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ABSTRACT: It has been shown in recent works that JT gravity with matter with two boundaries
has a type Il algebra on each side. As the bulk spacetime between the two boundaries
fluctuates in quantum nature, we can only define the entanglement wedge for each side in a
pure algebraic sense. As we take the semiclassical limit, we will have a fixed long wormhole
spacetime for a generic partially entangled thermal state (PETS), which is prepared by
inserting heavy operators on the Euclidean path integral. Under this limit, with appropriate
assumptions of the matter theory, geometric notions of the causal wedge and entanglement
wedge emerge in this background. In particular, the causal wedge is manifestly nested in the
entanglement wedge. Different PETS are orthogonal to each other, and thus the Hilbert space
has a direct sum structure over sub-Hilbert spaces labeled by different Euclidean geometries.
The full algebra for both sides is decomposed accordingly. From the algebra viewpoint, the
causal wedge is dual to an emergent type I1I; subalgebra, which is generated by boundary
light operators. To reconstruct the entanglement wedge, we consider the modular flow in
a generic PETS for each boundary. We show that the modular flow acts locally and is the
boost transformation around the global RT surface in the semiclassical limit. It follows that
we can extend the causal wedge algebra to a larger type III; algebra corresponding to the
entanglement wedge. Within each sub-Hilbert space, the original type 11, reduces to type I1I;.
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1 Introduction

Jackiw-Teitelboim (JT) gravity [1, 2] with negative cosmological constant is a two-dimensional
toy model for the near horizon physics of a near-extremal black hole. In recent years, it has
be heavily studied, for example in [3-8] (see also [9] for a review). It has a dilaton field,
which can be understood as the area of transverse S2 in the near-extremal black hole through
dimensional reduction. It plays the role of a Lagrange multiplier that restricts the curvature
to be R = —2, which corresponds to AdSs spacetime. JT gravity can be quantized and is
exactly solvable. We can add matters to JT gravity and study how quantum gravity interacts
with matters. These matters could be non-perturbative ones, e.g. end-of-world branes [10, 11]
and conical singularities [12], or a generic bulk local quantum field theory [8, 13]. In this
paper, we will focus on the latter, which has minimal coupling to JT gravity in the sense
that it does not couple to the dilaton field. This leads to a large simplification since the
background spacetime is still AdSs.

In JT gravity, the graviton degrees of freedom only live on the boundary and behave
as the parameterization mode with its Schwarizian derivative as the effective action [8]. We
can define the boundary operators for the bulk matter fields by pushing them close to the
boundary by the AdS/CFT dictionary. In this sense, we assume these boundary operators
form a 0+1 dimensional CFT. The interaction between matters and graviton is through the
coupling between the boundary operator and parameterization modes. To fully characterize



this theory, we need to understand the algebraic structure of these boundary operators.
Each boundary algebra Ay, /g is generated by the boundary matter operators O; 1 /g and the
boundary Hamiltonian Hp g. It has been shown in [14, 15] that for the JT gravity with
matter with two boundaries and disk topology, all bounded operators on the left and right
boundary form two type Il von Neumann algebras Ay /g, which are commutant to each
other and are factors. In plain language, this means that these two algebras commute with
each other and the only bounded operator in this theory commutes with both of them is
proportional to identity. It follows that the full algebra of bounded operators in the theory
is generated by the union of A; and Ag.

This analysis is at a fully quantum level and phrased in a pure boundary algebra language.
For pure JT gravity with two boundaries, the phase space is two-dimensional and the canonical
coordinate is the regularized geodesic length ¢ connecting the left and right boundaries. After
canonical quantization, the Hilbert space is L?(R), namely all square normalizable Wheeler-
DeWitt wavefunctions of ¢ [6]. As the gravity states are all prepared by Euclidean path
integral connecting two boundaries, this L?(R) can be equivalently labeled by Hartle-Hawking
states |3), where [ is the length of the Euclidean path. Together with the matters, the full
Hilbert space is H = Hmatter @ L*(R). The states in this Hilbert space is generated by acting
Ap, Ar on |Q) |0), where |Q2) is the vacuum of matter Hilbert space and |0) is for 5 = 0 state.

In the context of AdS/CFT, an important question is to ask which bulk subregion is dual
to a boundary subregion. It is well-known that for empty AdS, a boundary spatial region
(and its causal diamond) is dual to the bulk causal region bounded by RT surface [16]. This
formula was later generalized to HRT surface [17] to include non-static spacetime and to
the quantum extremal surface (QES) [18] when subleading in 1/N corrections are included.
The bulk subregion dual to the boundary subregion is called the entanglement wedge [19-21].
However, all these proposals are made in a semiclassical sense, which relies on a fixed spacetime
background, in which these geometric quantities are well defined. On the other hand, for
JT gravity with matter, the spacetime is fluctuating (as ¢ is not a fixed number), subregions
of the bulk are not well-defined and the dilaton profile is also fluctuating. Therefore, there
is no bulk notion of any of these surfaces and we can only define the entanglement wedge
for the left and right boundaries in a pure algebraic way [15].!

As we take the semiclassical limit in the theory of JT gravity with matter, the spacetime
will be dominated by a saddle and all classical geometric background and notions therein
become emergent. The parameter that controls the semiclassical limit is ¢, the renormalized
boundary value of the dilaton field. It is the effective 1/G in JT gravity and the semiclassical
limit corresponds to ¢, — oo. The states with multiple heavy operators with weight © ~ O(¢p)
inserted on the Euclidean path are called partially entangled thermal states (PETS), which
were first studied in [22] (see (2.33)). As ¢, — 00, a generic PETS is dual to a long wormhole
spacetime connecting the left and right boundaries (see figure 4). In this emergent classical
spacetime, we will have an emergent causal wedge, which is the bulk region as the overlap
of the causal past and causal future for the left or right boundary. Moreover, by the RT
formula, the entanglement wedge for a boundary is geometrically given by the bulk causal
diamond between the global minimal dilaton point (recall that dilaton represents the area

!Note that there is no boundary subregions but just the left and right boundaries in 041 dimension.



of transverse S? in higher dimensions) and the boundary. Due to the existence of the long
wormhole, the causal wedge is nested inside the entanglement wedge [20, 21] for a generic
PETS, and the gap between them is the causal shadow.

As ¢p — 00, we will assume that the heavy operators become generalized free fields and
decouple from light operators, whose conformal weight A ~ O(1) does not grow with ¢;. This
is physically reasonable because we should not expect tunneling or decay of spacetime in the
strict Gy — 0 limit.? It follows that different generic PETS are orthogonal to each other in
the semiclassical limit. Therefore, given a generic PETS |¥) and the corresponding Euclidean
geometry g, we can build a sub-Hilbert space H, spanned by inserting light operators on
the FEuclidean path defining |¥) but keeping the heavy operators therein unchanged. We
can analytically continue the Euclidean geometry ¢ to Lorentzian spacetime and identify
the Zy time-reversal symmetric geodesic connecting two boundaries as the global Cauchy
slice 4. The states in H, prepared by Euclidean path integral are equivalent to the states
of the dual bulk QFT on 3,. Therefore, the full Hilbert space in the semiclassical limit
contains a direct sum structure

H D DH, (1.1)

where each sub-Hilbert space H, is labeled by a different Euclidean geometry g. It is not an
equal sign because non-generic PETS may have subtleties in their semiclassical limit.

As pointed out in [23], the subregion for the causal wedge should be dual to a subalgebra
on the boundary. In particular, the bulk fields in the causal wedge are an ordinary QFT
in a Rindler spacetime, which should be a type III; von Neumann algebra [24]. By the
standard HKLL reconstruction [25-28], these bulk fields are dual to operators living on
the boundary. In our notation, these operators are light operators with conformal weights
A ~ O(1) and survive in the semiclassical limit. In contrast, the operators with conformal
weight © ~ O(¢p) does not survive in the semiclassical limit because they have divergent
matrix elements. However, these operators still exist in a PETS and backreact to gravity
to form a long wormhole. The subregion-subalgebra duality [23] implies that these light
operators on each boundary form a type III; subalgebra A% /R These two subalgebra A% /R
are universal and independent on the details of |¥), which is consistent with the fact that
the causal wedge is universally defined for any semiclassical bulk state.

Since there is a causal shadow, A% /R does not generate the full bulk algebra by acting
on a generic PETS |¥). An immediate question follows: how do we reconstruct the causal
shadow from the boundary algebra? In other words, there must be a larger subalgebra from
Ap/g surviving in the semiclassical limit. To characterize this subalgebra by extending .A% /R
is equivalent to an entanglement wedge reconstruction [19-21, 29-33]. It has been proposed
in [32, 33] that for a given bulk state |¥), the modular flow from a boundary subregion will
be able to reconstruct its entanglement wedge. Unfortunately, the modular flow is usually
quite complicated and acts nonlocally. It is hard to verify this proposal unless in limited
cases, let alone to prove it in general.

2For example, a black hole with a Hawking quanta decay involves a coupling between heavy and light fields,
but it is a O(Gy) effect.



In this paper, we will study the modular flow in the theory of JT gravity with matter in
the semiclassical limit and will show that the modular flow of one boundary for a generic PETS
acts locally as the boost transformation around the global minimal dilaton point, i.e. the RT
surface (see figure 9). It follows that the modular flow extends the bulk fields in the causal
wedge to the whole entanglement wedge for that boundary by bulk locality. The argument for
this extension sufficiently covering the whole entanglement wedge can summarized as follows:

1. For a generic PETS, only heavy operators backreact to the geometry in the semiclassical
limit. The solution has smooth AdS, metric and non-smooth but continuous dilaton
profile due to the backreaction. Since the light operators decouple from both the heavy
operators and the dilaton field, they are dual to a bulk QFT living on a smooth AdSs
background and enjoy an SL(2) symmetry.?

2. Using the replica trick, we show that the modular flow acts locally as an SL(2) trans-
formation for any boundary light operators. This SL(2) transformation is the boost
around the global RT surface, namely the globally minimal dilaton point.

3. Using HKLL reconstruction, we can extend the modular flow to any bulk field living in
the causal wedge. As the bulk-boundary correlations are SL(2) invariant functions, the
modular flow acts locally on the bulk field by the same boost transformation.

4. Since the SL(2) transformation is uniquely and globally defined for AdSs, we can
smoothly extended the modular flow parameter in the HKLL reconstruction to any real
number to move the bulk field beyond the causal wedge. As the boost transformation
can move a bulk point arbitrarily close to the edge of the entanglement wedge.* By
bulk causality we can justify that the union of all modular flowed operators generate
the whole entanglement wedge.

From the algebra viewpoint, for a generic PETS, the modular flow extends A% /g toa
larger subalgebra Af%", which is again type III; by subalgebra-subregion duality [23]. The
full algebra of bounded operators in the sub-Hilbert space H, is generated by the union of
AfWg and Af;Wg . Similar to (1.1), for the algebra of all bounded operators we have

B(H) D @eB(Hy) = &ef AL AR Y, AL =~ (A g (1.2)

)modular extension in g
This is a nontrivial example of solvable modular flow and justifies the entanglement wedge
reconstruction.

The organization of this paper is as follows. In section 2.1, we quickly review the von
Neumann algebra in JT gravity with matter; in section 2.2 we discuss the semiclassical limit
in the Euclidean path integral formalism; subsequently, we show an equivalent geometric

3Note that SL(2) is an isometry of the metric and also a symmetry of light fields but not the symmetry of
a PETS because the dilaton profile is not invariant under SL(2). However, as the dilaton and heavy operators
are not part of the algebra in the semiclassical limit, this does not matter for us to utilize the SL(2) for
light operators.

4To be more precise, consider a bulk field in the causal wedge being flowed to far future and far past. Then
the causal diamond defined by these two points is arbitrarily close to the horizon of entanglement wedge.



formalism by gluing EAdSs disks with SL(2) charge conservation in the semiclassical limit in
section 2.3; the structure of the semiclassical Hilbert space (1.1) is discussed in section 2.4;
in section 2.5 we discuss the operator algebra A% /R in the semiclassical limit. To reconstruct
the entanglement wedge, we study the modular flow by replica trick in section 3.1 and show
it is the boost transformation around the global RT surface; following this result, we discuss
the extension of operator algebra by the modular flow in section 3.2. We summarize the
conclusion and discuss a few problems and future directions in section 4. In appendix A,
we provide a new and simple derivation of sl(2) 6j symbol directly from the Euclidean path
integral of JT gravity with matter. In appendix B, we use this Euclidean path integral to
show that the configuration with crossing Wick contractions of heavy operators of the same
type is exponentially suppressed relative to a non-crossing Wick contraction configuration in
the semiclassical limit. This is a crucial step to simplify the computation of the modular flow
in the replica trick. In appendix C, we solve a nontrivial example of non-generic PETS to
address some subtleties of the structure of Hilbert space discussed in section 2.4.

2 JT gravity with matter in the semiclassical limit

2.1 A quick review of the von Neumann algebra in JT gravity with matter

JT gravity [1, 2] with matter is defined by the following Euclidean action [6, 34]

Ig, @, 0] = =Sox + Ls1[g, @] + Imlg. ¢ (2.1)
Lilg, @] = — /M JIB(R+2) 2 /W VIS(K — 1) (2.2)

with boundary condition
Guu — 1/, © — Bp/e (2.3)

where u is the Euclidean boundary affine time. In this paper, we only consider disk topology
(Euler characteristic x = 1) by setting Sp — oco. Since the topology is fixed, we will suppress
So throughout this paper. Since the boundary is a circle of circumference 3, w is periodically
identified u ~ u + 8. Integrating over the dilaton field ® leads to AdSy geometry R+ 2 = 0,
whose metric can be chosen as

ds® = dp® + sinh? pd¢?, =~ ¢+ 27 (2.4)

The Gibbons-Hawking term in (2.1) is nontrivial and promotes ¢ to dynamical field ¢(u)
on the boundary. This is the boundary graviton degrees of freedom of reparameterization,
whose dynamics is given by Schwarzian derivative of ¢(u) [8, 35, 36]. One can quantize this
Schwarzian theory and solve the quantum gravity of pure JT gravity [4, 7, 13, 34, 37-39].

