PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: March 25, 202/
REVISED: June 14, 202}
ACCEPTED: June 17, 2024
PUBLISHED: July 4, 2024

Celestial soft currents at one-loop and their OPEs

Rishabh Bhardwaj®? and Akshay Yelleshpur Srikant ©°

@Department of Physics, Brown University,
Providence, RI 02912, U.S.A.

b Mathematical Institute, University of Oxzford,

Andrew Wiles Building, Radcliffe Observatory Quarter,
Woodstock Road, Ozford, OX2 6GG, U.K.

E-mail: rishabh_bhardwaj@brown.edu,
Akshay.YelleshpurSrikant@maths.ox.ac.uk

ABSTRACT: Conformally soft operators and their associated soft theorems on the celestial
sphere encode the low energy behaviour of bulk scattering amplitudes. They lead to an infinite
dimensional symmetry algebra of the celestial CFT at tree-level. In this paper, focusing our
attention to Yang-Mills theory, we introduce new operators in the boundary celestial CFT in
order to extend the definition of conformally soft currents to include one-loop effects. We
then compute their OPEs with other operators in the theory. We also examine new subtleties
that arise in defining OPEs of two conformally soft operators. We elucidate the connection
between the new operators and loop corrected soft theorems in the bulk. Finally, we conclude
by demonstrating how these operators fit into the framework of a logarithmic CFT.

KEYWORDS: Conformal and W Symmetry, Gauge-Gravity Correspondence, Global
Symmetries, Scattering Amplitudes

ARX1v EPRINT: 2403.10443

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP07(2024)034


https://orcid.org/0000-0001-7624-4421
https://orcid.org/0000-0003-2254-0879
mailto:rishabh_bhardwaj@brown.edu
mailto:Akshay.YelleshpurSrikant@maths.ox.ac.uk
https://doi.org/10.48550/arXiv.2403.10443
https://doi.org/10.1007/JHEP07(2024)034

Contents

1 Introduction 1
2 One-loop OPEs in Yang-Mills theory 2
3 Conformally soft operators at one-loop 7
4 OPEs of conformally soft operators at one-loop 9
4.1 Hard-soft OPEs 9
4.2  Soft-soft OPEs 10
5 Soft theorems and OPEs 11
5.1 Tree-level 11
5.2 One-loop 13
6 Loop level soft currents as logarithmic descendants 14
7 Discussion 15
A Conformal invariance of (2.13) 16

1 Introduction

The Celestial Holography program [1, 2] aims to reformulate scattering amplitudes in asymp-
totically flat spacetimes in terms of correlators of a 2D conformal field theory living on the
Celestial Sphere at null infinity. This theory — dubbed Celestial Conformal Field Theory
(CCFT) — is essentially defined in terms of the bulk S-Matrix elements and currently lacks an
independent definition.! Progress towards achieving this requires a knowledge of its spectrum
and the associated OPE coefficients. Symmetries, in addition to the eponymous conformal
symmetries, when used appropriately, typically enhance our computational prowess. This has
been the central motivation of many papers devoted to uncovering symmetries of CCF'T and
to extracting the spectrum and OPE data directly from scattering amplitudes. The collinear
limit of scattering amplitudes in the bulk probes the OPE limit in the boundary CCFT [8-10].
The leading terms in the collinear limit of amplitudes are governed by the three particle
interactions and are universal meaning that they are independent of the other particles
involved in the scattering process [11, 12]. This information can be used to compute some
OPE coefficients which contain non-trivial information about the spectrum and symmetries
of CCFT. Further information about the spectrum can be gained from conformal block
expansions of CCFT four point functions [13-17].

'Some notable exceptions are toy models of self-dual gravity in [3-7].



Singularities of the OPE coefficients are predictive of universal singularities of CCFT
correlators which dovetails with expectations from soft theorems in gauge theory and grav-
ity [18-20]. Together, they imply that the CCFT spectrum contains an infinite tower of
operators — called conformally soft operators — whose dimensions are integers less than
2 [21-23]. Such operators have been shown to form infinite dimensional symmetry algebras
— called the S-algebra in Yang-Mills [24] and the wedge subalgebra of Lwitoo-algebra in
gravity [25]. Most of these results, particularly in the case of Yang-Mills theory, are restricted
to tree-level, meaning that they are derived from properties of tree-level amplitudes. Both the
collinear limit [26-30] and the soft limit [31-37] of amplitude receive one-loop corrections in
Yang-Mills theory implying that the symmetry algebra found at tree-level is modified in some
way.? Moreover, since our approach to Celestial Holography is a bottom up one, it is crucial
that these effects can be consistently accommodated into a CFT-like framework. This informs
the twofold motivations for this paper. The first of these is to build on the results of [41] and
continue laying the groundwork necessary for understanding the effect of loop corrections on
the infinite dimensional symmetry algebras in Yang-Mills theory. Secondly, it is to understand
how the spectrum of CCFT must be modified to accommodate the loop corrections in the bulk.

The paper is structured as follows. We start section 2 by reviewing one-loop corrections
to the collinear limit and the corresponding OPE coefficients. We then present new formulas
for OPE coefficients which include all right moving descendants. These formulas are implied
by conformal symmetry from the ones derived in [41]. In section 3, we explain how to
define conformally soft operators in the presence of loop corrections and explore the OPEs
of these operators with other hard operators in section 4.1. We move to discussing OPEs
of two conformally soft operators. Here, we find that they are ill defined at loop level due
to ambiguities involving orders of limits. We demonstrate this explicitly in section 4.2. In
section 5, we explain how the loop corrected soft theorems can be phrased in terms of the
conformally soft operators defined in the previous sections and in section 6, we explore the
log-CFT like structure of conformally soft operators and end with some discussion in section 7.

Note added. While this work was in progress, we became aware of [42] which has some
overlapping results, in particular the formula (2.17) for the OPE including descendants
and parts of section 3.

