Simulating lossy Gaussian boson sampling with matrix product operators
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Gaussian boson sampling, a computational model that
is widely believed to admit quantum supremacy, has al-
ready been experimentally demonstrated and is claimed
to surpass the classical simulation capabilities of even the
most powerful supercomputers today. However, whether
the current approach limited by photon loss and noise in
such experiments prescribes a scalable path to quantum
advantage is an open question. To understand the effect
of photon loss on the scalability of Gaussian boson sam-
pling, we analytically derive the asymptotic operator en-
tanglement entropy scaling, which relates to the simulation
complexity. As a result, we observe that efficient tensor net-
work simulations are likely possible under the Ny < v N
scaling of the number of surviving photons orange N, in
the number of input photons N. We numerically verify this
result using a tensor network algorithm with U (1) symme-
try, and overcome previous challenges due to the large local
Hilbert space dimensions in Gaussian boson sampling with
hardware acceleration. Additionally, we observe that in-
creasing the photon number through larger squeezing does
not increase the entanglement entropy significantly. Finally,
we numerically find the bond dimension necessary for fixed
accuracy simulations, providing more direct evidence for
the complexity of tensor networks.

I. INTRODUCTION

Exact classical simulations of quantum systems are in-
tractable due to the exponential size of the Hilbert space. As
a result, computations using quantum systems have been pro-
posed to achieve improvement in algorithmic complexities in
tasks such as integer factoring [1]], unstructured search [2],
linear algebra [3]], Hamiltonian simulations [4-7], and more
[8]]. Present-day quantum computational devices, however, are
susceptible to noise and cannot be perfectly controlled. As a
result, numerous approaches based on sampling outputs of ran-
domly configured devices have been proposed to demonstrate
quantum supremacy, which are especially appealing consid-
ering near-term constraints. For example, boson sampling
[Ol, a process of sampling the photon output patterns from
interferometers, has resulted in numerous experimental demon-
strations of quantum supremacy [[10-28]].

However, experimental imperfections such as photon loss
can have implications on the computational complexity. The

effects of noise are already examined in various contexts of
quantum computing experiments. For qubits cases, it has long
been known that without error correction, a quantum state af-
ter a large depth with a constant level of depolarizing noise
becomes very close to the maximally mixed state [29], which
enables an efficient approximate simulation. One proxy of
classical simulation complexity is the entanglement entropy
(EE). For pure state simulations, the computational cost us-
ing tensor networks is exponential in the EE of the quantum
system, which implies that systems with logarithmic growth
in the EE can be efficiently simulated. Similarly, it has been
argued that the density operator EE of mixed states implies a
similar computational cost, albeit some nuances [30532]. In
the context of noisy random circuit sampling (RCS) [33]], it
was numerically shown that the density operator EE decreases
if the circuit depth is too high for 1D [30] and 2D [31] systems.
Further, the maximum achievable EE follows area law scaling,
suggesting the possibility of efficient tensor network simula-
tion. More recently, polynomial time simulation of RCS with
constant depolarizing noise per gate is proven to be possible
in an asymptotic regime for larger than logarithmic depths,
denying the scalability of RCS [34].

Meanwhile, in the context of boson sampling, a similar study
has very recently shown that for a particular noise, which may
not be experimentally relevant, there is an efficient classical al-
gorithm for noisy boson sampling in an asymptotic regime [33].
Thus, the experimental noise might prohibit scalable quantum
advantage in boson sampling, much like in RCS. However, it
still remains possible for noisy boson sampling to be scalable
under realistic noises, such as photon loss [36H39] and partial
distinguishability [38} 40H43]. Notably, the effects of pho-
ton loss are investigated in several studies. For single-photon
[136L 137] and Gaussian boson sampling [39} 44], when the num-
ber of photons N, surviving before measurement scales as the
square root of the number of input photons N (Nyy o< v/ N),
classical state approximation of the output state provides an
efficient method of simulation. However, the approximation
error of these methods is fixed for given parameters and can-
not be controlled with more resources. As a result, quantum
supremacy intermediate-size experiments, where transmission
is not as low as these approximate algorithms require, elude
these methods.

Tensor network methods, on the other hand, allow us to con-
trol the simulation error by tuning time and memory resources,
and have been used to numerically show the logarithmic scal-



ing of the operator EE when Ny, o /N in single photon
boson sampling (SPBS) [32]]. However, the probabilistic na-
ture of single-photon generation renders SPBS unscalable, and
the community has long moved onto other photon sources
[45547]. The most promising approach is Gaussian boson sam-
pling (GBS), where no post-selection is necessary and classical
simulation is hard unless some plausible complexity-theoretic
conjectures are false [48] |49]]. This allowed recent experi-
mental demonstrations of GBS to claim quantum supremacy
(27,128 150].

In this work, we investigate the operator EE scaling of GBS,
which is more experimentally relevant. We show analytically
that in the asymptotic limit of large N, the logarithmic operator
EE scaling holds for Ny, o V/N. For numerical verification,
simulation of GBS is especially difficult with tensor networks
due to the infinite-dimensional local Hilbert space for each
squeezed mode, which remains high even under suitable trun-
cation and leads to dramatically increased computational cost.
As a result, we develop a hardware-accelerated, supercom-
puting tensor network algorithm that exploits U (1) symmetry,
allowing us to simulate previously intractable systems such as
GBS [51]. We numerically verify the operator EE scaling of
GBS under various loss conditions against the asymptotic esti-
mates, and further observe that increasing the photon number
through higher squeezing has little impact on EE. Finally, we
explicitly calculate the bond dimension and the computational
cost as the most direct evidence on the complexity. Overall,
our work suggests that boson sampling with loss higher than
the aforementioned scaling may be efficiently simulated with
tensor networks as the system size grows.

A. Related work

The first class of methods for simulating Gaussian boson
sampling are exact methods, which directly computes the loop
Hafnians to determine the probability amplitudes of detection
events [52H54]]. These methods have exponential time or space
complexity, and do not deal with lossy states.

Besides exact simulation algorithms, approximate methods
such as tensor network methods have been developed to reduce
the simulation costs. Another approximate algorithm uses
polynomial approximation of the marginals of the outputs, and
the complexity is exponential in the order of approximation
k [55]. There is no explicit use of the lossy nature of GBS.
The relation between the required order k£ and photon loss is
not well understood, and therefore the time complexity scaling
with loss is similarly unknown.

