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Posiform planting is a method for constructing QUBO instances with a unique planted solution that
can be tailored to arbitrary connectivity graphs. In this study we investigate making posiform planted
QUBOs computationally harder by fusing many smaller random Ising models, whose global minimum
is computed classically, with posiform planted QUBOs. The unique ground state of the resulting
QUBO is the concatenation of (exactly one of) the ground states of each smaller problem. Ourmethod
generates QUBO instances that have a unique solution, are native to the hardware graph, and have
tunable computational hardness.We use ourQUBOs to benchmark threeD-Wavequantumannealing
processors (with 563–5627 qubits), and compare them against simulated annealing and Gurobi.
Surprisingly, we find that the D-Wave ground state sampling success rate is not dependent on the
glued random QUBO size, and that some QUBO classes are solved at high success rates at short
annealing times on the Zephyr processors.

Quantum annealing is a type of analog quantum computation that
aims to sample good solutions to combinatorial optimization
problems1–5. Programmable quantum annealers containing up to
several thousand superconducting qubits have been manufactured by
the company D-Wave6–12, and have demonstrated notable compute-
time and quality advantages over alternative methods on a number of
different problem classes13–19. Quantum annealing is based on adia-
batic quantum computation, where the system is initialized in the
easy-to-prepare ground state of a Hamiltonian (typically the trans-
verse field Hamiltonian) and then the system is slowly transitioned
into a secondHamiltonian whose ground state is unknown and hard to
compute2,20. In an ideal adiabatic evolution, this physical process can
be used to find the ground state of Hamiltonians of interest. According
to the adiabatic theorem, if certain conditions are met—such as suf-
ficiently slow evolution—the system will remain in the ground state
throughout the process21.

Mathematically, this adiabatic evolution is governed by a time-
dependent Hamiltonian H(t) that gradually transforms from an easily
prepared initial state Hamiltonian (denoted as Hinitial) to the problem-

specific Hamiltonian of interest (denoted as Hising), where

HðtÞ ¼ AðtÞHinitial þ BðtÞHising : ð1Þ

The functions A(t) and B(t) in Eq. (1) define the time-dependent anneal
schedules, whereby the initial state is slowly ramped down over the course of
the anneal (of time t) given by A(t), and the magnitude of the problem of
interest is increased by B(t). For quantum annealing in the transverse field
Ising model1,Hinitial ¼

Pn
i σ

x
i , where σ

x
i is the Pauli matrix acting on each

qubit at index i.
Combinatorial optimization problems, such as NP-hard problems, can

be formulated as a Quadratic Unconstrained Binary Optimization
(QUBO)22–24 problem(or equivalently an Isingmodel)whichcanbewrittenas

Qðx1; . . . ; xnÞ ¼
Xn

i¼1

aixi þ
X

i < j

aijxixj ð2Þ

for n 2 N binary variables, where ai 2 R and aij 2 R are given by the user
and define the optimization problem. The variables xi, for i∈ {1,…, n}, are
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the decision variables whose optimal assignment—whether minimizing or
maximizing the objective function—is generally unknown a priori. Given
the equivalence between spin systems and discrete combinatorial optimi-
zationproblems,wewill use the terms “groundstate” and “optimal solution”
interchangeably.

In D-Wave quantum annealers, the qubits act as spins, having mea-
sured states either+1or−1, andusers canprogram the linear andquadratic
coefficients of the hardware qubits and couplers to represent a classical
Hamiltonian that represents a discrete combinatorial optimization pro-
blem. For quadratic optimization problems, the variable states can be easily
converted from spins (+1 or −1) to binary states (1 or 0). The problems
whose decision variables are spins are called Ising models, and the problems
whose decision variables are binary are called QUBO models.

A reasonably large number of studies have examined various techni-
ques for formulating and solving combinatorial optimization problems on
D-Wave quantum annealers25–33. There are a number of practical challenges
that limit the capabilities of D-Wave quantum annealers due to system
constraints and sources of error, including limitedqubit coherence times11,12,
having a fixed hardware graph whose connectivity is quite sparse and
therefore encoding arbitrarily connected problems requires graph minor
embedding34–38, analog control errors39, and spin bath polarization that
causes anneal-correlations40. For this reason, several studies have developed
methods for benchmarking and mitigating different types of errors in
D-Wave computations32,41–47. One of the central challenges with bench-
marking the capabilities of quantum annealers for solving combinatorial
optimization problems is verifying the accuracy of the produced solutions
(specifically if the global optimal solution could be found), since quantum
annealing is a heuristic algorithm. In particular, verifying whether the
optimal solution was found requires using classical deterministic exact
solvers to find the optimal solution, or to construct a problem such that the
optimal solution is known in advance.

There are numerous algorithmic approaches designed to generate
combinatorial optimization problems with known solutions, commonly
referred to as solution planting. Examples include frustrated loops (meaning
Ising models composed of parts containing only a subset of the variables)
with tunable hardness48,49, tile-planting50, patch-planting51, or weighted
MAX-2-SAT instances52, among others53. However, most methods do not
guarantee the uniqueness of the planted solution. Another way to generate
instances is by converting sets of linear equations, called equation
planting54,55, which can ensure uniqueness at the expense of not being able to
generate QUBOs of a general structure. Many methods have already been
made available in software implementations, for instance the Chook
toolbox56 and the dwigPython implementation57. Benchmarks for emerging
computing technologies need to be computationally hard while having
known optimal solutions, yet many problem instances are easily solvable
using classical algorithms. For example, it has been shown that two of the
existing quantum annealing spin glass benchmarks58,59 can be solved in
general with a polynomial time classical algorithmbecause they are a type of
planar spin glasses60.

The focus of our study is on the previously proposed PosiformPlanting
method61, which allows the creation of QUBO models tailored to an arbi-
trary connectivity graph, with a single unique bitstring as the planted
solution. Posiform planting is a very general method in that it allows many
choices to be made in regards to what problem coefficients can be used to
create a valid instance for a given target bitstring, and the target bitstring can
be chosen arbitrarily as well. A computationally more tractable variant of
posiform planting has already been proposed62. However, a disadvantage of
posiform planted QUBOs is that they are a type of MAX-2-SAT problem,
making them very tractable to solve exactly (in linear time) with classical
algorithms63. As shown in ref. 61, this also applies to solving posiform
plantedQUBOswithquantumannealers.The aimof this study is to increase
the computational hardness of posiform planted QUBO models by com-
bining them with random QUBO problems, and to use the resulting pro-
blem instances to benchmark several types of D-Wave quantum annealers.
In this study we design QUBO problems that are tailored to the hardware

interaction graphs of several D-Wave QPUs; these graphs are known as
Pegasus graphs64,65 and Zephyr graphs66.

