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Abstract

We determine spatially varying discontinuous material properties using a
domain-decomposition based physics-informed neural networks (PINNs) frame-
work named the Adaptive Interface–PINNs or AdaI–PINNs (Roy et al. arXiv
preprint arXiv:2406.04626, 2024). We propose the use of distinct neural net-
works for the field variables and material properties within each material,
utilizing adaptive activation functions. While the neural networks across dif-
ferent materials share the same weights and biases, their activation functions
are uniquely tailored using a hyperparameter that influences the slope of
the activation function. The proposed framework is tested on several one-
dimensional and two-dimensional benchmark examples, and its performance
is compared with conventional PINNs and existing domain-decomposition
PINNs frameworks, namely, the Multi-domain physics-informed neural net-
work (M-PINN), and the eXtended physics-informed neural networks (XPINNs).
The results demonstrate that the proposed approach can determine randomly
distributed discontinuous material properties with an L2 error of O(10−3) for
the material property and the root-mean-square error of O(10−3) for the pri-
mary variable while the other approaches yield errors that are approximately
two orders of magnitude larger (that is, O(10−1)). Moreover, the spatial dis-
tribution of material properties obtained using the proposed framework is
in close agreement with the true distribution, whereas the other approaches
fare much worse. Additionally, the proposed approach is approximately 40%
faster than its competitors, indicating its potential as a robust alternative
for solving inverse problems in heterogeneous materials.

Preprint submitted to Finite Elements in Analysis and Design June 27, 2025



Keywords: Physics-informed neural networks, Inverse problems,
Discontinuous material properties, Multi-material diffusion, Diffusion in
heterogeneous media, Bayesian search.

1. Introduction

The determination of material properties from observable data is a chal-
lenging problem with broad applications in science and engineering. Broadly
speaking, these problems are classified as inverse problems, where the goal
is to infer underlying parameters from observable data. Indeed, these prob-
lems are some of the most challenging problems in computational physics
and have broad applications in several fields, including materials science [1],
civil engineering [2], biomedical engineering [3] and clinical diagnostics [4, 5].

Inverse problems are often harder to solve than forward problems because
they are usually ill-posed. This means we cannot always be sure if a solution
exists, or even if it exists whether the solution is unique or not, or how sen-
sitive the solution is to small changes in the data [6]. Traditional approaches
to solve inverse problems include optimization-based techniques [7], Bayesian
inference [8], and sampling methods [9]. While effective in certain domains,
these approaches often face challenges such as high computational costs, the
need for extensive domain expertise. These limitations have motivated the
search for more efficient and robust alternatives.

Physics-informed neural networks (PINNs), introduced by Lagaris et al. [10]
and reviewed by Raissi et al. [11], represent a promising advancement in com-
putational modeling of inverse problems. The authors demonstrated PINNs’
effectiveness in solving inverse problems, particularly in determining constant
coefficients of partial differential equations (PDEs). A potential advantage of
PINNs over traditional methods is their computational efficiency; unlike con-
ventional approaches that require solving a forward model at each iteration,
PINNs can tackle inverse problems more directly within the optimization
framework, potentially reducing computational costs.

Since their inception, PINNs have been applied to solve inverse problems
in several domains. Lu et al. [12] introduced hPINNs to address topology
optimization challenges, showcasing their ability to produce smoother designs
for problems with non-unique solutions. Cai et al. [13] applied PINNs to
solve convection heat transfer problems with unknown thermal boundary
conditions. The same research also explored the use of PINNs in two-phase
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Stefan problems, successfully identifying the phase transition interface in a
one-dimensional domain. Shukla et al. [14] utilized PINNs to compute wave
speed in materials using ultrasonic wave-field data, indirectly representing the
effect of heterogeneities and material properties in terms of bulk modulus and
density. Furthermore, Rasht-Behesht et al. [15] proposed a novel PINN-based
approach for solving wave propagation problems and full waveform inversions
(FWIs), leveraging recent advances in deep learning methodologies.

For problems involving interfaces that result in discontinuous field vari-
ables and material properties, researchers have turned to eXtended PINNs
(XPINNs), a generalized form of PINNs introduced by Jagtap et al. [16].
This advanced framework has found applications in various complex scenar-
ios. For instance, Papadopoulos et al. [17] employed XPINNs to determine
the Kapitza thermal resistance at interfaces between different phases in mul-
tiphase composite materials. Their study highlighted the framework’s high
accuracy, ease of implementation, and robustness. In a different application,
Jagtap et al. [18] utilized XPINNs to address inverse shock wave problems.
Their approach incorporated density gradient information, a limited dataset
of primitive variables, and global constraints to predict density, velocity, and
pressure fields. Building upon this work, Zhang et al. [19] introduced Multi-
domain PINNs (M-PINN), which employ a modified loss function to capture
discontinuities in field variables and fluxes. Their study showcased M-PINN’s
capability in solving inverse problems with partially known boundary condi-
tions.

Recently, Sarma et al. [20] introduced Interface PINNs (I-PINNs), a novel
PINNs architecture to model elliptic interface problems where the solutions
may exhibit strong or weak discontinuities. They demonstrated that I-PINNs
is more effective in solving elliptical interface problems than XPINNs and M-
PINN. Subsequently, I-PINNs have been used to solve elliptic problems in
variational form [21] and poroelastic problems in heterogeneous media [22].
Roy et al. [23, 24] further improved on this architecture by using adaptive
activation functions and termed their approach as Adaptive Interface PINNs
(AdaI-PINNs). They demonstrated that AdaI-PINNs can outperform the
original I-PINNs framework in terms of computational efficiency and accu-
racy.