The most relevant class of approximate algorithms that ex-
plicitly exploits photon loss is the aforementioned classical
state approximation approach [39, 44]. These methods find a
classical state that approximate the squeeze states as closely as
possible, and the interference outcomes of these classical states
is efficient to simulate. However, this means that once the clas-
sical description is fixed, there is no control to further decrease
the error by any means. It is shown that these methods can
give asymptotically small error when Ny o /N or less. The
complexity is always polynomial regardless the loss scaling,

but the error becomes unacceptable for higher loss. Although
an earlier experiment [26] has been found to be potentially
well described by the classical states, more recent experiments
cannot be simulated with classical states. The fact that finite
size quantum supremacy experiments have low loss makes this
approach unsuitable.

Overall, algorithms applicable to finite size system simula-
tions do not directly use the lossy nature of GBS, and cannot
control the simulation error with full freedom. Tensor network
methods give a direct measure of the simulation complexity in
terms of the bond dimension. This is the precise reason why
we vary experimental parameters such as loss, squeezing, and
system sizes while keeping the approximation error 1 — Tr(p)
fixed. This unique ability of fixing the error by varying the
bond dimension allows us to measure the simulation cost as a
function of the experimental parameters. Further, while other
sampling methods only seek to spoof the sampling benchmarks
such as XEB scores and low order marginals, tensor networks
directly approximate the quantum state, and offers a much
richer set of information that can be potentially investigated
for theoretical interest [56]].

II. METHOD

Lossless and lossy quantum states in boson sampling can
be represented by matrix product states (MPSs) and matrix
product operators (MPOs) [32,157]. More explicitly, a general
M -body pure state with local Hilbert space dimension d can
be written as

|V) = Z Ciyoomying |15 - -

where the tensor ¢;,, . ;,, fully characterizes the state |¥).
However, tensor c is M dimensional, leading to dM entries in
storage. To reduce the storage cost, the standard MPS ansatz
represents the state in a compressed manner as
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where Yy is the so-called bond dimension, and larger x corre-
sponds to a lower approximation error. In the MPS representa-
tion, each I'Y! tensor contains information about the j-th body,

and ngjla ; captures its amplitudes in state 7, conditioned on
the states of the left and right neighbors specified by the a;_;
and «; incides. The A tensors can be understood as singular val-
ues of Schmidt decomposition, which we discuss in more detail
in E.q. [l The MPS represents this large tensor as a contrac-
tion (sum over the dummy or virtual « indices which capture
correlations between particles) of a chain of tensors. One can
observe that the ¢ indices representing the physical degrees of
freedom remain open (unsummed). The memory complexity
of the MPS is O(x2dM), and y can be adjusted to represent c



with the desired accuracy. Further, one can efficiently perform
local unitary operations on the MPS and calculate expectation
values of local observables with complexity O(d*x?).

Lossy boson sampling can be simulated using an MPO,
which is essentially an MPS with additional dual indices. Time
evolving the MPO can be accomplished by contracting it with
Kraus operators. Further, in the case where loss is uniform
(equal photon loss at every beam splitter), all losses can be
moved to the initial state since loss commutes with linear op-
tical transformations. As a result, full Kraus operator-based
simulation of noisy channels is not necessary. We can repre-
sent the initial lossy state using an MPO, vectorize the MPO,
build a tensor network analogous to E.q. 2] and update the
MPO by contracting it with unitaries [S7-H59]. Specifically,
vectorization of a density operator is defined as
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where K is the combined index for &, k’. Applications of the
unitary is also slightly modified since vectorization of U pU f
becomes
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where U; i = Uj7kUj’-“,’k,.

For lossless, pure state systems with large local dimensions
d, the O(d*x?) computational complexity becomes significant.
For lossy, mixed state simulations with MPOs, the complexity
becomes O(d®x?), which is especially problematic for systems
with large d such as GBS. Fortunately, for systems with global
symmetry, such as particle number or total spin conservation,
another level of reduction is possible. Symmetry preserving
operators can be expressed as a direct sum T= D, T,, where

T, preserves the subspace V,, corresponding to some con-
served charge n, and tensors can be therefore written in a block
diagonal form and stored efficiently [58]. Computations are
performed on different blocks independently, and the time cost
also reduces due to the non-linear polynomial complexity.

An important class of quantum systems have global U (1)
symmetry, which arises when the system has some kind of
conserved charge [58]]. Examples of such systems include
the hardcore Bose Hubbard model [60], the spin-1/2 XXZ
quantum spin chain [61]], boson sampling [9], quantum walk
[6,162165]], and monitored quantum circuits [[66]]. A model is
said to be U (1) symmetric if the Hamiltonian commutes with
the total charge operator [58]]

[H,N] = 0. (5)

As a result, evolution under such Hamiltonians must preserve
the charge number operator. More generally, systems can pre-
serve a global U(1) symmetry if the applied unitaries preserve
the global charge.

In the case of boson sampling, the unitaries preserve the

global photon number. As we discussed earlier, loss can be
commuted to initialization, and time evolution is fully U(1)
symmetric. To exploit the U(1) symmetry, one can define a
so-called charge which is the number of photons to the left
of the bipartition. The overall effect is that the I" tensors lose
their ¢ indices corresponding to the physical degree of freedom
(local photon number), reducing the memory complexity by a
factor of d (see Appendix [D]for more details). This is instead
captured by the size x 1-d charge tensors c. Second, the size
of the matrices that we decompose with SVD is also reduced
to at most y X x instead of xd x xd. Therefore, the use of
U(1) symmetry significantly reduces the memory and time
complexity of the algorithm.

The MPS formulation is especially convenient for quantify-
ing entanglement. If we perform the Schmidt decomposition
on the quantum state, which is to express the wavefunction as
the sum of tensor products of states of two subsystems A and
B

0) =" Aalaa)las), 6)

where {|c) } forms a basis set for each subsystem, we reveal
the entanglement between the two subsystems, and the entan-
glement entropy (EE) given by

— Z A2 log A2 (N

quantifies how much entanglement there is. Conveniently,
if the subsystems are bipartitions of the MPS at site ¢, the
Schmidt decomposition singular values A,’s would be the

MPS singular values AE@ , allowing us to compute the MPS EE.
For a mixed state represented by a vectorized MPO, we can
formally perform Schmidt decomposition, identify the singular

values A, with /\[oﬂ of the MPO, and similarly compute the
MPO EE. In both cases, higher EE means more uniformly
distributed singular values, and truncation leads to a higher
approximation error. Larger bond dimensions are necessary to
simulate systems with larger EE to fixed accuracy.