2  One-loop OPEs in Yang-Mills theory

The focus of this paper is on celestial amplitudes of gluons at one-loop. In the interest of
increasing readability of expressions, we will work in the context of supersymmetric Yang-
Mills theory. In addition to simplifying many of the formulas that appear in this paper,
it is also of interest in its own right [43]. Most of the results of this paper generalize in a
straightforward manner to non supersymmetric Yang-Mills and we will comment on this
when relevant. Celestial amplitudes (denoted by A,,) are Mellin transforms of momentum
space scattering amplitudes (denoted by A,) and thus inherit many of their structures. There

2In gravitational theories, such effects are intimately tied to the fundamental properties of CCFT via the
stress tensor. This has been explored in [38—40].



are two structures which are of primary relevance to this paper. The first of these is the
perturbative expansion in the coupling constant

o
A (p1,01;. . pnyon) = g™ 2 Z aLA;L) (p1,015 - Pny0On) , (2.1)
L=0

where g is the Yang-Mills coupling constant, a = a (47e™7%)° with a = 982 gﬂ the 't Hooft
coupling, € = 4 — D the dimensional regularization parameter, {p1,...p,} the momenta of the
external gluons, o; = +1 their helicities. The second is the decomposition of these amplitudes

into colour ordered partial amplitudes. At tree-level, this takes the form

Agl()) _ gn—2 Z Tr [Tas(l) o Tas(")] AglO),as(l)...as(n)’ (22)
SeSn/Zn

where T are the generators of SU(V,) in the fundamental representation and S,,/Z,, are
the non cyclic permutations of {1,...,n}. We’ve suppressed the kinematic dependence on
both sides. Aﬁlo)’al"'a" are gauge invariant, colour ordered partial amplitude given by the
Parke-Taylor formula. This decomposition is modified for one-loop amplitudes and reads

[5]+1
AV =g 205 g 30 Gre (s) Al mtem, (2.3)
R c=1 s€8n/Sn;c

where ng = 1 for particles in the adjoint representation and ng = N% for particles in the
fundamental representation. Furthermore,

Tr [T ... T%m] c=1

Grp, (s) = (2.4)

L e o] T Teo L Taw] e 1
NC

and Sy is the set of permutations which leave Gr,.. invariant. It can be shown that A,..
for ¢ > 1 can be expressed as linear combinations of the various A,.;. Thus, is suffices
to focus only on this trace structure. We will often omit the colour indices entirely but
it should be understood that we are always working with the colour ordered amplitude.
Combining the perturbative expansion in (2.1) and the colour decomposition allows us to
define colour ordered Celestial amplitudes

fl?(lL) (A1,015...5 8, 0) = / H dw; wiAFl .AT(ZL) (p1,015 .+ DnyOn) (2.5)
0 ;0

where we have parameterized an outgoing massless four-momentum of an external gluon as

Aw _ . _ _
Py = - (L zizizi+ Z, =iz = 7)1 = ziz). (2.6)

Here A is a new parameter that has dimensions of energy and w is kept dimensionless for
the Mellin integral to make sense dimensionally. The expression as written, is valid in a
(+,—, —, —) signature bulk spacetime and expressions for other signatures can be obtained
by suitable analytic continuation. Throughout, we will assume all particles to be outgoing.



The following spinor helicity variables and their Lorentz invariant contractions will be of
use later in the paper:

2 Zi

(i) = AVwiwjzig, ] = AV/wiwz;

where z;; = z; — z;. We will identify the celestial amplitude with a CCFT correlator

Ai:mﬁ), xi:m(}) @)

A, (A1 0155 A, 0n) = (Oay 0y (21,21) - .- Ony o, (205 Zn)) - (2.8)
This identification implies that the OPEs can be computed from collinear limits. We are
interested in the OPEs of gluon operators in supersymmetric Yang-Mills theories. These
OPEs are special cases of the more general ones studied in [41]. In the collinear limit,
p1 - p2 — 0, tree-level amplitude behaves as

AD (p,+ip, 45 L L 4O

Tz B, (2.9)

where p; = tP,ps = (1 —t)P is a parametrization of the collinear limit. The above behaviour
is universal in the sense that it is independent of the identities of particles 3,...,n. One-loop
gluon amplitudes also exhibit universal behaviour [11, 26-30, 44-46]. This is particularly
simple in supersymmetric theories where it takes on the form?

(1 o4 M2 1 0 py n 4O (p 4. 51
An (p1)+7p27+a"') t(l—t><12> {‘An—l( ,+,...)—|—G An—l( 7+7"')]7 ( 0)
with
_ 1 12 € 2

where s12 = (12) [21] and

. eI+ eI%(1—¢)
T= % Ta-20

(2.12)

and € = % is the dimensional regularization parameter. The OPE follows from Mellin
transforming the above relation. At this stage, it is useful to deviate from the analysis
of [41] by considering the holomorphic collinear limit. This is possible by either formally
complexifying the celestial sphere variables or by working in split signature spacetime. In
either case, the holomorphic collinear limit refers to z12 — 0 and Zz19 arbitrary. The details of

this derivation are very similar to [24, 41] and we merely present the result*

2 rabc 2 N €
goif T Qacr -1 .
OZI,‘F OZQ7+ ~ 1o [(1 — Oé6> Xf — 672 <’z12|2> ch + 2&6I‘X§1 y (213)

3This can be obtained from the equations in [41] by restricting to the case of equal number of bosons
and fermions.

