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Abstract

Moment-of-fluid (MOF) methods for interface reconstruction approximate the region occupied by material
in each mesh element only through reference to its geometric moments. We present a 3D MOF method

that represents the material (POM) in each cell as the convex intersection of the cell and multiple
half-spaces, each selected to minimize the least-squares error between computed moments of the

approximated material and provided reference moments.
This optimization problem is highly non-linear and non-convex, making the numerical result very sensitive
to the initial guess. To create an effective initial guess in each cell, we construct an ellipsoid from 0th-2nd

order reference moments such that its shape corresponds with that of the POM. Within this ellipsoid we
inscribe a polyhedron, and initialize the minimization problem with the half-spaces defined by each of its

faces. The inscribed polyhedron has minimally 4 faces, and using up to 3rd order moments permits
optimization over up to 20 unknown values. We therefore define MOF methods that utilize 4, 5, or 6

half-spaces, correspondingly initialized with the faces of a single inscribed tetrahedron, triangular prism, or
hexahedron. Stability of the non-linear optimization is further improved with a prepossessing step that

normalizes the reference moments according to the axes of the reference ellipsoid.
Using this approach, the non-linear least-squares solver reliably converges to a near-global minimum from a
single initial guess. We demonstrate accuracy and robustness using single-cell and multi-cell examples over

a wide spectrum of geometry. In particular, we demonstrate our ability to exactly reproduce several
important and complex features defined by up to four half-spaces, such as corners, filaments, filament tips,

and embedded material in the cell.

Keywords: 3D interface reconstruction, Moment-of-fluid, Convex polyhedra, Non-linear optimization

1. Introduction

1.1. Background and Rationale

In simulating the flow of multiple materials, their shape must be accurately captured over a discrete
computational mesh. The goal of material interface reconstruction is then to use data provided by the

simulation of this flow to approximate the intersection of the region occupied by material with each mesh
element—the per-cell pieces of material (POM)—while conserving the volume of each POM.

Among volume tracking techniques, methods for piecewise linear interface calculation (PLIC) are widely
used for their simplicity and utility in adjacent applications. Such methods define the interface in each cell

with a single linear element whose position is informed by the tracked volume, thereby enforcing a
physically conservative solution. At the same time, the orientation of this segment is chosen to resemble
that of the underlying material fragment. In the volume-of-fluid family of methods, the orientation is

informed by the volume fraction of neighboring cells, such as via an estimate of the gradient of the volume
fraction field [1, 2], a coupled level-set method [3, 4], or more recently methods of machine learning [5].
There is also longstanding interest in VOF methods which represent the per-cell interface with more
complex geometry, which serves to increase their accuracy or permit more direct analysis of derived
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quantities like curvature. For example, there are 2D PLIC methods which represent the interface as a single
“bent” line [6, 7, 8], or even multiple disjoint segments [9, 10]. Other 2D methods utilize high-order curves
to approximate the interface, such as parabolas [11, 12, 13], splines [14, 15], or circular arcs [16, 17, 18]. In

three spatial dimensions, such methods are extended to utilize paraboloids [12] and spheres [19].
However, in all of these examples, the placement of the interface is necessarily informed by the data of
neighboring cells. In contrast, a key feature of moment-of-fluid (MOF) methods is that each POM is

approximated using only data from the cell it occupies. In particular, we consider the geometric moments
of the piece of material, the most general geometric characteristics of any shape [20].

In this work, we assume that the moments of each POM up to some order (referred to hereafter as
reference moments) are given to us according to the specific setting. As a motivating example, we consider
hydrodynamic simulation. At the initial time, moments can be obtained from the known initial material
shape by its exact or approximate intersection with cells of the mesh [21, 22]. At later times, the material
moments have been advanced in time according to the governing physics of the problem, the simplest
process being advection [23, 24, 25, 26]. Here, however, we consider the origin of these moments to be

irrelevant to their use in the described MOF reconstruction methods.
In general, the MOF approach for interface reconstruction defines an approximation of each POM by

intersecting the computational cell with some shape. These shapes are parameterized in such a way that
the difference between the moments of their intersection with the cell and that cell’s reference moments can
be minimized via numerical optimization. This process is repeated across all cells in the mesh to produce

an approximation of the boundary of the full material [27]. In general, this approximation will be
discontinuous, as constructing a continuous boundary across an entire mesh requires considering non-local

information, either within a local stencil [28, 8] or globally across the mesh [7].
As an illustrative example, the prototypical MOF-PLIC method in 2D uses the material volume

(zeroth-order moment) and centroid (ratios of first-order and zeroth-order moments) in each computational
cell to determine parameters of a single half-plane. These parameters are selected to minimize the error

between the reference centroid and the computed centroid of the material polygon which approximates the
POM in the cell [27]. This methodology extends readily to 3D, using the intersection of a single half-space

and the cell to approximate the material polyhedron for each POM [23, 29, 30, 31].
While one-plane methods are particularly numerically efficient (and can currently be made more efficient
using an advanced implementation [32] or analytic formulae [33, 29, 31]), there is also considerable interest
in extensions of local MOF methods which utilize a more complex interface to approximate each POM,
particularly in two spatial dimensions. This includes methods that utilize circular arcs [34], more general
quadratic curves [35, 36, 37], or multiple linear segments [38, 24, 39, 40]. Importantly, many of these

methods incorporate higher-order moments in the error function to ensure that the ensuing minimization
problem is not underdetermined. In this work, we extend this pursuit in 3D using a new MOF method for
interface reconstruction that uses locally defined, high-order moment data to approximate the material
boundary in each cell with a shape that is far more geometrically expressive than than a single plane.

1.2. Motivation

There are many incentives to develop computationally efficient interface reconstruction methods in 3D,
particularly those that utilize local information to reproduce geometrically complex material. For example,
the exclusive use of per-cell data makes such a method more robust to unstructured computational meshes.

Furthermore, the computational benefits of a parallelizable method like MOF become even more
pronounced as the number of cells increases with spatial dimension.

However, there is considerably more variety in the kinds of sub-cell geometric features that cannot be
adequately captured by the single plane used in a typical MOF-PLIC method, several of which we

categorize in Figure 1. Many of these features are described by extruding their 2D analogues along the
third dimension, such as “wall”-type shapes and edge-corners that require two planes to be reproduced

exactly. Others are more unique to 3D space, such as 3D filaments and tips, as well as vertex-corners, each
of which require three planes to accurately reproduce. Finally, four planes are necessary to adequately

approximate regions that are entirely embedded within a computational cell. With these shapes in mind,
we target a MOF method that represents the interface by the convex intersection of, at minimum, four
half-spaces. To our knowledge, there exist no contemporary methods of performing a 3D MOF interface

reconstruction with interface geometry more complex than a single plane.
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One Plane Two Planes Three Planes Four Planes

Flat Edge-corner Vertex-corner Embedded Material

Wall Filament

Filament Tip

Figure 1: Shape types that can be described by up to four planes. We target a method that can reproduce these types of
geometric features in a single computational cell.

We prioritize a reconstruction method with planar boundary components because doing so ensures it is
compatible with adjacent physics applications. For example, performing dynamic reconstructions for

advection through Lagrangian remapping requires computing intersections between a set of likely disjoint
POMs and arbitrary backtraced computational cells, and so there is little fundamental difference applying
such a technique to a single plane (as in [23]) and in the proposed multi-plane technique. Similarly, such a
method generalizes far more readily to multi-material scenarios using the strategy of nested dissection
(again described in [23]), as exact moments can be computed from the intersection of arbitrarily many

material interfaces. This is often not the case for methods which consider curved interfaces: even if one can
compute exact moments for the intersection of the computational cell and a sphere [41] or paraboloid [13],
the problem becomes intractable when even two separate curved interfaces are considered. Because using
the proposed MOF method within these advection and multi-material frameworks is, by design, largely a
direct application of existing techniques, we consider their specific implementation to be beyond the scope

of this work. Instead, we restrict our attention solely to the reconstruction problem.
As in the typical MOF approach, we formulate interface reconstruction as a non-linear optimization

problem that finds a representation of the approximate POM to best match its computed moments to some
provided reference moment data.