III. RESULTS
A. Supercomputing U (1)-symmetric tensor network algorithm

Details of the numerical protocols of time evolving the U (1)-
symmetric tensor network are available in Appendix [D] CPU
based implementations have already been adopted in single
photon boson sampling simulations, but the computational cost
for Gaussian boson sampling is still too high. Increasing the
parallelism through the use of GPU and multi-node parallel
computing is necessary. A naive implementation where each
GPU thread computes one tensor entry performs worse than
the CPU implementation due to technical reasons discussed in
Appendix[D] However, with implementation innovations in this
work, we achieve significant run time reduction. Table I shows
the simulation time in seconds of different implementations for



CPU |single-GPU|One node |Six nodes
7966 126 60 42
2066 1045 322

Y = 1024
Y = 8192[>259000

Table I. Simulation time in seconds.

a lossy boson sampling experiment with 12 modes, 10 input
squeezed modes, bond dimension 1024 and 8192, photon loss
rate 0.55, and local Hilbert space dimension 15. Overall, the
fully parallel implementation on six nodes (4 NVIDIA A100
GPUs each) is on the order of a 1000 times faster than the
32-core CPU implementation.

B. Analytic asymptotic entanglement entropy scaling

We provide the asymptotic MPO EE scaling under various
loss conditions. Specifically, we consider cases where the
number of photons surviving before measurement N, scales
with the number of input photons N, with different scaling
exponents 0 < v < 1 (Nyy = BN7 and the transmission rate
is u = BN7/N, where (3 is a constant). Specifically, v = 1
corresponds to a constant photon loss rate as the system size
grows, whereas 0 < v < 1 corresponds to increasing loss
rates as the system size grows. This is a reasonable scaling
because loss should increase with the system size due to various
experimental limitations such as an increase in the depth of
beam splitters required to obtain a sufficiently Haar random
state.

After derivations shown in Appendix [B| we obtain the fol-
lowing scaling for the MPO EE:

Sl =0 (N (257 e, (Bjj))

= O(N?""!log, N). ®)

Similarly, for the Rényi entropy with a < 1, we have
S, = O(N1720-7ay, 9)
For oo > 1, we have

— L 2v—1
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The MPO EE scaling becomes logarithmic when v = 1/2.
For an MPS algorithm, a logarithmic scaling of the MPS EE al-
ready rigorously implies a polynomial time complexity for the
tensor network algorithm at fixed 2-norm distance between the
ideal and approximate state. This implies efficient fixed fidelity
simulation. The situation for the MPO algorithm is trickier.
The logarithmic MPO EE now implies efficient simulation for
fixed 2-norm distance between the vectorized states, which is
also the 2-norm distance between the density operators. How-
ever, for fixed fidelity, one needs to bound the 1-norm distance,
and the relationship K||A||2 > || A||1, where K is the dimen-
sion of the Hilbert space, means that the one norm cannot be
efficiently bounded. In some cases, the MPO EE decreases

as the system size increases, reducing the required bond di-

mension to bound the 2-norm distance, but the required bond

dimension to bound the 1-norm distance may still increase.
1

This is the case for a sufficiently low -y such as v = 7.

C. Numerical asymptotic estimates of the entanglement entropy

We estimate the asymptotic MPO EE under photon sur-
vival scaling Noy o< N with v = 1,1,1. To make a fair
comparison against SPBS, the squeezing parameter is fixed
at r = 0.88, which averages to approximately one photon
per squeezed mode. Appendix [C] discusses how we obtain
the estimates for very large system sizes where direct MPO
simulations are impractical.

Fig. [T]shows the asymptotic estimates with 1y, = 8 (maxi-
mum number of photons per density operator p; that is simu-
lated, see Appendix [C) for large system sizes. Similar to what
is observed in SPBS simulations, GBS shows MPO EE reduc-
tion when the loss is sufficiently high for v = i, logarithmic
scaling for v = %, and linear scaling for v = 1. A similar
linear increase in MPO EE with 3 is also observed in all three
cases. Further, we also show the numerical convergence of our
asymptotic MPO EE estimates by increasing the cut-off of the
initial maximum photon number n,,x for the squeezed states.
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Figure 1. Operator entanglement entropy vs. the number of input
squeezed modes for different photon survival scaling Noyww = BN”
atr = 0.88. (@) y = i. b))~y = % (c) v = 1. (d) Convergence of
MPO EE with increasing nmax for N = 50,8 =1,v = %, r = 0.88.

D. Finite-size entanglement entropy from simulations

We further conduct full MPO simulations of GBS and nu-
merically calculate the MPO EE. The MPO EE obtained from
the full simulations and asymptotic estimates agree quantita-
tively, as shown in Fig. [2] However, we observe that the quality
of agreement is poor when MPO EE is small such as in many
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Figure 3. Operator entanglement entropy vs. the number of input squeezed modes for different squeezing parameters r. Dashed lines are
guides to the eye. (a) r = 0.88, averaging approximately 1 photon per mode. (b) » = 1.146, averaging approximately 2 photons per mode. (b)
r = 1.44, averaging approximately 4 photons per mode.

v = % data points when the number of input squeezed states squeezed mode from 1 to 2 and 4 only moderately increases
N is small. In the regime of small MPO EE but large N, we the MPO EE compared to increasing N. This observation is
attribute the disagreement to the formal differences between similar to the previous finding for Fock state boson sampling:
regular MPOs and MPOs in a U (1) symmetric form. This is if the number of input modes stays the same and the number
easy to see as even a product state can have non-zero U (1) of photons per mode increases, the MPO EE grows slowly and
symmetric MPO EE simply due to the existence of different  can be efficiently simulated [32].

charges. For small N, we expect the quality of the approxi- ) ) )
mation to be poor because we are no longer in the asymptotic Our numerical findings on the MPO EE growth for different
limit. Further disagreement can also be attributed to the fact 1088 scalings have complexity implications, but there is a lack
that the U(1) symmetric full simulations are limited by the ~ ©f rigorous correspondence between MPO EE and simulation
bond dimension. We ensure that all plotted data points are  time. To make the statement on simulation complexity more
simulated to 1 — Tr() < 0.1, which previous work established direct, we validate the bond dimension growth explicitly. This

as a good proxy to the fidelity and the total variation error that is helpful in particular because the computational complexity is
is computationally lightweight [311[32]. qubic in the bond dimension, both due to SVD and matrix mul-

tiplication. We show in Fig. [ the growth of bond dimension in

Lastly, we investigate the effect of squeezing on MPO EE the system size for fixed accuracy of 1 — Tr(p) = 0.02. Previ-
with our full U (1) symmetric simulations. We choose to inves-  ous work has established that 1 — Tr(p) is a good proxy for the
tigate v = i for easier simulation. Fig. [3|shows an increase in fidelity [31]] and the total variational distance [32], which is the
MPO EE with increasing squeezing parameter 7. It is impor-  gold standard benchmark for boson sampling sample quality.
tant to note that the average number of output photons scales It is clear that constant loss leads to exponential growth in the
with the average number of input photons N, not the number bond dimension. In higher loss cases, growth is much more
of squeezed states. This means that for the same number of =~ moderate and appears sub-exponential. We also validate that
input squeezed states and (3, a higher squeezing parameter has increasing the bond dimension efficiently reduces the simula-
a higher loss. Increasing the average number of photons per  tion error. We choose three experiments and simulated them



with different bond dimensions.
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Figure 4. Analysis of bond dimension, system size, and error. De-
tails can be found in Methods. (a) Bond dimension needed to reach
accuracy 1 — Tr(p) = 0.02 vs. the number of input squeezed modes
photon survival scaling Ny« = 0.4N" at r = 0.88. Dots are individ-
ual estimates of the bond dimension obtained from full simulations
using U(1) symmetry. Dashed lines are the means. Traces have
higher estimated bond dimensions in ascending order in . (b) Reduc-
tion in 1 — Tr(p) error as bond dimension increases for three different
experimental configurations.