Although the I-PINNs and AdaI-PINNs framework have demonstrated
significant promise in solving forward elliptic interface problems, there are
no studies that investigate their efficacy for inverse problems. In this study,
we extend the application of AdaI-PINNs, initially designed for forward prob-
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lems, to solve the inverse problem of determining spatially varying material
properties from a given data set. This is achieved by modifying the un-
derlying neural network architecture such that a composite neural network
framework is used in conjunction with AdaI-PINNs. The composite neural
network uses separate neural networks for field variables and material prop-
erties within each material. Within each material, these neural networks
share the same activation functions, while they are independently trained
on all other parameters. Furthermore, the networks across different mate-
rials feature distinct activation functions but remain identical in all other
parameters as prescribed by the AdaI-PINNs framework. The adaptive ac-
tivation function is critical, as it evolves to find the optimal set of activation
functions during the training process. The proposed framework is tested on
one-dimensional and two-dimensional benchmark examples featuring inclu-
sions of various shapes.

The rest of the paper is organized as follows. Section 2 outlines the
model problem under consideration, which involves multiple interfaces that
divide the domain into distinct subdomains. Section 3 details the AdaI-
PINNs framework for addressing the inverse problem, along with the use
of the WandB tool for hyperparameter search. Section 4 compares the pro-
posed framework with existing alternatives including M-PINN, XPINNs, and
conventional PINNs on several one-dimensional and two-dimensional exam-
ples. Finally, Section 6 summarizes our study and highlights potential future
research directions.

2. Model Problem

We consider Poisson’s equation within a domain Ω, which is divided into
two non-overlapping subdomains, Ω1, and Ω2 separated by a fixed material
interface Γint. The external boundary, ∂Ω, is partitioned into two disjoint sets
denoted by ∂Ω1, and ∂Ω2, where their union constitutes the entire external
boundary, i.e., ∂Ω = ∂Ω1 ∪ ∂Ω2, and their intersections results in a null set,
i.e., ∂Ω1∩∂Ω2 = ϕ. The interfaces are characterized by the normal vector nint

that points outward from the interface Γint, and the external boundaries ∂Ω1

and ∂Ω2 are associated with normal vectors n1 and n2, directed outward from
each subdomain. Figure 1 illustrates a schematic of the problem domain.

The strong form of the boundary value problem in each subdomain Ω1 and
Ω2 is defined as follows. Given the scalar fields fn that may be discontinuous
across an interface, boundary data (Λd

n,Λ
n
n) and primary variable data Λdata

n ,
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Figure 1: Schematic of the problem domain with two sub-domains Ω1 and Ω2 separated
by an interface Γint. The vectors n1, n2, and nint represent the normal vectors to the
boundaries of Ω1, Ω2, and the interface Γint, respectively. The region Ωdata

m shows the
interior domain from which data are collected. The blue boundaries ∂Ωm

d and red bound-
aries ∂Ωm

n denote regions where Dirichlet and Neumann boundary conditions are applied,
respectively.

find Kn such that for n = 1 and n = 2

∇ · (Kn∇un) = fn in Ωn,

un = Λdata
n in Ωdata

n ,

un = Λd
n on ∂Ωd

n,

Kn∇un · nn = Λn
n on ∂Ωn

n, ,

JuK = 0 on Γint,

JK∇uK · nint = 0 on Γint,

(1)

where ∇ denotes the gradient operator. The disjoint subsets ∂Ωd
n and ∂Ωn

n

are defined such that ∂Ωn = ∂Ωd
n ∪ ∂Ωn

n, representing the boundaries where
Dirichlet and Neumann conditions are applied, respectively. Ωdata

n ⊂ Ωn

refers to the region where the primary variable un is known. At the interfaces,
J⊙K represents the jump in the quantity ⊙. It is assumed that both the
primary variable and the flux are continuous across the interface, with no
jumps. The unknown parameter Kn must be determined using the governing
PDEs and the available primary variable data.
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3. Methodology

3.1. AdaI-PINNs for material property inversion
Consider a neural network with depth D, comprising an input layer, D−1

hidden layers, and an output layer. In the kth hidden layer, there are Nk

neurons. Each hidden layer receives input zk−1 ∈ RNk−1 from the preceding
layer and applies an affine transformation described by

Lk(z
k−1) = wkzk−1 + bk, (2)

where the weights wk ∈ RNk×Nk−1 and biases bk ∈ RNk for the kth layer
are sampled independently and identically distributed (iid). An adaptive
nonlinear activation function, σ(naLk(z

k−1)), is then applied element-wise
to the transformed vector before passing it to the subsequent layer. Here, a
is a hyperparameter to be optimized alongside the weights and biases, and n
is a scaling factor that facilitates faster convergence to the global minimum.
The activation function becomes the identity function after the output layer.
Consequently, the final representation of the neural network can be expressed
as the composition

uΘ(z) = (LD ◦ σ ◦ naLD−1 ◦ . . . ◦ σ ◦ naL1)(z), (3)

where ◦ denotes the composition operator, Θ = {wk, bk, a}Dk=1 represents the
trainable parameters of the network, u is the network output, and z0 = z
is the input. A set of m neural networks is employed to approximate the
primary variable um across m subdomains. While these neural networks
share the same weights and biases (wk

u, b
k
u), their activation functions vary by

the slope determined by the hyperparameter am. Similarly, distinct neural
networks are used to approximate the material property K, and these are
integrated into a composite neural network framework to construct a loss
functional L(Θ) as represented in the Figure 2.