As an aside, we follow the notation of [34] and distinguish between MOF methods with subscripts and
superscripts. For example, consider the MOF2

2hp method for 2D interface reconstruction, where the
superscript represents the maximum order of the moments considered, and the subscript represents the

type of bounding geometry used, in this case 2 half-planes. Despite the slight abuse of notation, it will be
clear from context whether the method is designed for use 2D or 3D space. For example, MOF2

2hp is
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assumed to be a 2D method using two half-planes. The analogous 3D method is MOF2
2hs, which uses the

same order of moments, but instead bounds the POM by two 3D half-spaces.
In MOF2

2hp and many derived 2D techniques, an ellipse is used to create the initial guess for the relevant
non-linear optimization problem [24]. A unique reference ellipse can be constructed from moment data up
to second-order so that its volume and centroid coincide with the material, and so that the length and
orientation of its main axes correspond with the principle directions and magnitude of elongations of the
ground-truth material. Although the construction of this reference ellipse generalizes readily to three

spatial dimensions in the form of a reference ellipsoid, the analogous usage is necessarily different in 3D, in
large part due to same complexities of 3D space that motivate high-order MOF methods in the first place.
The least-squares error between computed moments and reference moments used in the objective function

of many MOF methods is often both highly non-linear and non-convex as a function of the chosen
parameterization, and so typical descent methods tend towards local minima if the initial guess is far from
the desired global minimum. This makes the numerical result of the optimization highly sensitive to the

choice of initial guess. To compensate for this, the final interface in MOF2
2hp is generated through repeated

solutions of the optimization problem, each of which is initialized using a pair of edges from a polygon
inscribed in the reference ellipse. Ideally, the intersection of one pair with the cell will sufficiently
approximate the material so that the subsequent descent algorithm convergences to the true global

minimum [24].
While this is already an expensive process in 2D, the analogous procedure in 3D is largely infeasible. This
is due to the additional combinatorial burden of selecting faces from an inscribed polyhedron combined

with the increased cost of solving the non-linear optimization. A possible alternative to the combinatorial
approach in 2D is presented in the MOF2

PIE method of [40], where the interface is instead represented by
the intersection of the computational cell with all half-planes defined by the edges of the polygon inscribed
in an ellipse. The position of the polygon is fixed relative to the ellipse, and then the ellipse’s 5 parameters

are optimized in a typical MOF fashion, minimizing the difference between computed and reference
moments. This permits the use of a single initial guess for the non-linear optimization, the reference ellipse
itself. This approach potentially generalizes directly to 3D, with an interface represented by a polyhedron
inscribed in a 9 parameter ellipsoid, initialized using reference moments. However, such a method is limited

by the large number of configurations possible for the connectivity of vertices and edges for general
polyhedron, making it difficult for the same initial guess to converge to all possible geometric features of

interest.
It is through comparison to these methods that we motivate our proposed strategy for interface
reconstruction, guided by a desire to represent complex 3D geometry with as few solutions of the

non-linear optimization problem as possible. As in MOF2
PIE , we initialize the optimization procedure with

an interface represented by the faces of a polyhedron inscribed in the reference ellipsoid, each of which
define a half-space in the intersection with the cell. However, rather than parameterizing the optimization
through the parameters of the circumscribing ellipsoid, we instead optimize over the full set of parameters
of all planes defined by the polyhedron. In doing so, we essentially encode geometric information from a
larger set of potential initial guesses, which in the framework of MOF2

2hp would have been described by
subsets of faces from an inscribed polyhedron, into a single initial guess for numerical optimization.

Properly defining a closed, inscribed polyhedron requires at minimum 4 faces to form a tetrahedron, which
is also conveniently sufficient to appropriately recreate our target geometries depicted in Figure 1.
However, this results in a non-linear least-squares problem with minimally 12 parameters, which is

underdetermined when only the 10 zeroth- to second-order moments are considered. To compensate for
this, we instead minimize the least-squares error over the 20 moments up to third order. Incorporating

higher-order moments is also useful from a purely geometric perspective, as third-order moments encode a
greater amount of information about the material’s orientation, a fact that has motivated [40] to consider a

2D MOF3
PIE method alongside MOF2

PIE .
This fully describes the MOF3

4hs method, which utilizes 3rd order moments to construct an interface out of
4 half-spaces, initialized from a single tetrahedron inscribed in the reference ellipsoid. Furthermore,

minimizing the error between 20 third-order moments also permits definition of a 15 parameter MOF3
5hs

method and a 18 parameter MOF3
6hs before the optimization problem becomes underdetermined. These

methods are initialized with the faces of a triangular prism and a hexahedron respectively. Although the
minimzation problem becomes proportionally more expensive with each additional plane parameterized,
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each of these methods is capable of recreating shapes with complex sub-cell features from a single initial
guess, thereby avoiding the even greater cost of repeating the minimization procedure multiple times to

achieve the desired interface.

1.3. Objectives and Article Structure

Our primary objective in this work is for our MOF strategy to consistently reproduce the geometry of the
shapes depicted in Figure 1 from a single guess. With respect to this objective, the three proposed

MOF3
Nhs methods are somewhat interchangeable: Although the number of faces in the initial polyhedron

varies, each method is similarly “over-parameterized” for this set of target features. Regardless of the
method, we expect that some planes will be redundant or inactive at the desired minimum, particularly in
cases where an exact reconstruction is possible. Furthermore, we will show in such contexts that the global

minimum is consistently achieved from a single guess with even the four-plane MOF3
4hs method.

However, there are clearly cases where the ground-truth shape is described by more planes than are
available during optimization, and many more where the shape cannot be exactly reproduced with any

number of planes. In such cases, we will show that the robustness of our approach ensures that any of our
three methods will generate an interface that adequately reconstructs the shape’s position and orientation

within the cell, as well as many important sub-cell geometric features, such as the location of its
intersection with the cell’s faces.

Furthermore, we will also show that the additional planes considered by MOF3
4hs, MOF3

5hs, and MOF3
6hs

are often utilized to represent shapes that are more complex than those depicted in Figure 1. In scenarios
where only an inexact reconstruction is possible, there is an important trade-off among these three

methods between computational cost and the maximum geometric complexity of the optimized interface.
While we do not expect these inexact reconstructions to always represent the global minimum of their

corresponding optimization problem, the computed local minimum is consistently higher quality than any
conventional alternative. As reproduction of the shapes in Figure 1 represent the primary objective of this
work, it is in some sense an unexpected benefit of our multi-plane framework for interface reconstruction

that it also effectively depicts these more complex features.
This paper proceeds as follows. In Section 2, we present an overview of the relevant details on 3D moments

including formulas related to the translation, scaling, and rotation transformations. These are used to
normalize given moment data and in the construction of the reference ellipsoid. Next, in Section 3 we

discuss details of the new MOF interface reconstruction method. This includes definition of the objective
function for non-linear optimization, our choice of initial guess, and the customized Levenberg-Marquardt

algorithm used, among other details. We summarize the proposed MOF algorithms in Section 4. We
present numerical results in Section 5, including the results of reconstruction on a single computational cell
as well as across the full mesh. Discussion related to practical implementation is presented in Section 6.

This includes the reconstruction of non-convex material, the appearance of geometric artifacts, 3D
polyhedra with identical moments up to some order, and sensitivity to noise in reference moment data.

Conclusions and a discussion on future work to be done is in Section 7. Finally, acknowledgments are given
in Section 8.

2. Moments Primer

2.1. Translation, Scaling, and Rotation of Volume Moments

To introduce the necessary notation, we restate the objective of the proposed method as finding an
approximation of the material Ω within a convex computational cell C. We denote this approximation as

Ωr.
In this work, we consider standard 3D geometric moments of Ω given by

Mijk =

∫

Ω

xiyjzk dV. (1)

These “raw” moments describe important geometric features of the material, such as the volume M000 and
centroid c⃗ = (M100/M000,M010/M000,M001/M000). However, it is useful and often necessary to consider
alternate formulations and transformations of moment data. For example, consider a shift transform
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S(sx, sy, sz) : Ω → Ω′. If the material is shifted by s⃗ = (sx, sy, sz) according to Ω̂ = Ω− s⃗, then its
moments can be computed as

M ′
ijk =

∫

Ω−s⃗

xiyjzk dV =

∫

Ω

(x− sx)
i(y − sy)

j(z − sz)
k dV. (2)

Importantly, this latter formulation allows one to compute these moments directly from their raw
counterparts without reference to the underlying material Ω. For example, moments up to second order are

given by

M ′
000 = M000

M ′
100 = M100 − sxM000

M ′
010 = M010 − syM000

M ′
001 = M001 − szM000

M ′
200 = M200 − 2sxM100 + s2xM000 (3)

M ′
020 = M020 − 2syM010 + s2yM000

M ′
002 = M002 − 2szM001 + s2zM000

M ′
110 = M110 − sxM010 − syM100 + sxsyM000

M ′
101 = M101 − sxM001 − szM100 + sxszM000

M ′
011 = M011 − szM010 − syM001 + syszM000.