We expect that the proposed way of combining of random QUBO
problemswith posiformQUBOs producesQUBOs that are, in general, NP-
hard, specifically because random QUBOs (and random Ising modes) are
also in general NP-hard. However, we do not examine this in this study. It
could be the case that random spin glasses defined on the sparse graphs of
the underlying hardware, such as the class of QUBOs we present in this
study, lend themselves to efficient classical simulations due to having a
critical temperature of zero, as was shown in particular for the hardware
graph of previous generations of D-Wave quantum annealers known as the
Chimera graph67,68 and there is some evidence for spin glasses defined on
Zephyr and Pegasus graphs possibly also having a zero critical
temperature69. However, this potential classical simulatability of hardware
compatible spin glasses is not definitely known to be true for the inter-
mediate D-Wave processor sizes currently available, and is unknown in
general for other classes of random Ising models defined on these relatively
sparse hardware graphs67–69.

The ability to control the degeneracy of ground states, which our pro-
posed method allows, can be a valuable characteristic of a solution planting
algorithm. In particular, ensuring the uniqueness of the ground state is
especially relevant for random discrete-coefficient discrete decision variable
optimization problems. Attenuating the degeneracy of the optimal solutions
of discrete optimization problems can be a useful property since some
quantum algorithms may not uniformly sample the optimal solutions70–76.

This article is structured as follows. In section “Methods”, we present
the proposed improvement of the posiform planting algorithm of ref. 61,
and briefly describe simulated annealing of ref. 77 which we use as a
benchmark algorithm. Our experimental results are presented in section
“Results”, in particular with respect to success rates for optimal solution
sampling on D-Wave (section “Success rates of optimal solution sampling
on D-Wave quantum annealers”) and simulated annealing (section “Suc-
cess rates of optimal solution samplingwith simulated annealing”), aswell as
Time-to-solution (TTS) results (section “Time to solution on D-Wave
QPUs”). The article concludes with a discussion in section “Discussion”.

Results
This section presents simulation resultsmeasuring the accuracy (in terms of
ground state probability) and runtime (in the TTS metric) of the instances
generatedwith the algorithmof section “Combining posiformplantingwith
random QUBOs”. In particular, we start by giving details of the simulation
setting in section “Simulation setting”. Afterwards, we examine the success
rates for optimal solution sampling on D-Wave (section “Success rates of
optimal solution sampling on D-wave quantum annealers”) and simulated
annealing (section “Success rates of optimal solution sampling with simu-
lated annealing”), as well as TTS results (section “Time to solution on
D-Wave QPUs”). We conclude the section with Gurobi results (section
“Discussion”).

Simulation setting
The annealing times used to sample the problem instances is varied over {1,
2, 3, 4, …19, 20, 100, 1000, 2000} µs. In the case of Advantage_sys-
tem4.1 and Advantage2_prototype2.3, an annealing time of
500 ns is also used. The measured sample distributions are computed by
executing 100 anneal-readout cycles for each job, which is then repeated
multiple times for eachparameter configuration so as tobuild a large sample
distribution for each QUBO problem instance. Some characteristics of the
three D-Wave systems are given in Table 1. TheD-WaveQPUs used in this
study typically operate at or near 16mK.

On the Advantage2_prototype1.1 device, hardware compa-
tibleQUBOmodels (for both lin20 and lin2 cases) are sampledwithposiform
scaling coefficient 0.01 on the D-Wave hardware using 10000 samples for
each of the random 100 QUBO models and annealing times. All other
QUBOmodels are sampled with 1000 samples per parameter combination.
The Advantage2_prototype1.1QUBOs with posiform scaling 0.01
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are solvedwith a largernumberof samples because the sampling success rate
was found to be especially low (0 formany problem instances), and thus we
increased the sample count with the goal of being able to quantify the TTS.

The largest random QUBOs that are exactly solved using CPLEX is
limited by the compute time required to solve the models. We limit the
compute time to be amaximumof 2 days on a single compute node, using a
single thread. For any larger Zephyr graphs, CPLEX reached this compute
time limit, as did larger Pegasus graph instances. Therefore, larger random
QUBOscouldbe solved, butwould require either using a faster optimization
software, or using much more compute time.

Success rates of optimal solution sampling on D-Wave quantum
annealers
In this sectionwe investigate the success ratewithwhich the optimal (that is,
the planted) solution is being sampled on different D-Wave devices. The

devices being considered are Advantage_system4.1, Advanta-
ge2_prototype1.1, and Advantage_prototype2.3. To this
end, we generate 100 randomposiformplantedQUBOswhich always cover
the entire hardware graph of the respective architecture being used, and glue
on a varying number of smaller random-coefficient QUBOs having
appropriately chosen sizes.

We start with Advantage_system4.1. When gluing on smaller
QUBOs to the posiform planted QUBO, we employ a posiform QUBO
scaling coefficient of 0.1. Figure 1 reports the success rate for Advanta-
ge_system4.1 in finding the unique planted optimal solution. All
proportions being reported are with respect to the generated ensemble of
100 posiform planted QUBOs. Figure 1 presents success rates as a function
of annealing time. We observe that the optimal solution sampling success
rate is generally low, with a maximum of ~0.25. Although the shapes of the
plots in the two columns for lin2 and lin20 look similar, the scales on the left

Table 1 | D-Wave Quantum Annealing processor summary

D-Wave QPU Chip ID Topology name Available qubits Available couplers Annealing time (min, max) microseconds

Advantage_system4.1 Pegasus P16 5627 40,279 (0.5, 2000)

Advantage2_prototype1.1 Zephyr Z4 563 4790 (1, 2000)

Advantage2_prototype2.3 Zephyr Z6,4 1248 10,829 (0.5, 2000)

Due to manufacturing defects, the qubit and coupler counts are less than the logical graphs.

Fig. 1 | Advantage_system4.1 processor results showing the optimal solu-
tion sampling rate out of the number of anneals used, for 100 different random
QUBO instances, as a function of log-scale annealing time. Columns show
QUBOs with coefficients from lin2 (left) and lin20 (right). Rows show results for
QUBOs constructed with 128 disjoint random QUBOs of size either 43 or 44

variables (first row), 64 disjoint random QUBOs of size either 87 or 88 variables
(second row), 32 disjoint random QUBOs of size either 175 or 176 variables (third
row), 16 disjoint randomQUBOs of size either 351 or 352 variables (fourth row), and
8 disjoint random QUBOs of size either 703 or 704 variables (fifth row).
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are much lower, indicating smaller success probabilities. We observe that
smaller annealing times lead to a higher success rate on the Advanta-
ge_system4.1, and that especially for coefficients chosen from lin20
(right column), success rates flatten off closer to 0 with longer anneal-
ing times.