The loss functional L(Θ) quantifies the discrepancy between the neural
network’s approximation and the governing partial differential equation, the
boundary conditions, interface conditions, and primary variable data, by
calculating the mean squared error at a set of randomly chosen collocation
points. The parameters Θ = {wk

u, b
k
u, w

k
K, b

k
K, ai}

D,m
k,i=1 are iteratively adjusted

to minimize the loss functional until it falls below a specified tolerance. The
loss functional L(Θ), for solving the equations (1), is defined as

L(Θ) =λpdeMSEpde + λn
bcMSEn

bc + λd
bcMSEd

bc+

λn
intMSEn

int + λd
intMSEd

int + λdataMSEdata.
(4)
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In this context, MSEpde,MSEn
bc,MSEd

bc,MSEn
int, MSEd

int, and MSEdata

represent the mean-squared errors calculated for the governing PDE, Neu-
mann boundary conditions, Dirichlet boundary conditions, interface cou-
pling conditions, and primary variable data, respectively. The coefficients
λpde, λ

n
bc, λ

d
bc, λ

n
int, λ

d
int, and λdata are introduced to weight these residuals rel-

ative to one another within the loss functional. These mean-squared residuals
are determined as follows:

MSEpde =
1

Npde

Npde∑
i=i

(
2∑

m=1

[
∇ · (Kmi∇umi)− fmi

]2)
, (5a)

MSEn
bc =

1

Nn
bc

Nn
bc∑

i=1

(
2∑

m=1

[Kmi∇umi · nm − Λn
mi]

2

)
, (5b)

MSEd
bc =

1

Nd
bc

Nd
bc∑

i=1

(
2∑

m=1

[
umi − Λd

mi

]2)
, (5c)

MSEn
int =

1

Nint

(
Nint∑
i=1

[
JK∇uKi · nint − qi

]2)
, (5d)

MSEd
int =

1

Nint

(
Nint∑
i=1

[JuKi − pi]
2

)
, (5e)

MSEdata =
1

Ndata

Ndata∑
i=1

(
2∑

m=1

[
umi − Λdata

mi

]2)
. (5f)

Here, Npde denotes the number of collocation points used to evaluate the
residuals of the PDEs. Similarly, Nn

bc and Nd
bc correspond to the number

of points where Neumann and Dirichlet boundary conditions are enforced,
respectively. Nn

int refers to the points where the flux discontinuity is specified,
and Nd

int indicates the points where the discontinuity in the field variable is
defined. Finally, Ndata represents the points where the primary variable data
are available.
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Figure 2: Schematic of an AdaI-PINNs architecture for the inverse problem, with one
interface separating the domain into two subdomains

3.2. WandB: Hyperparameter search

Weights & Biases (WandB) is a widely utilized online platform in the
deep learning community, offering tools for tracking and managing hyperpa-
rameters during model training runs. A key feature of WandB is Sweeps,
which enables systematic optimization of model hyperparameters. The hy-
perparameter search space is predefined and stored in a Sweeps configuration
dictionary. A Sweep may involve multiple runs based on this configuration,
with hyperparameter sampling performed via grid search, random search, or
Bayesian optimization. In our study, we employed Bayesian optimization
to effectively navigate the predefined hyperparameter space and determine
the optimal set of hyperparameters. While hyperparameter tuning in deep
learning is typically focused on maximizing accuracy on a validation dataset,
our approach involved minimizing the relative L2 error between the exact
solution and the neural network approximation, evaluated at specific points
within the domain.
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4. Numerical Examples

In this section, the proposed framework is applied to approximate solu-
tions of two-dimensional (2D) Poisson’s equations with discontinuous spa-
tially varying coefficients. The results are compared with the numerical so-
lution obtained using the finite element method in FreeFEM++. A uniform
grid of collocation points is generated to solve all the problems. The use
of different activation functions across the interface in the AdaI-PINNs ar-
chitecture facilitates an accurate approximation of the local character of the
solution near the interface even with a uniform grid of collocation points (see
also, Sarma et al. [20] and Roy et al. [23]. The number of sampling points
(both collocation and the locations where the primary variable is known) are
determined through trial and error, by gradually increasing their number un-
til AdaI-PINNs produced satisfactory results. For all the problems, weights
and biases are initialized using the Glorot scheme [25] to improve convergence
behavior. A learning rate of 10−3 is adopted throughout this study. At ar-
bitrary points in the domain, the field variable is assumed to be known and
is obtained from the finite element solution obtained using the open-source
finite element simulator FreeFEM++ [26]. The approximation accuracy is
measured through the root-mean-square error (RMSE) of the numerical so-
lution evaluated against the FEM solution. Proposed AdaI-PINNs for the
inverse problem were implemented as Python jupyter notebooks in Kaggle
Notebooks1, and the JAX library [27] was used to perform automatic differ-
entiation [28]. All simulations were performed on an Nvidia Tesla T4 GPU
in Kaggle. Adam optimizer was used for training the AdaI-PINNs model.
We conducted a cost comparison between AdaI-PINNs, M-PINN, XPINNs,
and PINNs using a metric called relative cost Ct, defined as the ratio of the
execution time of each method to that of the AdaI-PINNs framework.