Similarly, one can apply a scaling L(lx, ly, lz) : Ω → Ω′ to moment data along each coordinate axis by
(lx, ly, lz) using the transform

M ′
ijk = l1+i

x l1+j
y l1+k

z ·Mijk (4)

Finally, we also consider rotations around the origin, R(α, β, γ) : Ω → Ω′ defined by the following rotation
matrix:

R(α, β, γ) =



cβcγ sαsβcγ − cαsγ cαsβcγ + sαsγ
cβsγ sαsβsγ + cαcγ cαsβsγ − sαcγ
−sβ sαcβ cαcβ


 , (5)

where α, β, and γ are rotations around the x, y, and z axes respectively.
Written explicitly, this gives the transformation

M ′
ijk =

∫

R(Ω;α,β,γ)

xiyjzk dV

=

∫

Ω

(cβcγx+ (sαsβcγ − cαsγ)y + (cαsβcγ + sαsγ)z)
i · (6)

(cβsγx+ (sαsβsγ + cαcγ)y + (cαsβsγ − sαcγ)z)
j ·

(−sβx+ sαcβy + cαcβz)
k
dV

Under this transformation, the rotated first-order moment data are given by

M ′
000 = M000

M ′
100 = cβcγM100 + (sαsβcγ − cαsγ)M010 + (cαsβcγ + sαsγ)M001 (7)

M ′
010 = cβsγM100 + (sαsβsγ + cαcγ)M010 + (cαsβsγ − sαcγ)M001

M ′
001 = −sβM100 + sαcβM010 + cαcβM001.

Higher order moments can be computed similarly. We also note for future use that the inverse
transformation R−1(α, β, γ) has the same form as Equation 6, but with the inverse of the rotation matrix

in Equation 5.
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2.2. Reference Ellipsoid and Normalization

To ensure stability during numerical optimization, we normalize the reference moments Mr
ijk with the

transformations described in Section 2.1 such that the underlying material Ω is translation-invariant and
scale-invariant. This is a critical step for the proposed MOF methods, as it makes subsequent optimization
steps far more robust to unimportant features of the material, such as spatial position and size within the

cell.
As our first transformation, we create “central moments” M

r

ijk which correspond to the reference moments
Mr

ijk shifted by the centroid c⃗ = (Mr
100/M

r
000,M

r
010/M

r
000,M

r
001/M

r
000) according to Equation 2. Under this

transformation, we can then consider other useful properties of the second-order central moments, which
encode information about the orientation of the material. Specifically, we define a covariance matrix for the

material in terms of its central moments, given by

A =
1

M
r

000



M

r

200 M
r

110 M
r

101

M
r

110 M
r

020 M
r

011

M
r

101 M
r

011 M
r

002


 . (8)

This matrix is necessarily symmetric and positive semi-definite, and so it defines a quadratic form xTAx
whose zero level set xTAx = 0 corresponds to a reference ellipsoid in R3. Historically, quadratic forms of

this kind have been used in 2D to define effective initial guesses for the non-linear optimization problem, as
the position and orientation of the derived ellipse roughly corresponds to the position and orientation of
the underlying material [24, 40]. In this work, we normalize the material according to the corresponding

reference ellipsoid through both a rotation transformation and a scaling transformation. Done properly, the
centered material Ω and its corresponding moments M

r

ijk are normalized so that the transformed moments

M̂r
ijk of the transformed Ω̂ generate a diagonal covariance matrix, and therefore a spherical reference

ellipsoid.
To this end, let λ0, λ1, λ2 be the three eigenvalues of A with associated eigenvectors v(0), v(1), v(2). These

eigenvectors can be used to define rotation angles

α = atan2(v(1)z , v(2)z ),

β = asin(−v(0)z ), (9)

γ = atan2(v(0)y , v(0)x ).

These angles are selected so that, when used in the inverse rotation transformation R−1(α, β, γ), the
orientation of the centered material Ω is “undone”, and the resulting intermediate material is aligned with
the Cartesian axes. Furthermore, each axis-length a, b, c of this ellipsoid is proportional to the square root
of an eigenvalue of A, which permits a scaling of each such that the respective lengths are equal. At the

same time, we resolve the ambiguity in the constant of proportionality by selecting lx, ly, and lz so that the

result is also normalized to have unit material volume M̂r
000. Together, this results in the following scaling

coefficients lx, ly, and lz:

lx =
1√
λ0

(√
λ0λ1λ2

M
r

000

)1/3

, ly =
1√
λ1

(√
λ0λ1λ2

M
r

000

)1/3

, lz =
1√
λ2

(√
λ0λ1λ2

M
r

000

)1/3

. (10)

By construction, applying these to the reference central volume moment M
r

000 through Equation 4 results
in

M̂r
000 = lxlylzM

r

000 =
1√

λ0λ1λ2

(√
λ0λ1λ2

M
r

000

)
M

r

000 = 1 (11)

as desired.
Taken together, this sequence of transformations turn the material Ω into Ω̂ that is centered at the origin,
has unit volume, and is not stretched along any particular axis. We can see an example of each stage of
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this normalization in Figure 2. From another perspective, we can consider this mapping to apply not to Ω,
but to the entire space in which it is embedded. This means that during optimization, the raw moments of
the reconstruction are matched to the raw moments of Ω̂, since these are equal to the centered, rotated,
and scaled moments of Ω by construction. Importantly, this makes the process of “normalization” wholly
disjoint from any manipulation of the objective function (see Section 3.1). After the optimal reconstruction

of Ω̂ is found, we reverse this sequence of transforms to place it back in physical space.

(a) Original (b) Rotated (c) Scaled

Figure 2: Example of orientation-aligned material normalization. Given the original material (a), we apply a rotation (b) and
scaling (c) to the space so that optimization can be performed in a reference space for which the reference ellipsoid (red) for
the true material (gray) is spherical.

3. MOF Algorithms Details

3.1. Non-linear Optimization

We construct our objective function from the non-linear least-squares error in raw moments up to third
order between the given reference moments and the actual moments of the reconstructed approximation to
the material, but do so in reference space. In 3D, there are a total of 20 moments up to third order, which
permits optimization over the 12 parameters of MOF3

4hs, 15 parameters of MOF3
5hs, or 18 parameters of

MOF3
6hs before the system becomes underdetermined. Each individual oriented plane n̂ · x = d is

parameterized by angles θ ∈ [0, 2π), ϕ ∈ [0, π) that define normal n̂ = (cos(θ) sin(ϕ), sin(θ) sin(ϕ), cos(ϕ)),
and the signed distance from the origin d. This provides us with the following objective function:

E(Ωr; Ω) =
∑

0≤i+j+k≤3

(
M̂r

ijk − M̂ijk

)2

(12)

with M̂r
ijk representing the raw moments calculated for the reconstruction and M̂ijk representing the

reference moments scaled to the reference space. While we assume that reference moments will be provided
via an outside application (i.e., hydrodynamic simulation), in this work we calculate reference moments for
static tests from the intersection of high-polygon surface models and the cells of a mesh for demonstration
purposes in this work. The computational cell C is also transformed into the same reference space, which

we denote Ĉ.
We minimize this objective function using the Levenberg-Marquardt algorithm for solving unconstrained
non-linear least-squares problems [42]. This algorithm is implemented in the C++ linear algebra library
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Eigen [43], which computes gradients of the objective function using centered finite differences in lieu of an
analytic representation. In general, the dampening term used in the Levenberg-Marquardt algorithm

makes it quite robust to an ill-conditioned Jacobian relative to standard Gauss-Newton solvers, making it
particularly well-suited to this problem where only approximate gradients are available, and spurious local
minima are common and undesirable. The use of finite differences also means that the computational cost
of optimization largely scales with the number of input parameters, as material moments up to third-order

must be re-computed for changes in each. Doing so at each iteration, combined with the number of
iterations necessary for convergence, requires the calculation of moments up to third-order be performed
efficiently. For this reason we use the Interface Reconstruction Library (IRL), which provides routines for
performing intersections between planes and general polyhedra using efficient half-edge data structures

[44]. Fortunately, once the material polyhedron is computed by clipping the computational cell with each
plane in the reconstruction, the cost of computing additional high-order moments is marginal.

The primary feature of the proposed method is to initialize this optimization procedure using the planes
generated by inscribing a polyhedron in the reference ellipsoid, which is a unit sphere in reference space by
construction. For MOF3

4hs and MOF3
6hs we use a single regular tetrahedron and cube respectively for this

purpose, and for MOF3
5hs we use a triangular prism. We show an example of each kind of inscribed

polyhedron in Figure 3. The exact orientation of the initial polyhedron in the sphere is somewhat
arbitrary, as the nature of the orientation-normalization means that no specific configuration is more likely
to converge to the global minimum than any other. In the provided numerical experiments, we initialize

the relevant polyhedron with the vertices in Table 1, defined in spherical coordinates.

(a) Initial reference ellipsoid
in physical space

(b) Inscribed polyhedra (top) and intersection
with computational cell in reference space (bottom)

Figure 3: Example of initial inscribed polyhedra. We normalize reference moments so that the reference ellipsoid in physical
space (a) is spherical in reference space. We then inscribe a single polyhedron with the corresponding number of faces (b) as the
initial guess for optimization. Note that each sphere has been scaled in reference space so that the volume of the intersection
of the inscribed shape with the cell is equal to the reference value.