With matter action, since it does not couple to dilaton, this is a quantum field theory
of ¢(p,#) living in the AdS, background. We can define boundary operator by pushing
©(p, @) to the boundary [14, 15]

O(¢) = lim e*o(p, ¢) (2.5)

p—00



where A is the conformal dimension of ¢. We assume O(¢) forms a unitary CFT on a
circle of circumference 2. As O(¢) is an operator located at ¢ and ¢ is promoted to a
dynamical field ¢(u), the correlation function of O with graviton correction is given by the
Euclidean path integral [7, 13]

(O1(u1) -+ On(un)) gg = /D¢€_SCh(¢(“)) (O1(d(w1)) -+ On(B(un))) cpr (2.6)

The CFT correlation function is fixed by OPE coefficients and conformal symmetry. In
particular, the two-point function and three-point function on a circle is

55
Cijk
<OZ(¢1)O](¢2)Ok(¢3)> - (sin ¢1;¢2 )AH—A]-—Ak (Sin ¢1;¢3 )jAH-Ak—Aj (Sil’l ¢25¢3 )Aj—l-Ak—Ai

(2.8)

where ¢1 — @2, p2 — ¢3, 91 — ¢3 € (0,2m). Unitarity requires that all OPE coefficients Cj;,
are real.

We can split the disk along the horizontal diameter to two half-disks. The boundary of
the lower half-disk is a semicircle with ends at ¢ = 0 and ¢ = 7. Analytically continue the
boundary time u — tu, we will have a Lorentzian theory with two asymptotic boundaries,
which we call left and right systems. The Hilbert space of JT with matter theory for this
two-sided system is H = Ho ® L?(R), where H, is the Hilbert space of the boundary CFT
and L2(R) is the Hilbert space of pure JT gravity [6].

For the pure JT gravity part, we can canonically quantize the two-sided theory [6] and find
that the system has a canonical variable of renormalized length ¢ of the geodesic connecting
two AdS boundaries at identical left and right Lorentzian time,® and the Hamiltonian has a
Liouville potential. In this formalism, states are labeled by |¢) and all sqaure-normalizable
wavefunctions span the Hilbert space L?(R). For the matter part, the Hilbert space is span
by all single operator O;(¢) inserted at ¢ € [0, 7] on the lower semicircle. Here we do not
need to include multiple operator insertion because they can be expanded in terms of single
operators through OPE. However, as ¢ is dynamical, it is better to consider a new basis
of Hartle-Hawking states ’\I/(BQLyﬁR (€)> introduced in [15], where one O is inserted but its
location ¢ is integrated over [0, 7] against some wavefunction corresponding to the state with
geodesic length ¢. B, and g labels the boundary Euclidean time of O to the two ends of the
semicircle (see figure 1(a)). Correspondingly, we define the state prepared in this way as

ibrbr) = [t @)@ (2.9)

For the Hartle-Hawking state without matter (see figure 1(b)), we just take O; = I and
this leads to

18)= / ;Oodwﬁ(e)|o>®|£>= [ jdz /0 T dkp(k)e M A2k, (de ) 0V 2[0) (2.10)

5The left and right opposite time shift is the boost transformation in the global gauge symmetry SL(2).
Correspondingly, ¢ is invariant under this opposite time shift.



Figure 1. (a) The graphic representation of state |i; 8., Br). (b) The graphic representation of
Hartle-Hawking state without matter |3). (c) The partition function Z(/3) is equivalent to the inner
product of two Hartle-Hawking states. (d) A few identities of two-point functions with inner product
and matrix elements. (e) A few identities of three-point functions with matrix elements.

where Wg(¢) is the Hartle-Hawking wavefunction for a half-disk that is bounded by geodesic
¢ and an EAdS boundary of length 8 = f1 + Br, |0) is the vacuum of matter fields and
p(k) is the spectral density with & > 0

1
w['(2ik)T(—2ik)
Using the Hartle-Hawking states in (2.9) and (2.10), we can express the Euclidean

(2.11)

2k .
p(k) = - sinh(27k) =

quantum gravity correlation functions in terms of inner products and matrix elements within
these states. For example, the partition function of the Schwarzian theory on a circle with
circumference § in our notation is
4 3/2
Z(ﬁ) _ ( qbb/ﬁ) e4¢>b7r2/ﬁ (2.12)
NZ3
where we need to divide an infinite volume of SL(2) in the measure of (2.6) if no matter field

is inserted because of the global SL(2) gauge symmetry of pure JT gravity. On the other
hand, it is the inner product of two Hartle-Hawking states® (see figure 1(c))

2(8) = (8= Bi1n) = [ d0s (005 (0) = [T dke P Np(k) (213
where we used orthogonality of |¢) states (¢|¢') = §(¢ — ¢') and the normalization identity
Sk —K)

p(k)

5The inner product of the Hilbert space H is well-defined because |¢) is delta function normalized and the
CFT is unitary.

/ d02K 931, (4e/?)2 K 0330 (4e7H/2) = (2.14)




Let us define the operators acting on the left (at ¢ = 0) as O, 1, and the operators acting on
the right (at ¢ = 7) as O; r. The two-point function of matter operators can be expressed
in various ways as

(0;(1)0i(0)) o = (i3 B, Brlj; B — BL — w,u — Br) = (B — u|0;, L Ojr|w) (2.15)

= (B8 —u — B1|Ojrli; B1,u) = (u — 1]|0;L|i; B —u, 1) (2.16)

= by [ atwau(Oe 20,0 (217
= 51']'/0 ddekRp(kL)p(kR)f‘kA;kR6*"’“%/(4%)ef(ﬁfu)k%/(4¢>b) (2.18)

where in the last step we integrate over £ and we define

T8 4 = / - d02K 33y, (472) (4 1) P2 K iy, (4e7H2) = % [IT(A £iky +iks) (2.19)
7 —o0 (24) 43

where the product is over all four choices of signs. Taking A — 0 in (2.19), it reduces to
the normalization (2.14) for kj 2 > 0.” The first line (2.15) is due to the rotation symmetry
of the Euclidean diagram in figure 1(d). Note that (2.17) is a nontrivial result by solving
the Schwarzian Euclidean path integral (2.6) and express the result in terms of integral over
geodesic length ¢ [7]. Comparing with (2.7), we see the rule is simply replacing sin(¢;;/2)
with efii/2 /2 when gluing against Hartle-Hawking wavefunctions. This rule is not surprising
because semiclassically a two-point function in AdS background should be an exponential
decaying function of the geodesic distance £ with rate of conformal dimension A at least
for heavy fields and long enough distance. Indeed, this rule also holds for three-point
functions (2.8) (see figure 1(e))

(O (u2)O0;(u1)0i(0)) o
= (k; B1,u21|Oj,r|i; B—ua—F1,u1) = (i;u1, B—u2— B1|Oj,|k;u1, B1) (2.20)
= Cijk /d£1d€2d€3\1’5—u2 (Zl)\I,’LLI (EQ)\IIUQI (63)I(£1a€2’€3)

% (2e—f1/2)Ai+Ak—Aj (26—€2/2)Ai+A]'—Ak (2e—f3/2)Aj+Ak—Ai

2 2 2
(5*“2)]@1 7u1k2 ug1k3y

S

A _ _

E/0 |: H dkSIO(k'S)] \/FkAlZka;k:’,FkAﬁﬂe roe e A% Vijk(k17k2?k3) (2'21>
s=1,2,3

where ug1 = ug —u1,ui,ug € [0, 5] and I(¢1, 02, ¢3) is the wavefunction for GHZ state [7] that
corresponds to the bulk triangular region bounded by three geodesics

I(ly, 0o, 13) :/o dkp(k)2 Ko (4e ™/ 2)2 Koy, (de™2/%)2 Koy, (4e15/2)

= exp |:_2 (e(€1752753)/2 + e(@zfﬁgffl)/Z + e(fg*fg*@ﬂ/?)] (222)

"To determine the normalization of the delta function we can integrate k; in (2.19) from 0 to oo, which by
Barnes integral of four gamma functions leads to (2.14). However, this normalization is 1/2 of 7, 15], and our
p(k) is twice of theirs. The discrepancy comes from how to treat the gamma function integral in A — 0 limit.
However, our normalization is consistent with the 6j symbol in appendix A, which reduces to (2.19) by setting
one of A to zero. This normalization discrepancy does not affect any main conclusion of this paper.



In (2.21), we define the function Vjji(k1, k2, k3), which by (2.19) can be written as

DjHAR—Af  AjHA =Dy AjAL-A,

Ai Aj A
\/Fklkzrk;k3rk3';ﬂwjk(k1,/eg,kg)zcijk/dkop(ko)rkhk; Tr? Tron? (2.23)

which in the notation of Vype(keq, kap, kbe) is symmetric under permutation of a, b, ¢ assuming
kab = kba-

From (2.18) and (2.21), we can consider an alternative energy basis |i; k1, kr) and |0; k)
as Laplace transformation of basis |i; 8, Sr) and |3). We call them energy basis because
we can define left Hamiltonian Hj, and right Hamiltonian Hg as the conjugate operator to
Br and Bgr respectively and they act on these basis diagonally

. k‘%/R . k2
Hygliskr, kr) = Aoy, t5kL, kr), Hr|03k) = Hr 0, k) = 10 10; k) (2.24)

It is shown in [15] that these energy basis are orthogonal and span the full Hilbert space.
Define the following projectors onto vacuum sector and non-vacuum sector

/0 dkp(k) |0; ) (03 k|, /0 ke dkpp(k)p(kn) |i: kkr) (is kikal (2.25)

where the spectral density is a convention of convenience and these continuous energy basis
are respectively 1/p(k) and 1/(p(kr)p(kr)) normalized. Let us assume one-point function of
a single operator vanishes in (2.6). Inserting these basis into (2.13), (2.15), (2.16) and (2.20),
we can work out the following inner products and matrix elements

(05| B) = e PR/U%0) (ke kplis Br, BR) = 81\ [T e~ PR/ U00)e=PrIR/ (o) (3 96)

krir—k) /A

‘ §(
<05k1’0i,L/R|07k2>:Oy <J;/€L,kR’Oi,L/R|0;k>=5ig‘ () Ky kn (2.27)
6(kr/L—FKg/1) _
2L 0. ;. _ /L) / Y
<k7kLakR’O],L/R|7’7kL7kR> p(kR/L) V:ij(kR/LakL/RukL/R) FkL/Rvk,L/R (228)

The matrix elements (2.27) and (2.28) define the operators O; j, and O; g completely.
Following [15], one can define the left algebra Ay, = {O; 1, Hr}" and right algebra Ap =
{Oi,r, Hr}", where the double prime means double commutant, which close the algebra to a
von Neumann algebra. Using the matrix elements (2.27) and (2.28), we can show that the left
and right algebras are commutant to each other Az, = A%. Moreover, they are both factors,
which means A NAgr = C-1. It follows that the algebra of all bounded operators B(#) acting
on the Hilbert space H is generated by the union of Az, and Ag, namely B(H) = (AL UAg)".

Von Neumann algebras are classified into three types. In this paper, we will not review
the classification but refer readers to [40]. Roughly speaking, type I allows a factorization
of Hilbert space H = H ® Hg, but type II and III von Neumann algebras do not. On the
other hand, type I and II von Neumann algebras allow the existence of a trace but type III
does not. For type II, if all operators have finite trace then we can rescale the definition
of the trace such that all operators have trace within [0, 1], and call it type II;; if there
exists an operator with infinite trace, then we call it type II,. The von Neumann algebra
A and Apr are both type 11, [14, 15] because



1. The Hilbert space does not allow factorization as we can see from the energy basis.

2. There exists a trace
tra = lim (BlalB), a€ AL/R (2.29)
B—0

3. The identity operator has infinite trace trl = Z(0) = oo by (2.12).

2.2 The semiclassical limit

The 115, von Neumann algebra in JT gravity with matter holds for any finite ¢3. In this case,
we can algebraically define the entanglement wedge algebra of left and right as Ay and Ag
respectively. However, as the gravity variable £ is a quantum operator, which has fluctuation
in a generic state, the bulk field ¢ does not live in a fixed background. Consequently, we do
not have a semiclassical bulk geometry spacetime causal structure. In particular, there is no
notation of a bulk causal wedge and the algebraic entanglement wedge does not correspond to
a local bulk quantum field theory in a fixed spacetime region bounded by QES formula [18].

As we take ¢p — 00, we arrive at the semiclassical limit. Unlike higher dimensional,
in JT gravity, there are two levels of semiclassical limit. We first take Sy — oo to restrict
ourselves to disk topology and eliminate non-perturbative baby universes with probabilities of
O(e=%). In this case, ¢}, becomes the effective 1/Gy analogous to higher dimensions, which
controls the perturbative fluctuations of gravity. When we further take ¢, ~ 1/Gny — o0,
the Euclidean path integral of JT gravity is dominated by the saddle. Solving the saddle
leads to a fixed spacetime background and all geometric notations emerge. It follows that the
theory reduces to matters propagating in a fixed curved spacetime background. As we will
show shortly, the geometric notation of the causal wedge becomes emergent under this limit.
At the same time, the entanglement wedge of the left or right boundary is endowed with a
geometric meaning and is bounded by the RT surface, which in JT gravity corresponds to
the global minimal dilaton point. From the geometric picture, we will see that the emergent
causal wedge is nested inside the entanglement wedge as expected [20, 21].

The states defined in section 2.1 are good to show the properties of the von Neumann
algebra, but are not convenient to discuss the semiclassical limit. Instead, we will consider
a different set of states by inserting primaries at different locations on the lower Euclidean
semicircle (see figure 2(a)). As we consider all possible insertions of primaries, these states
span the same Hilbert space. These states are called partially entangled thermal state (PETS),
which was first studied in [22]. The simplest PETS state has one heavy operator insertion

0) = [is B1/2, Br/2) = e~ PHHL/2-BrHRI20, ) 0) (2.30)

where |v) is the ground state of the CFT and |0) is the § = 0 Hartle-Hawking state. If we
have a UV completion of JT with matter on a two-sided system, e.g. two identical SYK
model, the state |v)|0) could be understood as the EPR state of the two-sided system with
maximal entanglement entropy. Acting on this state, O; could be chosen as either O, ;, or
Oi r. The conformal weight of the heavy operator O; is u ~ O(¢). A generic PETS with
multiple heavy operators insertion is pictorially represented in figure 2(a).