4.1. 1D Diffusion with one interface

For the first problem, we consider the model problem discussed in Equa-
tions (1) defined over a 1D computational domain, Ω = {0 ≤ x ≤ 1}. The
location of the material interface is specified at Γint = x = 0.5, such that
Ω1 = {0 ≤ x ≤ 0.5} and Ω2 = {0.5 ≤ x ≤ 1}. The governing equation and
boundary conditions for both subdomains Ωm (for m = 1 and 2) are given

1https://www.kaggle.com/
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as:

d

dx

(
Km

dum

dx

)
= −10 in Ωm, m = 1, 2,

u1 = 0 at x = 0,

K2
du2

dx
= 8 at x = 1,

JuK = 0, at x = 0.5

JKdu

dx
K = 0 at x = 0.5.

(6)

The material property K follows a normal distribution across the domain,
characterized by distinct parameters in two subdomains. In subdomain Ω1,
K has a mean of 1 and a standard deviation of 0.1, while in subdomain Ω2,
it has a mean of 2 with the same standard deviation of 0.1. This spatial
distribution of K is illustrated in Figure 3(b).

The solution to Equation (6), obtained using the finite element method
(FEM) implemented in FreeFEM++ [26], is presented in Figure 3(a). This
solution incorporates the specified K distribution, boundary conditions, and
interface conditions.

Figure 3: (a) FEM solution based on the specified K distribution, boundary conditions,
and interface conditions. (b) Spatial distribution of K across the domain.

To simulate known data points, we consider the primary variable to be
exactly known (without noise) at 20 distinct locations within the compu-
tational domain. These values are extracted from the FEM solution. The
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sampling points are uniformly distributed within each subdomain, ensuring
that no point coincides with the interface between Ω1 and Ω2. The spatial
arrangement of these data points is depicted in Figure 4.

Figure 4: Distribution of training data from FEM representing the primary variable u(x)
for a heterogeneous problem with an interface at x = 0.5. The red data points represent
data in Ω1 and green data points represent data in Ω2

A Bayesian hyperparameter search was conducted using Weights & Biases
(WandB) to determine the optimal parameters for the AdaI-PINNs frame-
work. The search space for this optimization is detailed in Table 1. A total
of 50 runs were performed, to minimize the L2 norm of K.

The optimal hyperparameters derived from this search were as follows: a
scaling factor n of 6, and initial values for the adaptive activation parameters
a1u, a2u, a1K, and a2K set to 0.5, 1, 0.5, and 1, respectively. The network
architecture that yielded the best L2 error consisted of 3 hidden layers with
20 neurons each. The weight for the PDE loss (λpde) was set to 10, while the
weight for the data loss (λdata) was 50. All other weights were set to unity.
The problem was solved using 40 collocation points, evenly distributed with
20 points in each domain. The hyperbolic tangent function was employed as
the activation function.

The results are shown in Figure 5 (a) and demonstrate that the pro-
posed AdaI-PINNs framework successfully captured the variation of the ma-
terial property close to mean values, with a relative L2 error on the order of
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Figure 5: Results for the problem described in Section 4.1: (a) AdaI-PINNs approximation
of K. (b) XPINN approximation of K. (c) M-PINN approximation of K. (d) (b) PINNs
approximation of K.

O(10−2). Moreover, the framework accurately approximated the field vari-
able u with a root mean square error (RMSE) of O(10−3), while the RMSE
for the approximated K was on the order of O(10−1).

To evaluate the performance of our proposed framework, we conducted
a comparative analysis with other established frameworks, namely M-PINN,
XPINNs, and PINNs. For these comparisons, we aimed to keep the choice
of hyperparameters as close as possible to the optimal configuration found
for AdaI-PINNs. Limited grid searches were performed to ensure the best
possible approximations for each framework.

For M-PINNs and XPINNs, we maintained the same layer size and width
as in AdaI-PINNs. However, unlike the proposed composite network ap-
proach, these frameworks utilized neural networks with two outputs corre-
sponding to the variables u and K. PINNs lack domain decomposition and
employ a single neural network, so we used a larger architecture consisting
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of 5 hidden layers with 20 neurons each. All other parameters were kept
consistent with those used in AdaI-PINNs.

The comparative results are presented in Figure 5 and Table 2. Both
M-PINN and XPINN showed a significant increase in L2 error by two orders
of magnitude compared to AdaI-PINNs, as depicted in Figure 5 (b) and
(c), respectively. The standard PINN approach struggled considerably in
capturing the variable K, resulting in poor performance as shown in Figure
5 (d).

The approximation of the primary variables is shown in Figure 6. These
results demonstrate that AdaI-PINNs provide a more accurate approximation
of the primary variable compared to XPINNs, M-PINN, and PINNs when
using the same amount of data. This improvement is due to AdaI-PINNs’
ability to effectively capture the variable K. However, while increasing the
number of data points may lead to the convergence of u across all methods,
it does not necessarily guarantee an accurate approximation of K.

