are presented in Fig. 12(b). For comparison to
the analytical solution, the refraction angles were plotted using the
MATLAB function contour with contour levels of �5 : 1 : 5 mrad
creating isolines shown in Fig. 12(c). The isolines created from the

FIG. 9. Images of data collected from the camera with (a) a vertical cut-off, (b)
a horizontal cut-off, and (c) the two images aligned using the marker.
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refraction angles follow the same shape that was created from the
grayscale pixel intensity variation in the raw schlieren images,
which was expected. The isolines for εx reveal a slight asymmetry
[Fig. 12(c)]. The isolines in the positive x-direction are slightly
larger than the isolines in the negative x-direction. The zero refrac-
tion line between the two isolines is also biased slightly in the nega-
tive x-direction. The bias direction was more apparent when
comparing the experimental solution to the analytical solution pre-
sented in Fig. 13(a). Note that all data are aligned with the load
applied at the origin location.

The analytical refraction angles were calculated using Eqs. (17)
and (18). The analytical solution was plotted in the same manner
as the experimental refraction angles, creating isolines. The isolines
from the analytical solution (black lines) were plotted over the
experimental isolines (colored lines) resulting in the plots in
Fig. 13.

Relative to the analytical solution, the zero refraction angle for
εx [Fig. 13(a)] was slightly inclined in the negative x-direction.
This could potentially be due to a small misalignment of the
sample not being perfectly perpendicular to the collimated schlie-
ren light. The variation, though, is also within the error of the

quantitative measurement based on the individual pixel intensity
variation noise as discussed below. Comparing the experimentally
determined isolines for εy to the analytical solution reveals agree-
ment between the two solutions with no observed asymmetry.

It is expected that the analytical solution and experimental
solution up to r=de ¼ 1=2 will differ because the plane stress
assumptions are violated close to the loading point where a zone of
dominant triaxiality exists.3 There are also isolines that appear close
to the sample boundary which are caused by boundary effects from
the manufacturing of the PMMA samples. Images of the experi-
mental solution compared to the analytical solution with the zone
of dominant triaxiality highlighted in red and the boundary effects
highlighted in gray for three different load cases of (a) and (d)
2365 N +5 N, (b) and (e) 1860 N +5 N, (c) and (f ) 1360 N +5
N are presented in Fig. 14.

The zone of dominant triaxiality for the present experiments
had a radius of approximately 4.6 mm. Comparing the experimen-
tal results to the analytical solution for the three different load
cases, it can be seen that outside of the zone of dominant triaxiality
the two are in good agreement. As expected, the isoline sizes
increase with an increase in compressive force. For the vertical
cut-off experiments [Figs. 14(a)–14(c)], the experimental results
align well with the analytical solution despite the asymmetry. The
isolines in the negative x-direction are slightly smaller than the iso-
lines in the positive x-direction. The asymmetry appears to have a
more significant impact on the outer isolines, εx ¼ +0:001 radians,
with the asymmetry being more apparent for the lower load (c).
The inner isolines, +0:002 radians and +0:003 radians, do not
appear to be asymmetric and align well with the analytical
solution.

The horizontal cut-off images had two lines of zero refraction.
The two lines of zero refraction for the experiment and analytical
solution aligned. For these experiments, the measurement was in
agreement with the analytical solution for the outer isoline at an
angle of 0.001 radians. However, for the isolines at an angle of
0.002 radians ,there was slight misalignment attributed to the cali-
bration data. The calibration pixel intensities did not span the full
dynamic range of the camera and the intensities observed in the
images. The center isolines were calculated from the light side of
the calibration image. The pixel intensity range imaged by the

FIG. 10. Images of the calibration lens with (a) a vertical knife-edge cut-off and (c) a horizontal knife-edge cut-off with (b) and (d) corresponding plots of (solid purple
lines) pixel intensities as a function of location, the polynomial fit to the calibration data (dashed orange lines), the average background pixel intensity without PMMA
(double dashed blue lines), and the average background pixel intensity of the PMMA (dashed-dotted green lines).

FIG. 11. Schematic of a calibration lens.
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calibration lens ranged from approximately 0 to 0.45. The pixel
intensity values immediately outside the zone of dominant triaxiality
were close to the boundary of the pixel intensities measured in the
calibration lens. At the calibration lens boundaries, there is increased

uncertainty in the calculated refraction angles. From Fig. 14(d),
along centerline, x ¼ 0 mm, the analytical solution for εy ¼ 0:002
radians was approximately at y = 9.01mm and the experimental
result for the same refraction angle was at y ¼ 9:96mm; therefore,
the difference in position was approximately 0.95 mm. There are also
boundary effects impacting the outer isolines for the contours in

FIG. 12. (a) A schlieren image with a vertical knife-edge cut-off with a line load
having a force of approximately 2365 N with (b) the resulting refraction angles
and (c) isolines created using a contour plot.