“We have dropped all terms corresponding to UV renormalization everywhere in this paper since they do
not involve independent coefficients. It is straightforward to reintroduce them at any stage.



where f%¢ is the SU(N) structure constant, ]212|2 = 212712,

X = /01 dT (A1, Ag) OR (22,22 +tZ12), X§ = 0,0, /01 dT (A1, Ag) OR (22,22 +tZ12),
X5 = /0 AT (A1 — 26 Mg — 26) O% . (2,50 + t513). (2.14)
and we have defined a new measure d7 (a, b) and conformal dimension A for brevity. These are

dT (a,b) = dtt*2(1—t)>"2 A=A +Ay—1. (2.15)

In writing (2.13), we have suppressed the coordinate dependence on both sides and set
A = p. Tt should be understood that the operators are inserted at z1, zo and the coordinate
dependence of the r.h.s. of the OPE is explicit in (2.14). (2.13) constitutes an OPE block
in the z coordinate, i.e. it includes all the z descendants. This can be easily seen by Taylor
expanding each of the integrands in (2.14) in ¢ and performing the resulting integrals:

X —m _

xi=3% %B(Al — 14 m, Ay — 1) 0"O% (22, %) ,
m=0 """
o0 -m —

X5=> ﬁB (A1 —1+m—2¢, Ay —1—2€6) 0"OX_o (22, 22) (2.16)
m=0 """

c > 5{% am mc 3,

X§=) 108,088 (A =1+4m, Ay —1)0™OR (22, 22),

m=0 """

where 0 = 6%2' This OPE is invariant under conformal transformations of the z coordinate
as shown in appendix A. We can now connect with the results of [41], by performing a series
expansion in € and keeping terms upto O(1). This gives

- 2 rabc
a ig” f a /(1 1) A 1) A .
0%, O, , ~ - [1+ 5(0&1 + O Dry + O DY, )| X (2.17)

iq? fabe a R R el _ _
() st )] Oy,
m=0

This formula has also been derived in [42]. We have suppressed all arguments of the OPE
coefficients — a practice we will maintain throughout this paper. In particular, note that

CJ(FO) is a function of m and must be retained within the summation. Explicit expressions
for these are

1 2 2
Con = Hol + S5, Sk = a2t C?E - %E> Hyl) = —% + 202,05, (2.18)
1 1 1 0

where ﬁij is the “covariant derivative” operator
. 1
Dij=0a, +0a, +0a+ 5l (= 12%). (2.19)

This is a natural object that transforms covariantly under conformal transformation in the
OPE limit z;j,z;; — 0. We must append the definition (2.19) with following prescription:



prior to differentiation, assume that A is independent of Ay, Ag and set A = A1 + Ay — 1
only thereafter. This implies that da;,da; do not act on Ox. The following example is
illustrative of this rule:

5 (A0 c _ c _ 1 _ A%\
D1z <C+ (m) OR (22, 22)) =07+ (22,22) { Oa, +0a; + 5 In %%y ct

+ Y0708 4 (22,%) | (2.20)

A=A1+Ag—1
The formula for the OPE in (2.17) is the analog of the formula presented in [41] but enhanced
to include all z descendants. More concretely, we reproduce the supersymmetric version of
(3.35) of [41] if we keep only the m = 0 term in (2.17).

Loop integrals in Yang-Mills theory are IR divergent and need to be regularized. Dimen-
sional regularization has been employed in writing all the expressions presented thus far in
this paper. This divergence carries over to the collinear limits and consequently the OPEs.
The coefficients Sé}}r,Cf}_)F in (2.18) diverge as ¢ — 0. We can extract an IR-finite OPE
from (2.17) by taking inspiration from the hard-soft factorization of gauge theory amplitudes
and introducing the following decomposition of the gluon operators [47]:

O& 4(2,2) = [Vi(z, DG HE 1 (2, %) (2:21)

At this stage, it is worth pausing here to sort out some terminology while simultaneously
highlighting the salient features of the decomposition above. The operators [V(z, 2)|%
reproduce the IR divergent part of the OPE?

It At a a
PVl Vaalh ~ 7 (14 G580+ G0 0w (<o) ) Vle. (222

with S((),l—)kv C’gj_ defined in (2.18). This renders the OPE of the Hg/,ﬁ(z, z) operators finite.
In [41], these were termed “hard” operators which was meant to indicate that they do not
include the IR divergences arising from soft and collinear configurations of loop momenta.
In the context of this paper, this terminology is potentially confusing since we will consider
taking the momenta of the external particles soft (and the corresponding conformally soft
limits). The OPEs involving H “,7 , are certainly singular in this limit, as they are manifestly
so in the similar collinear limit. We will thus refer to the H ZZ + as IR finite operators. Finally,

note that the conformal dimension A’ of HZ/,, (2, 2) is shifted from that of Oa  and the

two are related by A’ = A + %Cfli Since the majority of this paper will deal with OPEs
of the IR finite operators, we will disregard this distinction and drop the prime over the
dimension of the IR finite operators. Their OPE is,

a b iQQfabc a7T2 N2 ! c = >
HA17+HA27+N 19 1— 24 +a8A18A2—aD12 /0dT(Al,AQ)HAHr(22,22+t212)

(2.23)

5Here too, we have dropped all terms corresponding to UV renormalization effects.



We can now explicitly evaluate all of these integrals by Taylor expanding the operator in
the integrand in ¢. This gives

- 2 rabc °  zm
ig° f z =
212 Z ﬁ {Gl +G20n + Gg@i] 8mHZ7+’
m=0 :

HY, (HY, , ~ (2.24)

A=A 4+As—1

where

am® @ 2 2 2 (0)
Gr=|1- 21 2 log” |z12]” — a [Oéoz + azo+ (1,0 + o) log |z12]” + 041,1} Cy

1
Go = —2a CJ(P) (al,o + a1 + 3 log \212\2> , Gs = —a CJ(FO) (2.25)
and the «;; are the integrals

1 ! —2+m - % j
Qij = C(O)/o dt 2172 (1 — £)2272 Jogi tlog? (1 — t). (2.26)
+

This integral can be evaluated explicitly expressions for all relevant cases.

azo = afo+ 9P (A +m—1) =y (A + Ay +m - 2) (2.27)
a0z =g, + W (A — 1) =W (A + Ay + m — 2)

a10 =00 (A +m—1) =90 (A + Ay +m —2)

aop =9 (A2 —1) =@ (A1 + Ay +m —2)

Here,
k

YW (z) = P

are the polygamma functions. We reemphasize that the finiteness we are referring to is

log (I'(x)), (2.28)

only the behaviour as € — 0. Indeed, (2.23) is manifestly singular as the external particles
become collinear z15 — 0 and as we will see in the next section, it also exhibits singularities
corresponding to external particles becoming soft.