We repeat the same experiment on the Advantage2_proto-
type1.1 device using a posiform QUBO scaling coefficient of 0.1 when
combining the posiform planted QUBO with smaller QUBOs to disguise
the solution. Similarly to the previous experiment, Fig. 2 again shows the the
ground state sampling success rates.We observe in Fig. 2 that in contrast to
the previous experiment on Advantage_system4.1, the success
probabilities for Advantage2_prototype1.1 are much higher for
low annealing times, with many generated QUBOs being solvable with
probability 1.0. Moreover, there is a clear decrease to zero in probability as
the annealing times increase. This pattern is consistent across the two
coefficient choices (left and right columns), as well as the number and sizes
of the smaller QUBOs being glued onto the posiform planted QUBO.

This experiment is repeated for Advantage_prototype2.3 in
Fig. 3 using a posiformQUBO scaling coefficient of 0.1. The results in Fig. 3
for the Advantage_prototype2.3 device confirm the ones seen for
Advantage2_prototype1.1 in that the achieved success probabilities
are close to 1 for low annealing times and decrease towards 0 as the
annealing times increase. As before, all subplots show a qualitative similar
behavior for the different coefficient choices (columns) or the number and
sizes of the smaller QUBOs being glued onto the posiform planted
QUBO (rows).

Figure 4 shows the quantum annealing ground state sampling success
rate for QUBOs tailored to the Advantage2_prototype1.1 hard-
ware graph, but nowusing a posiform scaling coefficient of 0.01. This shows
a clear decrease of ground state sampling success as compared to Fig. 2 with
a larger posiform scaling coefficient. We observe that by making the posi-
form scaling coefficient small and making the random QUBO coefficient

discrete in {+1, −1}, we can make these solution planted QUBOs much
harder for the D-Wave hardware to solve optimally.

Figure 5 showsquantumannealing ground state sampling success rates
for theQUBOsdefinedon theAdvantage2_prototype2.3hardware
graph, againwith aposiformscaling coefficient of 0.01 (as opposed toFig. 3).
Here we see a significant decrease in optimal solution sampling rate, where
for the lin2 QUBO instances (left column) the unique optimal is rarely
sampled. Thus we again observe that the posiform scaling coefficient
attenuates the computational hardness of these plantedQUBOs. The overall
consistent finding is that smaller posiform QUBO coefficients with respect
to the fused random QUBOs make the problems harder for the D-Wave
quantum annealers to solve.

Figures 1, 2, 3 all show a consistent trend of higher ground state
sampling rates at smaller annealing times, and lower ground state sampling
rates at longer annealing times. This is a very interesting property of
quantum annealing and these particular optimization problems—for many
other optimization problems solved with quantum annealing in other stu-
dies, this trend is exactly reversed; usually better optimal solution sampling
occurs at longer annealing times15–17,30,58,78,79. The cause of this effect is not
known—it seems to occur most clearly on the newer hardware generation
Zephyr-chip devices, and we encourage this as a future point of study. We
speculate that this finding is related to several different components of the
simulation. First, the hardware properties of the quantum annealing pro-
cessor, becauseweobserve that this property occurs very strongly for the two
newer-generation Zephyr devices. Second, this property does not hold true
for all of theQUBOs thatwe tested, suggesting that this property depends on
the Isingmodel encoded on the hardware. Finally, this effect is more strong
at very short annealing times,which suggests that this is dependent onopen-
system effects—however this result is counter-intuitive in terms of open
system effects because of the solution quality decrease as annealing time
increases; thermalization from open system effects typically results in a
plateau in solution quality. Note that while this trend is the opposite of what

Fig. 2 | Advantage2_prototype1.1 processor results showing the optimal
solution sampling rate out of the number of anneals used, for 100 different
random QUBO instances, as a function of log-scale annealing time. Columns
show QUBOs with coefficients from lin2 (left) and lin20 (right). Posiform QUBO

scaling coefficient is 0.1. Rows show results for QUBOs constructed with maximum
random glued QUBO sizes of, in order from top to bottom, 36, 71, 141, and 282
variables.
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Fig. 4 | Advantage2_prototype1.1 results, where each subfigure shows the
optimal solution sampling rate out of the number of anneals used, for 100
different random QUBO instances, as a function of log-scale annealing time.
Posiform QUBO scaling coefficient is 0.01. lin2 QUBO instances are shown in the

left-hand side column and lin20 QUBO instances are shown in the right-hand side
column. Rows show results for QUBOs constructed with maximum random glued
QUBO sizes of, in order from top to bottom, 36, 71, 141, and 282 variables.

Fig. 3 | Advantage_prototype2.3 results showing the optimal solution
sampling rate out of the number of anneals used, for 100 different random
QUBO instances, as a function of log-scale annealing time. Columns show

QUBOs with coefficients from lin2 (left) and lin20 (right). Posiform QUBO scaling
coefficient is 0.1. Rows show results for QUBOs constructed withmaximum random
glued QUBO sizes of, in order from top to bottom, 39, 77, 153, and 305 variables.

https://doi.org/10.1038/s44335-025-00032-6 Article

npj Unconventional Computing |            (2025) 2:17 5

www.nature.com/npjunconvcomput


wewould expect due to the adiabatic evolution, at these annealing times the
processor is not a fully closed and noiseless system11,12,80, meaning that this
intuition would not apply.

Figures 1–5 all show a very consistent trend that the sampling success
rate, although it does depend on annealing time, does not change
noticeably as a function of the varying random QUBO sizes that were
fused to the posiform planted QUBO. This can be seen by looking at the
differences between the rows of all of these figures—each row denotes a
different randomQUBO size threshold. This is a counter-intuitive finding
since larger randomQUBOsgenerally requiremore compute time to solve
to optimality, and thereby we would expect to see lower sampling
success rates.

For all problem instances generated on Advantage_system4.1
using posiform scale factor of 0.01, the D-Wave hardware never sampled
any of the optimal solutions out of the 1000 samples obtained for each
individual instance and QUBO setting configuration. For this reason, there
are no ground state sampling probability figures for this particular QUBO
configuration, as there is for posiform coefficient scaling of 0.1 on the
Advantage_system4.1 instances (Fig. 1). However, the natural

question arises of how close the D-Wave the hardware was to sampling the
planted solution. Figure 6 answers this question by plotting the energy
difference between the planted solution energy and the lowest energy
sample found onD-Wave hardware. Themore negative this quantity is, the
further away the quantumannealing hardware samplewas from the planted
solution, and the closer to 0 this quantity is, the closer the hardware sam-
pling was to the optimal solution.