Even though the Hilbert space is non-factorized in type II von Neumann algebra, we
can still define reduced density matrix pr g € Ar g for either left or right side. Using the
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Figure 2. (a) A generic PETS with p primaries inserted on the Euclidean path. (b) The right reduced
density matrix pg for state |¥). The orange line connecting two O; represents the geodesic that back
reacts on the geometry. (c) and (d) are the Lorentzian spacetime for |¥) for p < p, and g > .
respectively. In both pictures, we assume [; > Sr and the global minimum of the dilaton profile
is always at ®;. The red dashed line is when ® = —® r, which corresponds to a cutoff at inner
horizons. The orange line is the geodesic of the heavy matter, along which the dilaton profiles on both
sides are glued continuously (but not smoothly). We have chosen the inertial frame of this geodesic
such that it is a vertical straight line. For the right system, the yellow region is the entanglement
wedge and the blue region is the causal wedge. For u < p, there is only one local minimum of dilaton
at @, (the invisible “local minimum” ®p is labeled gray) and there is no python’s lunch. For pu > p.
there are two local minima of dilaton at ®, r and there is a python’s lunch between them with a
bulge at the orange geodesic of the heavy matter.

pictorial representation in figure 1(a) for PETS, we can easily find out the reduced density
matrix for one side by conjugating the state and connecting the Euclidean path on the other
side. For example, for |¥) defined in (2.30), the right reduced density matrix is

PR = e_BRHR/20i7R6_IBLHROi7R€_/8RHR/2 (2.31)

where we assume O; r is hermitian. We pictorially represent ppr in figure 2(b). Using the
Euclidean path integral, it is straightforward to check that (2.31) obeys

(V|ar|V) = Trprar, Var € Agr (2.32)

with the trace defined in (2.29).

It has been studied in [22] that for this state there is a fixed spacetime geometry in
semiclassical limit ¢ — oco. Due to the backreaction of heavy operator O;, the Euclidean
geometry is the gluing of two EAdS disks along the geodesic connecting two ;. For each
disk, the origin is the minimum of dilaton ®7, z on that disk. If 57, > g, we have &7, < ®p
and vice versa. Continuing to Lorentzian signature at the Cauchy slice connecting these two
minima ®, g, we will have a spacetime with a long wormhole connecting two AdS boundaries.
There are a few cases depending on the parameters. Without loss of generality, let us assume
Br > Br- In this case, the right causal wedge is nested inside the right entanglement wedge.
On the other hand, the left causal wedge is always equal to the left entanglement wedge.
In other words, the global minimal surface is at ®r. If g < p, for some critical p,, there
is only one visible local minimal ® = & from both boundaries because the other one is
hidden behind the geodesic connecting two O;’s. If > u,, there are two visible local minima
P, g, one from each boundary and the global minimum is min(®y, ®r) = ®;. By tuning u
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over the critical value p, from below, a python’s lunch [41] emerges, which means that the
dilaton value (or the transverse area in higher dimension) from ®r to @, is not monotonically
decreasing. We summarize these conclusions in figure 2(c) and 2(d).

For a generic PETS with multiple heavy operators inserted, the semiclassical limit is
subtle because it depends on how the OPE coefficient Cj;i scales with ¢;,. This is an essential
difference between JT with matter theory and higher dimensional holographic theories, such
as N = 4 SYM. In the higher dimensional holographic theories, the CFT data is given
together with the parameter N that controls the semiclassical limit. In particular, the
gravity degrees of freedom emerge from the large N limit of the boundary theory. On
the other hand, the JT with matter theory is well-defined for arbitrary unitary CFT as
long as it couples with JT in the way described in section 2.1. In this construction, the
gravity degrees of freedom is independently defined from the CFT matter part. One may
naturally expect that not all unitary CF'T allows a bulk effective field theory description in
the semiclassical limit. To have a sensible semiclassical limit, in this paper, we will make
the following assumptions about the CFT data:

1. All primary operators in the CFT can be separated into two categories: heavy operators
O; with conformal dimension y ~ O(¢) and light operators O} with conformal dimension
A ~ O(1) in ¢p — oo limit. To distinguish these two types of operators, we take the
notation of i to represent the conformal dimension of a heavy operator and the notation
of A to represent the conformal dimension of a light operator.

2. For heavy operators, we assume there is a set ; analogous to the “single trace” operators
in higher dimensional holographic theories, which become generalized free fields in
the strict ¢, — oo limit. This is physically reasonable because we should not expect
tunneling or decay of spacetime in the strict Gy — 0 limit.?

3. For light operators, we assume they decouple from the “single trace” heavy operators,
but light operators could have nontrivial light-light-light OPE coefficients Cj, 1,1, ~ O(1)
in ¢p — oo limit.

4. To make above two assumptions consistent with CFT, we need to impose that all other
heavy operators are analogous to “multi-trace” operators [O;O; - - -], which only have
nontrivial OPE coefficients Co, 0,(0,0,) # 0 for at least one of Oy 2 is heavy such that
the crossing symmetries are obeyed.” On the other hand, any OPE coefficients involving
only “single trace” heavy operators should vanish Cp,p,1 = C 1,n = Chyhohs = 0.

The assumption of “single trace” heavy operators to form a generalized free field theory is
crucial and leads to a fixed spacetime background for each PETS in the semiclassical limit.

81n principle, this assumption of decoupling between heavy and light operators in the semiclassical limit
could be made weaker, but we need to specify how they couple to each other with appropriate scaling of ¢y.
We thank Edward Witten for discussing this point.

9To be more precise, for the four-point function of “single trace” heavy operators, we requires Chihalhihe] 70
to obey the crossing symmetry of generalized free fields; for the four-point function of heavy-heavy-light-light,
which factorizes as the product of two-point function of heavy and light operators, we need Cljpy) # 0 to obey
the crossing symmetry for this factorization.
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On the other hand, the decoupling between heavy and light operators leads to an emergent
closed algebra for light operators in the semiclassical limit. One could impose a stronger
but simpler assumption by starting with two decoupled CFTs (the heavy and light) even
for finite ¢,. However, the more technical and weaker assumptions above for the CFT data
are analogous to a large N holographic theory in higher dimensions. In particular, the light
fields form a close algebra only in ¢, — oo limit is analogous to the statement of single trace
operators forming an emergent algebra only in N — oo limit [24].

Let us consider a generic PETS with p insertions of “single trace” heavy operators in
figure 2(a). Let us assume the spectrum of heavy “single trace” operators is dense and a
generic PETS should have all p different primaries with conformal weight p;. For simplicity,
we assume they are Hermitian. Note that the insertion of “multi-trace” heavy operators
corresponds to the limit of two close “single trace” heavy operators (or a “single trace” heavy
operator and a light operator), and thus we do not consider them separately. From now on,
we will only consider the insertion of “single trace” heavy operators and briefly call them
“heavy operators” unless specified. This state can explicitly written as

[0,) = e 20,20, e i H20,e= 5112 [v) o) (2.33)

where all operators (and the Hamiltonian) are from Agr and we suppressed the subscript
R. Tt follows that the right reduced density matrix is

pp = e PHRO e P H2 0O e~ PH/2 . 0 =P/ (2.34)

Since these heavy operators are generalized free fields, the CFT contribution to the trace
of py is a product of p two-point functions. As shown in figure 3, the full quantum gravity
expression for the partition function Z, for this density matrix is given by

p
Zy="Tep, = (Wy0,) = | (H d&) Wa (00) e V1, (61, 2) - (de™) 005, () (235)
i=1

where the wave functions are given by (2.10) and

Wl by) = e PR/ p(1) 2K i1, (de01/2) 2K g0 (46~ 12/?) (2.36)
As explained by [13, 22|, we can use an integral representation of Bessel function K
1 +io0 .
K,(z)= —_/ e FeP %Yo (2.37)
2t Jico

to get a more geometry-related expression for the partition function. Taking this representation
into (2.35), we see that for each e #i%i there are two additional variables v; and «; from the
two Bessel functions involving ¢; respectively. Integrating over ¢;, we have

p p
Z, = / <H dki) H daid%e—[p(kiﬁi;Mi;aim‘) (2.38)
=0 =1

where the action I, is given by

p 2 p+1
I,= ; (4]21)51 —logp(k‘i)> +2 ; ki—1(ci—1+:)+ pilog(cos a+cosy; )+ Lo (1) (2.39)

where g = Yp41 = 0 and Io(p;) is a constant.
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Figure 3. Partition function of the density matrix p,.

To consider the semiclassical limit, we rescale u; — 2u;pp, ki — 2k;¢p and take ¢p — 00
limit. Under this limit we have

p k2 p+1
L/(2¢) = Y (25 —2mk; | +2>  ki—1(ci-1 + ) + pilog(cos a; + cosy;)  (2.40)
=0 i=1

where we have dropped the irrelevant constant Iy. Since ¢y is large, the integral over k;, a;
and ~; is approximated by their saddles. The variation of a; and ~; gives

ki ki 1% (2.41)
sin vy, sin COS oy + CoS; '
The variation of k; gives
kzﬁz = 2(7’[’ — O — ’Yi+1) (242)

As shown in [22], the on-shell parameters «; and ; have geometric meaning, which indicates
an equivalent geometric computation in the semiclassical limit, as we will explain in the
next subsection. This geometric computation will be very helpful for us to understand the
modular flow in the semiclassical limit.

2.3 The geometric formalism in semiclassical limit

The geometric formalism in the semiclassical limit treats each boundary as a circle embedded
in EAdS, space with a SL(2) charge @, and the bulk as the disk inside the circle. Each
contracted pair of heavy operators O are connected by a geodesic with charge QQo. For two
joint boundaries connected by O, their charges need to be conserved, which fixes the Euclidean
geometry. In this sense, 2q; and 2v; are opening angles of two joint disks to the geodesic of O
in between. For example, the geometry for the partition function Z), is shown in figure 4, where
the black curve is the overall boundary that are connected by many arcs of different circles.
The EAdS, can be parameterized as a hypersurface in three dimension

Y2 VG + Y = -1, ds? = —dY? +dYE +dYY (2.43)
This metric has SO(2,1) ~ SL(2) isometry generated by

Y, =MLY,  i=1,2,3 (2.44)
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Figure 4. Geometry of the boundary for the partition function Z,.

where

coshx sinhx coshx sinhzx 1
Mi(x) = | sinhx coshz |, Ms(z)= 1 . Ms(z) = cosT sinz
1 sinhz coshzx —sinz cosx
(2.45)

We can choose the coordinate
Y_1 =coshp, Yp=sinhpsint, Y;=sinhpcost, 7 €[0,27],p € [0,00) (2.46)
and the metric becomes
ds® = dp* + sinh? pdr> (2.47)
The EAdS boundary is a circle with large p. and 7 € [0, 27] with boundary condition
2mesinhp. = b, €—0 (2.48)

This is equivalent to setting the boundary metric as du% /€2 for periodicity ug ~ ug + b.
This circle can be equivalently written as

1 1
hy, = - H={——0,0 2.49
Q € Y Q {E COSh p6 e } ( )
where Q" is the SL(2) charge of this circle. The dilaton profile inside each EAdS boundary

circle of charge @ is given by
DY) = QY (2.50)

For the circle centered at the origin, the charge is given by (2.49) and we have the dilaton

profile as ® = 272% cosh p with horizon area ®; = 2w¢;/b.

Each gray circle in figure 4 is an EAdSs boundary but with different charges

1
ecosh p;

Q=1 ,0,0}, 2mesinhp;c =b; (2.51)

when we put the center of each circle at the origin of EAdSs. For figure 4, we can choose
the circle with minimal dilaton horizon area at the origin of EAdSs. Suppose this is the
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e-th circle with charge Q. given by (2.51). Other circles are moved away from the origin
by an appropriate SL(2) transformation

Y1) = Ma(2) - Y(pie,T) (2.52)

where Y is the coordinate of the i-th circle and here we only have M, transformation because
all circles in figure 4 are aligned along a horizontal line. The parameters z; are positive for
1 > e, negative for i < e and equal to zero for i = e. Geometrically, they are the geodesic
distance D; between the center of the i-th circle to the origin

cosh D; = —y -Y(e)\ng =coshz < D; =z (2.53)

The circles (2.52) can be equivalently characterized by the charges

1
e cosh p; ¢

Qi ={ ,0,0} - Ma(—2) (2.54)

The dilaton profile and horizon area (the minimal value of the dilaton) for each circle is

2 h z;
DY) = Qi Y = p; = w (2.55)

Since the total arc opening angle of each circle is 2(m — a; — 7;41), we have
2(m — o — Yig1) = 27B; /b; (2.56)
Comparing with (2.42), we should identify
ki = 27 /b; (2.57)

and the horizon areas now becomes ®j; = ¢pk; cosh z;.
To show that this geometric formalism is valid, we need to justify the equations (2.41).
They are from the charge conservation and joint constraints for circles. The charge conservation

leads to
(Qi — Qi—1) - (Qi — Qi—1) = pif (2.58)
The joint conditions for two neighboring circles are
Y () = YVi(r — o) (2.59)
Expanding (2.58), we have
p? = 2kik;_q cosh(z; — zi_1) — kZ — k24 (2.60)
Expanding (2.59), we have
ki ki cosa; = ki—1cosh(z; — zi—1) — ki (2.61)

sina;  sin~; ki—1sinh(z; — z;—1)

One can easily show that (2.60) and (2.61) are equivalent to (2.41).
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Figure 5. The norm of state |®2).

2.4 The structure of the semiclassical Hilbert space

As we see from the computation above, a generic PETS with all different heavy operator
insertions corresponds to a unique fixed geometry of a long wormhole in figure 4 that is
determined by the saddle equations.

There exists more special PETS with a few identical heavy operators. For example, we
may have the following state with two identical insertions

|®y) = e PLH2Oe= P Oe=BrH/2 1) |0) (2.62)

The norm of this state includes different contributions from three Wick contractions of four
O in the reduced density matrix pr (see figure 5). Since we are working in ¢, — oo limit,
each contraction in figure 5 evaluates as e~/ for some on-shell action I. Note that the
last diagram in figure 5 with crossing Wick contraction is more involved than the first two
because it contains s/(2) 6j symbol [5, 13] as we show in appendix A using a straightforward
Euclidean path integral.