3 Conformally soft operators at one-loop

Conformally soft operators capture the soft behaviour of amplitudes. The OPEs of such
operators with hard operators capture key features of soft theorems and the OPEs with other
conformally soft operators reveal symmetry algebras of the underlying theory. This is well
studied at tree-level and before attempting to generalize these operators to loop level, it is
instructive to first review various aspects of such operators at tree-level. Let us start with
motivating their definition from the OPE (2.23), which when restricted to tree-level reads
ingabc o Eg

> —B (Ar =14+ m, Ay —1) I"HR ypn, 14 (3.1)

HY, (21,71)HX, (22, 72) ~

Z12 m=0

Focusing on the singularity structure of OPE in A;, the Beta function on the r.h.s. of
the OPE has poles at all integer values of A less than 1. Consistency of the OPE now



implies that all tree-level correlators in Yang-Mills theory must have these poles. This is
guaranteed by the soft theorems and this motivates the following definition of conformally
soft operators [10, 24](valid only at tree-level)

Rk = lim e iy . (3.2)
This ¢ is distinct from € used in the previous section as a dimensional regulator. The extra
superscript “1” is meant to indicate that this operator corresponds to a simple pole. We
follow this logic and define conformally soft operators at one-loop by looking at the singularity
structure of the (2.23). First, we note that the r.h.s. has double and triple poles in A; due to
the terms involving single and double derivatives of the Euler Beta function. Thus consistency
once again requires that all 1-loop correlators in Yang-Mills theory have double and triple
poles and we can define a family of three conformally soft operators

1
ROV (z,2) = S Iim 2 Hy . 1 (2,2)  R%(2,2) = lim 0-(*HYy. 4 (2, 2))
R*3a(z z) = ii_rf%)(Engnga,Jr(zv Z)) &9

These definitions capture the expectation that the operator can be schematically written as

R(k,?;),a R(k,2),a R(k,l),a
+ =+ .

Higpeq ~ 23 e (3:4)

€
Furthermore, R*14(z, 2) reduces to the tree-level soft current in the absence of loop-
corrections while R4 (z, z), R%3)2(z 2) vanish at tree-level since correlators only have

simple poles in A;. Thus
R(k,l)a(27 5) ~ R(k’l)a(z’ 2)|tree + aR(k’l)a(27 5)!1-1001),
RE2%(z,2) ~ O(a),  R*%(z,2) ~ O(a). (3:5)

As always, the above equations are meant to be understood as statements about all correlators
involving these operators. This schematic will prove to be useful in 4.2.

We conclude this section with a discussion of how IR divergences can be included in
conformally soft operators. The definition of conformally soft operators (3.3) is based on the
IR finite operators H& +- Naturally, any OPEs involving them will be free of IR divergences

— a fact that will be shown explicitly in the next section. An ostensibly inequivalent definition
of these operators based on the bare operators O}

+ is
n(k',3)a 2\ — 1: 3ma =
R (Z¢ Z) = ‘11_13(1)6 Ok’-‘,—e,—f— (Z, Z) ’ (36)
with R*"Da R(F.2)a defined analogously. However, such operators are simply related to
the ones in (3.5) by
RWa (5 2) =V, (2,2) R*Y (2,2), K =k- %Cﬂ, (3.7)
as expected from the decomposition (2.21). The relative shift in the location of the singularities

can be explained as by recalling that the decomposition in (2.21) is based on the factorization
of the amplitude into soft and hard factors which takes the schematic form

Ap = Z [[wi " Han (3.8)



We refer the reader to [41] for more details. The singularities of the corresponding Celestial
amplitude are thus located at A + %C{OJ)F = k where k = 1,0,—1,... justifying (3.7).

4 OPEs of conformally soft operators at one-loop

Having defined conformally soft operators at one-loop (3.3), we can now compute their OPEs
with hard gluon operators and with themselves. At tree-level, the soft operators satisfy current
algebras as shown in [9, 24]. They can thus be thought of as currents and knowing the OPE
of these currents with the hard operators is equivalent to knowing how they transform under
these symmetries. The Ward identities corresponding to these symmetries are equivalent
to the soft theorems. All of these statements are expected to receive loop corrections. In
particular, it is interesting to understand how the symmetry algebra observed at tree-level
is modified by loop corrections. The first step in answering this question is to compute the
one-loop corrections to the OPEs of soft operators. We will first compute the OPE of one
hard and one soft operator before moving on to the OPE of two soft operators.

4.1 Hard-soft OPEs

It is helpful to start by outlining how the OPE of a conformally soft gluon with a hard one
can be obtained at tree-level. This is done by taking the limit in (3.2) on (3.1). Equivalently,
we simply expand both sides in € and equate the coeflicients of é, resulting in

RY(21,21)HR, 1. (22, 22) = limy eHp . (z1,21)HY, + (22, %) (4.1)
2ifobbc 1-k 2{%
m C —
AT > — 90 (m) 05 HR, 411 1 (22, 22),

m=0 ’

~

where

F'3—k—m—Ay)
(2—k—m)T(2—Ay)
This procedure is now easily generalized to all the terms in the one-loop OPE (2.24) which

has, in addition to the simple pole in e, double and triple poles. The OPE of R*"® with a

hard gluon is extracted by equating the coefficient of & on both sides. This gives

87/

Go = lim e ¥ = - (4.2)

(k. 1)a 17t 21 f% N EB Ty | L) W52 | gm e
R™Y%HA, L~ g o Z puer) Gi7 + Gy 0n, +0G3 07, |05 HA, 111+
m=0 :

. 1—k —
R2)a b 211"~ A (60 o@g |ompe
Aot ™ 9 Z ! gl +g2 Ao | Yzo T Ag+k—1,+

Z12 m=0 m!
Z'fabc 1-k Zm 3
> mﬁlgi JOmH, (4.3)

m=0 """

R(k,3)aHb ~ 2
Aoyt ™ 9 219

The gi(j ) are the coefficients of E% in the Laurent series expansion of the G; defined in (2.25).