Although the normalization scheme is also designed so that the reference ellipsoid (a sphere) has volume
equal to the volume of the reference material, the inscribed polyhedron will naturally have a significantly
smaller volume. As a result, we modify this shape prior to the initiation of the Levenberg-Marquardt
algorithm so that the intersection of the inscribed polyhedron and Ĉ has volume equal to that of the
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Tetrahedron Triangular Prism Cube
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Table 1: Spherical coordinates (u, v) on a unit sphere parameterized by S(u, v) = (cos(u) sin(v), sin(u) sin(v), cos(v))

for each initial inscribed polyhedron.

reference material M̂r
000. This is an important preprocessing step for this specific implementation of

Levenberg-Marquardt, which uses the initial error in each individual moment to define internal scaling
factors. When this volume correction is not performed, the large difference in volume between the reference
and approximate interface relative to the errors in first- and second- order moments (which are initially

close to zero by construction) causes the algorithm to become unstable.

3.1.1. Customized Levenberg-Marquardt Algorithm

While the standard unconstrained Levenberg-Marquardt solver using the default parameters supplied by
Eigen is usually sufficient, we empirically observe improved convergence to a global solution in numerical
tests when we impose geometric constraints on the involved planes. For example, we restrict the angle
parameters of each plane, θ, ϕ, to the intervals [0, 2π) and [0, π) respectively using the modulo operator

after each step of optimization to avoid numerical blowup that can occur when computed gradients become
unstable, as well as restricting the maximum step size used during the calculation of finite differences for

such periodic parameters.
More impactful is our restriction of the distance parameter d for each plane. Ordinarily, it is possible for a
plane to become entirely disconnected from the computational cell. When this happens, perturbations in
the planes’ parameters do not result in any changes to the computed moments of the interface, and so all
local gradients are zero. This means that planes become “stuck” when the corresponding half-space has no
overlap with the cell, and do not influence the material interface for all subsequent optimization iterations.
As a result, we restrict the parameter d for each plane to an interval that ensures the plane intersects the

computational cell.
To construct this interval for a given plane with unit normal n̂, we note the plane defined by

n̂ · x = n̂ · v = d necessarily contains the point v, and moves continuously with d along the normal
direction n̂. Because the computational cell is polyhedral, we need only check its vertices v to find the

maximum and minimum values of d = n̂ · v which still correspond to planes n̂ · x = d that intersect the cell
at least one point of the cell. Altogether, this mean that for each plane, we must clamp the value of the

distance d to the interval

d ∈ [min{n̂ · v},max{n̂ · v}] (13)

after each optimization step to ensure that at least one point in the computational cell still intersects the
resulting plane. While this step does not completely remove the possibility of the converged-to interface
involving fewer planes than are parameterized by the method, it does improve the overall stability and

robustness of the optimization algorithm.
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3.2. Enforcing the Volume Constraint

It is necessary that the volume of the reconstructed interface Ωr exactly matches that of the reference
material Ω in order for other applications of interest utilizing the reconstruction to be properly volume

conserving. While the specific implementation of Levenberg-Marquardt in Eigen solves the unconstrained
non-linear least squares problem without accounting for this restriction on the volume, we observe

empirically that the volume of the reconstruction immediately produced is nevertheless very close to the
reference volume. To correct this further, we follow the procedure in [40], which contracts or dilates all
planes of the reconstruction simultaneously along their normal direction to directly enforce the volume
constraint. Specifically, we begin with an initial set of distances {di}Ni=1 for each of N planes in the

reconstruction, and find the scalar displacement δ for which the convex intersection of the cell and the same
planes with distances {di + δ}Ni=1 has volume equal to the reference. Effectively, this becomes a non-linear
root-finding problem that is solved with the Illinois method [45], a modified version of the Regula-Falsi
method that is well suited for this application, as the non-linear function is monotonic, and an initial

bracketing interval is readily available by considering the vertices of the cell (See Figure 4). We note that
this necessarily introduces very small deviations in the remaining moments, but this effect is ultimately
negligible to the overall quality of the reconstruction. It is for this reason that we do not apply the same

constraint at every step in the optimization, as to do so would be unnecessarily computationally expensive.

Figure 4: Example of root-finding problem for volume conservation. We plot the volume of captured material as a function of
plane displacement parameter δ, and show the corresponding interface for different values of δ. We use the Illinois method to
solve for the value of δ which gives the target volume, as the volume varies monotonically with the δ, and an initial bracketing
interval is simple to compute.
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3.3. Nonconvex Reconstruction

In this work, we have enforced that the material be equal to the convex intersection of the reconstruction
planes, primarily for reasons of simplicity and efficiency in implementation. However, this can clearly only
describe a subset of possible shapes. We extend this somewhat by allowing the half-spaces to represent the
boundary of the complement of the convex intersection as well. While this too is only a second subset of

possible shapes, their union is often sufficient for practical applications.
To the best of authors knowledge, there is no way of knowing a priori whether the underlying material is
convex or not. To address this, we calculate two solutions for the non-linear optimization problem in each
cell, one that assumes a convex reconstruction and one that assumes a reconstruction whose complement is

convex. The first is performed using the original reference data Mijk, while the second uses their
complement in the unnormalized cell C, given by

M c
ijk = MC

ijk −Mijk, (14)

where MC
ijk are the raw moments of the unnormalized cell C. We note that these two reconstructions could

be performed in parallel.
The results of each optimization are stored and then compared. Importantly, the proposed method uses a
different normalization for each set of moment data, and so it is necessary for the compared errors to each
be considered in the original, unnormalized, physical space. If it is found that the convex-complement
method more accurately captures the reference moment data, then an internal flag is set to denote for

downstream applications that utilize the reconstruction. Often, such applications will require
decomposition of the non-convex material into a union of convex shapes, which we demonstrate in

Figure 11.

4. Summary of the MOF Algorithm

We summarize the main steps of the proposed family of MOF interface reconstruction algorithms below.
Given a computational cell, its reference moments, and the number of half-spaces N used in the MOF3

Nhs

reconstruction, perform the following steps:

1. Normalize the reference moments so that the reference ellipsoid is spherical (Section 2.2)

2. Construct an initial polyhedron inscribed in the sphere (Table 1)

3. Enforce that the polyhedron has the same volume in the cell as the normalized reference data (Sec-
tion 3.2)

4. Apply the Levenberg-Marquardt algorithm on the planes defined by the polyhedron (Section 3.1)

5. Again, enforce that the reconstruction has the same volume in the cell as the normalized reference data
(Section 3.2)

6. Repeat the above steps for the complement of the reference moment data (Section 3.3)

7. Evaluate the error for each reconstruction against their respective reference moment data:

• If the first error is smaller, return the intersection of the half-spaces in the first reconstruction.

• If the second error is smaller, return the complement of the intersection of the half-spaces in the
second reconstruction as the union of a set of convex polyhedra.

5. Results

5.1. Single Cell Tests

We begin by demonstrating this method on simple single-cell examples for known shapes where an exact
reconstruction is possible. In such cases where the target shape is known, we can use an error metric

derived from the symmetric difference, which is defined for arbitrary sets as the total region contained in
either set, but not their intersection. In the context of material interface reconstruction, this symmetric
difference error metric measures the sum of the volume of the true material that our approximation has
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failed to capture, and the volume of the approximation that does not capture the true material. Written
mathematically, we have

S(Ωr; Ω) :=

∫

Ωr\Ω
dV +

∫

Ω\Ωr

dV. (15)

In practice, however, we only have access to the moment-derived least-squares error as an error metric for
the reconstruction E(Ωr; Ω) (see Section 3.1).

5.1.1. Exact Reconstructions

We show in Figure 5 the “vertex-corner” shape introduced in Section 1. The computational cell is taken to
be the cube [−0.5, 0.5]3, with the three planes with normals and distances defined by

n̂1 = (1.0,−0.1,−0.1) , d1 = 0.0,

n̂2 = (−0.1, 1.0,−0.1) , d2 = 0.0, (16)

n̂3 = (−0.1,−0.1, 1.0) , d3 = 0.0.

As expected, MOF3
4hs is able to perfectly recreate this shape, both exactly matching each of the 20

reference moments and resulting in zero symmetric difference error, shown in Table 2. We note that
although MOF3

4hs is in some sense over-parameterized for this geometry, as we allow the placement of four
planes when three is sufficient to achieve an exact reconstruction, we are able to exactly reconstruct the

shape. In this example, the non-active plane is tangent to the resulting material polyhedron at its optimum
placement, but does not influence its shape. Similar results are observed with MOF3

5hs and MOF3
6hs, but

with more redundant planes in the final reconstruction. For an additional point of comparison, we make
reference to a simple one-plane MOF method utilizing third-order moments. We initialize this MOF3

1hs

method with a plane whose normal points from the material centroid to the cell centroid, a reasonably
effective initial guess for such a method. As shown in Figure 5, this provides a poor approximation of the
geometry, and will perform even worse in following examples, where even more portions of the shape are

detached from the cell boundary.

(a) True material (red) and
the reconstruction from moments (b) One-plane reconstruction

Figure 5: A comparison between the proposed multi-plane MOF method (a) and a single-plane MOF method (b) on a corner
feature. We exactly reconstruct the “vertex-corner” using three of the four planes used in MOF3

4hs.