For generic 1, r,, this exponential factor will pick out the dominant saddle and lead
to a dominant geometry corresponding to this state. It has been shown in [13] that the
contraction with crossing (the last diagram in figure 5) is subleading to the non-crossing
diagrams for a four-point function because the former can be regarded as OTOC and the
latter is TOC. It is generally true that OTOC is no greater than TOC. In appendix B, we
show that for a generic Euclidean path integral, the crossing Wick contraction of any two
pairs of heavy operators of the same type is always exponentially suppressed relative to a
non-crossing Wick contraction in the semiclassical limit. Note that the first two diagrams
in figure 5 have different geometries in the semiclassical limit. The first diagram has a long
wormhole geometry and one can show that the global minimal dilaton is at the center. The
second diagram has a short wormhole similar to a thermofield double state. Depending on
the parameters 31, ro, one of these two diagrams dominates over the other and defines a
geometric background dual to |®2). The detailed analysis is given in appendix C.

In the special case with 87, = Sr = By, we see that the first two diagrams in figure 5
are identical but with a relative rotation of 90 degrees. Therefore, they evaluate to exactly
the same on-shell action though the Lorentzian geometries are completely different. Such
a fine-tuned state does not correspond to a unique geometric background, which leads to
the ambiguity of defining a bulk field ¢. Therefore, we may say it does not have a sensible
semiclassical limit. We will exclude the fine-tuned states in the rest of this paper.

Though in appendix B we excluded the crossing contraction of the same type of heavy
operators in the leading saddle, there could be states, whose leading saddle has crossing
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contractions between different types of heavy operators. For example, consider the state
|<I)3> - e*ﬁLH/QOI6*51H0267ﬁ2H0167ﬁRH/2 "U> ’0> (2.63)

where 31,82 < Br,r- As the two O; are close to each other on the Euclidean boundary,
we may expect the leading saddle of (®3|®3) to includes their contractions within the bra
and ket states. On the other hand, Oy must contract between the bra and ket states, which
leads to two crossing with the contractions of O;. To analyze the semiclassical limit of this
state, we need to study the semiclassical limit of 6j symbols with two different conformal
weights.'? This is outside of the scope of this paper and we will only consider the states
without crossing contractions between different types of operators.

We may conclude that a non-fine-tuned PETS |¥) with only heavy operator insertions
and no crossing contractions corresponds to a fixed Euclidean geometry, which is determined
by a unique leading saddle point in the semiclassical limit. For each such state, we can consider
more states by inserting finite numbers of light operators (’)ﬁ on the Euclidean path. As these
light operators contribute to the path integral only at e=©(M) order, they do not change the
saddle and we can regard them as states with light matters in the same geometric background.
Let us denote them as “If; (9% e > and normalize these states to one by dividing their e~©(@)
norms. These states have nonzero overlap with each other, which is given by the correlation
function of the light operators in the Euclidean geometry background ¢ corresponding to |¥)

<q;7@§’q;’(9§>:<@f@§> (2.64)

g

We may consider these states to span a Hilbert space H, labeled by the saddle Euclidean
geometry g. For two normalized states corresponding to different geometries, their inner
product obeys Schwarz inequality

Wy, |W,,) = et itl)/2) <y ) e X, (2.65)

where I12, I1 and Iy are the corresponding on-shell actions of the Euclidean path integral.
Since g1 and go are different geometries, the action difference must be ~ O(1). In the
semiclassical limit, the exponential suppression (2.65) vanishes and leads to the orthogonality
of two states with distinct geometries. Therefore, the full Hilbert space in the semiclassical
limit contains the following direct sum structure

H D GyH, (2.66)

For a state |V) € H,, the CFT data of the light operators (95 on the Euclidean boundary
defines a bulk field theory of ¢; in AdSsy regarding O! as the boundary limit of ; in the
sense of (2.5). The mass of bulk fields ; is given by the standard relation in AdS/CFT (e.g.
conformal dimension A; = % + \/% + mz2 for scalars) and their couplings are proportional to
the OPE coefficient Cy;. For such state |¥), we can consider the Lorentzian continuation along
the geodesic connecting the left and right endpoints of |¥). This geodesic is the time-reversal
symmetric global Cauchy slice ¥, of the Lorentzian spacetime. Therefore, H, can also be
identified as the Hilbert space of bulk fields ¢; canonically quantized on X,.

9Tn [42] the semiclassical limit of 6j symbol with two identical conformal weight is studied.
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(a) (b)

Figure 6. (a) and (b) are two states with different Euclidean geometries, where red dots are heavy
operators and green dots/arcs are light operators. The state in (a) has multiple identical heavy
operators, which lead to disks above and below the central row disks, which are filled with blue color.
However, the central row disks of (a) and (b) are the same. Therefore, when we analytically continue
the Euclidean geometry along the horizontal dashed line, they lead to the same Lorentzian geometry.
The light operators on the off-central row disks (green dots) in (a) is equivalent to some integral of
light operators on the central row disk (green arcs) in (b) if the integral measure is chosen properly.

One should note that our Hilbert space is labeled by the Euclidean geometry rather than
the Lorentzian geometry. This is because Lorentzian geometry only depends on the central
row of EAdSs disks in the Euclidean saddle geometry in the norm of the state but does not
depend on the disks above or below the central row (the blue-shaded disks in figure 6). If
the PETS only contains different heavy operators, the saddle geometry only has the central
row and the Lorentzian geometry corresponds to the unique Euclidean geometry. However,
when a PETS has two identical operators O, the saddle of the partition function could be
the configuration with these two O’s self-contracted rather than contracting between the
bra and ket states. In this case, disks above and below the central row do not affect the
Lorentzian continuation, which is along the horizontal dashed line in figure 6. In particular,
in the Lorentzian spacetime, bulk fields ¢; cannot probe the existence of the disks below the
central row because we can equivalently replace the Euclidean boundary condition of ¢; on
these disks by some conditions above the geodesic connecting the two self-contracting O’s.
Figure 6 gives a pictorial explanation for this point by replacing the light operators on the
off-central row disks (green dots) in figure 6(a) with some integral of light operators on the
central row disk (green arcs) in figure 6(b). If we choose the integral measure properly, they
should lead to the same bulk field configuration of ¢; on the horizontal Cauchy slice.

The argument before shows that a non-fined-tuned PETS without crossing contractions
has a unique Euclidean saddle geometry. However, the inverse statement is more subtle. Let
us consider two PETS containing the same number of heavy operators at the same location
on the Euclidean path. The only difference is that the heavy operators in the two PETS
have O(1) difference in their conformal dimensions. Note that to derive the saddle equation
in (2.40) we need to rescale u — 2u¢,. Therefore, the O(1) difference in the conformal
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dimension does not change the saddle and leads to the same geometry. However, since they
are different heavy operators, the generalized free field assumption implies zero inner product
between these two PETS. Moreover, as we assume the light operators are decoupled from
heavy operators, the inner product between these two PETS with any additional light operator
insertions always vanishes. Therefore, the Hilbert space H, should be further decomposed
as direct sum of H; where 4 indexes the heavy operator variations in the spectrum of width
O(1). We will not explore this further in this paper but it is clear that the fine structure of
this decomposition of Hilbert space depends on the spectrum of heavy operators.

The spectrum of heavy operators affects another subtle issue of the structure of H,.
Suppose a PETS |¥) € H, contains two identical heavy operators O with saddle geometry with
these two (’s self-contracted. In the language of figure 6(a), the norm of this state has disks
above and below the central row. We can consider another PETS |¥’) by replacing O by O’
with O(1) conformal dimension difference. By the same argument, these two states correspond
to the same Euclidean geometry. However, since these operators are self-contracted, the inner
product (U|¥’) is O(1) because we are free from the selection rule of generalized free field
theory. Inserting light operators in the Euclidean path of |¥) and |¥’) generate more states.
However, there is an isomorphism mapping the states generated from |¥) to |¥’) because

<\D;O§...‘\Ij;0§...>:<\I]/;O§...‘\I//;O§,...>:<\Ij’\Ij’><O§...O§...>g (2.67)

where <(’)£ e (’)é— e > is the CF'T correlation function of light operators on the boundary of
g

the Euclidean geometry g. Here the light operators (’)ﬁﬂ- are inserted at the same locations in
|U) and |¥’). Therefore, the Hilbert space H, has a tensor product structure

Hg = Hp™ @ T, (2.68)

where ngavy is spanned by the states with different heavy operators with O(1) conformal
weight difference but corresponding to the same FEuclidean geometry g. Its structure depends
on the O(1) width spectrum of heavy operators. The 7:[9 factor is isomorphic to the Hilbert
space generated by any state picking from ngavy . In the bulk viewpoint, it is the Hilbert
space of all bulk fields in the geometric background g.

In conclusion, the semiclassical Hilbert space H of JT gravity with matter theory contains
a direct sum over sub-Hilbert spaces H, labeled by the saddle Euclidean geometry g as given
in (2.66). Depending on the spectrum of heavy operators, for each sub-Hilbert space #,, it
may be decomposed to more sectors, which share the same Euclidean geometry.

2.5 Operator algebra in the semiclassical limit

As we have seen before, all states in the Hilbert space survive in the semiclassical state and
each of them is related to an Euclidean geometry with light matter fields. On the other
hand, not all operators in the left and right algebra Ay, g survive in the semiclassical limit
because some of them will have singular matrix elements.

It is straightforward to check that all heavy operators become ill-defined. For example,
the matrix element in the second equation of (2.27) becomes singular when we take p; ~

O(¢p) — oo because I'}; ,, ~ p24=3/2 . Moreover, the Hamiltonian H L,r are singular when
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they act on a PETS. Note that the saddle value of k ~ O(¢p) in (2.40), which leads to
boundary energy Ey rp = k‘% r/(4dp) ~ O(¢pp) — oo for any PETS in the semiclassical limit.

As for light operators, it is more subtle to discuss their matrix elements in the basis
of (2.27) and (2.28), because of the decoupling between “single trace” heavy and light
operators in the semiclassical limit. It is more convenient to confirm the survival of light
operators in Ay, r in each sub-Hilbert space H, because multi-point correlation functions
of light operators are finite in any state |¥) € H,. Moreover, even though Hp, r becomes
singular in the semiclassical limit, the light operators (957 L plu) = e"HL/R“Oé L Re*iHL/R“
with u € R in Heisenberg picture are still bounded operators because the unitary e~ *7c/r4
for real u is bounded.'' Its matrix elements are given by analytic continuation of some
correlation functions of light operators in the background g.

By our assumption that “single trace” heavy operators are decoupled from light operators
in the semiclassical limit, light operators C’); L p(u) for all u € Rin Ap /r should generate
a closed algebra, which we call A% / R.12 Note that these two algebras are emergent under
semiclassical limit, because for finite ¢; light operators do not close as an algebra. They
are universal emergent subalgebras of Ay p and act on any sub-Hilbert space H, in the
semiclassical limit. This is similar to the single trace operators in a holographic theory, in which
they form a universal emergent algebra under N — oo limit independent of the state [24].

In the Lorentzian signature, the algebra A% /R are the light operators living on the left
and right boundary at all times respectively. For the left or right boundary in the geometry
of figure 4, the leftmost or rightmost disk with metric (2.47) after analytic continuation
of 7 — it becomes

ds* = dp}  p — sinh® pp pdt] | (2.69)

where ¢,/ is the Rindler time for the left or right boundary, which is related to boundary
physical time by up p(tr/r) = (277)*1bL/RtL/R with by, = by and br = by, the periodicity of
Euclidean boundary physical times for |¥,). By the well-known HKLL reconstruction [25-28],
we can extend a boundary light operator (’)i L r(u) to a dual bulk field in this causal wedge

®iL/rR(PL/RSLL/R) = /dtKAi(pL/RatL/R§t)Og,L/R(uL/R(t)) (2.70)

where A; is the conformal dimension of (’)i L/R and the kernel only depends on the geometry
of the causal wedge. This reconstruction serves as a duality between A% /R and the algebra of
bulk fields in the causal wedge Ag%. By the general argument for bulk QFT for a subregion,
this emergent algebra A(LJ% ~ .A% /R 18 type I11;.

An immediate limitation is that HKLL does not work beyond the causal wedge. As we
see from figure 4, the Lorentzian continuation of a generic PETS |¥) corresponds to a long
wormhole connecting the left and right boundary. The sub-Hilbert space H, for this geometry
consists of generic bulk fields living on the global Cauchy slice, which is clearly beyond the

"Note that e *HL/RY for finite u itself may not have a semiclassical limit because of the highly oscillation
with frequency ~ O(¢y).

12Due to the short distance singularity, to define this algebra property, we need to smear each (’)lL / ri(t)
appropriately along the Lorentzian time u.
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causal wedge. In other words, acting .A% /R On a state in H, does not generate the whole H,,
and there must be some other operators in Ay, /r survival under the semiclassical limit.
What is missed? In the next section, we will show that given a reduced density matrix
pr for a generic PETS, the modular flow of A% by pr extends beyond the causal wedge
and reconstruct the full right entanglement wedge, which is the causal diamond between
the global minimal dilaton point (i.e. global RT or QES surface in higher dimensions) and
the right boundary. The same entanglement wedge construction holds for the left side and
altogether generates the bulk field algebra on the global Cauchy slice. Hence, by acting on
any state in Hy, this modular flow extended algebra from both sides generates the whole H,.

3 Modular flow in the semiclassical limit

Let us quickly review a few basic concepts in von Neumann algebra. Given a state |¥) in
a Hilbert space H, assume there are two von Neumann algebras A; and Ag, which are
commutant to each other. If |¥) cannot be annihilated by any nonzero operator in Ay, and
Ap, and all operators in A, or Apr acting on |¥) can generate a dense set in H, we call |¥) a
cyclic and separating state. For such a state, Tomita-Takesaki theory states that there exists
an antilinear operator Sy such that Sya|¥) = af |¥) for a € Ag, and this operator has a
unique polar decomposition Sy = J\pA\ll,/ 2, where Jy is an anti-unitary operator obeying
J\% = J\pJJ;, = 1, and Ay is a hermitian and positive-definite operator. Jy and Ay are
called modular conjugation and modular operator respectively. Similarly, we can define Sy,
relative to the commutant algebra Ay, and find the polar decomposition obeys J§ = Jy
and A, = A\f,l. There are many nontrivial features of these two operators in the context
of algebraic quantum field theory and quantum information theory, and we refer readers
to Witten’s note [43] for a pedagogical review.

For type III von Neumann algebra, the properties of the modular operator is crucial for
the classification though we may not be able to write down the explicit form of Ay. For
type I/II von Neumann algebra, thanks to the existence of the density matrix and trace, the
modular operator has an explicit form Ag = pzlp R, where pp /g is the reduced density matrix
of |¥) for Ay, respectively. Tomita-Takesaki theory states that the modular flow of Ag is
an automorphism AFArRAG"” = Apg for s € R. Indeed, this defines a 1-parameter group of
modular automorphism fﬁaAE,is for each operator a € Ag. This modular automorphism
is also conventionally called modular flow.