A direct computation yields

2
1 _ (L2 2, ™ 2\ (0 02 _ ¢
G’ =G [1 a (4 log (|212| ) + ol + log (]212] ) U 4+ ()2 — o ,

1
gél) = —2a go |:‘I/(O) + 5 log (|212|2):| 3 g£2) = agO (log |212|2 - \II(0)>

g{? = —26{V = —g¥ = 24, (4.4)



the following combination of Polygamma functions

T = (2 = Ag) —p™M (B —k —m — Ay), (4.5)
appears ubiquitously in the above equations. An explicit formula can be given for the OPE
coefficients since k, m are integers:

—(k+m) s=—(k+m)

Z [T @-2Ar+s) (4.6)

r=0 s=0,s#r

©) _ _
Go ¥ r(2-—

Finally, we can include the effects of IR divergences by considering the OPEs of the opera-
tors (3.7) which are closely related to the OPEs (4.3). The IR divergent terms (terms which
diverge as the dimensional regularization parameter ¢ — 0) are displayed in the equation
below. The finite terms in this OPE are identical to that in (4.3) and we have suppressed them

2fabc 1-k —-m

. 1 1
R=Dey 19 > g, {—2+ <CE+2‘1’(0)+10g|212\2+8mﬂam0A2 HO()
€ €

Azt 2219 m—0 m!
k.2)a b ag®ife X 2
REDa0h |~ > 3G 0504,  +O(&)
€ Z12 m—0
RED20h | ~O(). (4.7)

4.2 Soft-soft OPEs

The second set of OPEs that we can extract from (2.23) are the ones between two conformally
soft operators. Multiple soft insertions are generally ill defined since soft limits do not
commute.b Tt is helpful to first briefly review how this can be a potential obstruction to
defining the OPE of two soft currents even at tree-level. This argument was presented
in [48] where the author considered various ways of approaching the soft limit of (3.1) and
defined the operators

1,0 — 1: k1) — 1
R! >a:§%gmﬂf+m,+, R = lim 7 iy e (4.8)

where k,l = 1,0,—1,.... Here, 11,72 are the variables which parametrize the rates of
approaching the conformally soft limit. The OPE (at tree-level) of these two operators is

R(l’l)’“R(k’l)’bE;%627)1772Hf+n15,+(21751)H£+nze,+(z2v52) (4.9)
- 2 pabe 11 1-k e
igf 2—k—Il—m\ (=1) [=2+m\| 213 5m p(kti— L1)e
#12 mz::oK 1=k " 1+% m:;kfl 1=k m‘a !

A striking feature of this formula is the dependence of the OPE coefficients on 7,72 for
m > 3 — k — [. This indicates that the OPE coeflicients are not independent of the way in

which the conformally soft limit is approached. Consequently, the OPE coefficients would not

I<:+l—1,l)c(

be well defined. However, the soft current R( 29, Z2) is a polynomial of degree 1 —k—1

5There are some exceptions to this statement for currents with k,! = 1, 0.

,10,



in the collinear limit considered here. All terms with m > 3 — k — [ thus vanish since the
derivative annihilates the soft operator. The OPEs of two soft operators are thus well defined.

We can now include loop corrections and repeat the above analysis. At first glance,
there seem to be 9 different OPEs between the three conformally soft operators R*:1:e
Rk:2)a  R(k3).a corresponding to the 9 possible pairs {R(k’m)’“, R(l’”)’“}. However, double
and triple poles are loop effects and any correlator with higher order poles in two conformal
dimensions must necessarily be O(a?), where a is the ‘t Hooft coupling. These cannot be
reliably computed solely from one-loop OPEs which only involve O(a) corrections. This is
also made clear from the schematic (3.5). Thus, the only relevant OPEs are

__ M e
Rma pk,1)b — m lﬂ% 8? m (53H1a+n15,+) 852 (53H12+1725,+) , m=1,23. (4.10)
RGD R OPE. We can obtain this OPE simply by equating the coefficients of E% in
the Laurent expansion of both sides of (2.23). We will present results only for (k,1) =
(1,1),(1,0),(0,0) which serves to demonstrate the dependence of these OPEs on the order
of limits. The relevant OPEs are as follows

- 2 rabc 2 2,33
a ig°f c T 10m“nyn 1 _ .
RODAROD? 2 [ROD g of (o4 (S o+ o i) ) RO

212
2,33
_ %ﬂbg Ru,z),c}] 7 (4.11)
(m +n2)
. 9 rab 2 2.3,3 37,2 2
RODapb igmf [R(OJ),C + a{ <7r 107 7717726 _m (11 + 5o +510772) log (z12212)
212 12 (m +n2) 2(m + n2)
1 _ i (n? 4+ 5mne + 10m3)
11oe2 RO, _ MU 2) p(0.2)c
+ 1108 (212z12)> 2071 + 112)°
24,3, 3
_ WR(O,?)),CH 7 (4.12)
(m +n2)

2 rabc 2 2,,3,,3
(0’1)»(1 (0’1)»b ~ 9 f 2 508 |: (71’1)70 {(77 M _ 11 P
R R o ( + 2128) R +a 9 + (771 n 772)6 1 Og(zlgzlz)

1 ~ - B 56+ m2)ming
L )R( Le _ p=12).e _ 20T TN o 13”” . (413
1 0g”(z12212) (1 + 172)6 ( )

5 Soft theorems and OPEs

5.1 Tree-level

The tree-level OPE (3.1) suggests that all correlators have simple poles at A =1,0,—1,....
To see that this is indeed the case, we consider the quantity lima, 5 (A1 — k) A,. A non
zero result would confirm the presence of a pole. Using the definition of the celestial
amplitude (2.5) and the identity

lim (A — k) wb ™ =6 (wp) Wb, (5.1)
Al—)k?
we arrive at
lim (Ay — k) A, = b1 / AT 2
Airi)lk( 1—k)A /dwlé(wl)wl gdw w; A (5.2)