FIG. 13. The experimental refraction angles (colored contours) for (a) refraction
angles in the x-direction (εx ) and (b) refraction angles in the y-direction (εy )
compared to the analytical solution (black lines).
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Figs. 14(d)–14(f) which are caused by residual stresses in PMMA
from the manufacturing process.

The refraction angles in the x- and y-directions were then
used to estimate the radial stress, σrr ¼ (σxx þ σyy). Two different
approaches were used to estimate the stresses. The first method
used direct numerical integration of Eqs. (9) and (10) which
requires knowledge of far field boundary conditions. If the far field
boundary conditions are not known, then the second approach can
be used leveraging the analytical solution. The expression of the
Flamant solution was used here for the quasi-static tests because
clear boundary conditions were not known. From the Flamant sol-
ution, the stress state, σrr , was estimated as3

σrr ¼ (σxx þ σyy) ¼ εR
Cσde

(r cos θ), (23)

where εR is the resultant refraction angle calculated from the experi-
mentally measured refraction angles in the x- and y-directions using3

εR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2x þ ε2y

q
: (24)

The Flamant solution can also be used to calculate εR from
the applied force F at each radial position r,

εR ¼ Cσde
2F

πder2
: (25)

Note that the specimen thickness de cancels in the theoretical
relationship, but is shown for completeness from the derivation.

The resultant refraction angles and the corresponding stress
contours for a compressive force of 2365 N +5 N are presented in
Fig. 15. The resultant refraction angle compared to the analytical
solution, Fig. 15(a), revealed some slight asymmetry from approxi-
mately �3 to 3 mm in the x-direction for refraction angles below
2 mrad. This is a result of the slight asymmetry in the horizontal
cut-off data discussed previously. The outer isoline at ε ¼ 0:001
radians aligns well with the analytical solution and the inner iso-
lines are in agreement with the analytical solution above x ¼ 3 mm
and below x ¼ �3 mm. As for the stress contours, Fig. 15(b), the
experimental results do reveal noise in the data; however, the exper-
iments are still in agreement with the analytical solution.

B. Experimental uncertainty

The primary experimental uncertainty was attributed to the
calibration of the imaging system. There are two forms of calibra-
tion that were applied: a pixel-to-distance calibration and an inten-
sity to refraction angle calibration. The uncertainty in the distance
calibration was estimated at +0:05 mm which is based on a pixel
uncertainty of +0:5 of a pixel. The second calibration process was
the polynomial fit to the quantitative schlieren calibration lens
pixel intensities. With respect to the pixel to meter calibration, the
value for the location of a pixel intensity inside of the calibration
lens was performed in pixels and converted to meters during the

FIG. 14. The experimental refraction angles (colored contours) for (a)–(c) εx and (d)–( f ) εy compared to the analytical solution (black) at compressive loads of (a) and (d)
2365 N +5 N, (b) and (e) 1860 N +5 N, and (c) and (f ) 1360 N +5 N. The zone of dominant triaxiality is plotted as the red shaded area and boundary effects are high-
lighted in the gray shaded area. The contour levels are in radians.
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last step to reduce a compounding error. The resulting uncertainty
in ε based on the uncertainty in the distance calibration was
+0:02 mrad. The largest source of uncertainty was associated with
the polynomial fit to the calibration lens.

The polynomial fit was used to determine a location in the
calibration lens based on the pixel intensity in the experimental
image. The average standard deviation for the polynomial fit to the
calibration lens intensities was 0.0095, for pixel intensity values
scaled from 0 to 1. To quantify the uncertainty based on one stan-
dard deviation variation, the polynomial fit was shifted by one
standard deviation in both axes directions as shown by the dashed
black lines in Fig. 16. The resulting refraction angles in the x- and
y-directions, εx and εy , were then calculated with the shifted cali-
bration curve. Figure 17 shows the resulting refraction angles by
shifting the pixel intensities by (a) þσSD and (b) �σSD.

The refraction angles calculated based on one standard devia-
tion result in the experimental uncertainty bounding the analytical
solution. Subtracting the refraction angles for þσSD and �σSD from
the actual values of epsilon yields the uncertainty on a pixel-per-pixel
basis. Subtraction of the two images results in a fairly consistent
change in refraction angles resulting in an average refraction angle
uncertainty of approximately �0.12 and 0.12mrad, respectively.