In this section, given a generic PETS |¥) we will study the modular flow of a right light
operator in the semiclassical limit. As the algebra at finite ¢ is type 11, the modular flow
of (’)é-} p(u) can be written in terms of the reduced density matrix

Oé’,R(S;U) = A$O§7R(U)A$is = P%@',R(U)Pﬁw (3.1)

where we used the fact that p;, commutes with any right operator. It has been argued in [33]
that the modular zero mode, namely integrating Oé-y r(s;u) over all s € R, approximately
commutes with both left and right bulk algebras after appropriate smearing.'® Therefore,

3Rigorously speaking, the modular zero mode is not an operator but a quadratic form because it has matrix
elements that make sense, but it does not make sense as an operator, since acting on the vacuum it gives a
“state” that is not square-integrable. We thank Edward Witten for pointing this out to us.
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it is conjectured to exist an entanglement wedge reconstruction using the modular flow [32,
33]. However, as modular flow usually acts in a very nonlocal way except in very limited
known cases, it is very hard to show the entanglement wedge reconstruction in general.
In the following, we will show that the modular flow for a generic PETS in JT gravity
acts geometrically in the semiclassical limit, and suffices to reconstruct the entanglement
wedge manifestly.

3.1 Modular flow by replica trick

Let us consider a generic PETS [¥,) in (2.33) with all different heavy operators. The
corresponding reduced density matrix is (2.34). As we explained in section 2.4, all states in
the sub-Hilbert space H, corresponding to |¥,) are spanned by the states with insertion of
light operators on the Euclidean path of |¥,). Since the von Neumann algebra is defined to
be close under weak operator topology, which means closed in the sense of matrix element,
we need to study the matrix element of a modular flowed operator

(Wy; OF+ |0} ps5u) [ Wy O -+ ) (32)

Due to the OPE expansion of light operators, it is sufficient to just consider the states with
at most one light operator insertion. It boils down to the following matrix elements

(W|0 s W), (0 OOk plsw)| Wy ), (W OO} p(s;w)| Wy OF ) (3.3)

where we are sloppy about the location of the light operators Oﬁ and Off.

The modular flow is hard to compute directly in the original real s signature, and we
will use a replica trick [44] for modular flow in JT gravity similar to [45] and compute the
following Euclidean version matrix elements

gi(n,m,up) = (Ul ™10 p(up) | ¥ ) (3.4)
gij (n,m, up) = (Wy; Ol phy ™ O} (ui) P W, ) (3.5)
gijr(n,m,up) = <‘I’p; Oﬂpﬂimiloé‘,R(UE)P"R”‘I’p;02> (3.6)

for all integers n > m + 1 > 0. Here we also analytically continued the Lorentzian time to
Euclidean time u — —iup and it is compatible with the integer powers of pr because pg is in
the form of e PrHr/2 ... c=BpHRr/2 Tp the end, we will analytically continue n — 1, m — —is,
up — tu. The Euclidean replica matrix elements are much easier to compute because they
are just n copies of the Euclidean path integral in |¥,). As O' are light operators, in the
sense that their conformal weight A/¢, — 0 in the semiclassical limit, we should ignore its
back reaction to the geometry. Therefore, we just need to solve the geometry of n copies
of pr for all matrix elements (3.4)—(3.6) (see figure 7)

For the n replica partition function Trp';, there are 2n O; heavy operators in total for
each i. As we assume these heavy operators become generalized free fields in the semiclassical
limit, their contributions are sums of all Wick contractions. As shown in appendix B, the case
with crossing Wick contractions of O; is subdominant to the case of no-crossing contractions.
Furthermore, we assume that the leading order saddle respects n-replica symmetry. This
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Figure 7. Replica geometry for Trp%, where 6,, = m/n. The gray region is labeled as the first replica
s =1 (note that it does not represent the range for one copy of pr, whose range is labeled by the blue

arc) and subsequent replicas are labeled anti-clockwise. In this figure, if we ignore the “---” (for more
disks) in each replica, as an example, we have p = 5 and e = 2 here. There are p + 1 = 6 different
ways of no-crossing contractions for the heavy operators by putting e-th disk (e =0,1,--- ,p) at the

center of the whole replica geometry.

means that each O; can either contract with the other O; in the same copy of pr or another
O; in a neighboring replica of pgr.'* With these restrictions, we only have p + 1 possibilities

in the n replica partition function Z () — ? Zg;,), where

/dk H IT a#! S)Hdz 45 Z, (L, O) | W, (s 00 000 gD )y

s=1 | j#e
(3.7)
Zao (e, 0) = W (65 60) | TT €757 0, (66506650, ) | emiets” emmets gy (1(5); 0600
i#e,p
(3.8)
W (ks {07}) = /00 k) [ [ 2K (47 5/2) (3.9)
J

where s labels different replicas. Using the integral representation (2.37), and the rescaling

kgs) — 2¢b/€§8), Wi — 2¢pp; in the semiclassical limit, we have

”)—/dk H HdkS)Hdas)d7 exp( Z ) (3.10)

s=1 \i#e i=1

p k‘(s) k(s)
fé,’?/@@)mZ(“ Do b

=0

>+QZk(S o +91) + pilog(cos o) +cosy ()

(3.11)

where we have dropped an irrelevant constant I, ,(p;). Since different replicas do not interact
with each other (the total action in (3.10) is just a sum over replicas), it is natural to assume

MThere are two neighboring replicas, but the contraction with one of them preserves n-replica symmetry.
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Figure 8. (a) The configuration for the replica two-point function g;;(n, m,ug). (b) The configuration
for the replica three-point function g;;x(n, m,ug). The green dots in both plots are the light operators
and the blue range is for one copy of pg.

the dominant saddle of the above action should also respect replica symmetry so that all
variables with different s subscripts should be equal. For simplicity, in the following we will
omit the subscript s. Variation of k; gives

ki B; = 2(7‘(‘/(1 + (n - 1)51'76) —Q; — ’Yi+1) (312)

which is the same as (2.42) except i = e. However, this exactly matches with the replica
geometry in figure 7 if we use the dictionary (2.57). Indeed, from figure 7, the circumference
be of the central circle is given by

be = 27mBe/(On — e — Yet1), (0n =7/n) (3.13)

which is consistent with (3.12). Variation of «; and ~; leads to the same equations as (2.61),
which has been shown to be equivalent to the charge conservation and joint condition for
O; in the geometric formalism in section 2.3.

Therefore, the replica geometry for each choice of e is constructed as follows. For the
first replica (s = 1, the gray region in figure 7), the circles are given by

: My(zi(n)) - Y (pie; 7) ize
Y(Zl)(r) = { ' (3.14)
Ms(0n) - Ma(zi(n)) - Y (pie,T)  1<e
where z.(n) = 0. Then for the s-th replica, the circles are given by

Yi(r) = Ma(2(s = 1)) - Yo (7) (3.15)

Given this geometry, the matrix elements (3.4)—(3.6) become one-, two- and three-point
functions of light operators in this Euclidean geometric background respectively. Recall that
the light operators are decoupled from heavy operators and dilaton field in the semiclassical
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limit, and thus the correlations of light operators in a generic PETS enjoy an SL(2) symmetry.
We can assume this CF'T of light operators has a trivial one-point function, which implies
vanishing (3.4). For (3.5), it is a two-point function given by

gij(n,m,ug) = 6;j(cosh D)~* (3.16)

where D is the geodesic distance between (9;-, r(ug) and O} on the replica diagram in figure 8(a).
For a simpler notation, let us use (9;7 r(7) momentarily with 7 = 27ug /b, in terms of the
EAdS; boundary coordinate. Let us assume O! is on the a-th disk in |¥,) with boundary

coordinate 7. By the operator p}‘z_m_l between <\I/p; Ol| and Oé’R(T), we may put Oé-’R<T>
on the first replica and O!(7") on (n —m)-th replica. Since the embedding space is hyperbolic,
the geodesic distance can be simply expressed as

coshD = =Y (') - Y%(T) =Yk

n—m) ( B () - M3(2(1 = n+m)0,) - Y (7) (3.17)

Analytic continuation to n — 1, m — —is, and 7 — it = i(27u/by,) leads to

(Wy; OO} gs3u) [ Wy ) = 015 (—Y ) (') - My(=2ims) - Y (it)) ™2 (3.18)

Note that Y(}I) is the right boundary coordinate in the geometry of Lorentzian continuation
of figure 4 because the saddle equations of the replica geometry reduce back to the ones of a
single copy when n — 1. From (3.18) it is clear that the modular flow acts just as an SL(2)
transformation on the embedding coordinate of (’)é., r(w)

YP(it) — YP(s;it) = M3(—2ins) - YP(it) (3.19)

Similarly, for the replica three-point function (3.6), the configuration is given in figure 8(b).
We assume Ofg is on the 7-th disk of |¥,) with boundary coordinate 7”. By our notation of
replicas, there are two cases. If v < e, it is on the (n — m)-th replica; if v > e, it is on the
(n — m + 1)-th replica. For the first case, the three-point function is given by

Aj+A Ay Aj+AL—A;
gijk(n,mup) =Cijr(=YG ) (7)Y (1) 2 (=Y (7)) - Y,y (7)™ 2
AptA; =0
X (—Y(;’l_m)(T”) . Y(I{)(T))_f (3.20)
Analytic continuation to n — 1, m — —is, and 7 — it leads to
A+A;—A A+AL—A

(03010 psi)[ ¥, O} ) = Cugn (=Yg (7)Y (s0)) " 7 (<Y ()Y, (7))~
Ap+A;-4,

) (Y0 ()-8 (s3t)) = (3.21)

which again justifies the SL(2) transformation (3.19). For the second case, we need to change
Y to Y, Noting the periodicity M3(2m + x) = M3(z), we have

(n—m) (n—m+1)"
Y(Zz_mﬂ)(TH) : Y(Ii)(T) = Y(A{) (") - M3(2mby,) - Y(Ii)(T) (3.22)
Yooy (7)Y iy (7)) = Yy (71) - Ms(20) - Y, (7") (3.23)

which implies the same equation (3.21) after analytic continuation.
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Figure 9. For the saddle with the e-th disk at the center of the replica geometry in figure 7, the
modular flow is the boost transformation around the local minimal dilaton point at ®, .. The dominant
saddle over the p + 1 saddles is the one corresponding to the global minimal dilaton point ® c-.

The physical meaning of this SL(2) is simple. In EAdSs, M;3(x) rotates the angular
coordinate 7 of the disk at the center labeled by k. in figure 7. The analytic continuation
of 7 — it changes EAdS to AdS with metric

ds? = dp® — sinh? pdt? (3.24)

for the Rindler wedge corresponding to e-th disk. Therefore, Ms(—2ims) is the boost
transformation around a local minimal point of dilaton ®, . (see figure 9).

This SL(2) transformation of boundary coordinate can be uniquely extended into the
bulk using the HKLL reconstruction (2.70). For the bulk field ¢; in the right causal wedge,
the modular flowed field is given as

pi(sip,t) = piei(p, t)pR™ = / dt'Ka, (p, t:1)0) p(s;u(t')) (3.25)

The matrix elements of ¢;(s;p,t) are similar to (3.3) by integrating OéjR(t’)(s;t’) against
the HKLL kernel Ka,(p,t;t'), for example,

(W53 Oty (s, )W) = b3y [ s, (o ) (=Y (7) - Ma(=2ims) - Y, i)~
= by [ K, (o) (=T (i) - YP()
= (W Ollipj(p,1)] ¥, ) (3.26)

where \I'p;(’jﬁ’ is a state with O! inserted at a deformed location Y*(—s;7'). On the
other hand, with the HKLL kernel, we should be able to compute the matrix element
<\pr; (9§|<,0j (p, t)|\Ilp>, which is in the form of a bulk-to-boundary propagator and is an SL(2)

invariant function of the locations of Oé- and ¢;(p,t) thanks to the isometry of AdS; and
the decoupling from heavy operators and the dilaton field. Therefore, we can do a global
SL(2) transformation M3(—2ims) to both coordinates in (3.26) and have

(Wy; Ollgs (5 9, D)Wy ) = (Wy; Ol (M (~2is) - Y7 (p,1))|¥,) (3.27)
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Though we assume ¢;(p,t) as the bulk field in the right causal wedge, the modular trans-
formation (3.27) has a unique smooth extension beyond the right causal wedge because M3
is well-defined in the whole global Lorentzian spacetime. The same computation applies to
<\I/p; Ol (s;p,t) |V Ofc> because the three-point function (3.21) is also an SL(2) invariant
function, and we may conclude that the modular flow of a bulk field from the e-th saddle is
just the boost transformation around the e-th minimal dilaton point.

Now let us determine which e dominates. In semiclassical limit, for different choices of
e, only the one with minimal on-shell action survives. Since the on-shell action is replica
symmetric, it suffices to show which e leads to minimal

p k?2 p+1
I /(2¢y) = Z <22ﬁ1 — 2771{:,-) +21(1—1/n)ke+2 Z ki1 (ci—1+7i)+ i log(cos o +cos ;)

i=0 i=1
(3.28)
where k;, a;,y; are functions of n as solutions to the saddle equations. Taking derivative to
n will have two pieces. One acts explicitly on (1 — 1/n) and the other acts only implicitly
on k;, a;,7;, which are all proportional to the equations of motion and thus vanish [22].
It follows that

I [y, = 2k (n)/n? = 21 By, o(n) /0 (3.29)

where ®p, .(n) is the dilaton minimal value on e-th circle. As we will take analytic continuation
n — 1, we only need to find the minimal action for n near 1. When n = 1, the action (3.28)
and equations of motion are independent on the choice of e. The derivative (3.29) under
n — 1 limit is minimal when e is picked such that the dilaton on e-th disk is the global
minimum in the n = 1 geometry of figure 4.'° This is exactly the same type of proof of
RT formula [46]. This implies that the modular flow in the semiclassical limit is the boost
transformation around the global minimum of dilaton ®, .«. As the von Neuman algebra is
close in the weak operator topology, we may conclude in bulk operator sense

pj(s; pt) = @ (M3 (=2ims) - Y7 (p, 1)) (3.30)

where M3 (—2ims) is the boost around ®p c-.