— 11 —



The w; integral is now completely determined by the soft behaviour (in wy) of the scattering
amplitudes which is given by

w1 1 1 7
Apyr 222 ( SO 4,951 )A +Zs< §:10) (5.3)
=1

w1

For Yang-Mills, the leading and subleading soft terms in this expansion are universal [18, 20].
Rewritten in the notation of this paper, they are

1 Zn2

(0)

T2 4

S+ 2 212”7n1 ’ (5 )
1 _ 1 1 < 0 0 > 1 ( i ~ a)]

Sy = 5 L2212 09 + wo— 9rs + Zi25=— 9% + . Op + Wwp oo + Z1n IR (5.5)

These factors are to be understood as acting on the colour ordered amplitudes. The trace
decomposition of the amplitude (2.2) implies that the soft factor acting on the full amplitude
takes the form

) s £a1a5€e ) 'falaie 8 a
S(O)alale _ if S(l)alale _ 7 ( > 56
+ QZM' ’ + QZM' Wy 7t Wig 8w + le 0z zZ9 ’ ( )

the above coloured soft-factors can be worked out in the DDM basis [49] in which any
tree-level amplitude can be written as

Azl"'a"’(o) = agn72 Z f‘ll‘lS@)b1 fb1a8(3)b2 . fb"*3as("—1)a"A£LO)[15(2)5(3) oo s(n—1)n].
SESn—2

(5.7)
Note that while S is just a multiplicative factor, SM) is a differential operator acting
on the n point amplitude. The rest of the terms in this expansion are not universal, i.e.
the Br(f) are theory specific functions that cannot be expressed in terms of the lower point
amplitudes. However, for MHV amplitudes (and for the collinear part of any amplitude),
all terms are universal and we can write

Anir’ = ( > wits® ) A (5:8)

k=—00

where the S*) do not depend on w;. We refer to [50] for an explicit expression of these
factors, to [19] for a slightly more elaborate discussion on the meaning of “collinear part”.
For the rest of this paper, we will focus on MHV amplitudes and drop the superscript
with the understanding that all the statements made here can be extended to the collinear
parts of any amplitude beyond MHV. We are now in a position to perform the w; integral
n (5.2), which yields

lim (A; —k) A, = S®A, 1 #£0, (5.9)

A1—>

thereby demonstrating the presence of simple poles in correlators at Ay = k. The S*) are
now operators acting on celestial amplitudes. The operators acting on colour ordered celestial

— 12 —



amplitudes can be inferred from (5.4) to be

~ 1 =z 2
S(O) i n , 5.10
+ 2 Z212%n1 ( )
~ 171 0 1 0 ,
Ssrl) =5 { <02 +1—Ay+ 212) e 92 <0n +1-A,+ zln) e_dAn} ,
2 212 0% Z1n 0%z,

and from (5.10) the coloured soft factors are given as

GOaraie _ ifee S’(j)alaie _afnee (

+ B ’ 2215

0
oi+1—A4A;+ 211‘) e 0a;, (5.11)
221,

0z;
Vie {2,...,n}. It can be explicitly seen here that these satisfy
5,5\ = 9251 = 0. (5.12)

Finally, note that the leading (and subleading) soft limit commutes with the collinear limit.
This is easy to see since we recover the soft theorems by applying the soft-hard OPE (4.1)
within a correlator, i.e

Rl,al V92 _ o 2ifa1azc - - - 13
(21,2’1) A27i(2’2,2’2)... 1 Ag,:l:(ZQ’ZQ)"' ( . )
21:]00,1(126

(RO (21, 2) HE, (22, %2) ... ) ~ —g (141 = Ao + 2120z,) (Ha,_1 4 (22,5) - ),

212

which agrees with (5.11).

5.2 One-loop

At one-loop level in Yang-Mills theory, even the leading soft theorem is corrected. This was
first derived in [31]. Adapted to the notations of this paper, it reads

AL a8 g0 (1) 4 g0 1oop 4(0) (5.14)
where Ssro) is the tree-level soft factor defined in (5.10) and Sf)’l'loop is the one-loop correction
given by

2 €
S(O),l—loop _ _S(O)ci —H"Sn2 e 515
+ T2\ s19801 sin e ( )

= —SSFO)CI‘ (612 + %log <_st‘i"12> + %log2 (;(i;?) + 72;) + O(e).
Here s;; = (ij) [ji]. Rewriting the soft factor in the parametrization (2.6), it takes the form
(0),1-loop acr 7o, |1 w1 — |an|2 2 — |zn2|2
5 T 2w z1221m [62+6+Elog <|212|2 \zn1\2> - <€+log (\21212 Iznﬂz)) ose

1 *‘ZHZ‘Q 2
+ = log? ( +2log“w |. (5.16)
2 212/ |21

,13,



The conformally soft operators R¥:1)-@ R(k:2)a and R(*:3)a in (3.3) were defined such that
. . 11 log? :

they corresponded to extracting the coefficients of -, @&t and ©% L respectively. We can

thus extract the following three conformally soft theorems for colour ordered amplitudes

from (5.14), (5.15)

<R(171)0A27+ . e OAn,+> == <0A2’+ . e OAH’+> (517)

1 21 1 _ 2 1 _ 2
x G l—aep (G + 5+ log % + 5 log? % :
2 z1221n 6 € € |z12]° |20t 2 1212 |21

2
RUDoO, ... O S I ] Opnr ... O
< Bzt A’L’+> 2 zipan 212 |21 | (Onas Aut)

(Ot Onpt) -

Z2n

(1,3) 2
<R OAQ’_;,_ PN OAn,+> = —ag cr 212%1m
These are the conformally soft theorems at one-loop for Yang-Mills theory. We conclude
this section by noting some properties of the soft limits and currents. Firstly, the leading
soft limit and the collinear limit fail to commute. This can be seen by computing the
holomorphic collinear limit of (5.17) and comparing the result with the OPEs in (4.7), (4.3).
Secondly, these currents are clearly not polynomials in z; and consequently do not satisfy
equations similar to (5.12).