Success rates of optimal solution sampling with simulated
annealing
In order to have a base for comparison we repeat the experiments of the
previous section and solve the same QUBOs with the classical simulated
annealing algorithm77. In particular, we solve the same set of QUBOs as in
section “Success rates of optimal solution sampling on D-Wave quantum
annealers”.

Figure 7 shows simulation results when solving the same set ofQUBOs
generated for Fig. 5, that is QUBOs tailored to the Advantage2_pro-
totype2.3 hardware graph. Two observations are noteworthy. First, the
displayed plots are qualitatively similar, in that they all show that the success

Fig. 5 | Advantage_prototype2.3 sampling results, where each subfigure
shows the optimal solution sampling rate out of the number of anneals used, for
100 different randomQUBO instances, as a function of log-scale annealing time.
Posiform QUBO scaling coefficient is 0.01. lin2 QUBO instances are shown in the

left-hand side column and lin20 QUBO instances are shown in the right-hand side
column. Rows show results for QUBOs constructed with maximum random glued
QUBO sizes of, in order from top to bottom, 39, 77, 153, and 305 variables.

Fig. 6 | Difference between the energy of the unique planted solution and the
minimumenergy sample found on theD-Wave hardware (y-axis) as a function of
the glued randomQUBO size (x-axis), forQUBO coefficient choice lin2 (left) and
lin20 (right). All of these QUBOs had a posiform scaling factor of 0.01, and were
defined on the Advantage_system4.1 hardware graph—the notable property

of these QUBOs is that the D-Wave hardware never sampled the unique planted
solution. The minimum energy gap for the best solution found using the D-Wave
hardware is indicated on the y-axis; values close to 0 denote samples very close to the
optimal solution energy. Plot uses jittering on the x-axis for better visualization.
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probability increases with the number of Metropolis-Hastings updates,
which is expected. In particular, the plots are similar for the QUBOs gen-
erated for QUBOs with coefficients from lin2 (left column) and lin20 (right
column). Second, we observe that for a low number ofMetropolis-Hastings
updates, the success probability is (close to) zero, showing that the generated
QUBOs are not trivial, and that moreover, more Metropolis-Hastings
updates are needed for a non-zero success probability when the coefficients
come lin20 (right column).

Figure 8 shows qualitatively similar results to Fig. 7, where a small
number of spin updates yields low ground state success rate and a larger
number of spin updates yeilds ground state success rates closer to 1.
However, Fig. 8with posiform scaling of 0.1 has amuch higher ground state
success probability compared to Fig. 7 with posiform scaling of 0.01. This
shows that the posiform scale factor can attenuate the hardness of these
QUBO problems for simulated annealing. This same quality of the larger
posiformscaling coefficients being easierwas seen in thequantumannealing
sampling results.

The supplementary information shows three additional simulated
annealing sampling figures. All of the simulated annealing sampling plots
show that the optimal solution is able to be reliably sampled for all QUBO
configurations if a sufficiently large number of variable spin updates is
utilized.

An interesting property of the ground state sampling curves from
simulated annealing for the posiform scaling 0.01 and lin2 coefficient dis-
tributions (see the left column of Fig. 7) is a slight down-turn of success
probability just before 10 Metropolis-Hastings spin updates, before the
success probability continues to increase. This non-monotonic behavior
seems to be a characteristic of these specific problem instances as it is not
seen in the other posiform solution planted QUBO configurations, and the
cause is not known.We speculate that the temporary downturn in solution
quality observed for simulated annealing might occur during the transition
phase fromexploration to exploitation, where the algorithm initially accepts

worse solutions to escape local minima before refining toward better solu-
tions at lower temperatures.

Time to solution on D-Wave QPUs
In this section we record the TTS metric for solving the previously con-
sidered ensembles of QUBOs. The TTS is computed as in section “Mea-
suring the compute time to optimally solve a QUBO: time-to-solution”.
Here TTS is computed for each individual hardware tailored QUBO
instance using the entirety of the parameter sweep and all samples obtained
for eachQUBO, the results for which are described in section “Success rates
of optimal solution samplingonD-Wavequantumannealers”. Inparticular,
this means that the sample success rate is measured from the entirety of the
samples across all annealing times used, and therefore the QPU time per
anneal is the average QPU time across different annealing times. This
approach to measure TTS was taken because the sampling success rate can
vary quite significantly as a function of the annealing time. In particular, for
some annealing times the measured optimal solution sampling success
rate is 0.

Figure 9 shows TTS measurements for the full ensemble of posiform
planted QUBOs with scaling coefficient of 0.1, sampled on the three
D-Wave QPUs. Figure 10 shows the same for the scaling coefficient of 0.01
(not including Advantage_system4.1 because the optimal solution
sampling rate was always zero). Each subplot shows a scatterplot of the TTS
measurements as a function of the maximum random QUBO sizes that
were glued to the whole-chip posiform QUBO. As the TTS cannot be
measured if the optimal solution is never found, there are missing data
points in these TTS measures.

Figures 9 and 10 show that themeasured TTS largely stays in the same
range irrespective of the size (and number) of the QUBOs glued onto the
whole-chip posiform QUBO.

Table 2 gives exact TTS quantities, and range of TTS quantities, for
each QUBO parameter type.

Fig. 7 | Simulated annealing applied to Advantage2_prototype2.3 hard-
ware compatible QUBOs, where each subfigure shows the optimal solution
sampling rate for the same100different randomQUBO instances already used in
section “Success rates of optimal solution sampling on D-Wave quantum

annealers”, as a function of log-scale number of complete sweeps of
Metropolis–Hastings updates. Columns show QUBOs with coefficients from lin2
(left) and lin20 (right). Posiform scaling coefficient of 0.01. The same QUBOs are
solved in Figure 5.
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Gurobi runtime
Figure 11 shows the Gurobi classical compute time required to determi-
nisticallyfind theuniqueoptimal solutionof the posiformplanted instances,
defined on Advantage2_prototype1.1. Figures 12 and 13 show the
same Gurobi runtime scaling for the QUBOs defined on the other two
D-Wave QPUs. However, in these cases, the cumulative compute time was
too large to compute in a reasonable amount of time for the larger random
QUBOsubproblem sizes, and therefore these twofigures are limited toa 200
variable size cutoff.

Four observations are noteworthy. First, for Gurobi there is a clear
dependence on the size of the random QUBO instances for the required
runtime tofind the optimal solution. This is consistentwith previous studies
that have used integer programming tools such as Gurobi to solve random
spin glass instances defined onD-Wave hardware graphs15. In general, these
random spin glasses get significantly harder to solve optimally as the pro-
blem size increases. This is significant because it shows that despite the
gluing of the relatively easy-to-solve posiform planted QUBOs, the random
QUBOs domake the overall problem very computationally challenging for
state of the art optimization software such as Gurobi. Notably, this char-
acteristic of random QUBO size dependence is not shared by either quan-
tum annealing or simulated annealing ground state sampling results.