We perform a similar test on the same computational cell for the “tip” shape in Figure 6, defined by the
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Moment MOF3
1hs MOF3

4hs

M000 −9.57776× 10−13 −1.38778× 10−17

M100 −0.00264148 6.93889× 10−18

M010 −0.00293966 1.73472× 10−17

M001 −0.00232491 1.38778× 10−17

M200 0.00218141 −1.73472× 10−18

M110 0.000683377 −5.20417× 10−18

M101 0.000475685 −3.46945× 10−18

M020 0.00228779 −8.67362× 10−18

M011 0.000575576 −5.20417× 10−18

M002 0.00207197 −6.93889× 10−18

M300 −0.00107547 −2.1684× 10−18

M210 −0.000503406 8.67362× 10−19

M201 −0.000422462 0
M102 −0.0004949 1.30104× 10−18

M111 0.000259171 1.30104× 10−18

M102 −0.00043277 8.67362× 10−19

M030 −0.00112707 −4.33681× 10−19

M021 −0.000452824 1.30104× 10−18

M012 −0.000471645 8.67362× 10−19

M003 −0.00102168 0

E(Ωr; Ω) 0.0574 1.923× 10−17

Symmetric
0.645554 2.498× 10−15

Difference

Table 2: Per-moment errors between reference data and the reconstructed interface for the “vertex-corner” example in Figure 5.

planes

n̂1 = (−1.0, 0.0, 0.2) , d1 = 0.1,

n̂2 =
(√

2,
√
2, 0.2

)
, d2 = 0.0, (17)

n̂3 =
(√

2,
√
2, 0.2

)
, d3 = 0.0.

Again, MOF3
4hs achieves an exact reconstruction while a one-plane method necessarily makes the shape

unrecognizable to maintain the volume constraint.
To further test the robustness of our method, we repeat this test in Figure 7 using the same “tip” shape,
but occupying a much smaller volume in the cell. Specifically, we translate the cell along the positive z
direction to occupy the [−0.5, 0.5]× [−0.5, 0.5]× [0.2986, 1.2986] so that the section of filament that

intersects with the cell has the same geometry, but a calculated volume of 3.19117× 10−14. The resulting
tetrahedron has coordinates at

p1 = (−0.04226039, 3.1973229× 10−5, 0.298600)

p2 = (−0.04226039,−3.1973229× 10−5, 0.298600) (18)

p3 = (−0.042228417, 0, 0.298600)

p4 = (−0.042241661, 0, 0.29869365)

Despite needing to handle a volume that is close to machine precision, our family of methods is
nevertheless able to match the shape exactly. This is largely due to our unique normalization procedure,

which causes the method to be extremely robust to the size of the material. As a result of this
normalization, the optimization performed previous example and this one are near-identical in reference

space, with the only difference being a larger normalized cell for the smaller material.
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(a) True material (red) and
the reconstruction from moments

(b) One-plane reconstruction

Figure 6: A comparison between the proposed multi-plane MOF method (a) and a single-plane MOF method (b) on a “tip”
feature. We exactly reconstruct the shape using three of the four planes in MOF3

4hs.

(a) True material (red) and
the reconstruction from moments
on a [−0.5, 0.5]3 computational cell

.

(b) Figure zoomed to material.
E(Ωr; Ω) = 1.874× 10−16

S(Ωr; Ω) = 1.425× 10−17

Figure 7: Robustness test for small material volume. Note that relative to the cell, the true material (a) is so small as to occupy
only a single pixel in this rendering. Nevertheless, the proposed method achieves an exact reconstruction (b).

Finally, we consider in Figure 8 an example that is even more adversarial for MOF3
1hs, in which the

material is entirely disconnected from the cell boundary. As before, the proposed MOF3
4hs method is able

to accurately recover the shape, while having, in some sense, the mximum error possible with respect to
the symmetric difference.

5.1.2. Inexact Reconstructions

In addition to the sharp target features depicted in Figure 1, our method is also capable of approximating
shapes with smooth features, which no planar reconstruction can recover exactly. We perform these tests

using the MOF3
6hs method as a representative of the proposed family.

In the following examples, we consider the intersection of our computational cell with ellipsoids of varying
size, position, and orientation. To obtain the reference moments, we construct a polyhedron that
approximates the geometry of the curved object, from which we can compute the moments of its
intersection with the cell using the clipping methods from the IRL software package described in
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(a) True material (red) and
the reconstruction from moments

(b) One-plane reconstruction

Figure 8: A comparison between the proposed multi-plane MOF method (a) and a single-plane MOF method (b) on material
that is fully embedded within the computational cell. We exactly reconstruct the shape using all four planes in MOF3

4hs.

a b c α β γ x0 y0 z0
Ellipsoid 1 0.32 0.40 0.98 4.9 -1.4 3.3 -0.10 0.34 0.20
Ellipsoid 2 0.35 0.23 0.58 5.1 2.3 4.0 0.37 0.41 0.59
Ellipsoid 3 0.48 0.60 0.57 4.7 4.0 1.7 0.10 -0.18 0.48

Table 3: Parameters for single-cell ellipsoid tests in Figure 9.

Section 3.1. While these do not exactly match the moments of a true truncated ellipsoid, the symmetric
difference errors are computed with respect to this approximating polyhedron, and not the ground truth

geometry.
In Figure 9, we consider three such ellipsoids, and define each for reproducibility with parameters defined
by the values in Table 3. Numerically, we parameterize these ellipsoids through the lengths of their three
axes a, b, c (parallel to the x-, y-, and z-axis respectively) and the rotation matrix R(α, β, γ) defined in

Equation 5, followed by a shift to have the center (x0, y0, z0).
As seen in Figure 9, we see qualitative agreement with the ground truth material. Although an exact

reconstruction cannot possibly be achieved for such smooth shapes, our method has correctly recovered the
geometric features of each shape, an observation which is supported by the computed error metrics on

each. In particular, each reconstruction intersects the same cell faces as the ground-truth ellipsoid, which is
not possible with only a single plane.

We can also use these smooth shapes to illustrate differences between the MOF3
4hs, MOF3

5hs, and MOF3
6hs

methods. Because an exact recovery is not possible, there is an important trade-off between computational
cost and the potential accuracy of the optimized interface. As a representative example, we see in

Figure 10 that increasing the number of planes in the reconstruction naturally improves the error, but also
the total cost of the method. It is also worth noting that while the cost of each method scales directly with
the number of planes in the reconstruction, the complexity of the polyhedral cell also has a considerable
impact on the performance of the method, as additional cell faces each have the same performance impact

on the moment calculation as an additional reconstruction plane. While any of these three methods
naturally incur a greater computational cost than the analogous one-plane strategy, this cost is largely

compensated for by the ability to accurately represent complex shapes on coarse meshes. As a particularly
illustrative example, consider the shape in Figure 5, for which our multi-plane methods are able to achieve
a level of detail that is not simply expensive for a one-plane method to reproduce, but entirely impossible

within the same computational cell.
We note here that with any of the proposed methods, there are scenarios for which it is more difficult for
the optimized interface to represent the true, global minimum of the corresponding minimization problem.
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Ellipsoid 1 Ellipsoid 2 Ellipsoid 3
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E(Ωr) 0.0004765 1.04518× 10−6 0.0002632
S(Ωr) 0.042901 0.0005620 0.0244484

Figure 9: Example reconstructions on curved shapes. We test MOF3
6hs on shapes for which an exact reconstruction is not

possible. Despite this, the reconstructed interface accurately captures important geometric features.

Empirically, we find this most often to be the case when the ground-truth shape has only flat features. For
example, we observe in Ellipsoid 2 of Figure 9 that the optimized interface found by our method is defined

by five planes. However, it is not inconceivable that the global minimum of the six-plane optimization
problem solved by the MOF3

6hs method fully utilizes all six planes. Because this and other predominantly
flat shapes are reasonably well-approximated by even a single plane, the relevant optimization problem is
subject to additional local minima, many of which utilize fewer planes in the reconstruction than are

available. Importantly, the already simple nature of the ground truth shape means that the resulting error
is comparable to that of the unreached global minimum, even if the interface itself has less complexity, and

certainly outperforms any one-plane alternative.
Finally, we can also test our method on the complement of the third ellipsoid to demonstrate the ability of

the proposed methods to reproduce non-convex shapes. We plot in Figure 11 both the trial convex
reconstruction and convex-complement reconstruction, observing that because the convex-complement
reconstruction has a lower moment error, it is accepted as the final reconstruction. Importantly, because

the moment data over which the optimization is performed is identical between this case and that
demonstrated for Ellipsoid 3 in Figure 9, the material approximations returned by the two methods are
themselves complements. It is for this reason that we primarily restrict our numerical tests to convex

material, as the problem of reconstructing materials whose compliment is convex in the cell is equivalent to
the problem of reconstruction convex material.