6 Loop level soft currents as logarithmic descendants

The OPE in (2.23) involves terms which depend on log |z12|%, with |z12|? being the separation
of the two operators on the celestial sphere. It was already pointed out in [41] that this raised
the possibility of the CCFT being similar to a logarithmic CFT. In fact, it has also been
noted that such structures arise even at tree-level in theories with dynamical gravity [51].
Such CFT, which was first discussed in [52] are characterized by the property that the
Dilatation operator is non-diagonalizable. Consequently, states are organised in logarithmic
multiplets. A multiplet of rank r > 1 [53] is built on the top of r primary operators with
identical conformal dimension. These operators mix under the action of the dilatation
operator rendering it non-diagonalizable. In this section, we will demonstrate that the soft
currents R&D, RE2) R(K:3) form a rank-2 logarithmic multiplet. In order to do this, we first
briefly flesh out the transformation properties of various operators in a logarithmic CFT.
We will denote a logarithmic multiplet of rank r involving primaries with conformal
dimension A and spin J by the boldfaced symbol O} ; (z,Z). Elements of this multiplet will

be denoted by ng) ;(2,2) with a =1,...7 + 1. Under a conformal transformation,
z— 2 = f(2), z =7 = f(2), (6.1)
an element of this multiplet transforms as

A-T < logb_“|8z’|2

a _ a _ A+J (5=
O(A?J (2,2) — Og’} (z',2') = (07') + (82’) b= a)

b=a

— 14 —



A natural way of constructing such a multiplet is by appending to a primary operator,

derivatives w.r.t. its conformal dimension [53, 54]. Explicitly, OXI)J = (r_la),ag—ao(A”J and

1 T — 1 1 r
(r — a)!aA aO(A,)J: R r!aAOA,J} : (6.3)

Returning now to CCFT, we recall that the soft currents are defined by

I )
G B0 (P H e (52), m= 1,23 (6.4)

o 1 1

REma(z z) =

The transformation properties of these operators follow from those of H& + which transforms
as a primary conformal dimension A and spin 1. This in turn follows from (2.21) after
recalling that the operator V, (z, Z) is a vertex operator which transforms as a primary with
weight —%C{ll (cf. (2.18). Note that here, we have exchanged the labels A and A’ in line
with the previous sections of this paper. Thus

REme (5 7) lim 05~ ((92)" 7 (02)" T P HELL(2,2))

(3—m)! e—0
1 S 3Im3m
(3—m)!il—r>r(l) z% <

r=

) )6; {(8zl)k+e+1 (62,)k+8_1] 8§_m_7~ (53Hk+s,+ (Z,E))

3—m

o Nnk+1 _Nnk—1 l r 712 1 . 3—m—r {3

=(02")""" (97") 7;) _ log" |97 [Epm—r ;%85 (5 Hk+€(z,zb))
3—m

= (82')k+1 (82')’671 Z %logr |8z’|2 Rkma(, 7)
r=0 "

which is precisely the transformation law (6.2), thus showing that the three soft currents
form a logarithmic multiplet.

7 Discussion

In this paper, we have investigated a number of properties of soft currents. In 6, we
demonstrated some properties of CCFT which are suggestive of it being a logarithmic CFT.
This structure can be further probed/ harnessed in a few ways. The first is by noting that
logarithmic multiplets are appear as conformal resonance states or partial waves in the
conformal block decomposition of correlations functions [53]. This is true even when none of
the external states in the correlators is a logarithmic primary operator or its descendants.
A conformal block analysis of the loop level gluon CCFT correlators obtained in [41, 55—
57] should thus involve logarithmic blocks. We could also attempt to harness the logCFT
structure. The one-loop soft currents seem to form logarithmic multiplets but fail to satisfy
the naive null state equations of their tree-level counterparts. It would be interesting
to see if the analysis of [58-60] can be extended to include null states logarithmic CFTs
[53, 54, 61, 62] and if the soft theorems can be deduced from them. Finally, holographic
logarithmic CFTs are well known in the AdS/CFT literature [63, 64]. They arise from
non-local actions in the bulk, particularly in the context of the so-called replica trick of
the AdS/CFT correspondence [64] (see [53] for a brief review). It is thus captivating to

,15,



explore further, their origins and applications in celestial holography where they have been
derived from local bulk theories [41, 51].

In section 4.2, we have shown that simultaneous conformal soft limits are ill defined.
However, it should be noted that this isn’t necessarily an obstruction to understanding how
the S—algebra is modified at one-loop. The action of symmetries can be consistently defined
by consecutive soft limits [48]. The presence of logarithms complicates this analysis. For
example, unlike the tree-level case it is not clear whether the conformally soft operators
R(k-m) (z,Z) can be mode expanded as a polynomial in z, the presence of logarithms in the
OPE of primary operators perhaps could hinder the possibility of having a holomorphic mode
expansion. Therefore, the usual CFT definition of a commutator of distinct local operators
as a contour integral of an OPE does not apply. One would instead need to work with a
more primitive definition of a commutator of two mode operators. This has been extensively
discussed in [65] in the context of OPE of the stress tensor and its logarithmic partner. Also
it is worth noting that in our work we speculate that at ¢-loop conformally soft currents form
a rank ¢ 4+ 1 logarithmic multiplet. At the same time, in section 4.2 we explicitly showed
that these operators fail to define an OPE amongst themselves, thus tend to be non-local in
nature. Such non-local logarithmic operators have previously been studied by Cardy in the
context of certain critical limits of central charges in ordinary CFTs [66]. We hope to shed
further light on both the extension to the S-algebra beyond tree-level and the relationship
to logarithmic CFTs sometime in the near future.

Finally, it would be interesting to extend our work to gravity. In this case, it is
understood that the leading collinear behaviour and the leading soft behaviour are tree-level
exact [31, 32, 67]. The sub-leading soft theorem receives logarithmic corrections implying
the existence of operators analogous to R® ™) We can thus hope to repeat our analysis
here and work out the OPEs and algebras satisfied by the operators R*™) . We hope to
analyze all of this carefully in future work.
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A Conformal invariance of (2.13)

We check the invariance of (2.13) under infinitesimal SL(2,R)z x SL(2,R)g conformal trans-
formations. As the left and the right sectors are independent of each other, we perform our
analysis for the SL(2,R)p sector, the derivation for the SL(2,R), sector follows identically.

