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Abstract

The sizes of the basins of attraction on the potential energy surface are helpful indicators in
determining the experimental synthesizability of metastable phases. In principle, these
basins can be controlled with changes in thermodynamic conditions such as composition,
pressure, and surface energy. Herein, we use random structure sampling to
computationally study how alloying smoothly perturbs basin of attraction sizes. The TaC1-
XNx pseudobinary is an ideal test system given the structural and polymorphic contrast of
its parent compounds and their technological relevance as epitaxial substrates for Al1-
xGaxN. While we find limited thermodynamic stability across all computationally observed
phases, random structure sampling shows a significant composition region where the
rocksalt basin dominates. As such, we predict the potential for the nonequilibrium
synthesis of metastable rocksalt TaC1-xNx alloys as substrates for Al1-xGaxN. At higher
nitrogen concentrations, other low-energy metastable polymorphs emerge that continue to
retain the hexagonal close packing suitable for IlI-N growth. Confidence in these trends
was established through uncertainty quantification of the basin sizes and energy
distributions; such analysis utilized the Beta and Dirichlet distributions. We also find (a)
polymorph basin sizes can be rationalized in terms of energetic preferences for different
coordination environments; and (b) basin sizes universally shrink with increasing nitrogen
content, making the system more prone to amorphous growth.
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Introduction

Many critical synthetic processes are conducted far from thermodynamic equilibrium and
produce metastable materials. (1,2) Most commonly, these syntheses involve either
irreversible bond formation or rapid quenching, as seen in physical vapor deposition
techniques. (3) Computational approaches to understanding metastability often focus on
the energy with respect to the convex hull. (4) While energetics can provide useful bounds
on the limits of metastability, differentiating between structures that fall within such
bounds can be challenging. (1) Indeed, low-energy structures are not necessarily
realizable, (5) and high-energy structures cannot be automatically discarded. (6)

From soft matter to astronomy, basins of attraction serve as a natural compromise for
succinctly describing potential energy surfaces without reducing them solely to the energy
of their local minima. (7-11) Recent work has highlighted the basin of attraction size as a
factor in determining polymorph metastability. (1,12-18) The boundaries of each basin are
defined such that any atomic configuration within the basin will fall into the energetic
minimum of that basin upon structural relaxation. As such, the relative basin sizes
represent the probability for a random configuration to relax into a given structure. These
probabilities can be used to rank the experimental realizability of different metastable
polymorphs. (1,12,18) The basins of attraction and their corresponding probabilities are
illustrated for a hypothetical system in Figure 1a,b.
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Figure 1. (a) Basins of attraction within configuration space lead to distinct, dynamically stable phases. The
relative size of each basin determines (b) the probability for a random state to structurally relax into that
phase. (c) This work investigates how basins of attraction can be controlled through composition modulation.

Still, there remains an open scientific question of what determines the size of the basin of
attraction and how such sizes can be rationally controlled. Success would provide critical
access to synthetic navigation of metastable polymorphs. Figure 1c sketches the
hypothesized change in basin sizes with composition. Herein, we use alloying to
computationally study the effects of chemical composition on basin sizes, and thus
polymorph selection, in the TaCxN1-x pseudobinary alloy.
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Calculating basin sizes is nontrivial since they are relative quantities—the proportion of
configuration space taken up by a single basin is dependent on the other competing
basins. As such, an unbiased sampling of the potential energy surface is required to
estimate basin sizes. Our recent work employs random structure generation and repeated
relaxations (19) to explore the potential energy surface and the basins therein. (12) Of
particular relevance is the study of ZnZrN2, which compared the efficacy of various
computational techniques including Special Quasi-random Structures, vibrational free
energies, and random structure sampling. (16) Ultimately, only random structure sampling
was able to explain the growth of a metastable phase due to its relatively large basin size.

While previous studies gave insight into thermodynamic basins and phase selection, they
focused on individual chemistries, or a couple of distinct compounds. (1) A systematic
characterization of basin size under gradual condition changes is necessary if we are to
understand and control basin size. Here, we use alloying as an ideal tool for such a
systematic study; by finely varying composition, we perturb the potential energy surface
and finally observe the resulting trends in basin sizes.

TaCxN1-x is an ideal system to study metastability and polymorphism due to the
differences in carbon and nitrogen bonding. In particular, the contrast in the observed
polymorphism of the parent compounds provides an interesting path to explore basin
sizes; TaN exhibits rich polymorphism, (20-22) while TaC has only been realized in the
rocksalt structure. (23,24) Technologically, a single-phase TaCxN1-x rocksalt alloy would
be of use as a substrate for Al1-xGaxN growth. (24) Finally, TaCxN1-x serves as a useful
case example, providing insight into the broader material classes of carbo-nitride alloys
and metallic nitrides, both of which are often grown through nonequilibrium methods.
These classes have a variety of applications including opteoelectronics, ultrawide bandgap
devices, and electrochemical energy storage. (2,25) As one might expect, understanding
their synthesis remains an ongoing area of research.