Second, we see that themore discrete coefficient problem instances are
harder to solve using Gurobi, and the finer coefficient precision problem
instances are easier to solve using Gurobi. This property is also seen in the
simulated annealing and quantum annealing results.

Third, the QUBOs with posiform scaling coefficient 0.01 and ±1
coefficients are clearly the hardest instances to solve using Gurobi. This
scaling property is consistent with both the quantum annealing results and
the simulated annealing results.

Fourth, the exact runtimes used to solve each instance vary quite sig-
nificantly for each random QUBO size. For some instances, the range of
solution times spans several orders of magnitude.

Discussion
This study presentsmethodology to create solutionplantedQUBOs that are
based on the posiform planting technique61, but are computationally harder
than the default posiform planted QUBOs. Posiform planting has several
useful features, namely that the connectivity of the generated QUBO can be
tailored to (essentially) arbitrary graphs, and the planted solution is guar-
anteed to be unique. These properties of posiform planting are inherited by
the QUBO problem generation used in this study. Both posiform planting
and our proposed technique of combining random QUBOs with posiform
plantedQUBOs allows for very general optimization problemdesign,with a
planed solution. This technique could be utilized for classical heuristic
benchmarking, arbitrary classical optimization software, or any other
emerging quantum computing algorithms. Our proposed method is very
general, it can be applied to generate QUBO instances with a planted
solution for basically any type of algorithm or device that solves such
optimization problems. This includes classical heuristics, quantum opti-
mization software, and hardware devices such as the D-Wave annealers
(which might themselves can utilize additional techniques such as reverse
quantum annealing).

Our proposed method starts by generating a posiform planted QUBO
which is tailored to some architecture of interest, for instance the hardware
graph of a D-Wave annealer. To increase the hardness of posiform planted
QUBOs, we propose to add smallerQUBOswith a known solution to them,
thus changing the coefficients of the whole-chip posiform QUBO. We
demonstrate that the success rate of sampling the planted optimal solution
for this class of problem instances can be lowered, meaning that the pro-
blems are indeed harder, than the posiform planting QUBOs by
themselves61. This increase in computational hardness was seen by both
quantum annealing and simulated annealing.

Among the two choices of coefficients which we considered for the
generatedQUBOs, we find that choosing coefficients in {+1,−1} and using
a posiform QUBO scaling coefficient of 0.01 produced the most

Fig. 8 | Simulated annealing sampling results. Advantage2_prototype2.3
hardware compatible QUBO results, where each subfigure shows the optimal
solution sampling rate for the 100 different random QUBO instances, as a function
of log-scale number of complete sweeps of Metropolis-Hastings updates. Posiform

QUBO scaling coefficient is 0.1. lin2 QUBO instances are shown in the left-hand side
column and lin20 QUBO instances are shown in the right-hand side column. The
same QUBOs are solved in Figure 3.
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computationally challenging optimization problem instances. A possible
cause for this is thepresence of a largenumberof localminimawhose energy
is very close to the true ground state.This effect canbe examined through the
structure of the QUBO formulation. For instance, consider the case where

the random QUBO, R, for one of the subgraphs has a set L = {l1,…, lk} of
k > 1optimal solutions. By construction, theposiformQUBOP for the same
subgraph has one optimal, say l1, and k− 1 suboptimal solutions in L. If δi=
P(li)− P(l1) is the suboptimality gap of li in P, then the combined QUBO

Fig. 9 | TTS in seconds as a function of the maximum random QUBO sizes that
were glued to the whole-chip posiform QUBO. Columns show QUBOs with
coefficients from lin2 (left) and lin20 (right). Posiform coefficient scale factor 0.1.
Rows show the three different D-Wave devices under consideration, those are

Advantage_system4.1 (top), Advantage2_prototype1.1 (middle),
Advantage_prototype2.3 (bottom). Plot uses jittering on the x-axis for better
visualization. Log scale on the y-axis.

Fig. 10 | TTS in seconds as a function of the maximum randomQUBO sizes that
were glued to the whole-chip posiform QUBO. Columns show QUBOs with
coefficients from lin2 (left) and lin20 (right). Posiform coefficient scale factor 0.01.
Rows show the two different D-Wave devices under consideration, those are

Advantage2_prototype1.1 (top) and Advantage_prototype2.3
(bottom). Plot uses jittering on the x-axis for better visualization. Log scale on
the y-axis.
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Q = P+ 0.01R satisfies Q(li)−Q(l1) = 0.01δi, meaning the suboptimality
gap of li in Q is likely to be small, depending on the magnitude of δi.
Moreover, the expected degree of degeneracy grows exponentially with the
number of subgraphs, as the total degeneracy is the product of the degen-
eracy degrees of all subgraphs. Estimating this degree explicitly would
require significant computational resources. However, the structural sym-
metry of Pegasus and Zephyr graphs, combined with binary coefficients,
increases the likelihood that certain variable swaps preserve the objective
value, increasing the probability of degeneracies.

All three of theD-Wave quantum annealing processors usedwere able
to sample the optimal solutions of the easier of the generated QUBOs, but

formanyof the small posiform scale factorQUBOs the success ratewas low,
especially for Advantage_system4.1 with 5627 qubits. This shows
that theseQUBOproblems canbe used as a concise benchmark for heuristic
algorithms to solve combinatorial optimization problems, and in particular
allows us to evaluate the capability of the entire hardware graph of the
quantum annealer to solve a combinatorial optimization problem with a
significantly large combinatorial search space that has only a single optimal
solution. This is a non-trivial benchmarking capability—many existing
reported D-Wave benchmarks do not allow for usage of all working com-
ponents of the hardware graph29,32,43,81,82. These optimization problems are
notably quite large in scale, and our results show that D-Wave quantum