This is consistent with the conjecture of the entanglement wedge reconstruction [32, 33]
by modular flow because the entanglement wedge of the right boundary is defined to be the
causal diamond between ®, .- and the right boundary. Starting from a bulk location (po,0)
with po distance from ®j, .+, and extending s to all real numbers, we can reconstruct the
bulk field along a trajectory parameterized by s arbitrarily close to the boundary of the right
entanglement wedge (see the orange arrow in figure 9). This is equivalent to reconstructing all
light operators on a new AdS “boundary” at (pg, tex(s)) corresponding to the e*-th disk. Here
tex(s) is the Lorentzian time continued from the e*-th disk and parameterized by s. Then we
can apply HKLL reconstruction again for this new boundary at (pg,t.+(s)) to reconstruct

15Tn this paper we always assume there is a unique global minimal dilaton point. For the case with multiple
global minimal dilaton point with the same dilaton value by fine-tuning, the RT surface is ambiguously defined
and one needs to compare the subleading in ¢ part of bulk entanglement entropy to define the entanglement
wedge in terms of the QES formula. But this is beyond the scope of this paper of strictly ¢, — oo limit.
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the light fields in the whole right Rindler wedge of ®j, .+, which is exactly the entanglement
wedge of |¥,). Equivalently, we can regard this as a special time tube theorem [47-51] for
the right entanglement wedge.

3.2 Extension of operator algebra by the modular flow

As we explained in section (2.5), the light operators living on the left or right boundary
become an emergent III; von Neumann algebra .AOL /R dual to the left or right bulk causal
wedge Ag% in terms of HKLL reconstruction respectively. However, these two algebras do
not generate the full sub-Hilbert space H, for a PETS state |¥) because it does not excite
states with bulk fields living in the long wormhole between two causal wedges.

Given a generic PETS |¥) with all different heavy operators, it can be regarded as the
“vacuum” state in Hy. The modular flow of this state for Ag can be constructed in terms
of reduced density matrix pr. This modular flow becomes the boost transformation around
the global minimal dilaton point when acting on a light operator a € .A% in the semiclassical
limit. Therefore, in the bulk algebra viewpoint, the modular flow extends the causal wedge
algebra A%W to the entanglement wedge algebra Agw"

EW,
A0 o {pAGY ' Vier = (AR Yier D A% (3.31)

where the double prime means double commutant, which completes it as a von Neumann

algebra. From the bulk viewpoint, the entanglement wedge algebra AgWg

is a type III;
algebra. Similarly, we can use the left modular flow to extend AYW ~ A9 to the left
EW,

entanglement wedge algebra A

By the structure of the sub-Hilbert space H,, it is equivalent to a bulk sub-Hilbert space
by acting all light bulk fields ¢; on the bulk Cauchy slice corresponding to |¥). It follows
that ¢; forms the full set of bounded operators B(#,). On the other hand, from the bulk
viewpoint, the algebra of light fields living on the Cauchy slice is generated by the union

of AEW" and AfWg, which leads to
B(H,) = (Ao U ATYsy" (3.32)

Note that the HKLL reconstruction preserves bulk locality and the modular flow is a SL(2)
transformation, which acts locally as well. Therefore, in the reconstruction (3.31), there

W,
Y commutes

is an emergent bulk locality. This bulk locality implies two things: first, Ag
with AEWQ because they are spacelike separated; second, there is no nontrivial bounded
bulk field living on the border of left and right entanglement wedge, namely the point ®, ¢,
because of the universal UV divergence of bulk QFT.!6 It follows that AEWQ = (AEW") .

With (3.32), we have [15]
(AR N(AR")Y = (AR “U(AR ")) = (AR "UAL") =B(Hy) = (CT)  (3.33)

which implies that AL L Rg are two type III; factors. With the extension by the modular flow,
the full algebra of JT gravity with matter in the semiclassical limit contains the following
decomposition

B(H) D @,B(H,) = @, (AR U ATV (3.34)

5Equivalently, every bounded operator needs smearing to be well-defined.
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4 Conclusion and discussions

In this paper, we studied the semiclassical limit of the theory of JT gravity with matter with
two boundaries by taking ¢, — oo limit. We assume the heavy operators with conformal
weight ~ O(¢p) become generalized free fields and decouple from light operators with
conformal weight ~ O(1). For a generic partially entangled thermal state (PETS) |¥) with
different heavy operators inserted on the Euclidean path, the Euclidean path integral in the
semiclassical limit is dominated by a saddle, which has a simple geometric formalism by
gluing EAdS, disks with S1(2) charge conservation. We show that the geometry corresponds
to a fixed Euclidean long wormhole connecting the left and right boundaries. Different
configurations of heavy operators typically correspond to different Euclidean geometries,
and these PETS are orthogonal to each other in the semiclassical limit. Therefore, the full
Hilbert space contains a direct sum decomposition labelled by the Euclidean geometry g
corresponding to each generic PETS |¥)

H o eH, (4.1)

where each H, is generated by inserting light operators on the Euclidean path of |¥).

On the other hand, all heavy operators do not survive in the semiclassical limit as their
conformal weights become infinite. The left and right Hamiltonian does not survive either
because their on-shell expectation values are ~ O(¢y) in a generic PETS. Nevertheless,
the Lorentzian evolution of light operators on the left or right boundary are still bounded
operators and they form a universal type III; von Neumann algebra .A% /R For a generic
PETS |¥) with a long wormhole, these two algebras are dual to the causal wedge in the bulk
through HKLL reconstruction and do not generate the full sub-Hilbert space H, because
there exists a gap between the left and right causal wedge on the global bulk Cauchy slice.
In other words, the entanglement wedge is larger than the causal wedge. To reconstruct the
entanglement wedge, we show that the modular flow by the reduced density matrix pr, /g
for |¥) extends A% /R tO the algebra of the full entanglement wedge because the flow acts
geometrically as the boost transformation around the global RT surface in the semiclassical
limit. This proves the entanglement wedge reconstruction proposed in [32, 33] in this scenario.
The extended algebra, by the bulk dual in the entanglement wedge, is also type III;. The
full algebra in the theory contains a decomposition similar to (4.1)

B(H) D DyB(Hy) = Bg(Ap U AL )" (4.2)

where Af% is the entanglement wedge bulk algebra and equivalent to the extension of
AY /g by the modular flow.
The following are discussions and future directions.

Other modular flows. The modular flow in our construction for a generic PETS |¥) is
a canonical choice at finite ¢, because we only have two algebras A; and Ag, which are
commutant to each other. We take this modular flow generated by the reduced density matrix
pr in the ¢, — oo limit though pr does not survive in this limit. On the other hand, if we
take ¢, — oo first, as we argued in section 2.5, all light operators form an emergent subalgebra
A% /R As we know that for any type III; algebra and its commutant, modular operator
exists. From bulk QFT viewpoint, we can definitely consider the modular operator Ag g for
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A%, and (A%)’, whose modular flow is an automorphism for A%, namely Aff R.A%Aa g =AY
for s € R. More generally, for the bulk fields on the Cauchy slice of g corresponding to |¥),
we can choose an arbitrary causal diamond D containing right causal wedge and consider
the modular operator Ap g for the bulk field algebra in this causal diamond Ag and its
commutant. We may expect the modular flow by Ap r extends A% to some larger sub-algebra
of Ag though no precise statement can be easily made. In particular, we do not have a finite
¢p version of Ap g because the operators in Ag does not form a close algebra away from
the semiclassical limit. Furthermore, in lack of a Euclidean path integral representation, it
is unclear if such modular flow acts geometrically.

Even starting from finite ¢, we may have more choices of modular flows. In this work, we
choose the PETS |¥) with only heavy operator insertions to construct the modular operator.
This is the modular operator for the “vacuum” state in H,. We can definitely consider
an “excited” state ‘\I/; (’)é x > and the corresponding modular operator. To compute the
matrix elements of (’)é’ r(t) under this new modular flow, we can use the same replica trick in
section 3.1. Suppose there are k light operators in O%}i(t). The n replica wormhole saddle
geometry is unchanged because light operators does not affect the saddle, then we need to
evaluate a (2kn + 2)-point function of light operators for g;j(n, m,7) and a (2kn + 3)-point
function for g;ji(n, m, 7). Since the multi-point functions depend on n and m in a perhaps
nontrivial way, it is unclear if the analytic continuation n — 1, m — —is and 7 — it still
leads to a boost transformation of Y?(it) in a (2k + 2)- or (2k + 3)-point function. Naively,
we should expect some nontrivial interaction between (’); r and the light operators Oﬁ -+ in
the state along the modular flow. We leave this to a future investigation.

There is an interesting comment about the geometric feature of the modular flow in JT
gravity in the semiclassical limit. It has been shown in [52, 53] that if the modular flow of a
boundary subregion is geometric, then the entanglement wedge must be coincident with the
causal wedge. On the other hand, in this work we show that the causal wedge is completely
nested in the entanglement wedge but the modular flow acts geometrically. It turns out that
both results are consistent with each other because the modular flow considered in [52, 53] is
for a boundary subregion in higher dimensions rather than the two-sided case in JT gravity.
Indeed, since the boundary in JT gravity is 041 dimensional, there does not exist a boundary
subregion to apply the analysis of [52, 53] and thus no contradiction follows.

It is interesting to ask how the modular flow acts beyond the semiclassical limit. For
finite ¢, the Euclidean path integral and replica trick should still hold. However, the
saddle approximation is no longer valid and there is no geometric notion of causal wedge
and entanglement wedge, which makes the analysis hardly trackable. Alternatively, we
could consider the non-semiclassical physics perturbatively using the construction of crossed
product [54], in which we will have higher order contributions of G ~ 1/¢y. As crossed
product leads to a type II algebra, it is worth understanding how this type II algebra relates
to the original type II algebra of finite ¢.

Modular flow of a non-generic PETS. In section 3, we assume a generic PETS |¥,,) with
all different heavy operators. For a non-generic PETS |¥) with identical operators, there will
be more subtleties similar to the discussion of the structure of Hilbert space in section 2.4.
For a PETS without crossing contractions, as the Euclidean geometry holds, the modular

,31,



flow will be the boost transformation around the global minimal dilaton point. However, it is
unclear if this minimal point always lies in the central row of Euclidean disks (e.g. figure 6(a)).
If it lies in the central row (see Appendxi C for an example), the modular flow is the boost
around the RT surface, exactly the same as the generic case; if it does not, there must be two
identical minimal points with one from the ket state and the other from the bra state. This
implies that the modular flow in the Lorentzian theory is no longer geometric. More generally,
if there are crossing contractions between different types of heavy operators, the modular flow
could be more involved. We leave the investigation of these non-generic cases to future work.

Operational algebraic ER=EPR. It was recently proposed by Engelhardt and Liu in [55]
that the type of the full boundary algebra can be used to distinguish whether the dual
bulk has a connected geometry or disconnected geometry for the entanglement wedge. The
statement is as follows. For two boundary regions R; and Ry and a pure entangled state
|W(R1, R2)), in Gy — 0 limit the entanglement wedge for Ry U Ry has three cases

1. If and only if both boundary algebra Ag, and Ag, are type I, then the dual entanglement
wedge of R; U Ry is disconnected;

2. If an only if both boundary algebra Agr, and Ag, are type III;, then the dual entangle-
ment wedge of R; U Ry is classically connected;

3. If both boundary algebra Apr, and Ag, are not type I, and the state |¥(R;y, R2))
does not obey “classical condition”, then the dual entanglement wedge of R; U Ra is
quantumly connected.

This is an interesting extension of the well-known proposal of “ER=EPR” [56] by Maldacena
and Susskind, in which a large amount of quantum entanglement is conjectured to be dual to
connected spacetime. As pointed out in [55], the connectedness of the spacetime depends not
only on the amount of entanglement but also on the structure of the entanglement, which
can be naturally characterized by the type of boundary von Neumann algebra.

However, this algebraic ER=EPR criterion based on the type of boundary algebra is not
operationally easy to verify. Given a boundary theory, we may not know all operators in the
boundary algebra but just the set of single trace operators, which in semiclassical limit forms
an emergent type III; sub-algebra A? dual to the causal wedge [24]. This is the universal type
I1T; sub-algebra of the full algebra. What do we need to know additionally empowers us to
determine the type of full algebra? This is equivalent to entanglement wedge reconstruction
if we assume that we can determine the type of the algebra after we know all the operators.

Although it is not rigorously proven, let us assume the entanglement wedge reconstruction
by the modular flow [33]. The operational algebraic ER=EPR problem becomes what types
of algebra the modular flow extends to from a sub-algebra, say A". As the modular flow is a
one-parameter group for each operator, the flowed algebra A* A°A~% for each s € R is the
same type as A because A’ is a unitary that preserves trace. However, if we consider the
algebra generated by the union of all s € R, we may be able to have different types of algebra.

In this paper, we show that {A®ARAT®} o is of type I1I; for the right entanglement

seR
wedge. Here we provide another example that the modular flow extends a type III; subalgebra
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to a type I algebra. Consider the two CF'Ts on two distinct spheres with radius £. Prepare
them in a thermofield double state below Hawking-Page temperature, so the dual bulk
consists of two disconnected AdS spaces with entangling thermal gas. The full algebra on
either side is type I while a spatial hemisphere on the left (or right) CFT has a type III;
subalgebra, A%’hs (or A%,hs). Let us focus on the right system. The modular flow in this
case is simple, that is, the Hamiltonian evolution on either side. Consider the extended
algebra {A“AOR’,ALSA_Z'S \HSISSO' It is clear that by the time tube theorem [47-50] when s is
greater than a value that is of order O(¢), this extended algebra will be the same as the
full CFT algebra on the left, which is type I. We can also see from this example that the
extended algebra covers the whole entanglement wedge, namely the whole bulk on the left.
For general cases, what is the type of modular extended algebra, and how to determine
it? We leave this question for future work.

Low-complexity reconstruction. It was argued in [52] that one can use Einstein equations
to reconstruct at most to the outmost extremal surface from causal wedge with low complexity
operations on the boundary. This means that python’s lunch [41] is the complexity obstacle
for the reconstruction to the deep bulk from the boundary. On the other hand, we show in
this work that the modular flow in JT gravity acts geometrically and extends the causal
wedge all the way to the entanglement wedge regardless of python’s lunch. Clearly, we
should regard the modular operator Ay, as a very complex operator because it lies outside
of the algebra A% and its construction requires Euclidean evolution that is quite complex
from boundary viewpoint.