Table 1: Sweep configuration: The search space of the hyperparameters

Hyperparameters Values
Activation function sin, tanh, swish
Collocation points 40, 60, 80
Hidden size of u1, u2, K1 & K2 3, 4, 5
Number of neuron for u1, u2, K1 & K2 20, 50, 100, 200
# of iterations 70000, 90000, 120000
n (scaling factor) 1, 2, 4, 6, 8
λpde, λ

d
bc, λ

n
bc, λ

n
int, λ

d
int, λdata 1, 10, 50, 100, 150, 200

4.2. 2D Diffusion with straight interface

Next, we consider the Poisson equation over a 2D computational domain,
Ω = (0, 1)× (0, 1), featuring a material interface at Γint = {x : y = x}, which
divides Ω into two subdomains: Ω1 = {x : y ≤ x} and Ω2 = {x : y > x}.
The governing equations, along with the boundary and interface conditions,
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Figure 6: Results for the problem described in Section 4.1: (a) AdaI-PINNs approximation
of u. (b) XPINN approximation of u. (c) M-PINN approximation of u. (d) (b) PINNs
approximation of u.

are given by:

∇ · (Km∇um) = −10 in Ωm for m = 1,2,

u1 = 1 on ∂Ωd
1,

u2 = 1 on ∂Ωd
2,

JuK = 0, on Γint,

JK∇uK · nint = 0 on Γint.

(7)

The boundaries where Dirichlet conditions are specified are denoted by
∂Ωd

1 and ∂Ωd
2. The material property K is characterized by a normal distri-

bution. In the region Ω1, it has a mean value of 1 and a standard deviation
of 0.1. In Ω2, the mean is 2, while the standard deviation remains 0.1. This
distribution is visually represented in Figure 7. The same figure also displays
the solution to Equations (7), which was computed using the FreeFEM++
software.
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Table 2: Results of AdaI-PINNs, M-PINN, XPINNs and PINNs frameworks for problem
shown in Section 4.1
Metrics AdaI-

PINNs
M-PINN XPINNs PINNs

Relative L2

error on K
9.92× 10−2 5.23× 10+0 4.05× 10+0 2.14× 10+1

RMSE on u,
K

O(10−3),
1.55× 10−1

O(10−1),
8.65× 10−1

O(10−1),
6.70× 10−1

O(10−1),
4.95× 10−1

MSE on JuK,
JK∇uK · nint

1.81 × 10−4,
8.44× 10−5

1.27 × 10−4,
8.87× 10−3

2.10 × 10−3,
6.58× 10−3

9.44 × 10−3,
3.03× 10−2

Maximum
absolute
error on u,
K

8.25 × 10−2,
3.54× 10−1

1.72 × 10−1,
1.87× 10+0

5.20 × 10−1,
1.18× 10+0

1.31 × 10−1,
1.15× 10+1

Relative cost
Ct

1 1.23 1.04 0.93

Training
time (s)

138.11 169.87 143.63 128.71

# of param-
eters for NN

1,802 1,804 1,804 1764

For our problem, data points were sampled from the FEM solution on
a uniform 44 × 44 grid, as shown in Figure 8. Similar to the last problem,
a Bayesian hyperparameter optimization was conducted using WandB, with
the search space outlined in Table 1. The only modification to the search
space was the number of collocation points, which were set to 400, 625, 900,
1225, and 1600.

The hyperparameter search yielded an optimal network architecture for
both u and k consisting of 5 hidden layers with 50 neurons each. This config-
uration was implemented for the AdaI-PINNs, M-PINN, and XPINNs frame-
works. For the standard PINN approach, a slightly larger architecture of 6
hidden layers with 50 neurons each was utilized. Across all frameworks, we
employed 400 collocation points and set λdata to 100, with all other weights
fixed at 1. The hyperbolic tangent function was chosen as the activation
function for all frameworks, and each model was trained for 120,000 itera-
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Figure 7: (a) FEM solution based on the specified K, boundary conditions, and interface
conditions. (b) Spatial distribution of K across the domain.

Figure 8: Uniform grid with 1,936 data points where the primary variable u is collected.

tions.
The proposed AdaI-PINNs framework demonstrated superior performance

in approximating K, achieving a relative L2 error on the order of O(10−2).
As illustrated in Figure 9 (a) and (b), the maximum absolute error of 0.84
was observed at the interface, indicating a high degree of accuracy even in
challenging regions of the domain.

In comparison, both the M-PINN and XPINN frameworks were able to
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Figure 9: Results for problem shown in Section 4.2: (a) AdaI-PINNs approximation of
K. (b) Absolute error in the AdaI-PINNs approximation. (c) M-PINN approximation of
K. (d) Absolute error in the M-PINN approximation. (e) XPINNs approximation of K.
(f) Absolute error in the XPINNs approximation. (g) PINNs approximation of K. (h)
Absolute error in the PINNs approximation.

approximate K with relative L2 errors in the order of O(10−1). The contour
plots from Figures 9(a), 9(c), 9(e), and 9(g) show that the spatial varia-
tion of K is accurately captured only by AdaI-PINNs. The standard PINNs
approach struggled significantly in this task. Its inability to accurately ap-
proximate the discontinuous primary variable u led to a consequent failure
in approximating K, highlighting the limitations of this method for problems
involving discontinuities.

A comparison of the performance metrics for each framework is presented
in Table 3. This table provides detailed information on the Root Mean Square
Error (RMSE), computational cost, and the number of parameters for each
method. Notably, the AdaI-PINNs framework not only outperforms the other
methods in terms of accuracy but also demonstrates superior efficiency in
terms of relative computational cost Ct.