Table 2 | Summary metrics of the D-Wave hardware sampling results

QUBO Setting
Configuration

Advantage_system4.1 Advantage2_prototype1.1 Advantage2_prototype2.3

lin2, 0.1, 50 99%: (0.004348, 0.93124, 60.972384) 100%: (0.000253, 0.000648, 0.002017) 100%: (0.000751, 0.00232, 0.012021)

lin2, 0.1, 100 100%: (0.010235, 0.781875, 60.965955) 100%: (0.000259, 0.000771, 0.017736) 100%: (0.000676, 0.002706, 0.009672)

lin2, 0.1, 200 100%: (0.008407, 0.850835, 60.964776) 100%: (0.000257, 0.000553, 0.001703) 100%: (0.000963, 0.002303, 0.006125)

lin2, 0.1, 400 100%: (0.01127,6 2.085293, 60.974281) 100%: (0.000259, 0.000677, 0.002156) 100%: (0.0008, 0.003271, 0.079056)

lin2, 0.1, 800 98%: (0.005632, 0.918252, 60.96889)

lin2, 0.01, 50 0 80%: (0.05632, 62.179882, 290.988536) 2%: (48.36274, 48.363182, 48.363624)

lin2, 0.01, 100 0 90%: (0.094933, 47.553529, 290.707565) 1%: (6.908099, 6.908099, 6.908099)

lin2, 0.01, 200 0 96%: (0.022682, 28.709637, 290.874972) 3%: (12.089156, 36.27184, 48.364066)

lin2, 0.01, 400 0 100%: (0.00854, 18.433104, 290.870422) 2%: (9.671388, 29.015738, 48.360088)

lin20, 0.1, 50 100%: (0.001896, 0.009023, 0.081443) 100%: (0.000225, 0.000319, 0.001641) 100%: (0.000546, 0.000928, 0.001386)

lin20, 0.1, 100 100%: (0.002404, 0.01277, 0.232345) 100%: (0.000206, 0.000314, 0.000862) 100%: (0.000492, 0.000951, 0.001931)

lin20, 0.1, 200 100%: (0.002644, 0.014972, 0.112691) 100%: (0.000229, 0.000305, 0.000592) 100%: (0.000593, 0.001009, 0.002584)

lin20, 0.1, 400 100%: (0.002577, 0.011956, 0.136661) 100%: (0.000228, 0.000306, 0.000722) 100%: (0.000541, 0.000964, 0.001636)

lin20, 0.1, 800 100%: (0.002972, 0.01056, 0.040907)

lin20, 0.01, 50 0 100%: (0.001037, 0.008054, 0.047374) 100%: (0.015793, 0.373501, 8.059249)

lin20, 0.01, 100 0 100%: (0.000851, 0.008995, 0.226093) 99%: (0.012445, 1.167636, 48.360088)

lin20, 0.01, 200 0 100%: (0.001318, 0.007832, 0.032513) 100%: (0.015753, 0.968868, 9.671654)

lin20, 0.01, 400 0 100%: (0.000827, 0.006612, 0.060201) 100%: (0.023779, 0.571787, 4.395777)

Each cell contains a percentage indicating the percent of the 100 random problem instances which were solved optimally at least once, and three TTS measurements (in seconds) for this set of hardware
experiments: theminimumTTS, themean TTS, and themaximumTTS.Necessarily, TTS is only definedwhen the optimal solution is found at least once, and therefore the TTSmeasures are only defined for
the problem instances which were solved at least once. Empty cells denote data that was not collected (namely, when the maximum size 800 variable row entry for Advantage2_prototype2.3).

Fig. 11 | Gurobi runtimes in seconds (log-scale y-axis) as a function of the the
random QUBO sizes (x-axis) for the Advantage2_prototype1.1
defined QUBOs. QUBO configurations are as follows: 0.01 posiform scaling lin2
(top left), 0.01 posiform scaling lin20 (top right), 0.1 posiform scaling lin2 (bottom

left), 0.1 posiform scaling lin20 (bottom right). Here, we observe a clear dependence
on total CPU runtimes with respect to the random QUBO size. x-axis coordinates
have a small amount of noise jitter added for improved visualization.
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annealing hardware can correctly find the single, unique, planted solution
for an optimization problem that has up to 5627 binary decision variables.

Surprisingly, we found that the size of the smallerQUBOs glued onto
the posiform planted QUBO (which is tailored to the whole D-Wave
hardware) does not change the hardness, measured via the success rate of
finding the ground state for either simulated annealing or quantum
annealing. This result is unexpected, as it seems intuitive that larger
random QUBOs would increase the difficulty of the overall problem
compared to gluing together many smaller instances. On the practical
side, this result implies that smaller random QUBO problems can be
preferred to larger ones in order to improve the efficiency of the generating
algorithm, as smaller problems require less time to solve on exact classical
solvers compared to larger ones. Further investigation is needed to
understand all factors influencing the computational hardness of these
QUBO problems. However, notably the exact Gurobi runtime scaling did
strongly depend on the size of the random QUBO problems. It should be
noted that this Gurobi runtime scaling is not strictly for finding a solution
to the problem, but rather finding and then verifying the optimality of that
solution (or, then finding a better solution that is closer to optimality).
This means that the overall Gurobi runtime includes the computation-

time intensive task of verification, which certainly contributes to its
high value.

We also observed that the profiles of the ground state sampling rates
are different between the Pegasus chip D-Wave device (Advantage_-
system4.1) and the two Zephyr chip D-Wave devices (Advanta-
ge2_prototype2.3 and Advantage2_prototype1.1). The two
Zephyr devices perform best at small annealing times and then the solution
quality quickly drops off. The Pegasus hardware graph device shows a
similar trend for thefiner discretization randomQUBOs, but for the coarser
discretization randomQUBOs the longer annealing timesperformsimilarly
to the median annealing times and very short annealing times do not
produce good ground state sampling rates.

Methods
This section reviews the idea of posiform planting in section “Review of
posiform planting” and describes the proposed improvement of the posi-
form planting algorithm in section “Combining posiform planting with
random QUBOs”. Section “Proof of uniqueness of the planted solution”
gives a proof that the newly generated QUBOs preserve the unique planted
solution. We also briefly introduce the Time-to-Solution metric (section

Fig. 12 | Gurobi runtimes in seconds (log-scale on the y-axis) as a function of the
the random QUBO sizes (x-axis) for the Advantage2_prototype2.3
defined QUBOs. QUBO configurations are as follows: 0.01 posiform scaling lin2

(top left), 0.01 posiform scaling lin20 (top right), 0.1 posiform scaling lin2 (bottom
left), 0.1 posiform scaling lin20 (bottom right). The x-axis coordinates have a small
amount of noise jitter added for improved visualization.

Fig. 13 | Gurobi runtimes in seconds (log-scale on the y-axis) as a function of the
the random QUBO sizes (x-axis) for the Advantage_system4.1
defined QUBOs. QUBO configurations are as follows: 0.01 posiform scaling lin2

(top left), 0.01 posiform scaling lin20 (top right), 0.1 posiform scaling lin2 (bottom
left), 0.1 posiform scaling lin20 (bottom right). The x-axis coordinates have a small
amount of noise jitter added for improved visualization.
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“Measuring the compute time to optimally solve a QUBO: time-to-solu-
tion”) and the simulated annealing algorithm (section “Simulated anneal-
ing”) which serves as a benchmark.