C. Explosively driven shock wave experiments

The quantitative schlieren analysis based on the stress-optic law
was extended to explosive induced shock experiments. For the shock
studies, two synchronous high-speed cameras were used to visualize
the event. The high-speed images were exposed by the pulsed laser
illumination source at 15 ns, which eliminated the uncertainty in the
temporal alignment of the two image sets. The two cameras had dif-
ferent knife-edge cut-off directions such that the refraction angles in
the x- and y-directions were captured simultaneously. A vertical
knife-edge cut-off was used to visualize the x-direction refraction
angles, εx , and a horizontal knife-edge cut-off was used to visualize
the y-direction refraction angles, εy . Images of the shock propagation
through the PMMA are presented in Fig. 18 for (a)–(d) a vertical
cut-off and (e)–(h) a horizontal cut-off.

A visual comparison of the two image sets shows that in the
early time, t , 12 μs, the shock in both image sets appears simi-
larly. As time progresses, the differences in the schlieren images for
the two knife-edge orientations become more apparent. In the last
image before the shock impacts the free surface, t � 37 μs, it is
apparent that the refractions in the x-direction are stronger than
the refractions in the y-direction, which was expected.

The dynamic range of pixel intensity values captured during
the calibration process sets upper and lower limits for the refraction
angles that can be calculated. Thus, it is important that the pixel
intensities visualized in the calibration lens span the dynamic range
of the camera sensor, which is 0–1 on a normalized pixel intensity
scale. It was of particular importance for the calibration image

FIG. 15. (a) Resultant refraction angles and (b) stress contours for the experi-
ments (colored contours) and the analytical solution (black contours) for a com-
pressive force of 2365 N. The zone of dominant triaxiality is plotted as the red
shaded area and the boundary effects in (a) are highlighted as the gray shaded
area. The contour levels are in radians.

FIG. 16. Plot of the pixel intensity values (purple points) from the calibration
lens with the polynomial fit (black line) along with the polynomial fit for +σSD
(dashed black line).
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values to span the dynamic range of the camera sensor for the
explosively induced shock experiments because shock waves are
high pressure pulses which induce large light refraction angles. The
calibration data for the vertical knife-edge cut-off images did
capture the full dynamic range of the camera sensor. However, the
maximum intensity value from the calibration data for the horizon-
tal knife-edge cut-off images was approximately 0.96. Since the
refraction angles that can be calculated are restricted by the inten-
sity values inside of the calibration lens, any values outside of the
pixel intensity values in the calibration lens were discarded in the
analysis.

The resulting refraction angles from the shock experiments are
calculated using the calibration lens pixel intensities as described

above. Image intensities and the resulting refraction angles along
centerline at the time and location of interest for the shock experi-
ment are plotted in Fig. 19(c).

The intensity values plotted in Fig. 19(c), Ix and Iy , corre-
spond to the lines plotted in the schlieren images of the shock
propagating through the PMMA sample with a (a) vertical and (b)
horizontal knife-edge cut-off, respectively. The plot of pixel intensi-
ties as a function of position compared to the refraction angles as a
function of position shows that the pixel intensity and refraction
angles follow the same trend, as expected. Thus, large changes in
pixel intensity relative to the background correspond to large
refraction angles. The background intensity of the undisturbed
PMMA corresponds to the area of PMMA prior to the shock wave.
In general, the displacements in the x-direction were much larger
than the displacements in the y-direction, especially along the cen-
terline, y ¼ 0 mm, which was expected due to the wave propagation
direction relative to the knife-edge direction.

For the vertical cut-off, Ix , there was a single high intensity
pixel which was determined to be the shock wave front and is
labeled as “shock front” in Fig. 19. The orientation of the
knife-edge cut-off caused the shock wave to be detected as an

FIG. 17. Images of the refraction angles in the x-direction, εx , for (a) þσSD
and (b) �σSD, compared to the analytical solution for a compressive force of
2365 +5 N.

FIG. 18. Images of the shock propagation through a PMMA sample with (a)–(d)
a vertical knife-edge cut-off and (e)–(h) a horizontal knife-edge cut-off. The time
of each image relative to the detonator initiation is shown.
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intensity greater than the background pixel intensity, and the
expansion behind the shock wave was detected as darker than the
background. This was validated through comparison of the pixel
intensities at different times from the digital streak image presented
in Fig. 20. The digital streak image presented in Fig. 20(a) was
created by extracting the centerline row of pixels indicated as the
dashed red line in Fig. 18(a) from every image in the data set and
stacking them vertically such that time was on the y axis and dis-
tance was on the x axis. The segments of the pixel intensity values
at three different times from the digital streak image were extracted
and plotted in Fig. 20(b). The position of pixel intensity values

extracted were aligned such that the position of the shock front was
at xs ¼ 0 mm.