The approximation accuracy of the primary variables provides further
insight into each framework’s performance, as illustrated in Figure 10. AdaI-
PINNs achieves the highest accuracy in approximating u with an RMSE of
O(10−3), while M-PINN follows with an RMSE of O(10−2). The superior
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Table 3: Results of AdaI-PINNs, M-PINN, XPINNs and PINNs framework for problem
shown in Section 4.2
Metrics AdaI-

PINNs
M-PINN XPINNs PINNs

Relative L2

error on K
9.92× 10−2 2.49× 10−1 2.90× 10−1 1.19× 10+1

RMSE on u,
K

O(10−3),
1.55× 10−1

O(10−2),
3.95× 10−1

O(10−2),
4.60× 10−1

O(10−1),
1.89× 10+1

MSE on JuK,
JK∇uK · nint

1.11 × 10−5,
3.83× 10−5

2.52 × 10−4,
2.99× 10−6

5.50 × 10−1,
2.19× 10−2

1.26 × 10−1,
2.40× 10+0

Maximum
absolute
error on u,
K

1.55 × 10−2,
8.79× 10−1

4.20 × 10−2,
1.62× 10+0

1.38 × 10−1,
9.45× 10−1

3.31 × 10−1,
1.97× 10+2

Relative cost
Ct

1 1.34 1.06 0.88

Training
time (s)

702.40 941.21 744.54 618.11

# of param-
eters for NN

20,802 20,804 20,804 12,954

performance of these frameworks extends to their handling of interface con-
ditions, as evidenced by the low interface MSE shown in Table 3. In contrast,
XPINNs exhibits larger errors at the interface due to its limitations in captur-
ing interface conditions accurately. PINNs, lacking any interface recognition
capability, fails to satisfy the interface conditions altogether.

4.3. 2D Diffusion with a circular interface

Next, we consider the Poisson equation over a 2D computational domain,
Ω = (0, 1) × (0, 1), featuring a material interface at Γint = {x : (x − 0.5)2 +
(y − 0.5)2 = 0.05}, which divides Ω into two subdomains: Ω1 = {x : (x −
0.5)2 + (y− 0.5)2 ≤ 0.05} and Ω2 = {x : (x− 0.5)2 + (y− 0.5)2 > 0.05}. The
governing equations, along with the boundary and interface conditions, are
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Figure 10: Results for problem shown in Section 4.2: (a) AdaI-PINNs approximation of
u. (b) Absolute error in the AdaI-PINNs approximation. (c) M-PINN approximation of
u. (d) Absolute error in the M-PINN approximation. (e) XPINNs approximation of u.
(f) Absolute error in the XPINNs approximation. (g) PINNs approximation of u. (h)
Absolute error in the PINNs approximation.

given by:

∇ · (Km∇um) = −10 in Ωm for m = 1,2,

u2 = 1 on ∂Ωd
2,

JuK = 0 on Γint,

JK∇uK · nint = 0 on Γint,

(8)

where ∂Ωd
2 represents the boundary sections with prescribed Dirichlet condi-

tions. The material property K follows a normal distribution, with a mean of
1 and standard deviation of 0.1 in subdomain Ω1, and a mean of 2 with the
same standard deviation in subdomain Ω2, as illustrated in Figure 11. The
solution to Equations (8) obtained using FreeFEM++ is shown in Figure 11.

From the FEM solution, data points were extracted on a 44× 44 uniform
grid, as illustrated in Figure 12, which shows the data points used for the
inverse problem. The inverse problem was solved using both AdaI-PINNs
and M-PINN, and the results were compared.

Once again, we employed a neural network architecture derived from hy-
perparameter search using WandB in this study. The network used to ap-
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Figure 11: (a) FEM solution based on the specified K, boundary conditions, and interface
conditions. (b) Spatial distribution of K across the domain.

Figure 12: Uniform grid with 1,936 data points where the primary variable u is collected.

proximate u consists of 5 hidden layers with 100 neurons each, while the
network for K is composed of 5 hidden layers with 200 neurons each. This
configuration was determined to be optimal for the problem at hand. The
scaling factor n was set to 2, and the initial adaptive activation parameters
a1u, a

2
u, a

1
K, and a2K were initialized to 0.1, 1, 0.1, and 1, respectively. The

weight for the PDE loss term, λpde, was set to 10, while all other loss terms
were weighted at 150.

For comparative purposes, we maintained the same hyperparameters for
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Figure 13: Results for problem shown in Section 4.3: (a) AdaI-PINNs approximation of
K. (b) Absolute error in the AdaI-PINNs approximation. (c) M-PINN approximation of
K. (d) Absolute error in the M-PINN approximation. (e) XPINNs approximation of K.
(f) Absolute error in the XPINNs approximation. (g) PINNs approximation of K. (h)
Absolute error in the PINNs approximation.

the M-PINNs and XPINNs frameworks. However, for the standard PINNs
approach, we used a network with 5 hidden layers and 200 neurons each, to
account for the lack of separate networks for u and K.

In the case of a circular inclusion problem, the proposed AdaI-PINNs
framework demonstrated superior performance compared to other frame-
works. As shown in Table 4, there is a clear trend of increasing relative
L2 error as we move from left to right across different frameworks, with
AdaI-PINNs exhibiting the lowest error.