Review of posiform planting
Posiformplanting of ref. 61 is an algorithm to create aQUBOwith a planted
solution. Posiform planting guarantees the uniqueness of the planted
solution, and it createsQUBOswith agiven connectivity structure, as long as
the given connectivity structure is not too sparse. As the name suggests, the
algorithm works by creating a posiform first, that is a quadratic function
with positive coefficients on an extended set of variables
Z ¼ fx1; . . . ; xng∪ fx1; . . . ; xng. The set Z includes all variables xi and
their complements xi ¼ 1� xi. Analogously to a QUBO, a posiform is
given by

Pðx1; . . . ; xnÞ ¼ Pðx1; . . . ; xn; x1; . . . ; xnÞ ¼
X

z2Z
bzz þ

X

z;z02Z
bzz0zz

0;

ð3Þ

where each z 2 Z and z0 2 Z stand for one of the variables xi or its com-
plement xi, i∈ {1,…, n} and the coefficients bz and bzz0 are nonnegative. As
shown in ref. 83, any QUBO can be written as a posiform.

Posiform planting works by generating a posiform P such that P(x*) =
0 for the solution x* to be planted. Since all coefficients of a posiform are
nonnegative, P(x*) = 0 will also be the global minimum. To do this, we first
generate a 2-SAT problemwith x* as its unique solution. This is easily done
as follows. The requirement that P(x*) = 0 implies that all summands in Eq.
(3)must be zero. The solution x* therefore has the property that z= 0 for all
linear terms in Eq. (3), and zz0 ¼ 0 for all quadratic terms in Eq. (3), where
z; z0 2 Z. In order to generate a 2-SAT problem having x* as its unique
solution, we employ an exclusion argument, wherebywe generate clauses in
our 2-SAT problem that exclude any bitstring other than x*.

The creation of an appropriate 2-SAT problem is completed with the
following probabilistic procedure. First, we select two random indices i, j ∈
{1,…, n} with i ≠ j. Second, we look at these two bits in the planted solution
x�i and x

�
j and randomly select one of the three possible binary tuples ðx̂i; x̂jÞ

satisfying ðx̂i; x̂jÞ≠ ðx�i ; x�j Þ. Third, we add a clause to the current 2-SAT
problem that excludes ðxi; xjÞ ¼ ðx̂i; x̂jÞ in the optimal solution. The clause
to choose can be given analytically by:

:ðxi ^ xjÞ ¼ ðxi _ xjÞ if ðx̂i; x̂jÞ ¼ ð0; 0Þ;
:ðxi ^ xjÞ ¼ ðxi _ xjÞ if ðx̂i; x̂jÞ ¼ ð0; 1Þ;
:ðxi ^ xjÞ ¼ ðxi _ xjÞ if ðx̂i; x̂jÞ ¼ ð1; 0Þ;
:ðxi ^ xjÞ ¼ ðxi _ xjÞ if ðx̂i; x̂jÞ ¼ ð1; 1Þ:

ð4Þ

Since 2-SATcan be solved in linear time, it is easy to verify at any stage if the
currently constructed 2-SAT instance already has x* as its unique solution.
If this is not the case, more clauses are added. By construction, the solution
x* to be planted is never excluded from the 2-SAT solution space. Once a
2-SAT instance with x* as its unique solution has been created, we convert
each clause ðz _ z0Þ ¼ :ðz ^ z0Þ into the quadratic term bzz0z z

0, where
z; z0 2 Z. Since in the 2-SAT instance, each clause is satisfied (aka 1) for x*
but needs to be zero in the posiform representation, a negation is necessary.
It is important to note that posiform planting creates a posiform of the type
of Eq. (3) with a unique solution x* by selecting appropriate quadratic
variables only, the coefficient bzz0 > 0 of each posiform summand is actually
freely choosable (as long as it is positive). Converting the resulting posiform
back into a QUBO (by multiplying out all terms) as shown in83 results in a
QUBO with (typically) both positive and negative QUBO coefficients, and
x* as its unique solution.

Combining posiform planting with random QUBOs
Roughly, our algorithm generates a set of smaller non-overlapping random
QUBOs and one larger posiform planted QUBO that covers the hardware

graph. The smaller randomQUBOs are then fused with the large posiform
planted QUBO covering the hardware graph. The aim of combining the
larger (posiform planted) QUBO with smaller QUBOs is to alter the coef-
ficients in such a way that the QUBO becomes harder to solve. At the same
time, it is possible to add on the smaller QUBOs to the posiform planted
QUBO without changing its optimal solution.

The disjoint graphs corresponding to these QUBOs are generated
using the Networkx84 implementation of the Kernighan-Lin bisection
algorithm85. Specifically, the hardware graph is recursively bisected into
equally sized partitions until a threshold is reached. The total number of
partitioned subgraphs is increased starting at a maximum number of vari-
ables (for all subgraphs) of 50. This recursive bisection technique ensures
that the final partitioned subgraphs will be identically sized, unless there are
any odd divisions in which case the number of variables in the partitioned
subgraphswill be different from eachother by atmost 1 variable (this is only
true because the number of partitions is always a power of 2).

Note that the construction of these disjoint hardware subgraphs is
similar to the tiled embeddings used in parallel quantumannealing29,31,32,86,87,
and therefore trends in solution quality as a function of sub-problem size
found in this study shouldbe compared against theseprevious studies (albeit
in a slightly different context because these disjoint instances are designedbe
joined together). Figure 14 in the appendix shows an example of the par-
titionedAdvantage_system4.1hardware graph andFig. 15 shows the
same for the Advantage2_prototype1.1 device.

The bisection partitioning algorithm is stochastic, and so different runs
can produce different partitions. When generating the random QUBO
instances, a newdifferent disjoint bisectionpartition is constructed for every
instance.

The steps used to construct the hardware-native QUBO problems are
defined as follows:
1. Generate the bisected subgraphs that cover the entire hardware graph

applying the Kernighan-Lin bisection algorithm recursively.
2. Choose linear and quadratic random coefficients for all of the edges

andnodeswithin thedisjoint inducedsubgraphsof thehardware graph
computed in the previous step. Here, we generate two distinct types of
random QUBOs using two different discrete coefficient sets drawn
from either {−1, −0.9, …, 0.9, 1} (with 20 different values) in incre-
ments of 0.1, or {−1, 1} (with 2 values). We will denote these two
different types of QUBOs using the shorthand of lin20 and lin2,
respectively.