IV. DISCUSSION

We show analytically that the matrix product operator en-
tanglement entropy of boson sampling scales logarithmically
under high loss, which we numerically verify using U (1) sym-
metric tensor networks. We also numerically observe that
increasing the photon number by squeezing has little impact
compared to increasing the number of input squeezed modes.
The computational complexity is also directly studied by cal-
culating the bond dimension. This extends the previous entan-
glement entropy results for single photon boson sampling to
the more experimentally relevant Gaussian boson sampling,

and extends the efficient simulation results using classical state
approximation algorithms to an algorithm with controllable
error, a necessary condition for simulating intermediate-size
experiments with practical transmission rates. As a result, our
analysis is more relevant to current quantum supremacy boson
sampling experiments.

Although the MPO formalism intrinsically assumes a 1D ar-
chitecture of the interferometer, the fact that we are simulating
Haar random unitaries means that our findings are architecture
independent. However, if we want to simulate high dimen-
sional low depth systems that are not Haar random [28|, [67]],
one potential direction to move forward is to adopt more exotic
tensor networks such as projected entanglement pair states
(PEPS), and U (1) symmetric forms of generic tensor networks
can be constructed in principle [58].

DATA AVAILABILITY

Data used to generate the figures are available upon request
from the authors.

CODE AVAILABILITY

The code used to generate the data and figures is avail-
able in the GitHub repository https://github.com/
sss441803/BosonSamplingl
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Appendix A: Details of numerical experiments

We carry out our GPU numerical simulations using the Po-
laris system at the Argonne Leadership Computing Facility
(ALCF). Each node has a single 2.8 GHz AMD EPYC Milan
7543P 32-core CPU with 512 GB of DDR4 RAM and four
Nvidia A100 GPUs connected via NVLink. We perform our
CPU numerical simulations using the Bebop system at ALCF.
Each node has a single 2.10 GHz Intel Xeon E5-2695v4 32-
core CPU with 128GB of DDR4 RAM.

All full U(1) symmetric MPO simulations have M =
max(20,4N) modes, and the local Hilbert space dimension
d is chosen such that < %1 of the probability is truncated.
Because the left-most charge is the sum of all photons, the
required d is higher for higher squeezing parameters  and
higher numbers of input squeezed states. Global Haar random
interferometers are used and constructed using an M -layer
array [68]).

For Fig. P]and 3] we simulate the system until there is no
MPO EE increase for at least 10 layers. This is reasonable
since we only care about the maximum MPO EE throughout
simulation which captures the computational cost, and the
MPO EE generically increases as more depths are simulated
until saturation, after which the MPO EE decreases slowly.
All data points of MPO EE are obtained by only a single
experiment, as we observe that no significant noise is present
in our results because we only extract the maximum. We ensure
that all plotted data points are simulated to 1 — Tr(p) < 0.1,
which previous work established as a good proxy to the total
variation error that is computationally lightweight. The largest
simulation is for linear scaling simulations with d = 18, 5 =
0.4,N = 15, M = 60, x = 16384 ran on 10 Polaris nodes
with 40 GPUs in total.

For Fig. ] the full depth of the interferometer is simulated.
This is because simulating each layer produces additional error,
and therefore affects the required bond dimension. For each
configuration in Fig. [ a, the bond dimension starts with a small
value and doubles if the error exceeds 0.02. Once the bond

dimension is large enough to exceed the desired accuracy, the
bond dimension is refined a few more times to obtain a more
precise estimate. For linear scaling and 7 input squeezed states,
the simulation is expensive and we verified that setting x =
15296 produced 1—Tr(p) = 0.020,0.022,0.021, 0.021,0.019
across 5 different experiments and used 15296 as the estimated
bond dimension. The three experiments for Fig. b are M =
10,15,20 and p = 0.2,0.15,0.1 respectively, and each data
point is obtained from one simulation.

Appendix B: Proof of asymptotic entanglement entropy scaling

In this section, we discuss the derivation of the operator EE
scaling. We consider boson sampling where N independent
input optical modes are sent into a linear optical interferometer.
The interferometer has M modes, which can be larger than
N, making M — N modes at the input vacuum states. As
photons interact throughout the interferometer, the quantum
state gets transformed according to a unitary matrix describing
the interferometer, and photons eventually exit the M optical
modes with non-trivial correlation. For boson sampling, the
claim is that this process is hard to simulate for a sufficiently
random unitary describing the interferometer.

Formally, the quantum state of N independent and identical
modes can be written as:

oo ATn
|7/)m> = ®§V=1|¢>] = ®§V=1 <Z Cn%) |0>a (Bl)

n=0

where d;r- is the input creation operator for mode j. The corre-
sponding density operator is

Pin = @51 [0); (5 = @1 pjins (B2)
where the single input mode density operator is
Piin =D caCpln);(ml;. (B3)

n,m=0

The action of an M -mode beam splitter array is to transform
input creation operators:

M
SRt .
a; = b; = g Ujray, (B4)
k=1

where l;; is the output creation operator for mode j. To study
the entanglement entropy between bipartitions separated at
the [-th mode, we can define the normalized up and down

bipartition creation operators Ez > Bg ;as

! M
cos HjBI,j = ZUJ-;C&L, sin HjBij = Z Ujkdz, (BS)
k=1 k=141



with normalizations

!
cos®0; = Z |Ujk
k=1

In the collision-free cases where M > N2, the bipartition
creation operators satisfy the canonical commutation relations

sin®0; = (B6)

M
> U

k=141

[B 7J’Bu k] - 67167
[Bu,j» Bag) = 0,

[Baj» B ) = Sk
[Buj» Bl = 0.

(B7)

As a result, one can define the mutually orthogonal bipartition
number states

) side, j
V!

The above formalism, described in [32]], allows us to cal-
culate the MPO EE without explicitly constructing the output
state given the unitary representing the interferometer. Specifi-
cally, the details of the unitary matrix are hidden in the |k)side’ B
states constructed to satisfy orthogonality.