The advantages of the proposed composite neural network approach be-
come particularly evident in this type of problem. Figure 13 (a) and (b)
illustrate the approximation of K using the proposed framework. Clearly,
only the proposed framework is able to capture the correct spatial variation
of the material properties. Notably, the maximum absolute error in the ap-
proximation of K by AdaI-PINNs was observed to be 0.648 at the interface,
which is a significant improvement over other methods. These results high-
light an important characteristic of our proposed framework: its performance
advantage becomes more pronounced as problem complexity increases.
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Table 4: Results of AdaI-PINNs and M-PINN framework for problem shown in Section
4.3
Metrics AdaI-

PINNs
M-PINN XPINNs PINNs

Relative L2

error on K
6.733× 10−2 1.970× 10−1 3.712× 10+0 2.622× 10+1

RMSE on u,
K

O(10−3),
1.304× 10−1

O(10−2),
3.711× 10−1

O(10−1),
6.990× 10+0

O(10−1),
4.938× 10+1

MSE on JuK,
JK∇uK · nint

3.18 × 10−6,
4.38× 10−5

6.36 × 10−5,
1.37× 10−5

4.70 × 10−3,
6.44× 10−2

5.72 × 10−1,
3.54× 10+0

Maximum
absolute
error on u,
K

1.10 × 10−2,
6.48× 10−1

1.71 × 10−2,
1.08× 10+0

1.32 × 10−1,
8.74× 10+0

1.17 × 10−1,
5.24× 10+1

Relative cost
Ct

1 1.70 1.45 0.923

Training
time (s)

1051.26 1787.14 1524.327 970.31

# of param-
eters for NN

2,02,402 2,02,404 2,02,404 1,61,604

The superior performance extends to the approximation of primary vari-
ables, as demonstrated in Figure 14. While all methods show maximum
errors on the order of O(10−1) due to the discontinuous material property,
our framework consistently achieves the lowest error at the interfaces com-
pared to other approaches.

4.4. 2D Diffusion with multiple circular interfaces

For the last problem, we consider the Poisson equation over a two-dimensional
computational domain, Ω = (0, 1) × (0, 1), featuring three distinct material
interfaces. These interfaces are defined as:

Γint1 = {x ∈ R2 : (x− 0.75)2 + (y − 0.75)2 = 0.02}, (9)

Γint2 = {x ∈ R2 : (x− 0.25)2 + (y − 0.5)2 = 0.03}, (10)

Γint3 = {x ∈ R2 : (x− 0.6)2 + (y − 0.25)2 = 0.02}. (11)
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Figure 14: Results for problem shown in Section 4.3: (a) AdaI-PINNs approximation of
u. (b) Absolute error in the AdaI-PINNs approximation. (c) M-PINN approximation of
u. (d) Absolute error in the M-PINN approximation. (e) XPINNs approximation of u.
(f) Absolute error in the XPINNs approximation. (g) PINNs approximation of u. (h)
Absolute error in the PINNs approximation.

These interfaces partition the domain Ω into four subdomains: Ω1,Ω2,Ω3,
and Ω4. Specifically, Ω1,Ω2, and Ω3 represent the subdomains enclosed by
the interfaces Γint1 ,Γint2 , and Γint3 , respectively, while Ω4 denotes the region
external to all three interfaces.

The problem is governed by the Poisson equation with heterogeneous
coefficients, subject to appropriate boundary and interface conditions. The
system of equations is given as:

∇ · (Km∇um) = −10 in Ωm, m = 1, 2, 3, 4,

u2 = 1 on ∂Ωd
4,

JuK = 0 on Γinti , i = 1, 2, 3,

JK∇uK · ninti = 0 on Γinti , i = 1, 2, 3,

(12)

where ∂Ωd
4 represents the boundary sections with prescribed Dirichlet con-

ditions, J·K denotes the jump operator across interfaces, and ninti is the unit
normal vector to the interface Γinti .

The material property K is modeled as a spatially varying random field
following a normal distribution:
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Km ∼ N (µm, σ
2), m = 1, 2, 3, 4, (13)

where µm is the mean value in subdomain Ωm, and σ is the standard de-
viation. In subdomain Ω1,Ω2 and Ω3, we have µ1 = 1 and σ = 0.1, while
in subdomain Ω4, µ2 = 2 with the same standard deviation. The spatial
distribution of K across the domain is illustrated in Figure 15(b).

The solution to the system of equations (12) was obtained using the finite
element method implemented in FreeFEM++. The resulting solution field is
shown in Figure 15(a). From the FEM solution, data points were extracted
on a 44× 44 uniform grid, as illustrated in Figure 16, which shows the data
points used for the inverse problem.

Figure 15: Numerical results: (a) FEM solution u(x) based on the specified K, boundary
conditions, and interface conditions. (b) Spatial distribution of the material property K(x)
across the domain.

A hyperparameter search yielded an optimal network architecture for the
problem at hand. For the approximation of u, we employed a network with
5 hidden layers, each containing 50 neurons. The network for K approxima-
tion consisted of 4 hidden layers with 300 neurons each. This configuration
was implemented for the AdaI-PINNs, M-PINN, and XPINNs frameworks.
To ensure a fair comparison in terms of network capacity, we adapted the
architecture for the standard PINNs approach, using 3 hidden layers with
512 neurons each, thus increasing the number of trainable parameters to a
comparable level.
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Figure 16: Uniform grid with 1,936 data points where the primary variable u is collected.

Figure 17: Results for problem shown in Section 4.1: (a) AdaI-PINNs approximation of
K. (b) Absolute error in the AdaI-PINNs approximation. (c) M-PINN approximation of
K. (d) Absolute error in the M-PINN approximation.