5.2. Mesh Tests

As would be the case in a practical application, it is necessary that our method is performant when
considered across all computational cells in a mesh. We note that the local nature of any moment-of-fluid
method means that accuracy across an entire mesh be equivalent to accuracy across each individual cell.

However, in addition to providing a wide breadth of single-cell examples, we evaluate the proposed method
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MOF3
4hs MOF3

5hs MOF3
6hs
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E(Ωr) 0.00188321 0.00102675 0.000476561
S(Ωr) 0.0675061 0.0525182 0.0429109

Total Time (s) 0.0805 0.174 0.203
Iteration Count 20 33 21

Time per Iteration (s) 0.004025 0.00527 0.00967

Figure 10: Comparison of accuracy vs. wall-clock run-time among multi-plane MOF methods. In cases where an exact
reconstruction is not possible, the use of additional planes results in an approximated interface that is more computationally
expensive, but can result in considerably lower error.

Decomposition into
True Material Convex MOF3

6hs Non-convex MOF3
6hs Convex Polyhedra

E(Ωr) 0.0197032 0.000237875
S(Ωr) 0.190205 0.0233722

Figure 11: Example of reconstruction of non-convex material. Because the interface generated by the complement of a convex
shape produces lower moment error, it is returned as the final interface. We also demonstrate the decomposition of a recon-
structed non-convex material into convex polyhedra for related applications utilizing the reconstruction.

across an entire mesh to demonstrate the quantitative advantages of a multi-plane reconstruction scheme.

5.2.1. Cube Test

In our first example in Figure 12, we consider MOF3
1hs and MOF3

4hs on the cube [−0.5, 0.5]3 that we have
rotated by R(1.2,−0.82, 1.0) around the origin (See Equation 5) and then translated by (0.05, 0.10,−0.05)
to avoid unfairly exploiting the shape’s symmetry. This shape is then reconstructed on an N ×N ×N
uniform grid of cells across the larger cube [−1, 1]3. Although the MOF3

1hs method used for comparison
does approach the ground truth with successive refinement, the nature of the shape’s corner features makes
it impossible to represent the shape exactly. Furthermore, the orientation of the shape makes it impossible
for a PLIC method recover its edges exactly at any refinement level on an axis-aligned grid, even in the

presence of a more sophisticated, adaptive refinement scheme.
In these examples, we consider in Table 4 the maximum of both the moment error E(Ωr; Ω) and the

symmetric difference error S(Ωr; Ω) across all cells in the mesh. We also consider their average across all
mixed cells in the mesh, that is to say, cells which are neither empty nor completely filled by the material.
In Figure 12 we see that even at the coarsest level of refinement, our MOF3

4hs method visually recovers the
shape near-identically, in contrast to the unrecognizable geometry produced MOF3

1hs method. These
results are supported quantitatively by Table 4, which shows that we indeed produce an interface with

considerably less error along each of the described metrics.
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Figure 12: Comparison between single-plane and multi-plane reconstruction schemes for a cube across a Cartesian mesh. Using
a multi-plane reconstruction scheme allows for more accurate reproductions on coarser grids. The true material is outlined in
red. The relevant error metrics are presented in Table 4.

5.2.2. Ellipsoid Test

To consider an example that better resembles practical application, we apply MOF3
4hs, MOF3

5hs, and
MOF3

6hs on a convex shape that cannot be recovered exactly in Figure 13, which depicts an ellipsoid
defined by the parameters in Table 5. As in the previous example, we consider an orientation of the shape

that is not aligned with the grid of cells, which are placed in the cube [−1, 1]3.
We see in this example that the multi-plane reconstruction offered by each of MOF3

4hs, MOF3
5hs, and

MOF3
6hs each offer a dramatic improvement over the single-plane technique, adequately recovering the

primary geometric features even at remarkably low resolution grids. Even in the case of a single-cell grid,
we can see that our method is able to recover a crude approximation of the completely embedded material,

which is impossible when only a single plane is used in the reconstruction.
Additionally, considering reconstruction accuracy across an entire mesh allows for a more comprehensive
analysis of how grid refinement impacts each of the proposed methods. As one would expect, Figure 13
demonstrates that the reconstruction is more accurate both with increasing levels of grid refinement and

increasing numbers of planes used in the representation. However, we also observe that it is for the coarser
grids that increasing the number of planes brings about the most improvement. For example, MOF3

6hs

offers a dramatic improvement over MOF3
1hs, and even over MOF3

4hs, on the 2× 2× 2 grid, being clearly
recognizable as depicting the original ellipsoid shape. On the other hand, the different methods visually

perform very similarly on a 32× 32× 32 grid. This is because as the cell-size decreases, the local geometry
of the shape becomes increasingly flat, and the POM in each cell is already well approximated by a single
plane. We note, though, that this is not always the case, as shapes with sharp features (as in Figure 12)

cannot be well approximated by a PLIC method at any level of refinement for an arbitrary mesh.
We further explore this point on the same ellipsoid shape by considering reconstruction accuracy as

function of cell index through the heatmaps in Figure 14, where the two error metrics are evaluated over a
16× 16× 16 grid. We note that although there is a considerable amount of cell-to-cell variability for each
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Figure 13: Comparison between single-plane and several multi-plane MOF reconstruction schemes for an ellipsoid over a
Cartesian mesh. Using a multi-plane reconstruction scheme allows for more accurate reproductions on coarser grids. The target
ellipsoid is suggested in red wireframe on the first row, although the shape from which ground truth moments are computed is
of considerably higher resolution.
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E(Ωr; Ω)
Grid Resolution 3× 3× 3 9× 9× 9 27× 27× 27
(# Mixed Cells) (23) (189) (1752)

MOF1
1hs

Cell Average 1.3284e-03 6.0892e-06 2.9583e-08
Maximum 5.4000e-03 8.3435e-05 1.2974e-06

MOF1
4hs

Cell Average 2.0053e-07 2.4080e-07 1.1596e-10
Maximum 4.3996e-06 1.2727e-07 5.0307e-08

S(Ωr; Ω)
Grid Resolution 3× 3× 3 9× 9× 9 27× 27× 27
(# Mixed Cells) (23) (189) (1752)

MOF1
1hs

Cell Average 4.1915e-02 1.8975e-04 2.5371e-06
Maximum 1.2922e-02 1.8596e-03 6.7378e-05

MOF1
4hs

Cell Average 1.0440e-05 7.2676e-06 1.9463e-08
Maximum 2.1353e-04 1.2985e-05 9.7976e-06

Table 4: Evaluation of our moment error metric E(Ωr; Ω) and the symmetric difference error metric S(Ωr; Ω) for the cube
example in Figure 12. We see that the MOF3

4hs method results in a significantly error across both metrics.

a b c α β γ x0 y0 z0
Ellipsoid 0.1 -0.1 0.1 0.9 -1.07 0.7 3.30719 0.18485 4.93365

Table 5: Parameters for multi-cell ellipsoid test in Figures 13, 14, and 15

error metric within a single shape, this can be attributed to varying material volume in each cell.
Nevertheless, cell-to-cell comparisons between the different methods are appropriate, as the interface in

each cell’s reconstruction is attempting to match the same data.
We observe in Figure 14(a) that the accuracy of the MOF3

1hs method, both in terms of moment error
E(Ωr; Ω) and the symmetric difference error S(Ωr; Ω), generally correlates with the curvature of the shape,
where areas of high curvature tend to have higher reconstruction error. At the same time, the proposed
multi-plane methods are far more robust to such qualities and, as seen in Figure 13, can be observed to

outperform MOF3
1hs most in regions of high curvature. We consider the overall distribution of these errors

more directly through histograms over the same data in Figure 14(b), where we observe that we see a
broad improvement in error across the domain of each of our methods against MOF3

1hs.
At the same time, we observe through in this example that the difference between the MOF3

4hs, MOF3
5hs,

and MOF3
6hs methods is somewhat minimal. This is largely due to the resolution of the grid, as the

curvature across a single cell within 16× 16× 16 grid is (on average) not high enough to see strong visual
improvement between the three methods. On the other hand, we can repeat this analysis for a coarser

4× 4× 4 grid in Figure 15 and see more clearly the advantage of using MOF3
6hs over MOF3

5hs and MOF3
4hs.

5.2.3. Nonconvex Test

Next, we consider the proposed family of methods on a shape with many non-convex features in the form
of five “creases” positioned around an ellipsoid shape. We generate this shape according to the following

parametric surface:

x(u, v) = 0.04 (1.5 sin(u)(6 cos(v)− cos(6v)) ,

y(u, v) = 0.04 (1.5 sin(u)(6 sin(v)− sin(6v)) , (19)

z(u, v) = 0.24 cos(u).