In this picture, the action of the unitary is to transform the
input basis in the following way:

;= Z ( )cos 70, 5™ 0,1k ) |0 — kj)a g,

(B9)

Bik

side, j

0) =

,side € {u,d}. (BY)

and therefore (omitting the j index),

(ku, kq|lU|n) = (:) cosk 0 sin*4 06 (ky+kq—n). (B10)

If we apply this basis transform due to the unitary to the input
lossless density operator piy, €ach single mode input density
operator p; i, in Eq. [B2|would transform independently. The
full density operator remains a product of input modes in the
new basis, and we have

Pout = @ pjou- (B11)
Although each p; o, can be identified with an input mode j,
Pj,out 1s N0 longer a single mode state, and is instead supported
over all modes. Each p; o has some EE because it describes
a state over both partitions, and the full system EE is additive
in 7 due to the tensor product structure of poy. Therefore, the
system EE scales linearly with the number of input modes N,
and classical simulation of lossless boson sampling is always
inefficient in V.

We can extend this analysis to lossy cases. Assuming that
loss is uniform throughout the interferometer, loss commutes
with all linear optical transforms and can be applied to the
initial pure state. The basis transform[B9]due to the unitary is
still independent on j, and the total output density operator is
still in a product form with

ﬁj,out = Ugloss(ﬁj,in)UT- (B12)

Therefore, the linear scaling of EE in N remains, and MPO
simulations of lossy boson sampling is also inefficient in N.

However, as the number of input modes N increases, the
complexity of the interferometer must grow as well in order to
maintain reasonable randomness in the interferometer unitary
and hardness of classical simulation. As a result, the depth of
the interferometer should scale with the /N, which leads to scal-
ing of the transmission rate 1 in IN. The entanglement entropy
for each p; o, decreases as N increases, leading to an overall
entanglement entropy that grows sublinearly, potentially allow-
ing efficient simulation. To understand the scaling in loss and
transmission, consider the Kraus operators corresponding to
the single input state photon loss channel in the limit of small
w (from now on we ignore the mode index 7)

Tmax

ﬁlossy = Bloss (ﬁin) = Z K(n"’“)ﬁinK(n“‘“)T, (B13)
Noss=0
Tmax
K(nlms) — Z Kfl?::);;zm nout> <nin| (B 14)
Tout; in=0
(nhm) = \/(’VTL::[) 'unom(l - :u)m““ if Min — Mout = Moss
Hoa 0 otherwise,

(B15)

where K (o) € Cmoctlmmatl captures processes that lose
Nyoss photons, and we limit the maximum photon number to
Nmax- The lossy density operator can be given in the input |n)
basis in index notation:

TMmax
Plossy m,n = Z Z Km ]};\)pm k,l (nl‘m)T
Njoss =0 k l
T¥max
= Z O(17) Pin m-t g sntmiss O(12)
71]055:0
m+n
= O(u™%"), (B16)

where the second line is due to the requirement that k — m =
Nioss and [ — n = Myss from non-zero Kraus operator elements.

We can now apply the basis transform due to the unitary as
described in Eq.

ﬁoul = Uvﬁlossva]L

=v ( D 1) prossy m,n<n> Ut (B17)
m,n=0
In index notation in the bipartition number state basis,
Pout ku,ka; k) k] — <ku7 kdlﬁou[lkl’l, ]{é>
= Z <ku7kd‘U|m>plossy m,n(n‘U”k{],k‘D (B18)

m,n=0



Substituting Eq[BT0]and [BT6]into the above expression yields

Pout ky,ka;k kK,

Mma
iy Futkatky+kg
= 2

= ) Pin bu a1 1o O (L
Toss =0

). (B19)

To compute the contribution to the full system MPO entan-
glement entropy from p; ou, Wwe need to vectorize the density
operator to obtain |j; ou)) so that we can pretend it is a pure
state and compute its entanglement entropy. The standard
procedure of computing the entanglement entropy of a pure
state is to obtain the density operator by taking the outer prod-
uct, obtain the reduced density operator by taking the partial
trace over one subsystem, find the reduced density operator’s
eigenvalues, and take the log average of the eigenvalues. The
only difference for the MPO entanglement entropy is that our
‘pure’ state is actually a vectorized density operator, and the
eigenvalues may not be normalized since the vectorized state
is not L? normalized.

Vectorization of the density operator, which corresponds to
flattening of the matrix and changing bras into kets, is defined

as:
ﬁoul = Z

ku,ka,k{ kg

_>‘,60ut>> - Z Pout ku,kd;ké,ké |kua kd; k;» k(/]>
sk, K1

= Z Pout Ku,Kd‘Ku,Kd>a
Ky, Kq

|Ku, ka) Pout ku,ka;k} k) <k1/17 k'(/j‘

(B20)

where Kq. is defined as the combined index of kige and k4. .

Next, we take the partial trace of its outer product over one
bipartition to obtain 5 = try(|/;.0uc)) {({fj,0ou|), yielding

/ _ * _
pKd,Rd - : :pOUt Ky, Kq poul Ky, Ky
K

=Y O
ky,k

’
Suy Ky

kutkg+ky+kg FutFg+ky+Fg
2 2

O(p

kqt+ki+katE]
=0 T ), (B21)
where K is the dual of K, and Ky, k), = 0 terms are dominant.

The above analysis is general and independent of the input
states. From now on, we will use the fact that the input state
is a squeezed state. In GBS, pin yn,n, = 0 if either m or n
is odd. Therefore, looking at Eq. ky + kq + Nioss and
k., + k., + nioss (or, more concisely, k,, + kq and k), + k) must
have the same parity for pi, 1, + d-Foss K, K 11s €O be non-
zero. This means that we do not have to consider terms like
Pout 0,0:0,1, Pout 1,0;0,0, €tC. As a result, no half-integer powers
of 1 occur in any terms of the output density operator poy; Or
the reduced density operator p’ of the vectorized state.

In this case, it turns out that 5’ has exactly one constant order
eigenvalue, no first order eigenvalues, and all other eigenvalues
are at least second order. To show this, it is sufficient to find
all eigenvalues to the first order. Let us write down the form

of p’ to the first order, with the first row corresponding to
K4 = kq = K} = 0 and the first column corresponding to
Ki=ka=Fkj=0:

~f ~/ ~f
P11 P12 P13 "

L, |2 00
=1, , (B22)
Pra 0 0
which has eigenvalues
1 (Mmax+1)2
M=o Patg i ta Y Ll 323)
n=2

and all other eigenvalues are 0. Note that we call the singular
values of the Schmidt decompositions A and the eigenvalues of
the reduced density matrices A\2. However, ﬁ17n|2 is at least
O(u?), and the Taylor expansion of the square root will be
dominated by the constant and first order contributions from
p1.1- Therefore, the only non-zero first order eigenvalue is
Af = p4 1. which is O(1).