The results from this problem configuration follow a similar trend to our
previous experiments, with the AdaI-PINNs framework consistently outper-
forming other approaches both in terms of approximation accuracy and com-
putational efficiency. This reinforces the robustness of our proposed method
across different problem settings.
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Table 5: Results of AdaI-PINNs and M-PINN framework for problem shown in Section
4.4

Metrics AdaI-
PINNs

M-PINN XPINNs PINNs

Relative
L2 error on
K

1.319 ×
10−1

2.734 ×
10−1

2.089 ×
10+0

2.589 ×
10+0

RMSE on
u, K

O(10−3),
2.416 ×
10−1

O(10−2),
5.009 ×
10−1

O(10−1),
3.827 ×
10+0

O(10−1),
4.743 ×
10+0

MSE
on JuK,
JK∇uK ·
nint

1.09×10−4,
1.66× 10−4

7.21×10−5,
5.10× 10−4

5.94×10−3,
1.15× 10+1

2.02×10−2,
6.70× 10+1

Maximum
absolute
error on u,
K

1.12×10−2,
8.62× 10−1

2.50×10−2,
2.02× 10+0

7.02×10−2,
5.82× 10+0

7.81×10−2,
9.01× 10+0

Relative
cost Ct

1 1.53 1.38 1.12

Training
time (s)

1000.51 1530.78 1380.70 1120.57

# of pa-
rameters
for NN

2,82,502 2,82,504 2,82,504 5,27,364

While the error metrics for AdaI-PINNs and M-PINN appear to be of
similar order, a closer examination reveals significant differences in their per-
formance. As illustrated in Figure 17, the M-PINN, XPINNs, and conven-
tional PINNs frameworks all struggle to accurately capture the variation of
K. By contrast, the spatial distribution of the material properties obtained
from the proposed method closely agree with the true variation shown in
Figure 15(b).

Similar to the above examples, for the case where multiple interfaces are
present, AdaI-PINNs showcase better approximation of primary variable as
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shown in Figure 18. The MSE values at the interface conditions, presented
in Table 5, indicate that both AdaI-PINNs and M-PINN achieve the lowest
errors at the interfaces. . However, this distinction is crucial, as it highlights
that raw error metrics alone may not fully capture the nuances of model
performance, particularly in problems involving complex spatial variations.
The ability of AdaI-PINNs to more faithfully represent the underlying phys-
ical property distribution underscores its potential for applications where an
accurate representation of spatial heterogeneity is critical.

Figure 18: Results for problem shown in Section 4.1: (a) AdaI-PINNs approximation of
u. (b) Absolute error in the AdaI-PINNs approximation. (c) M-PINN approximation of
u. (d) Absolute error in the M-PINN approximation.

5. Limitations

Although the numerical examples presented in Section 4 show promising
results, it is important to highlight the limitations of the presented frame-
work. In principle, the presented framework can be readily extended to three-
dimensional problems and for cases involving multiple intersecting interfaces.
However, the computational cost of a fully three-dimensional simulation is ex-
pected to be much higher and a thorough comparison must be made with the
more conventional numerical methods (FEM-based) currently available for
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solving inverse problems to justify the use of PINNs for these problems. Ad-
ditionally, we have studied the problems only for soft constraints on boundary
and interface conditions. Applying hard constraints at the boundaries and
interfaces may further improve the accuracy of AdaI-PINNs method (see
e.g., [29]). For transient problems, involving moving interfaces, the frame-
work potentially remains effective when both the interface location and its
dynamic evolution are known a priori. However, because the interface evo-
lution will likely be governed by another partial differential equation which
depends on the gradients of the primary variable, one would end up with
coupled system of PDEs. As such, a composite neural network framework
must be used in conjunction with AdaI-PINNs for such problems (see, for
e.g., Roy et al. [22]). When the interface geometry is unknown, significant
challenges arise in accurately identifying the interface shape, which can lead
to considerable errors in enforcing interface conditions. Clearly, these topics
are beyond the scope of the current manuscript, but are important extensions
that must be considered in future research.

6. Summary

We present an innovative approach to solving inverse problems in het-
erogeneous media, specifically aimed at deducing spatially varying material
properties that are randomly distributed within a domain. Our method ex-
tends the AdaI-PINNs framework, employing composite neural networks to
approximate both primary variables and material properties across different
subdomains. The key features of our approach include two sets of parameters
for approximating primary variables and material properties, and distinct
neural networks characterized by adaptive activation functions, allowing for
variation in function slopes.

The proposed framework is compared with the state-of-the-art M-PINN,
XPINNs and the traditional PINNs framework for solving one-dimensional
and two-dimensional benchmark numerical examples. The proposed frame-
work consistently outperforms its competitors in terms of both approximation
accuracy and the computational cost. In particular, the proposed framework
yields L2 errors for the material property in the order of O(10−2), and root
mean square errors for the primary variable in the order of O(10−3). Fur-
thermore, the exact spatial distribution of the material properties obtained
using the proposed approach is found to be in close agreement with the true
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distribution, whereas MPINN, XPINNs and conventional PINNs yield sig-
nificantly worse results.

Going forward, enhancing the framework to achieve more accurate ap-
proximations of random functions and extending the approach to solve in-
verse problems where interface locations are not known a priori are of inter-
est.
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