The shape generated by this surface is then rotated around the origin by the rotation matrix
R(−0.1,−1.67, 0.0) and translated by the point (0.2, 0.2,−0.2). We see as before in Figure 16 that proposed

family of methods can far more accurately capture subgrid and curved features of the shape, and that
successive refinement of the mesh improves the quality of this reconstruction relative to the ground truth.
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Per-Cell Errors on 16× 16× 16 Mesh Grid

(a) MOF3
1hs MOF3

4hs MOF3
5hs MOF3

6hs
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log10 (E(Ωi; Ω)) log10 (S(Ωi; Ω))

Figure 14: Error comparison between methods evaluated for an ellipsoid over a Cartesian mesh. Although MOF3
1hs can provide

a sufficient representation for regions of low curvature, the use of a multi-plane scheme makes the accuracy of the reconstruction
more tolerant to regions of higher curvature. Even still, the proposed family of multi-plane schemes still improves accuracy over
one-plane alternatives when considered across the entire shape.
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Per-Cell Errors on 4× 4× 4 Mesh Grid
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Figure 15: The results of Figure 14 reproduced on a coarser grid. We can see more clearly the advantages of using more planes
per cell in the reconstruction, as MOF3

5hs and MOF3
6hs are shown to be significantly more performant than MOF3

4hs.
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Figure 16: Comparison between reconstruction methods on a non-convex shape over a Cartesian mesh. Using a multi-plane
reconstruction scheme permits reconstruction of non-convex regions wihin a single cell. The target shape is suggested in red
wireframe on the first row, although the shape from which ground truth moments are computed is of considerably higher
resolution. For the 4 × 4 × 4 grid, we also emphasize in red the MOF3

1hs and MOF3
5hs reconstruction in one cell for further

discussion in Section 6.1, and in cyan the MOF3
4hs reconstruction for further discussion in Section 6.2.
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It is through this example that we demonstrate the principle advantage of MOF3
4hs, MOF3

5hs, and MOF3
6hs:

the ability to achieve the same level of accuracy on a coarser grid. To do this, we explore the minimum
level of mesh refinement needed for the MOF3

1hs PLIC method to achieve the same overall level of accuracy
as each of our multi-plane methods.

We first consider the shape in its entirety over a 5× 5× 5 grid, chosen heuristically as the minimum level
over which the MOF3

Nhs methods reasonably approximate the curved features of the shape. For each grid,
we sum the symmetric difference error across cells in the mesh. In contrast to the moment error, the sum
of the symmetric difference error metric directly represents the total error in the shape. In Figure 17, we
see that when the error is aggregated across all cells in the mesh, there is similar performance among the
proposed family of methods, particularly relative to the single-plane alternative. However, we can see that
an 7× 7× 7 grid of cells is necessary to reconstruct the shape with accuracy roughly equal to the MOF3

4hs,
and an 8× 8× 8 grid is needed to surpass the accuracy of MOF3

5hs and MOF3
6hs. This correlates to a

nearly three-fold increase in the number of mixed-material cells (58 vs. 163), serving in part to justify the
increased cost of a multi-plane MOF method compared to the analogous PLIC procedure.

MOF3
4hs MOF3

5hs MOF3
6hs

5
×
5
×
5

ΣS(Ωr) 6.6399× 10−3 6.4442× 10−3 5.9523× 10−3

5× 5× 5 6× 6× 6 7× 7× 7 8× 8× 8

M
O
F
3 1
h
s

ΣS(Ωr) 1.2462× 10−2 8.9779× 10−3 6.9487× 10−3 5.5949× 10−3

Figure 17: Error comparison across varying levels of refinement evaluated for a non-convex material. Additional levels of
refinement are needed for a PLIC method to achieve the same aggregate levels of accuracy. In this example, an 8× 8× 8 grid is
required for MOF3

1hs to achieve the same total symmetric difference error as MOF3
6hs. At the top of the MOF3

6hs reconstruction
we have emphasized one POM in yellow for further discussion in Figure 18.

In many ways, we consider such a demonstration to be more effective at illustrating the merits of our
reconstruction technique than formal convergence analysis, as the particulars of the ground truth geometry
often have a far more significant influence on reconstruction accuracy than the resolution of the mesh. For
example, we observe in Figure 17 that the error of each MOF3

Nhs method (including the PLIC method) on
the 5× 5× 5 grid varies considerably with the complexity of the geometric features present in a given cell.
However, we also observe in this example that the error for the PLIC method becomes more uniformly

distributed among the cells as the mesh resolution is increased. More generally, it is almost always the case
that at sufficiently high mesh resolutions, the portion of material covered by a single cell is simple enough
that it can be accurately recovered by even a single plane. On the other hand, this means that there are
comparatively fewer advantages to using our multi-plane methods when the geometry in a cell already has

no distinct geometric features.
To see this more clearly, we consider in Figure 18 example of mesh refinement the POM in the MOF3

6hs

example of Figure 17 which we have highlighted in yellow. At the coarsest level of resolution, a single
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computational cell, the ground truth shape has relatively high curvature. As such there is over an order of
magnitude of difference between the errors of the PLIC method and the six-plane reconstruction on the
original cell. However, as the mesh resolution increases, the comparative improvement becomes markedly
smaller. As observed previously in the “Ellipsoid 2” example of Figure 9, considering the surface of this
shape on increasingly small cells results in an optimization problem that is subject to additional spurious

local minima, many of which use fewer planes than are available during optimization. Indeed, the
five-plane method in this example actually outperforms the six-plane method on the 2× 2× 2 and 3× 3× 3
grid, despite having fewer parameters which can be optimized. Ultimately, however, the key result of this
figure is that the MOF3

6hs method is able to reconstruct features on a single cell with an accuracy that the
PLIC method requires a 3× 3× 3 grid to achieve.

1× 1× 1 2× 2× 2 3× 3× 3
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ΣS(Ωr) 6.96227× 10−5 3.6633× 10−5 2.7864× 10−5
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O
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ΣS(Ωr) 9.5327× 10−5 2.8328× 10−5 1.8954× 10−5

M
O
F
3 4
h
s

ΣS(Ωr) 1.2266× 10−4 4.3528× 10−5 2.2858× 10−5

M
O
F
3 1
h
s

ΣS(Ωr) 4.8481× 10−4 1.0026× 10−4 4.8324× 10−5

Figure 18: Error comparison for a single cell across varying levels of refinement. We can see that additional levels of refinement
are needed to capture important geometric features accurately, particularly in areas of high or variable curvature.
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6. Discussion

6.1. Reconstruction of Nonconvex Material

The proposed family of methods are intended to accurately represent both convex material or material
whose complement is convex, but many shapes have features for which neither is the case. This is shown
somewhat adversarially in the example of Section 5.2.3, which has the property where all non-convex
material localized to a cell is also not the complement of a convex shape. We highlight all such cells in
Figure 19, and can observe that the error in the method along either error metric is concentrated to cells
which do not contain convex material. Indeed, in all cells that do contain convex material, the MOF3

6hs

method achieves significant agreement with the ground-truth geometry.

Figure 19: Reconstruction of material that is neither convex nor has a convex complement. Although the proposed technique
can effectively approximate convex material, it is difficult to use such a reconstruction strategy to represent material which is
neither convex nor the complement of a convex shape, as shown by the increased error for such cells.

We also observe through Figure 19 that the majority of cells use a convex material in the approximation,
despite the material itself being non-convex. For a particularly difficult example, we refer back to the

material highlighted in red in Figure 16, for which MOF3
5hs uses a convex approximation that, visually at

least, appears to be a poor approximation of the natural crease in the ground-truth shape. We investigate
this particular cell in Figure 20, where we see that the complex geometric features of the material fragment
make both the convex and convex-complement reconstructions largely undesirable. Nevertheless, we see
that the convex reconstruction (which has functionally combined the two components of ground-truth
material) provides a better approximation along each of the two measured error metrics. We also see in

this single cell example that both trial materials generated by MOF3
5hs outperform the PLIC

reconstruction, as such a technique can (at best) only accurately represent convex material in a convex cell.
In either case, we can see throughout the provided examples that the multi-plane method dramatically

outperforms the PLIC method numerically, despite the result appearing visually unintuitive.
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True Material MOF3
1hs Nonconvex MOF3

5hs Convex MOF3
5hs

E(Ωr) 0.069195 0.0248674 0.0223386
S(Ωr) 0.125328 0.11804 0.0915591

Figure 20: Reconstruction of a single POM that is neither convex nor has a convex complement. Although the selection of a
nonconvex material appears unintuitive for this type of shape, it nevertheless provides a considerably lower error both in terms
of the moment error and the symmetric difference error.