The row of pixels along the centerline of the PMMA sample
was extracted from the digital streak image at a time of t ¼ 35:5 μs
for the calculation of the stress through the shock field. This time
was chosen because it was before the shock impacted the PMMA
boundary at t ¼ 38 μs, which allows the numerical integration to
be applied from the far field with known boundary conditions, i.e.,
undisturbed PMMA. This time was also chosen because it was
before the shock entered a region near the PMMA boundary where
a slight stress gradient due to residual stresses from the manufac-
turing process was observed. This residual stress region spanned
approximately eight pixels inward from the boundary and is visual-
ized in the digital streak images presented in Fig. 20(a).

Numerical integration of the refraction angles, εx , was per-
formed from the undisturbed PMMA through the shock wave to
determine the stress state at a given location. Rearranging Eq. (9) to
solve for stress (σxx þ σyy) yields

σxx þ σyy ¼ 1
Cσde

ð
εxdx: (26)

Plane stress is assumed which allows for σyy to be expressed
in terms of σxx using Poisson’s ratio, ν, as

σyy ¼ ν

1� ν
σxx: (27)

Equation (26) then becomes

σxx ¼ 1� ν

Cσde

ð
εxdx: (28)

The numerical integration of the refraction angle was per-
formed using the trapezoid method over the distance between
pixels and is presented in Fig. 21. Integration of the refraction
angle caused the detected shock wave to be completely lost during
the integration process because it was only observed in one pixel.
However, the negative phase of the shock wave was still present
after integration. Integrating the refraction angle, εx , to estimate the
stress gradients from the schlieren images leverages the stress-optic

FIG. 19. Schlieren images of the explosively driven shock propagating through the PMMA sample at approximately 35 μs after detonation with (a) a vertical knife-edge
cut-off and (b) a horizontal knife-edge cut-off with (c) a plot of the pixel intensities, Ix and Iy , and the calculated refraction angles, εx and εy , corresponding to the lines on
(a) and (b).

FIG. 20. (a) A digital streak image for the vertical cut-of data with segments
indicating the rows of pixels extracted. (b) The pixel intensity values detected for
the shock wave along the green (tact ¼ 15 μs), red (tact ¼ 25 μs), and blue
(tact ¼ 35 μs) lines.
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law, but the explosive induced shock is a large stress gradient which
violates the assumption of small stress gradients and small refrac-
tion angles when relating the light propagation vector to the
change in optical path length [Eq. (8)]. The integration, however,
was still performed and compared to the stress calculated using
PDV shown in Fig. 21. The resulting stresses, although not the
same, follow a similar trend.

The PDV measurement, made at the free surface in line with
the centerline pixel row, was used to calculate the induced stress
field as plotted in Fig. 21. PDV measurements yield a surface veloc-
ity history, i.e., surface velocity as a function of time. For compari-
son to the schlieren images, time was converted to distance using
the average shock velocity.18 The shock velocity was calculated
using the digital streak image in Fig. 20. The boundary of the shock
wave visualized in the digital streak image was extracted using
MATLAB. A linear fit was applied to the extracted shock front to
which the slope of the linear fit, 2.83 mm/μs, was used as the
average shock velocity. The surface velocity as a function of dis-
tance was reflected over the x axis at an x-distance of approxi-
mately 88 mm which was the distance the shock wave traveled in
the PMMA. The stress calculated using the PDV signal, σPDV , was
approximated using the measured surface velocity, usf , shock veloc-
ity, Us, and bulk density, ρ0,

σPDV ¼ usf
2
Usρ0: (29)

The two data sets in Fig. 21 were aligned by shifting the dis-
tance axis based on the location of the shock front such that
xs = 0mm was the location of the shock front.

The schlieren and PDV data show the same trends; however,
the shock wave is better resolved in the PDV measurement than
the high-speed imaging. The shock rise time in the PDV measure-
ments, calculated from usf = 0 m/s to usf = 7.2 m/s, occurred over
approximately 0.20 μs. The image resolution on the high-speed
cameras was approximately 0.3 mm/pixel. With the shock wave

traveling at approximately 2.83 mm/μs and an illumination pulse of
15 ns, the shock is smeared over approximately 0.15 pixels. The rise
time from the PDV of 0.2 μs spans approximately 1.8 pixels. The
high-speed camera, thus, does not have sufficient pixel resolution
at this magnification to accurately resolve the shock wave pulse to
the fidelity that the PDV does. The refraction angle data for the
shock are, thus, expected to be limited in the shock here because of
how thin and fast it is.