In JT gravity, there is an analogous method of reconstruction beyond causal wedge
towards the outmost extremal surface without modular flow. Similar to using the Einstein
equation in [52], which is at O(Gy) perturbative order, this method also requires large but
finite ¢p. Large ¢, means we can still treat the geometry as the saddle solution, but finite ¢y
allows us to measure some quantities the same order as ¢ in the bulk.

Consider the state (2.30) as an example. For p > u, the edge of causal wedge is the
outmost extremal surface and there is a python’s lunch (figure 2(d)); for p < . the edge of
causal wedge is not the outmost extremal surface and there is no python’s lunch (figure 2(c)).
Our method applies to the second case i < u as follows.

As ¢y is finite, let us assume we can measure the dilaton profile in the causal wedge.
Note that the geodesic (red line) from O; lies inside the causal wedge and split it into two
parts. The dilaton profile on the two Euclidean disks is given by (2.50) with different charges
Q1 and Qr. Witten in (p,7) coordinates of each disk, they are

2Ty 21

b, = coshpr, ®r= 2
R

b cosh pp (4.3)
b

Since the radial metric is flat dp? on t = 0 Cauchy slice, we can measure the dilaton profile
fall-off along the radial direction within the causal wedge for both disks, and learn b7 and
br. On the other hand, the dilaton profile is continuous across the geodesic connecting two
O,’s but its normal derivative is discontinuous and is proportional to p [22]. To see this,
recall that the dilaton profiles on the two EAdSsy disks are given by (2.50) with different
charges @1, and Qg. On the border of these two disks (namely along the geodesic connecting
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Moverlap

Figure 10. The lower half are two Euclidean disks and the upper half is the Lorentzian continuation
of a long wormhole. There is only one extremal dilaton point (blue dot), which is the outmost extremal
surface from the right boundary. The geodesic (orange line) separates the region between the outmost
extremal surface and right boundary into Mg, (vellow region) and Mz (blue region). The right
causal wedge has an overlap with Mg,,,, which we call Moyerlap (shaded region). The right causal
wedge Mow = Mp U Moyerlap. If there were no right disk, the fictitious right boundary would be
along the dashed gray line.

two O;’s), the dilaton value should be continuous

CL(Y) - Pr(Y) = ¢p(QL — Qr) - Y = $pQo, - Y =0 (4.4)

where Qp, is the SL(2) charge carried by O;. However, the difference of the normal derivative
to the dilaton profile is not continuous

n-Oy(PL(Y) = ®r(Y)) = ¢pn - (Qr — Qr) = don - Qo, (4.5)
By (4.4), for a tangent vector 1" along the geodesic we have Qp, - T = 0. It follows that
- Oy (PL(Y) — ®r(Y))* = ¢fln - Qo,|* = $1Q%, = dpp® (4.6)

and we learn p from this measurement. Knowing by, bg, , we can use (2.60) to compute
z = zr — zp, with (2.57). The physical meaning of z is the distance between the centers of
the two disks. In particular, their centers are related by a SL(2) transformation Ma(z).
Let us separate the spacetime region between the outmost extremal surface and right
boundary along the red geodesic in figure 2(c) into two parts Mga, and Mp. The gap region
has an overlap with the right causal wedge My, which we call Myerlap- See figure 10 as an
illustration. The reconstruction in Mp, is just the ordinary HKLL from the right boundary

Pi(Y) = [ dtKa (p.t:8)0L pun(t), Y = (pt) € M (4.7)

For Mgap, we need some extension of HKLL. If there were no right disk, the state would just
be thermofield double with inverse temperature by. The fictitious right boundary would be
the Lorentzian continuation along the right side of the left disk and we could reconstruct the
whole fictitious right wedge by the HKLL reconstruction along the fictitious right boundary

Guorlprite) = [ AR (pr.trit)OLp(ur(h) (4.9
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where up = bpt/(2m) the subscript F is for the fictitious right spacetime. This fictitious right
wedge exactly covers Mgy, Since the two disks are related by M(z), we can rewrite (4.8)
as a reconstruction in Mg,y

‘pl(Y) = /dtKAi (pZatz;t)Og,F(uF(t))a (pfntz) = MZ(Z) Ye MCWa Y e Mgap (4'9)

where we stress that (p,,t,) is written in the coordinate of the right causal wedge M.

To determine the fictitious boundary operator (95’ p(u), we need to impose the smoothness
condition for the bulk field in Mgyerlap between the Mg and Mg,p,. Since Moyerlap C
Mcew, we can safely extend the reconstruction (4.7) from Mp to Mcw and the two
reconstructions (4.7) and (4.9) should match with each other. In particular, extending (4.9)
to Mew smoothly and taking pp — oo limit, we have

Oé,F(UF(tF)) = p}igloo eRPE oi(prytr)
; A .
= lim A / KA, (p-ort 2O p(un(t)) (4.10)
where (p_.,t_,) = Ma(—2) - (pr,tr) is the coordinate in Mcyw, and in the second line we
used (4.7) to reconstruct the bulk field ¢;(pr,tr). The SL(2) transformation in Lorentzian
signature can computed using (2.46) with analytic continuation 7 — it, which leads to

cosh p_, = cosh z cosh pp — sinh z sinh pp coshtp, sinht_, = sinh ppsinhtr/sinh p_,

(4.11)
In large pp limit, we have
inh ¢
sinht_, = I —Slsrilnh}; coship eP~# = ePF (cosh z — sinh z cosh t ) (4.12)
Note that the HKLL kernel obeys
Jim. ePPEA(p, t;t) = 6(t —t') (4.13)
We take them into (4.10) and derive
O! . (%arcsinh sinh ¢
OLF(’U,F(tF)) _ iR (271' (cosh zfslnhzcosht}:)) (414>

(cosh z — sinh z cosh t )2

which by (4.9) extends the reconstruction all the way to the outmost extremal surface.

For our setup, z > 0 and (4.14) becomes singular at finite ¢ty = +t, = tarccosh(coth z),
which corresponds to u = +oo for (’)f, p(u). From figure (10), we see that a light ray from
the causal horizon (gray dot) intersects the fictitious boundary (dashed gray line) at a
finite tF but the right boundary at co. Indeed, in (pp,tr) coordinate, the light ray from
causal horizon obeys trp = log(tanh(pp/2)/tanh(z/2)). Taking pr — oo leads to finite
tr = logcoth(z/2) = t.. which is consistent with the singularity in (4.14). To continue (4.14)
beyond the singularity at |tr| = ., we need to add appropriate i€ to tr depending on the
ordering of operators in a correlation function involving OL - For example, in a time ordered
correlation function, we should modify tp — tp — ie with infinitesimal ¢ > 0 in (4.14) and
the argument in (95, p gains an imaginary part —ibg/2 for |tp| > ¢,

l br : sinhtp .
O’i,R <27‘r arcsinh (sinhzcosh tp—coshz) ,LbR/2)

eimAisgn(tr) (sinh z cosh tp — cosh )21 7

O} p(ur(tr)) = ltr| > t. (4.15)
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The imaginary part br/2 is nothing but the circumference of the semicircle of the right disk in
figure 10. In the thermofield double state prepared by the right disk, this Euclidean analytic
continuation would correspond to a left boundary operator, which lives on a fictitious world
line to the left of Mgy, (the dashed red line in figure 10). (4.15) is the mirror operator in the
state-dependent reconstruction [57, 58]. Indeed, the state dependence is manifest in (4.14)
because the fictitious operator Oi r is parameterized by br and z from the state. Astp — +oo,
the real part of the argument of O} r becomes +bg/(27)arcsinh(1/sinh z) = fupg(ts). This
means that for |tg| € (., 00), O

ity (urp(tF)) corresponds to the operator on the fictitious

left boundary within the time band =+(t., 00). This is quite reasonable as it is exactly the
region on the fictitious left boundary with causal dependence to Mgyp.

It is easy to see that this method applies to a generic PETS as long as there is no python’s
lunch right behind the causal horizon, which forbids us to measure the dilaton profile non-
smoothness within the causal wedge. Since this method only requires local bulk measurement
and HKLL kernel, we may naturally say that this is a low-complexity reconstruction.
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A Generalized free fields and sl(2) 6j symbol

In this section, we will use the Euclidean path integral method to derive the si(2) 6j symbol
for the following matrix element in the generalized free fields theory

Ay by K

—0\Aglr. o a N1 4 Aq Ag

ko) = <b; ka, k3| (de™") 7 [b; k17k2> = {Ab s kg} Lyt baks
(A1)

where the pair of O, and O, operators are contracted respectively. This corresponds to

(by k4, k3]Oa,1Oq,

the third diagram in figure 5 when a = b. There are a few different ways to derive this
formula [5, 13]. However, the following derivation directly from the Euclidean path integral is
much simpler than [5, 13] and will be most convenient for discussing the semiclassical limit.

In the notation of this paper, the explicit formula for the Hartle-Hawking state ’\I//?l By (€)>

isl?

]\118,52 (5)> = /O:O di /O7T dp1 K, (7,0 61,91) K, (61,9150,400)e201 [O(1)) |yomtog2—/2
(A2)

(e¥14e¥2) cot 1= ¢2

&
Ks(é1,%1;500,%0) = Fr— ¢1 / dkp(k ﬁkQ/(4¢b)2K2ik<
ln

9e(W1+12)/2
) (A3)

sin $2=¢1 ¢1

"This notation is a simpler version of eq. (4.2), (2.28) and (2.29) in [15] but with a few differences: the
spectral density phere(k) = 2ptnere(k), there is an additional factor of 2 in K but no factor of 2 in ‘\Ifglﬁ2 (€)>
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(99"

(. ¥)
Figure 11. The Euclidean path integral for <b; Ba, Bs|(4eE)Ra|b; By, ﬁg).

By (2.9), we have

(de” ") (de o)
—sin¢sing’ /4

™M p(kj)e*k?ﬁj/(‘l%)gj(zikj (4e74/?)
j=1,2,3,4

<b;ﬁ47ﬁ3|(4€7[)Aa |; 51,52> :/

(A4)
where the integral measure is dpd¢'dydy’dl with ¢ € [0,7],¢" € [m,2x],9,¢', ¢ € R, and
¢; and m; are defined as

o—1/2 _ e(lbo-W)/Q7 a2 _ e(¢0+¢)/2’ o—ta/2 _ 6(1&0-&-1//)//27 a2 _ e(wo-f—w'),/? 5)
2sin% 2005% —2008% 28111%
(Y+¢)/2
Yo =log2—1/2, 6_65/2267_45, mlz—(e%—i—éﬁ)cot? (A.6)
2sin =5+ 2
/ /
m2:—(ew°+ew)tan§, mg = (e%—l—ew)tan%, my = (e%—i—ew)cot% (A7)

where ¢ and 9 are the canonical degrees of freedom in quantization of Schwarzian action [15,
34|, and ¢ are geometric variables for the renormalized geodesic lengths in figure 11. Moreover,
my, can be further decomposed as geometric integrals using (2.22)

emitmse 1(61,52,6), eMm3tma I(€3,£4,€) (AS)

Changing d¢de¢’dipdyy’ to dlydladlsdly gives an additional Jacobian —(sin ¢ sin ¢’)/4 which
cancels the same factor in the denominator in (A.4). Note from (A.5) and (A.6) that ¢5 is
not independent from ¢1 234 and ¢ but can be written as

efs/? = (ell1H68)/2 4 (latta)/2)=0/2 (A.9)

It follows that (A.4) can be written as an integral over geometric quantities

(4e=0)Ba(4et) P01 (0y, la, £)1 (€3, 04, F) _—
((OHE) 2 1 ot [2)28, ].11_72[’374 5, (4))
(A.10)

(b3 B, Bl (402 s . ) = [

which after inverse Laplace transformation gives
de ) Ra(4et)Be I (by,02,0)1 (€3, 04,0
/ (de™") 2 (4e”) 20 I (41, 62, 0) 1 (L3, 44, 0) [ 2o (4c57)
(

e(li+£3)/2 4 g(f2+04)/2)20, /FkAll}CQFkAgblm j=12.3.4

<b; ka, k| (4e™ )2 |b; Ky, k2> =

(A.11)
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To evaluate this integral, let us do a Barnes integral representation for the (4e=%5)%b
factor as

(def)2 — (4efy ettt / dt T(=t)I'(24; +1) (elliHs—ta—ta) /2yt
(ellr+t3)/2 4 o(b2+l4)/2)20 L, 2mi T'(24Ay)

(A.12)

where L; is the line from —ioco to ico with real part ¢, € (—2A,0). Taking this back to (A.11),

we can easily integrate over ¢; and ¢ using (2.19) and have
M= (b ks, k3|(4e’Z)A“ by k2 kAlkaF,ibm

dt T'(—t)T'(2Ap+1) / /2 Ay 25 A0 — Ay —t/ 2 Ay +1/2
:/Lt2m' 2Ab / dkdk' p(k)p(K )y Ty T Loy Vit (A.13)

Note that the spectrum can be written as p(k) = (7|T'(2ik)[?) L. Let us assume A, > A,,.
We can integrate k as

o2t/ 28— Ay

/ g ik Uy Do ™ D(Aptik tiks, Ag+t/2—iky £ik')
T (2ik)|2 - 2mil (24, +1)
. T
[ o Datt/2 sk ik 544420, ik —iky—5—t= Ay, =) (A.14)
. [(—s—t,s+14+2A,)

where we used (2.3) in [59]'® and L is a line from —ico to ico with real part s, such
that the real part of all gamma functions in the numerator of (A.14) is positive, namely
max(—24A, — t,, —A, — t/2) < 5, < min(0, —A, — t). Applying (2.3) in [59]'? again to the
k' integral, we have

1 oo TRPTR i PO(A, +t/2+ s +iky £ ik, Ag + /2 — ika £ iK')
%/0 dk T(2ik")|2
F(Aa + s +iko +ikg, s+t + 204, Ap — iks £ ikyg, Ay + ik — ikg)

N 2mil(—t)

o dS/F(Ab + ikg £ 1k + 8/,8/ —t, Ay + 1t —iky —iks — S/,Aa +t+1ko —iks+ s — S/, —S/)
L. F(2Ap+ 5,20, +s+t—¢)

(A.15)

where Ly is defined similarly and the real part of s’ obeys max(t,—A;) < s, < min(A, +
t + s,0). Putting (A.14) and (A.15) together, we have

M= / dtdsds’' T'(Ap + iky + ike, Ay — iks + iky, Ay + iks — iks)

(2mi)3 ['(2A)
S—I—t—l—?Ab,:l:Zk‘l—ZkQ—S—t—Ab,—S A, +8+Zk2+lk‘3)
['(—s—t)

F(Ab+ik73iik4+3/,5,—t,Aa+t—ik2—ikg—S/,Aa+t+’ik32—ik3+8—5,,—8/)
F(2Ap+ 8,20, +s+t—¢)

(A.16)

8There are a few different ways to apply (2.3) in [59]. For our purpose of (A.14) to separate A, and Ay,
we choose parameters there as a, f = A, +t/2 +ik2, bye = A, — Ay £4k’, and ¢,d = —t/2 & ik;.