6.2. Geometric Artifacts

In each of the proposed MOF methods, we occasionally observe that one or more planes used in the
reconstruction only exclude a very small volume from the convex intersections of half-spaces that represents
the approximated material. When the material itself is convex, these artifacts manifests through “gaps” or
“holes” between adjacent cells that are otherwise filled in the ground-truth shape. The same type of artifact
is more prominent visually, however, in the case where the material is non-convex, such as that emphasized
in cyan in Figure 16, where thin “slices” of material appear catastrophic for the quality of the interface.
The primary source of these artifacts is mathematical. The geometric moments used in the objective
function vary continuously with our parameterization of the reconstructed interface with no direct

influence from cell boundaries. These “gaps” or “slices” in the reconstruction have near-zero volume, and
so this means that during optimization, there is no little to no distinction between returned interfaces that

have or lack such artifacts, as they functionally do not contribute to the error.
From the perspective of the reconstruction problem, we consider these artifacts to be a simple visual error
whose visually striking appearance can be attributed almost entirely to the particular viewing angle at

which the shape is observed.
From a simulation perspective, they are similarly inert with respect to Lagrangian remapping. Such

methods naturally handle discontinuous material components, and the the fact that artifacts of this kind
have near-zero volume means their individual moments do not meaningfully contribute to the intersection

with a backtraced cell. However, we acknowledge that there are circumstances in which material
interactions between the surface of such spurious components can be impactful for physics applications.

We consider the more rigorous treatment of these surface interactions to be separate from the
reconstruction problem, but we nevertheless suggest the approach of straight-forwardly removing from the
reconstruction any plane that only clips a negligible volume from the cell. By weighting this cutoff volume
by the reference material volume, we also ensure that cells with only small volume components are not

completely removed. While by definition this procedure only removes material with otherwise insignificant
volume, the total volume within the cell must still be tightly controlled to preserve physically in numerical
simulation. In such cases where the volume has diverged from the reference, we can re-enforce the volume

constraint on the remaining clipping planes through the same root-finding problem employed during
optimization at a cost that is less than that of a single optimization step (See Section 3.2). We

demonstrate the results of this strategy on each of the proposed family of methods on an 8× 8× 8 grid of
cells for the shape in Figure 16. In Figure 21 we see that even an extremely conservative tolerance for the

cut volume works well to remove these artifacts.

6.3. Shapes with Identical Moments

Although the entire set of geometric moments is sufficient to uniquely identify any shape, numerical
restrictions require that a method such as ours only consider a finite subset of available moment data
during optimization. This leads to cases in which multiple geometrically distinct shapes have identical

moments up to a certain order, typically when the shape itself posses symmetry of some kind. A possible
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Figure 21: Example of visual artifact removal. Because the optimization procedure is indifferent to the number of components
that compose each material in a cell, there are often superficial artifacts introduced by bounding planes that define regions of
near-zero volume. This is especially noticeable in the case of convex-complement reconstructions, as such artifacts have the
appearance of thin sheets or lines. Nevertheless, we consider these extraneous features to be largely irrelevant to downstream
physics applications, and suggest a simple strategy for removing them.

solution would be to simply use additional high-order moments in the construction of the interface to
distinguish such shapes. Indeed, it is for this reason that we only propose MOF methods that use, at

minimum, third-order moments, as we observe empirically that there exist too many possible symmetries
for geometric objects in 3D for second-order moments to be sufficient.

However, we note that even using third-order moments, there are many shapes that remain
indistinguishable. For example, this can be observed in any regular cube inscribed in the same sphere (See

Figure 22), all of which have identical moments up to and including third-order. Indeed, any MOF3
6hs

method attempted on these shapes will terminate immediately, as the initial inscribed cube matches the
available moments exactly.

Figure 22: Example of distinct shapes with some identical moments. These shapes have identical moments up to third order,
and can therefore not be distinguished by any of the proposed methods.

At the same time, we have observed that considering more than third-order moments also leads to
undesirable results, likely because fourth-order moments individually encode less important information

than quantities derived from lower-order moments like the centroid. This is particularly problematic when
the proposed optimization procedure weights all moments equally. For example, a reconstruction that more
closely matches the 15 fourth-order moments than the 10 third-order moments will likely be less accurate
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to the underlying geometry.
Nevertheless, we observe throughout this work that cases where moments up to third-order are incapable of
distinguishing shapes are largely adversarial, and the reconstructions generated by the provided MOF3

Nhs

methods are suitably capable of expressing realistic geometric features.

6.4. Sensitivity to Noise in Reference Moment Data

In a practical application, the provided reference moments are subject to numerical error. For example, one
possible source of error is the physics simulation scheme under which the material evolves over time, from
which moment data is calculated. This causes the material itself to erroneously drift, which impacts the

accuracy of the interface reconstruction relative to the unknown ground truth.
Another potentially more manageable source is the calculation of moment data itself from the polyhedral
approximation after each step of the simulation. Here too the accuracy of the interface reconstruction
method is affected, but now instead relative to data from a previous state of the simulation. While this
error cannot be accounted for by interface reconstruction techniques, it is important that the non-linear
optimization scheme used by the proposed family of methods is not unnecessarily sensitive to slight

numerical issues with reference moment data.
To demonstrate this, we consider a sphere placed on a 3× 3× 3 grid, a shape for which the exact shape

cannot be recovered exactly. The sphere itself is centered at (0.1,−0.1, 0.1) and has a radius of 0.7 to avoid
unfairly exploiting the symmetry of the shape in the reconstruction.

After computing ground-truth moment data for this shape, we add an increasing amount of normally
distributed noise to each raw moment to simulate this second kind of numerical error. We then perform a

reconstruction with the proposed family of methods, as well as the simple MOF3
1hs PLIC method for

further comparison. Specifically, we add a sample ni from the normal distribution N (0, 10−L) to each
moment for varying levels of noise L, in effect perturbing the moment data in the Lth decimal place. For
context, the ground-truth moments vary amongst themselves on the order of 10−3 ∼ 10−5. We compile
these results for various levels of noise in Figure 23. The first row of noisy results shows a fairly realistic
case, where a noise level L = 8 corresponds roughly to the rounding that would be observed if double

precision values were converted to single precision. This is essentially a perturbation in the 6th significant
figure. As shown in the figure, this has functionally no impact on the accuracy of the method.

By L = 5, the inaccuracy borders on unrealistic, as we have now perturbed most pieces of data in at least
their 3rd significant figure. By this point the quality of the reconstruction has suffered significantly,

particularly with the increased presence of visible geometric artifacts stemming from the use of non-conex
reconstructions, yet we nevertheless can recognize the original sphere shape. By the 3rd level of noise, all
values have zero digits of accuracy after perturbation, and it is only at this point does the shape become

completely unrecognizable and unusable. Altogether, these results demonstrate that the non-linear
optimization scheme is fairly robust to imprecision in moment data, and more generally, that moment

information is a useful method of encoding geometric features of polyhedra.

7. Conclusions and Future Work

In this work we have presented a novel approach to 3D interface reconstruction, in which we approximate
material as the convex intersection (or the complement thereof) of 4, 5, and 6 half-spaces. The parameters

of each half-space are selected through the minimization of a non-linear optimization problem over
zeroth-order through third-order reference moments. In many ways, this work represents the natural

progression of the existing body of literature in 2D multi-plane interface reconstruction, where we have
combined the geometric expressiveness derived from using multiple independently parameterized planes (as
in MOF2

2hp) with the computational efficiency derived from using a single initial condition for the non-linear

optimization (as in MOF3
PIE). At the same time, our approach is aided by a custom normalization

procedure that uses data from a reference ellipsoid to transform the space over which optimization is
performed, thereby improving robustness and computational efficiency of the method. Through these

techniques, we are able to create material approximations that far outpace PLIC methods on the same level
of resolution, in particular being able to more accurately resolve areas of high curvature or sharp features.

The development of this family of techniques leaves much room for further improvements, both
computationally and algorithmically. For example, the largest barrier to reaching a true global minimum as
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Figure 23: Example of the effect of noise in moment data on interface reconstruction. For noise level L, we add to each piece of
moment data a random sample from the normal distribution N (0, 10−L). While the presence of noise in reference moment data
makes it impossible to reconstruct the shape accurately with respect to the ground truth, our non-linear optimization scheme
is nevertheless stable enough to withstand small perturbations in moment data before becoming unusable.

opposed to a somewhat acceptable local minimum during optimization is the presence of “inactive planes,”
in which one of the planes reaches a plateau of the objective function, for which the local gradient is zero.
In such cases, the plane becomes fixed in this position for the remainder of the optimization procedure.
While the current approach of “clamping” planes to be tangent to the cell alleviates this issue, it is an ad
hoc solution that could be improved in future work. Furthermore, while the generic Levenberg-Marquardt
algorithm used for numerical optimization is effective at solving this problem, it is possible that more
specified procedures could achieve an improved optimal solution at a faster rate, particularly those that
utilize automatic differentiation. Additionally, one could improve computational performance across a

mesh with a method that adaptively selects the number of planes to use in the reconstruction (akin to [40]
or [34]), as areas of low curvature are often sufficiently captured by a single plane, while the advantages

between MOF3
4hs, MOF3

5hs, and MOF3
6hs increase with increasing curvature.

Finally, there exist many techniques in the MOF literature which could be more-or-less immediately
applied to the proposed multi-plane method. As described in Section 1.2, defining the interface with

half-spaces makes the proposed method highly compatible with contemporary advection strategies, and in
principle generalizes well to multi-material scenarios.
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