Results and Discussion
Parent-Compound Basins

We will start our discussion with TaC since it is the simplest member of the TaCxN1-x
system. In Figure 2a, we show the observed energies collected from ~1000 random
structure samples. Most of the randomly initialized structures relax into high-energy local
minima with little structural symmetry. Only 7% of the samples finished with a spacegroup
larger than 10, and 9% of samples relaxed into minima less than 0.2 eV/atom from the
ground state. These results are typical in random structure sampling (17) and motivate the
need for robust uncertainty quantification when drawing conclusions about basin sizes.
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Figure 2. (a) The relaxation of Ta12C12 random structures yields diverse array of atomic configurations. Within
200 meV of the ground state, five TaC phases are repeatedly found and identified by space group here. (b) For
the nitride analog, far fewer structures are found near the ground state. (c) The low-energy structures of TaC
and TaN are comprised of octahedral, prismatic, and trigonal planar polyhedra. (d) For TaC, the five lowest-
energy structures are built from slabs of octahedral and trigonal prismatic polyhedra. (e) Low-energy TaN
structures share these prismatic polyhedra slabs building blocks; for some phases, a minority of sites have
been replaced with trigonal planes. All polyhedra are represented with Ta as the central atom.

Despite the large number of local minima, random structure sampling finds five low-
energy, high-symmetry structures, with rocksalt being the ground state. Moreover, the
rocksalt structure is found to have the largest basin, occurring 45 times. For context, the
next most popular structure, spacegroup 160 (SG 160), only occurs 10 times. The
combination of rocksalt being the ground state and having the largest basin size is
consistent with TaC only being experimentally realized in the rocksalt structure. (23,24) The
absence of polymorphism for compounds with a rocksalt ground state fits within a broader
trend as well. (26)

In Figure 2d, we visualize the five lowest energy TaC polymorphs found by random structure
sampling. Interestingly, all five polymorphs are 6-fold coordinated and made up the same
two underlying polyhedra: trigonal prisms (turquoise) and octahedra (magneta), as
illustrated in Figure 2c. Both trigonal prisms and octahedra have equilateral triangles of
carbon; the shared structural motif presents itself as an ideal interface for stacking the two
polyhedra. It is therefore not surprising that three of the five low-energy structures exhibit
alternating layers of trigonal prisms and octahedra. Furthermore, the basin sizes of
structures other than rocksalt follow the following trend: the structures mixing octahedra
and trigonal prisms (SG 166, 160, 187-C) occur next most frequently, while the structure
with only octahedra arranged hexagonally (SG 194-C) occurs infrequently. As such, basin
size is not only determined by the local polyhedra, but how they are arranged.
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The random structure sampling outcome for TaN differs significantly from that of TaC. In
Figure 2b, the ground state and other low-energy structures (SG 189, 187, 25, 194) are
barely visible in the energy distribution, each occurring only once. In fact, of the ~2000
random structure samples, only 0.3% relaxed into a structure within 0.2 eV/atom of the
ground state. The experimental ground state of TaN is the SG 189 structure (TaN-€), (27,28)
and SG 187 has been produced under high pressures. (21,29) Even with narrow basins,
both structure-types were independently found through random structure sampling and
their energetic ordering is in alignment with experiment.

In Figure 2e, the four lowest energy polymorphs are shown. Like TaC, these structures are
all a combination of just two underlying polyhedra, except here we have trigonal planes and
trigonal prisms (panel c). TaN-€ structure is found to be the ground state and adopts a
mixture of trigonal prisms and trigonal planes such that the average coordination of Ta and
N is 5-fold. However, the SG 187 structure serves as a helpful counterexample, showing
that 6-fold coordination only results in a relatively small energetic penalty (0.033 eV/atom).
Looking across these two parent compounds, we see building blocks that are both distinct
and shared. Trigonal prisms are shared across parent compounds, indicating a possibility
for energetic favoring in the alloys.