The above analysis shows that to the second order, the eigen-
values are

{a+bu+cp®,0(p?),0(1%),0(p?), -} (B24)

After normalization of the eigenvalues, the entropy contribution
due to \? is

_a+bu+clu210 a+ by + cyp?
c & ¢

= 2O 4 o) = o),

aln?2 (B25)

where ¢; is the second order coefficient of A%, d = Zl Ci»
and C = a + by + du? is the normalization that must be
treated explicitly and not as as a constant. Contribution of
other eigenvalues are

cip’ cip® -0

1 log, (B26)

(—1* logy p).
Overall, the entanglement entropy scales as O (u? log i1). We
would like to understand the scaling of the MPO EE under
various loss scalings with the number of input optical modes.
Generically, one can consider the situation where the num-
ber of surviving photons scales as Nq,; o< N7, making the
transmission rate u = SN7/N. Since the total entanglement
entropy is the sum of all N input modes, we obtain

Su(lay) = 0 (N (ﬂjj)lg (/3]]5))

= O(N*"tlog, N).

B27)

Similarly, for the Rényi entropy, contribution from a single



ﬁj,oul is
1 a+bp+cp?\” i\
- Lt Yl
[—a 082 ( c 2 ("¢
i#1
1 d— Cl 2

~ _ o2 B28

(1—a)ln2 Tt ; G (B28)

Therefore, for o < 1, the second term dominates, and we have
the familiar

Sy = O(N1720=Me), (B29)

Similarly, for o > 1, the first term dominates, and we have

Sy = 0( N27 h. (B30)

Appendix C: Method of estimating asymptotic MPO EE

For our numerical estimates of GBS operator EE for very
large system sizes where direct MPO simulations are imprac-
tical, we use the input wavefunction for a single squeezed
mode

1 i /2 tanh” r
O\ — ~12n
in) = E a 0), Cl
[¥in) Veoshr = 27n! 10) €D

follow the steps discussed above to compute the EE contribu-
tion from a single p; ou, and multiply by the number of input
modes. Specifically, numerically we apply the photon loss
Kraus operators defined earlier to this state (both the Kraus
operators and the state are truncated to local Hilbert space
dimension 1y, ). We then apply the basis transform due to E.q.
and the operator is numerically stored in the bipartition
{|k)u, |k)a} basis. This transforms an nmax X Nmax Matrix into
a 2Nmax X 2nmax matrix. This is then followed by vectoriza-
tion, taking the partial trace of the outer product, fiding the
normalized eigenvalues, and computing the entropy.

The coefficients cos 0, sin 0; related to the unitary can also
be simply approximated as 1/+/2 in the asymptotic limit of
large M if [ is chosen to be M /2 as can be seen from E.q.
This choice of bipartition is justifiable because we are only
interested in the largest EE bipartition since it implies a high
simulation cost.
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Appendix D: U(1) symmetric tensor network

In an MPS, the probability amplitude tensor ¢;, ... ;,, can be
represented as
x—1
2]¢ 2
Civpine = PRI ANITRZ AE)
ag,...,ap =0
M—1]1[M]i

)\EII\/I 1]F£¥1M] Afou\/ﬂ (Dl)

where x is a free parameter called the bond dimension, which
determines the accuracy of the approximate representation. For
systems with higher entanglement, the required bond dimen-
sion to achieve a certain fidelity is higher. Overall, the memory
complexity of the MPS is determined by the M I' matrices
which has O(x?) complexity. This results in an overall mem-
ory complexity that is linear in M, contrary to the exponential
cost of the exact state vector.

Intuitively speaking, the physical index 4;, of I'l*! captures
the physical degree of free of particle k. Further, neighbor-
ing %) and T'(*+1 tensors share a dummy index oy, which is
contracted, capturing the entanglement between the two neigh-
boring particles. The A tensors correspond to the Schmidt
coefficients if a Schmidt decomposition is performed on the
wavefunction, and therefore capture entanglement. To apply a
local unitary update on particle k and & + 1, the unitary matrix
needs to be contracted with the wavefunction at the physical
indices, leading to the resulting tensor

d—1
Jk k41 — JksJk+1 [k 1] [k]ir
eo‘k 10k+1 Z ZUlk,2k+1 o — 1F04k 10k
ik,ik+1=0 =0
ATl i y k1)

Oék QA Q41 ’

D2)

where the lower and upper indices of U represent input and
output degrees of freedom, respectively.

The result of this computation is a single tensor of size
d?x?, which should be used in the new representation of the
wavefunction to replace A= TlKlix AR plht1lines \[k+1],
However, this is no longer in the form of an MPS. To restore the
MPS form, singular value decomposition (SVD) is performed
on O to produce

dx—1

_ 5 (K]
@Jakk]}r&lk+1 - Z Vv(jkqoék—l)ﬂk )\Bk Wﬁk’(jk+1 JQXk41)
Br=0

(D3)

By retaining only the x largest singular values, we can identity
new I tensors as

FEJ’:Q 10 V(Jlm@k 1):8k /)‘gck 11 (D4)
k i [k
FL&,Llj+k1+l WBk (Gt 1,0m41) /)\a:_ll], (D5)

which restores the MPS form.

Although MPS can efficiently represent many-body systems
with controlled entanglement, it does not utilize any symmetry
to further reduce the computational cost. To efficiently sim-
ulate U (1) symmetric systems, we need to modify the MPS



formalism [32} 157, 159].

We denote the total number of particles to the right of posi-

tion k corresponding to bond «y; as c([x 3, then the probability

amplitude tensor can be expressed as

x—1

) - § il Bhy
Civyorying = aooq)‘m

Ozo,...,a]u:O
TTs (o4 - - ).

The § function essentially determines the correct local particle
number based on the charge value difference. Updating the
wavefunction according to the unitary can be done with the
following procedure. We first realize that a local two-site
update does not change the charges at k — 1 or k£ + 1, and
we can therefore compute the results for different resulting
values of c*l. For each chosen value of c[k], clk=11 > cl¥]
and 1 < ¢lFl we can select a subset of bonds ap_1 €
A1, € Ag, apr1 € Agy1 that satisfy the conditions on
the three charges. We can then obtain the © tensor similar to
the normal MPS algorithm:

AM=1]p[M]

a10t2 Trrflapm-—1 T apM—1QM

(D6)

Gak 10,41 (C[k]) =

>y

Uyth41=0 ap €A

Ulk;lkJrl)\ k) 1]1’\[/6]

k] plk+1 k+1
Thodkg1 Nak—1 T ap_1ay ALQF[ Al

A Q41" k41

JksJk4+1=0
X(S(([fkll [J_jk)(;(m‘ Cﬁﬁﬂ—ﬂkﬂ)
) <c([fk 11] ekl — ik) ) (c[k] ng,ill] — Zk+1) (D7)

where 0 < cl¥] < N and the § function determines which entry
of the unitary matrix to look up. Additionally, examining the
U(1) symmetric MPS tells us that the I" tensors lost their ¢
indices corresponding to the physical degree of freedom (local
particle number), reducing the memory complexity by a factor
of d. This is instead captured by the size x 1-d charge tensors
c. Second, the size of the © matrices that we decompose with
SVD is also reduced to at most x x x instead of xd x xd.