3. Use an exact classical solver tocompute anoptimal variable assignment
for each of the random subproblems. In our case, we use CPLEX88,
which can deterministicallyfind an optimal variable assignment (given
sufficient compute time). To this end, the optimization problem is
formulated as a binary Mixed Integer Quadratic Program (MIQP).

4. Concatenate together each of the single optimal variable assignments
for each random problem found in the previous step (we do this based
on some consistent bit-ordering, in this case we used consistent node
indexingof thehardware graph). This concatenatedbitstring thus gives
a single variable state for every qubit (spin) in the hardware graph.

5. Use the posiformplanting algorithm introduced in ref. 61 to generate a
QUBO whose planted ground state matches exactly the concatenated
bitstring computed in the previous step. There are various valid choices
for generating this posiform QUBO, although some may affect the
coefficient range of the resultingQUBOproblem, potentially leading to
suboptimal performance when encoded onto current D-Wave
quantum annealers. In our case, we use the 2-SAT solver Minisat89

(as in ref. 61). All posiform coefficients corresponding to a 2-SAT
clause are chosen as 1. To conserve compute time, we only attempt to
solve the 2-SAT instance being generated in batches. This may cause
the generated 2-SAT instance to be (slightly) larger than is needed to
ensure the uniqueness of the planted solution.

6. "Glue" together all of the random QUBO problems and the posiform
planted QUBO, which is done by simply summing all of the terms
together. The obtained final QUBO inherits from posiform planting
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that it has a unique and knownoptimal solution. The posiformplanted
QUBO spans the entirety of the chip and connects together the small
random QUBOs, making this final QUBO connected (and in parti-
cular, it covers a majority of the edges in the hardware graph and all of
the nodes in the hardware graph). A parameter that we add into this
QUBOcombination step is a constant scale factorwhichwewill refer to
as the posiform scaling coefficient. This coefficient multiplies all of the
terms in the posiform QUBO prior to their addition to the random
QUBO problems. We evaluated this coefficient experimentally at 0.1
and 0.01. The reason for this is empirical.We observed in experiments
that scaling the posiform QUBO coefficients by a factor prior to
combining it with the smaller QUBOs resulted in harder problems for
simulated annealing.

Proof of uniqueness of the planted solution
The process outlined in section “Combining posiform planting with ran-
domQUBOs”, whereby smallerQUBOs (solved to optimalitywithCPLEX)
are combined with the larger posiform planted QUBO (having a unique
solution), preserves the uniqueness of the solution. This section gives a
formal proof of this statement.

Although some of the random QUBOs being generated may have
multiple solutions (i.e., multiple minima), the combined final QUBO has a
unique one. To see that, consider the random QUBOs R1, …, Rk and the
posiform QUBO P. Denote the variables of P by X = {x1, …, xn}, and let
subi(X) represent the subset ofX used as variables in each Ri, for i = 1,…, k.
Let X� ¼ fx�1 ; . . . ; x�ng be the unique minimum of P. We claim that X* is
also a unique minimum of the final QUBO Q =∑iRi + αP, where α is the
posiform coefficients scale factor.

To prove that claim, let X̂ ¼ fx̂1; . . . ; x̂ng be a binary assignment of the
variables such that X̂ ≠X�. Since, by construction, subi(X*) is aminimumof
Ri for each i = 1,…, k, it follows that

RiðsubiðX�ÞÞ≤RiðsubiðX̂ÞÞ; for i ¼ 1; . . . ; k: ð5Þ

Furthermore, X* is a unique minimum of P and X̂≠X�. Then

PðX�Þ < PðX̂Þ: ð6Þ

Combining Eq. (5) and Eq. (6), we get

QðX�Þ ¼
X

i

RiðX�Þ þ αPðX�Þ <
X

i

RiðX̂Þ þ αPðX̂Þ ¼ QðX̂Þ:

Hence, QðX�Þ <QðX̂Þ, and since this holds for any X̂ ≠X�, X* is a unique
minimum of Q.

Measuring the compute time to optimally solve aQUBO: time-to-
solution
The compute time required to sample an optimal solution with high con-
fidence, in particular for heuristic probabilistic solvers, is given by theTime-
to-solution (TTS)measure90, which is defined as

TTS ¼ Tanneal
logð0:01Þ
logð1� pÞ ; ð7Þ

whereTanneal is the averageQPUtimeused per anneal-readout cycle and p is
the proportion of samples that correspond to an optimal solution. Tanneal is
measured by dividing the total QPU time (total QPU time is defined as the
QPU access time from the D-Wave system, which includes programming
time, readout time, and anneal time) by the number of anneals measured in
the given dataset. This TTS measure quantifies the expected compute time
required to sample an optimal solution at least once, with 99% probability.
Note that the only compute time used tomeasure theTTS is theQPUaccess
time; this does not include local embedding and data processing CPU time.

Simulated annealing
The generatedQUBOproblems are also solved using simulated annealing77

to compare the performance of quantum annealers against a classical
general-purpose solver. Simulated annealing performance is evaluated as a
function of the number of Metropolis-Hastings update sweeps, ranging
from 1 to 10,000. The comparison uses the Python 3 package dwave-
neal91, a C++ implementation with a Python wrapper. The default geo-
metric annealing schedule is used, generating 10,000 samples for each
parameter setting and problem instance. In this implementation, a sweep of
variable updates is performed in a fixed order for each step of β, where β
corresponds to thenumber ofMetropolis-Hastings updates in the simulated
annealing schedule. The simulated annealing CPU time is measured as
process time.

Gurobi settings
The commercial Gurobi optimization software92 is used to solve the same
QUBO instances that are solved using simulated annealing and quantum
annealing (up to problem sizes where it is still feasible). Gurobi provides a
guarantee of optimality for the found solutions, and can deterministically
find an optimal variable assignment of the optimization problem. Impor-
tantly, it is possible that Gurobi finds the optimal solution early on in the
solution process, but spends most computing time on its verification.
However, we do not obtain the two times (for finding the solution and its
verification time) separately, and therefore always report the total solve time.
This is sensible, since without verification, the Gurobi solution is essentially
only a heuristic solution, whereas we require the optimal solution with a
guarantee of optimality.

We use Gurobi to solve the QUBO problems as binary Quadratic
Programs.Gurobi version11.0.3 is used for all simulations, and the compute
platform is a Red Hat Linux node with Intel(R) Xeon(R) CPU E5-2695 v4
2.10 GHz.Gurobi settings are all default except the following; a single thread
is used, the compute time limit is 4,000,000 s, and theMIP gap is 1e−8.We
use Gurobi for the purpose of finding a verified optimal solution of the
optimization problem, meaning that the optimality gap has closed to below
the MIP gap threshold.

Data availability
Data are available upon request to the authors.
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