An infinitesimal SL(2,R)g conformal transformation on an operator of conformal weight
(h,h) is defined as

0:0,1(2,2) = (205 + h:2) 0, (2, %) . (A1)
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The Lh.s. of (2.13) transforms as

0z (On ,+(21, 21)Ony 1 (22, 22))
=0z (0A1,+(zl7 21)) OAzHr(Z?’ 22) + OA1,+(ZI’ 21)55 (0A2,+(227 22))

_ Ay —1_ _ _ _
= (81 Oz + 162,151) Onr+(21,21)Ong 4 (22, 22) + (1 42 2) (A.2)
where &, = £(%;). The first term is given as

€1 agloAl +(21, El)OAQ +(2’2, 52) + (1 — 2)

~ s [ (1 — ) / dt t2172(1 = )2272(t8) + (1 — 1)52)0:04a 4 (22, 2)

—¢Cr < _lf > / dt tAliQiE(l — t)A2727€(t§1 +(1- t)gg)agOA_257+(22, Z)
212712

1
+ 26F8A18A2 / dt tA1_2(1 — t)A2_2(t51 + (1 - t)§2)850A7+(22, 2)
0

- = 2 \¢ 1
B 6F6(517 52) /f / dt tA1—2—6(1 o t)A2—2—€OA_2€’+(22’ Z):| ‘
212 212212 0 A=A1+Az—1

(A.3)

where z = zy + tz12, and the second term is

Ay —1_ i 7
12 321510A1,+(21, zl)oAz,—l-(ZZ» 22) + (1 o 2)

1 2 1 Ao N i ) ) )

~ 212|: 1— F /0 dt t=1 (1 — t) 2~ (hlaglffl + h282252)0A7+(22,2)

_2\° 1 _ _
—Cr ( £ ) / dt t8172 (1 — 1)227275 (hy05, 81 + ho0z,52)Op_9e 1 (22, %)
z12z12 ) Jo

1 _ _
+ 2¢rda,0n, / dt t2172(1 — 1)2272(h 05,81 + h205,52) O 4 (22, z)] ‘
0 A=A1+As—1
(A.4)

where h; = Aiz_ %i  The r.h.s. on the other hand transforms as

1

<1

{(1_>/ dt tA172(1—¢)R2~ 2(53 On +(22,2)+(h1+h)0z OA,+(Z275))
2

—éF( — ) / dt 217275 (1) 2727 5(88 On—2e4(22,2)+ (hi+ho—)d:8 0A725,+(2’2’5))
212712

1 _ _
2610, 0a, / dt 4 2(1=1)2272 (2 9:0 1 (22,2) + (ha+h2)0:8 oA,+(22,g))“
0 A=A1+A2—1

(A.5)

again note that € = £(z). Consider the difference between the r.h.s. and the Lh.s. of (2.13)
now, the result is

0z, (r.h.s. — Lhus. of (2.13)) @—i—@—i—@ (A.6)
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€1 €2 5
1 1 1
zZ Zo tz1 + (1 — )2
i % (tz1 + (1 — 1)22)?

Table 1. A list of various local SL(2,R) g transformations.

where we have

1 2 1 _ _
D=— (1_”6> / dt tA172(1—¢)R272 {5 D:0A 4 (22,2)+(h1+h2)0s Op 4 (22,%)
0

Z12
—(i_llazlgl+E28Z2§2)0A7+(22,2)—(térl—i-(l—t)e’fg)az@A,_,_(ZQ,Z)} ’ (A.7)
A=A1+As—1
er [ =2\ Ar—2 Ap—2-c[E(E1—E2)
@=E () [aresreqonae[FE2o, , (a,9)
Z12 \ 212%212 0 Z12
+(te1+(1-1)€2)0:0n—2¢ 1 (22,2) =€ 0:0p 2,1 (22, %)
+(h10z, 814 ho03,69) — (h1+hy —€) Dz 0A25,+(Z2,Z)] ‘ (A.8)
A=A1+As—1
A 1 _ _
(3)= QzCFaAlaAz/ dt A1 2(1—1)R2 2 [5 0:0n 4 (22,2) +(h1+h2) 038 Op 4 (22,7)
12 0
—(hlazlel+h282252)(9A,+(22,z)—(tsl+(1—t)52)8Z0A,+(22,z)} ‘ . (Ag)
A=A1+A2—1

We first show that @ vanishes. First note the identity 0:0(z2,2) = ;128,5(’)(2:2,2), then
by integrating the first and the last terms of (A.7) by parts one can recast the integral
in the following form

2 1 _ _ _ _
D= 1 (1 - 7;) / dt t8172(1 — )Re—2 [aze(hl Y ho — 1) — (112,61 + hods,20)
0

212

€1 — &2

OA’+ (AlO)

1 <2h2—12h1—1

—|F=-= )@mum9+

212 Z12
we verify the vanishing of the above term for a variety of forms for £1 2, they are summarised
in table 1.

For all the entries of the table it is easily seen that the integrand of (A.10) vanishes

identically. Now similarly for term @ we have

A 2 € 1 3 B _ 3
@ZCF< 'lf ) /dt tAl25(1—t)A22E[—azf(h1—l—hg—8—1)+(h1821§1+h2322§2)
212 \ 712712 0
_ _ E1—E2
>(E—t€1—(1—t)€2)—(1—|—€) z OA,QEHF (A.ll)
12

 Zo 1—t {

1 (2hy—1—¢ 2hi—1-—c¢
Z12
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it also turns out that the above integrand vanishes for the transformations given in table 1.
Notice that the integrand of term @ and @ are identical and therefore by the virtue of this
fact @ vanishes identically. This concludes our proof of conformal invariance of (2.13).
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