We similarly need to compress the new two-site tensor and
restore the MPS representation as in the regular algorithm. The
full © matrix capturing the result of the contraction should be
a block-diagonal matrix with ©(cl*l)’s as composing blocks.
Therefore, performing SVD on the full matrix can be achieved
by decomposing individual @(c[k]), which is the source of the
computational complexity reduction of the U(1) symmetric
algorithm. Our algorithm performs SVD on all ©(c!*])’s and
keep the  largest singular values.

State-of-the-art simulations using tensor networks typically
employ hardware acceleration, including the use of novel hard-
ware platforms such as graphical processing units (GPUs) [69-
72]. However, symmetry-preserving tensor network algorithms
[57H59] are highly specialized and require data-dependent ar-
ray entry look up for the unitary matrix. This is an unusual
requirement that is not commonly needed in normal tensor op-
erations such as contraction, reshaping, index permutation, etc.
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As a result, no highly optimized hardware acceleration is read-
ily available for our algorithm. In this work, we aim to bridge
this gap in hardware acceleration for the algorithm by optimiz-
ing a subroutine on GPU, and also target our implementation
to supercomputing resources.

It is hard to improve SVD as it is a well-researched and
optimized routine. The naive implementation of computing
© also requires looping over all possible values of c/*~1] and
cl#+1 which introduces an additional O(d?) complexity com-
pared to SVD. Therefore, we focus our discussion on the ©
computation subroutine and how we optimize it.

1. CPU implementation

For a given center charge c[¥!, the CPU-based implemen-
tation loops through all possible left and right charge val-
ues c*~1 and c/*+1) and selects a subset of left and right
bonds a1 and a4 that satisfy the charge requirement.
Since cl¥l is fixed for each ©(c!*!) submatrix, the only term
that the delta function affects given the charges is U through
ks Jk+1, 1k, tk+1. With the correct unitary matrix value iden-
tified, the remaining computation is simply tensor contrac-
tion. Each iteration partially fills the ©(c[*) matrix at bonds
ok—1,0k41. Iterating over all possible left and right charges
fills the entire matrix.

For large total particle number d, the O(d?) complexity due
to the nested loop can significantly increase the computational
time. Tensor contraction calculations that would otherwise
be parallel has to be broken down into pieces. Therefore, the
ability to parallelize across different left and right charges and
unitary matrix entries is highly desirable, which is exactly what
our GPU algorithm accomplishes. The differences between the
CPU and GPU implementations are illustrated in Fig. [5]

(a) (b)

Figure 5. Algorithms for computing © matrices. (a) CPU-based
implementation. A subset of bonds are selected from D rle+ that
have the correct selected charge values P T A subset of ©
is computed. (b) GPU-based implementation. All bonds are used and
the entire © matrix is computed at once.

2. Hierarchical GPU implementation

A naive parallel implementation of © matrix computation
would assign the computation of a single array entry to a single



thread. For example, the ©; ; can be calculated by a single
thread that computes the inner product between the ith row of
the first matrix and the jth column of the second matrix. How-
ever, this approach has several limitations, and a non-trivial hi-
erarchical algorithm is used in reality for matrix multiplication.
For a pedagogical introduction to the hierarchical approach in
the context of matrix multiplication, see the work by Kerr et.
al. [73]

Consider multiplication of A € CM*K and B € CE*N,
The two matrices are stored in the global memory of the GPU,
which every thread can access at any time. During inner prod-
uct calculation of a single thread, the thread needs to read the
global memory 2K times to complete the row and column vec-
tors. Computing the whole matrix requires 2M N K reads of
global memory, which turns out to be a limiting factor. Global
memory is physically located far away from the compute cores
of the GPU, and only a limited amount of memory can be
fetched per second. The naive implementation would actually
starve the compute cores due to a lack of data, leaving them
idling most of the time.

Alternatively, we can replace element-wise inner products
with the accumulation of outer products to reduce the memory
read requirement, and Fig. [6]illustrates the differences between
the two approaches. If a whole row/column of A/B is saved
in some memory that is closer to the compute cores but have
less capacity, all the threads can accumulate A; ;B ; once
with an outer product. This can be repeated K times to com-
plete matrix multiplication. On a GPU, this closer memory is
called shared memory, which is shared by threads in its thread
block of at most 2048 threads. Each thread block has its owon
shared memory. Each outer product requires transfer of data
from global to shared memory with M + N global reads, and
the entire algorithm only needs K (M + N) global reads and
2M N K shared memory reads. In reality, since a thread block
has a limited number of threads and shared memory, we cannot
fit everything in a single block and must compute the entire
output matrix by sub-blocks.

The strategy of shifting the need for high memory access
from large capacity broad access slow memory to small capac-
ity local access fast memory can be repeated on lower levels.
At the lowest level, a single thread actually computes mul-
tiple entries of the matrix, where data is stored in registers
which are the fastest memory available and are private to each
thread. Our GPU algorithm for the © computation subroutine
only differs from matrix multiplication by U and A value look
up. Therefore, our implementation adopts all the techniques
mentioned above to maximize performance.

3. Memory alignment in GPU implementation

The charge data-dependent access of U poses difficulties in
efficient GPU parallelization. In optimized numerical routines,
threads access memory in an aligned manner, where consec-
utive threads access consecutive memory addresses, which
allows data to be sent in chunks. Sending data chunks allows
multiple units of data to be sent in a single clock cycle, other-
wise only one unit of data is sent in a given cycle. In a GPU,
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(a)

(b)

Figure 6. Matrix multiplication with (a) inner products and (b) outer
products.

this can lead to a 32-fold memory bandwidth reduction. If
the charge values are completely unpredictable, the memory
address of U that needs to be accessed will not be aligned.

This issue can be easily addressed by sorting the bonds ac-
cording to the charge values. This leads to aligned memory
access as illustrated in Fig. [7]and significantly improves per-
formance. Additionally, since each thread calculates multiple
entries, it might need to access multiple unitary values even
after sorting. Due to the limited number of registers available
to each thread, we cannot afford to store redundant unitary val-
ues. Therefore, we insert empty bonds to ensure that only one
value of the unitary matrix corresponding to a single charge ¢
and physical state ¢ value is stored per thread. This scheme is
illustrated in Fig.