D. Discussion

Quantitative schlieren analysis has been demonstrated to be
viable for measuring stress fields in transparent solids. This tech-
nique can be applied similarly to the traditional techniques of pho-
toelasticity, coherent gradient sensing, and digital gradient sensing.
The quantitative schlieren technique is most similar to DGS, and
the governing equations used for the analysis are the same.2,3 Both
methods yield the same result with no requirement to analyze
fringes, as in photoelasticity and CGS.

To experimentally determine the stress gradients in both the
vertical and horizontal directions, the quantitative schlieren analysis
requires images of both horizontal and vertical cut-offs, respec-
tively. This is similar to CGS which requires two sets of diffraction
gratings to capture stress gradients in both directions. Capturing
both gradients using either technique can be performed with two
cameras simultaneously, as done here, or sequentially using a single
camera and changing the cut-off orientation between images. DGS
analysis yields the two-dimensional light ray refraction directly
from a single test image compared to a baseline pre-test image of a
speckle background, thus providing the ability to measure stress
gradients in any in-plane direction without the need to adjust the
experimental configuration. The quantitative schlieren analysis
yields a stress gradient measurement on a pixel-to-pixel basis
whereas DGS leverages Digital Image Correlation (DIC) such that
the stress gradient measurements are calculated using, and averaged
over, a correlation window.

Quantification of the uncertainty for DGS is limited, as the
uncertainty is based on the digital image correlation uncertainty
which is difficult to quantify directly.23 The uncertainties presented
here for the quantitative schlieren analysis were directly propagated
through the calculation process which does not involve a correla-
tion process. In both methods, the uncertainty is primarily a func-
tion of the camera resolution, with a higher resolution camera
yielding a more precise result. The calibration lens choice is critical
for the quantitative schlieren analysis where the lens refraction
angles define the quantitative range of the system. In DGS, the
physical setup geometry, including the distance from the sample to
the background pattern and the background pattern speckle size
and density, governs the refraction angles that can be quantified.
Calibration of the system requires precise measurement of the
setup geometry or measurement of a known refraction, similar to
the use of the calibration lens in quantitative schlieren. Both
methods can resolve similar refraction angles in general.

Since DGS is a direct imaging method, non-parallel light
results in perspective within the images. The schlieren analysis uti-
lizes parallel light so geometry is represented on a one-to-one basis.
Quantitative schlieren is most restricted by the size of the optics

FIG. 21. A plot of the mean stress calculated from the surface velocity mea-
surements and the stress calculated by numerical integration of refraction angle.
Note that the sign convention for the compressive stress is opposite than the
normal convention.
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required, with schlieren lenses or mirrors readily available up to
only �30 cm. DGS can be applied on a near infinite scale, limited
only by the size of a background and camera lenses available.

VII. CONCLUSION

Quantitative schlieren imaging has been extended here to
measure refraction angles and stress states in optically transparent
PMMA. Quasi-static and dynamic experiments were preformed.
Refraction angles measured from the schlieren images were used to
estimate the stress state of the PMMA using the stress-optic law.
The derived equations using the stress-optic law relate the refrac-
tion angles to the stress gradients.

The experimental arrangement for the quasi-static experi-
ments allowed for the analytical Flamant solution to be used to
estimate the stress state of the material. The comparison between
the experimental refraction angles and the analytical refraction
angles for the quasi-static experiments validated the quantitative
schlieren analysis. The schlieren lens calibration data were found to
have a significant impact on the measurable data and to be the
largest source of uncertainty for this method.

Due to limited image resolution with the high-speed cameras
in the dynamic experiments, the shock wave was not adequately
resolved to allow spatial measurement of the stress field through
the shock itself. Only a singular pixel of the shock was visualized in
the images; therefore, when integrating the refraction angles to esti-
mate stress, the shock wave was fully lost. However, the wave struc-
tures behind the shock wave were captured and followed the same
trend as the stresses calculated from the PDV measurements.

The analysis and experiments presented here show that the
quantitative schlieren analysis can be used to estimate stresses in
transparent materials, and the calibration process and image resolu-
tion are the most important sources of potential error and limita-
tions of applicability.
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