This time we choose parameters there as a, f = —t/2 £ iks, bye = Ay + /2 +ika, c = Ay + /2 + 5 + ik2,
and d = A, +t/2 — iko.
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Define £ = ¢ — s and we find that there are four gamma functions only involving s for fixed ¢

1 - -
—_— dsT(Ag + iko +iks + 8,8 —t+ 8, Ay — 8" +1 —iky —ik3 — s, —5)

2w Jr
CT(2A; — 8" + &, Ay + ko + iks, A — iky — iks, s’ —T) (A17)
N '(2A,) '
which is the first Barnes lemma. Taking this back to (A.16) we have
M= / dtds’ T(Ay & iky + ik, Ay — iks & iky, Ay & iks £ iks)
277'2 (2Aa7 2Ab)
t—I—QAb,:l:Z/ﬁ —Zk‘g —t—Ab,Ab—i-Z/{g :|:Z]€4+8 —8)
(—t, 2Ap + s )
D(Ag + t+ iky — ik — &', 8" — 1) (A18)

[(Ag + ik —iks)
Note that the last line is a beta function, which has an integral representation

T(Ay + 1+ iky —iks — ', 8 / dpgDa+i+ike—iks—s T =gt (A.19)

F(Aa + ikg — Zk:g)

Taking this back to (A.18), we find that the # and s integrals can be done separately. Using
the integral representation of hypergeometric function

oF1(a,b;c;2) = L(c) / I'(a+t,b+t,—t)

2wl (a, ) fern O (4.20)

where L is a line from —ico to ioco with real part of a + t,b + t, —t all positive, the ¢ and
s’ integrals lead to a product of two hypergeometric functions

M= D(Ay £ iky £ kg, Ay £ iks £ iky, Ay & iko & iks3) /1 Jppati-tiki—1
T(2A4, 2A0,)T(2A)2 0
X (1 — z)220 7 By (A + iky £ ik 200 1 — )2 Fy (Ay + iky & iks; 20,1 — )
_ I‘Aa I‘Aa FAb FAb F(_2ik4)
fika™ kaks™ kska ™ kika | D(A, 4+ Ay + iky £ ik, Ay & iky — iky, Ay & iks — ikg)

X 4 F5(Ag £ ik + iky, Ay ks + iky; Ag + Ap + tky £ iko, 1+ 2ikg; 1) + (kg <> —ky)
(A.21)

where we used the equation 12 on page 331 of [60]. Comparing with the definition of the
sl(2) 6j symbol in [42] ((A.17) and (A.18)), we find that

A, ks k
Aqg Aqg A A a N3 R2
M= \/rk1k4rk2k3rk3bk4rklbk2 {Ab . k4} (A.22)

which matches with (A.1) due to the symmetry of the si(2) 6j symbol
Ag k3 ko Ay k1 kg
= A.23
{Ab k1 k4} {Ab ks ]{72} ( )
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One of the advantage of the geometric integral formula (A.11) for the sl(2) 6j symbol
is that one can easily see the permutation symmetries besides (A.23). First, (A.11) is
symmetric under exchange of (ki, k2) <> (ks, ks4) by simultaneous exchange of (¢1,42) >
(l3,44); second, (A.11) is symmetric under exchange of (k1,k2) <> (k4, k3) by simultaneous

exchange of (¢1,02) <> (¢4, ¢3). Divided by \/FkAﬁMFkAQ y» (A.11) is symmetric under exchange
of (A, k2) > (Ap, kq). This can be seen as follows. We can first exchange ¢y <+ {4, then
define /5 as (A.9) to replace ¢, which makes the power of A, and Ay part switch back. Using
the explicit formula (2.22) for I(¢1,¢s,/3), we can easily show that

I(01, 09, 0)I (€3, 04, 0) = I(Cy, Ly, 05) (L2, U3, C5) (A.24)

which justifies this symmetry. Indeed, the geometric meaning of (A.24) is obvious: we can
split a rectangle into two triangles in two equivalent ways in JT gravity.

B Geometric integral in the semiclassical limit

Another advantage of the geometric integral formula is that we can easily see the OTOC
(the third diagram in figure 5) is exponentially suppressed relative to TOC (the first two
diagrams in figure 5) in the semiclassical limit. Let us take A, = Ay = A in (A.10), which
corresponds to the third diagram in figure 5 with 81 = B, 82 = 84 = By and (B3 = Bgr. For
the first diagram in figure 5, in terms of the geometric integral we have

Dy = /(46—51%(46—@3)%(51,52, I, 00,0) T s (0 (B.1)
§=1,2,3,4
Similarly, for the second diagram in figure 5, we have
Dy = / (4e=02) e L(0y, 65, O1(8s, £0,0) T[] Vs, (4)) (B.2)
§=1,2,3,4

Note that (A.10) and D o share the same I and Uy factors. By the geometric relation (A.9),
we have

e l—tls _ (6(514%3)/2 + e(€2+f4)/2)*2 < min(eiel*g?’, 6752754) (B.3)
In the semiclassical limit, we take A ~ O(¢p) — oo, which implies

(e77%)%/min(e 176 e BT)A 1 emO@) (B-4)

In order to show (A.10) is exponentially suppressed relative to Dy o, it suffices to show that
both I and Wg are positive in the semiclassical limit. By (2.22), I is manifestly positive.
The wavefunction Wg(¢) is positive in the semiclassical limit [6] because we can use integral
representation (2.37) and saddle approximation

/dk:p —Bk? /4¢>b)K2 w(de™ 4/2)

~ /dkzdaewb(27”“—5’“2/2—46“/2 cos a—2ka)

N / dae2®n(2(r—0)?/p—de™"/? cosa) (B.5)
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Figure 12. If we directly use the propagator Kz in (A.3), we will have the triangularization in the
left diagram, which is equivalent to any triangularization, for example, the one in the right diagram.

where we rescale k — 2¢pk and e /2 — 2¢,e=t/2.

saddle value a; obeying

Taking derivative to a, we have the

sin o, = (1 — ay) /B (B.6)
Define z = m — ag, and we have [6]

sin z({)
0

\IIB(E) ~ 64¢b/ﬁ(x(5)2+2$cotx(€)) — ﬂqee/z (B?)
When ~'e!/? < 1, there is a real solution x(£) € [0,n]; when 8~'e®/? > 1, there are two
conjugate pure imaginary solutions z(¢) € iR. Both solutions give positive wavefunction
Ws(¢) though it is not smooth (but continuous) at £ = 2log /3.

This method can be easily generalized to a Euclidean path integral with multiple heavy
operator insertions. For a generic Euclidean path integral, whose boundary consists of n
segment of length f3;, it can be written as

Zn = / ﬁ dzj\pﬁj (ﬁj)_’[(ﬁh eyl (B.8)
j=1

where 7 is the region bounded by n geodesics and can be further triangularized in terms of a
product of functions I (¥, £y, £.) where £, . are the three sides of each triangle. See figure 12

as an illustration. Let us label all sides of a triangularization as {/,} witha=1,---,2n —3
(clearly {¢1,---,¢,} is a subset). Then we can write
T(l1,- b)) = / [T dtaFa,({ta}) TT I(ta.tsLe) (B.9)
azn+1 {a,b,c}

where F, is a product of (46_Z)Ai representing the Wick contractions and each £ is a function
of ¢, determined by geometric relations similar to (A.9). Note that different triangularizations
are equivalent by repetitively using (A.24).

By this formalism, we will be able to show the following proposition.

Proposition 1. If there are more than one pair of O; in Z,, the Wick contraction with
crossing geodesics is exponentially suppressed relative to a non-crossing Wick contraction in
the semiclassical limit.
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Proof. Similar to the proof for figure 5. Suppose there are four O; with two crossing Wick
contractions (see the right diagram in figure 12). Label them clockwise as a, b, ¢, d respectively.
The the contribution from these two crossing Wick contractions are (4e‘ac)®i(4e~d)2i, On
the other hand, the geometric relation (A.9) holds

ellacttva)/2 — (laptbea)/2 | p(baattoc)/2 (B.10)

which means that this diagram is exponentially suppressed relative to the one with ab
and cd contracted (and also the one with ad and be contracted). The later does not have
crossing for these four O;’s. Applying this argument to all pairs of crossing implies that the
leading order contribution to Z, has no crossing Wick contractions between any two pairs of
identical O;’s. ]

C Semiclassical limit of |®,)
Let us define the following function

F(Bo, Bo; Br) = / dky dkodksdly dlye ™ PORTARIHERE)/(400) o 10) p(ky) plko ) (de 1) 2 (de~ )2
X 2Kk, (46722 Ko, (e 2)2 Ko, (e 2/2)2 Koy, (4e2/2) (C.1)

where the first two arguments are symmetric. It is easy to see that the first diagram in
figure 5 is F1 = F (8L, Br;2P) and the second diagram is Fy = F(fo, Bo; . + Br). As we
show in appendix B, we only need to compare these two to determine the leading contribution
in the saddle approximation.

As Fy depends on 1, g only through 31, + Br, we can define 54+ = (51, £ fr)/2 and first
study the f_ dependence of F} while keeping Fy invariant. Taking S_ derivative to F}, we
have 0g_F| = <k% - k3>, where the vev means evaluating in the integral (C.1). As F} takes
value at the saddle, the derivative of Jg_ acts on two parts: the explicit 5_ dependence in the
exponent, which gives k3 — k2 at the saddle value, and the implicit 3_ dependence through
the saddle value of other variables. The latter vanishes at the saddle because it is proportional
to the saddle equation. It boils down to determining which saddle value of kg and ko is larger.
By symmetry, Fj is an even function of 5_ and we only need to compare kg o for 5_ > 0.

Solving the saddle equations (2.41) and (2.42) for Fj, we have

k% sin kOQBL sin —]”25’3 — (u sin —kOQBL + ko cos —kogL ) (u sin —’”gR + ko cos —kQQBR )
koka
koBrL,

cos k1o = (C.2)

k2SR
2

k2 +p? = k3 —2pks cot = k& —2ukq cot (C.3)

Note that (C.3) is symmetry under (ko, 81) < (k2, Bg). Define f(k,B) = k* — 2uk cot %,
and we have

2 .
7 ((Bk — sin Bk)
Osf(k,B)=——=>0, Ofk,p)=2k+—-——=>0 C4
,Bf( 7/6) Slnz(kﬁ/Q) ) kf( 7/8) + SIHQ(]{?B/2) ( )
For any value of ki, (C.3) implies that kg < ko and 0g_Fy > 0 for f_ > 0. Therefore,
Fy has a unique minimum at S_ = 0 and is monotonically increasing for 5 > 0. On
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Figure 13. (a) Compare the on-shell action for F; (solid curves) and F, (dashed curves). (b) The
on-shell k — ky of Fy. In both plots, the horizontal axis is © = (8+ — So)/(B+ + Bo) and blue, yellow
and green curves are for (54 + fy)/2 = 0.1, 1, 10 respectively.

the other hand, if we take the maximal value 5_ — (4, namely Sr — 0, we must have
ko ~ (202 + B + - )/5113/2 — 00, for which (C.2) and (C.3) in leading order become

koBr,

L 4 psin +kocosk1Bo=0 (C.5)

koBr
2

0
ko cos 5

k24 1% = 4p% /3+dapt’? = k2 —2pko cot

(C.6)

which gives finite ko1 and «. Therefore F7 is unbounded from above and scales as Fy ~
log(6+ — f—) — oo when f_ — (.

Then we will compare the minimum of Fy = F (B4, 8+;200) at S = Br with F5. Since
they are now in the same form, we can just study Fi. By symmetry S; = Sr = [+, we have
ko = ko = k at the saddle and the saddle equations (C.2) and (C.3) become

k? sin® % = k% cos k1B + (usinkg+ + k cos k§+>2 (C.7)
ki = \/k2 — u? — 2uk cot % (C.8)

The on-shell action (2.40) is
1/(264) = —k*Bs. — KBy + 2 log (“2 = M,%;f"s kf) (C.9)

Note that there are infinitely many solutions to (C.8) due to the oscillation nature of the
trigonometric functions. We only consider the solution in the range of k54, 2k180 € (0,27)
because it smoothly interpolates to k = k1 — 7/(8o + B+ ) in the p — 0 limit. We can rescale
k — pk,kw — pki, Bo — Bo/w, B+ — B+ /p, which is equivalent to taking p = 1 in (C.7)
and (C.8). Since we do not have any analytic solution and the on-shell action turns out not
always monotonic, we just numerically solve the saddle equation and compare the on-shell
actions of F} and Fy for (54 + fp)/2 = 0.1,1,10 with 54 > fBy. The result in figure 13(a)
shows that in all cases, the on-shell action of Fy is smaller than that of F; and the second
diagram in figure 5 is preferred. This can be inferred from the small (54 + 89)/2 case, which
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corresponds to small u before rescaling. In this case, we can ignore the backreaction of heavy
operators, and the Wick contraction in the second diagram of figure 5 has a shorter geodesic
distance on the EAdSy disk, which is preferred due to the (4e~)* suppression.

Let us summaries the phases of |®3) in the semiclassical limit. If 5 + Sr < 20, the first
diagram of figure 5 dominates; if 51, + Br > 25y, there is a critical value j, for |3 — Br| such
that the second diagram dominates when |51, — fr| < B« and the first diagram dominates
when |8z — Br| > B«. In the scenario where F dominates, we find that the on-shell k—k; > 0
in figure 13(b), which means that the center disk has the global minimal dilaton point. It is
important that this global minimum is located in the central row of disks (in the case where
we have identical heavy operators and self-contraction dominates) because otherwise, the
modular flow would not be the boost transformation in the Lorentzian spacetime. However,
to prove this in general, we need additional effort.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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