(k]

Additionally, bond indices are sorted such that ¢, only in-
creases as the bond index increases. For small d, this means
that c([f ,1 is the same for many consecutive indices. This elimi-
nates the need for threads to look up new U elements, except at
boundaries where c[a]f ,1 changes. This further reduces the need

for memory access and reduces latency.

4. High-level parallelization

Besides the numerical parallelization of individual SVD and
© matrix computations through the use of GPUs, additional
parallelization is explicitly implemented on the algorithmic
level. Further, for systems with large bond dimensions, storing
the entire tensor network on a single-GPU or even a single
node may become prohibitive. We distribute the storage of
individual T" tensors to different nodes.

First, we parallelize independent two-site unitary updates.



(a) cM=4 Threads
clk-1 4 6 5 4 4 6 9 6 ) 9
i=clk-1_cK 0 2 1 0 0 2 5 2 1 5
0, ikt [y 110 ket 2|H 3iket|p 14 ik [) 15 ke
Ujkvjk +1 UJk J: +1 UJK et UJk J: +1 UJK J: +1 UJk J: 1
Memory
(b) cM=4 Threads
clk-1 4 4 4 5 5 6 6 6 9 9
i=clk gk 0 0 0 1 1 2 2 2 5 5
0, i)y 11,10 2, i1y 13,0 4, i || 15 1)
Uit Ui Uit Ui Ui Ui

Memory

Figure 7. Memory access pattern (a) without sorting and (b) with
sorting.

[k+1] [k+1] [k+1]
@ 4§66 7,0 4 %44 5 £ 5 5
1 3 3
2 3 3
clk-11 clk-1 gl
3 3 3
4 3 3
(b) k1] k1] k]
4 4 4 5 4 4 4 4 5 5 5 5
3 4 4
3 4 4
k1] o] k1]
4 4 4
4 4 4

Figure 8. Illustration of insertion of empty bonds. (a) Worst case
scenario of charge value changes within a single fragment without
empty bond insertion. The thread has to store 16 values of the unitary.
(b) Generic case of a fragment at a charge change boundary. Less
than 16 values need to be stored, but this is not known a-priori and
16 values of the unitary still needs to be stored. (c) With empty bond
insertion, each thread only needs one unitary value.

A host node identifies all parallel local unitary updates and
keeps track of a list of available and busy nodes. Local unitary
updates are allocated as soon as a node is available. During
allocation, the compute process of the computational node
requests the needed I, \, ¢ tensors from the storage processes
of the corresponding storage nodes. Similar communication
takes place after the computation to update the stored tensors.
Second, for a single beam splitter MPO update, the overall
© matrix is broken up into ©(c!*!)’s, which we compute and
decompose in parallel. After the computation node receives
the data needed, the data needed for each @(c[k]) is distributed
to individual GPUs.

With the high-level parallelization discussed above and il-
lustrated in Fig. [ the algorithm can be easily scaled to su-
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percomputers with multiple nodes and GPUs, especially when
the system size is large. However, there are smaller systems
that do not require multi-node parallelization, and we provide
implementations with intermediary parallelism as well to avoid
the communication overhead of the fully parallel algorithm.
On the lowest level, only one GPU is considered, and no dis-
tributed memory or computation is used. On the second level,
all memory is managed by a single node, and unitary updates
are distributed to individual GPUs instead of nodes.

@(1) O(2) O(3) -
“t/

Figure 9. High-level parallelization. Independent unitary gate up-
dates are distributed to different nodes. Within each unitary update,
@(c[k] )’s are computed and decomposed with SVD independently on
different GPUs.

5. Run time reduction

We evaluate the performance of our GPU supercomputing
algorithm against the CPU-only implementation at the Argonne
Leadership Computing Facility (ALCF). All CPU simulations
are performed with a single node of the Bebop system with
a 2.10 GHz Intel Xeon E5-2695v4 32-core CPU, and GPU
simulations are performed on the Polaris system. A single node
of the Polaris system has 4 Nvidia A100 GPUs. Table I shows
the simulation time in seconds of different implementations for
a lossy boson sampling experiment with 12 modes, 10 input
squeezed modes, bond dimension 1024 and 8192, photon loss
rate 0.55, and local Hilbert space dimension 15. Increasing the
bond dimension y increases the simulation accuracy and time.
Moreover, lossy boson sampling requires the density matrix
instead of the state vector, and the generalized algorithm is
described in detail in by Oh et. al. [32] The consequence
of the density matrix generalization is that each charge can
take on 152 = 225 values instead of only 15, which means
that the CPU-based algorithm needs to perform 2252 = 50625
iterations to fill the © matrix. On the other hand, our GPU
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dimension case. Overall, the fully parallel implementation on
six nodes is on the order of a 1000 times faster than the 32-core

CPU |single-GPU|One node |Six nodes
x = 1024| 7966 126 60 42
x = 8192|>259000 2066 1045 322

Table II. Simulation time in seconds.

algorithm computes all entries of © in parallel.

For the small y experiment, we ar able to simulate using
only CPUs in a reasonable amount of time for comparison.
Encouragingly, the single-GPU algorithm achieves a dramatic
63-time speedup even with a single-GPU. We further test the
unitary-level parallel algorithm on one node and observe a
further two-fold speedup. Lastly, we use the fully parallel
algorithm on 6 nodes, observing an additional 43% increase
in the computational speed. We observe that the gain in com-
putational speed by switching from less parallelized to highly
parallelized implementation is less than the increase in compu-
tational resources. Higher-level parallelism incurs significant
overhead, which indicates that there is still significant room
for optimization.

Fortunately, this payoff in higher parallelism is more pro-
nounced in the setting of larger system sizes. The CPU imple-
mentation failed to complete the simulation within the max-
imum allowed wall time of 72 hours. This means that our
single-GPU implementation achieves at least a 125-fold speed
up. The computational time is further reduced two-fold when
going from the single-GPU implementation to the unitary-level
parallel algorithm on one node, similar to the small bond di-
mension case. However, changing to the fully parallelized
algorithm with 6 nodes further reduces the time more than
three-fold compared to a fractional reduction in the small bond

CPU implementation.

(a)lo" CPU GPU d Y 00 e =
e Other
Mg 2500 )
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Y W F 1500

[= =y e 1000

> 5522287 2
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Figure 10. (a) CPU and GPU simulation time. Traces have higher
simulation time in ascending order in d. (b) Contribution to the CPU
simulation time from subroutines.
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Figure 11. Contribution to simulation time of the GPU algorithm
from subroutines. (a) Bond dimension y = 4096. (b) Local Hilbert
space size d = 14.
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