Typically, random structure sampling shows the observed ground state has the largest
basin of attraction, as with TaC. Indeed, the inverse correlation between energy and basin
size has been noted. (19,30-32) However, TaN serves as a useful counterexample where its
ground state has an exceptionally narrow basin. If the lack of large basins were due to the
structure generation method, then we would have observed similarly small basins in TaC,
as well as other systems where the structure generation code was used (e.g., PbTe, Sn0O2).
(12,26) However, since we see low-energy structures corresponding to large basins in
those systems but not in TaN, we conclude that the TaN basin sizes are indicative of its
underlying potential energy surface. Furthermore, the TaN result is in agreement with a
broader trend of metallic nitrides having narrow ground state basins. (16,18)

The large number of observed low-symmetry structures can be interpreted as TaN having
high a propensity to form a glass. (33,34) Moreover, a common indicator of glass forming
ability is in the narrow energetic range of configurational states, (35) which is the case for
low-symmetry structures exhibited by TaN, but not TaC. The existence of both the low-
energy minimum and a large set of energetically similar low-symmetry states helps to
explain why TaN is commonly found in the literature as either an amorphous material
(86,37) or one of three ordered compounds. (20,21) In contrast, the ordered rocksalt
structure is the only TaC phase we find in the literature. (23,24)

Alloy Energetics and Structures

Pursuant to the DOE Public Access Plan, this document represents the authors' peer-reviewed, accepted manuscript.
The published version of the article is available from the relevant publisher.



Having established the basin sizes and structures found for TaC and TaN, we now have the
requisite context to study their alloys. In Figure 3a, we show the empirical probability for a
random structure to relax into a given energy range, all as a function of composition. Each
distribution is built from a significant number of 24-atom cell relaxations, ranging from
~1000 to 2000. The number of random structures is determined by the need to produce
sufficiently small uncertainties in the basin sizes. All energies are expressed relative to the
convex hull, which in this case is simply a linear combination of the parent ground state

energies.
Figure 3
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Figure 3. (a) Alloys between TaC and TaN show smooth transitions in the empirical energy distributions. By
adding in nitrogen, the probability density at low energies continues to decrease resulting in a corrugated
potential energy surface. Despite the addition of nitrogen, the rocksalt structure-type is found at nearly every
composition; the minimum energy rocksalt decorations are highlighted with triangles. The observed ground
state energies are marked with dashed lines. (b) The Dirichlet distribution allows for an estimate of the
underlying probability distribution over energies given a finite number of samples. The uncertainties are
shown to be sufficiently small. Here, the convex hull bounds the lowest energy considered in calculating the
Dirichet distribution. (c) The polyhedra content of the lowest energy structures changes with composition.
Trigonal prisms are incorporated with increasing nitrogen content in the alloys. All of the alloyed structures
have positive energies of mixing, and are therefore above the convex hull (black line).

We find a series of interesting trends when gathering statistics on both high and low-energy
structures through random structure sampling. Like most material attributes, the

distribution of observed energies varies smoothly with composition. Furthermore, with
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increasing nitrogen concentration, the distributions become narrower, and the modes shift
closer to the observed ground states. The proportion of states within 0.2 eV/atom of the
ground state decreases with increasing nitrogen concentration as well (these trends are
further illustrated in Figure S2). Both trends indicate an increase in glass forming ability
with nitrogen content. The trend in glass forming ability could only have been studied by
expanding our consideration to energy ranges far above the convex hull.

Much of the change in energetics seen in Figure 3a maps on to structural changes of the
observed random structure samples. We find that the energy for structure samples is
linearly correlated with the average coordination number of Ta (Figure S2). Following
chemical intuition, the lowest energy structures tend to have the highest average
coordination numbers (i.e., between 5 and 6). With increasing nitrogen content, there is an
associated drop in the proportion of structures with an average coordination above 5
(illustrated in Figure S3). Synthesizing these trends, we conclude that the drop in low-
energy structures for nitrogen-rich compositions is explained by the uptick in poorly
bonded structures.

One could always ask whether the empirical probability distribution of energies closely
matches the true underlying distribution. In Figure 3b we use the Dirichlet distribution to
quantify the uncertainty in the empirical probability distribution given the number of
observed random structure samples. All three probability distributions exhibit small
degrees of smearing, associated with low residual uncertainties. We also include the
possibility that a random structure sample could have an energy lower than any structure
observed from sampling. The flat lines on the left end of each distribution show that this
probability is low and unlikely to significantly affect our results. As such we conclude that
our description of the energy distribution is sufficiently precise for discussing both high-
energy states and trends in the observed ground states. For more details on the Dirichlet
distribution, please see the Methods.

While we are largely concerned with basin sizes and the overall distribution of energies, it is
worth pausing to appreciate the intriguing structural changes that emerge for the observed
ground states as a function of composition (Figure 3c). Interestingly, all observed alloy
ground state structures were also observed as low-energy structures for at least one of the
two parents. From TaC up to TaC3/4N1/4, rocksalt is the ground state structure-type.
However, past x =0.25, the ground state structure begins to incorporate trigonal prisms. As
seen in Figure 3c, the ground state structure shifts to SG 166, 160, and 194, associated
with an increase in the proportion of trigonal prisms. Finally, only pure TaN exhibits trigonal
planar environments. Again, this result is chemically intuitive; trigonal prism environments
are shared by both TaC and TaN, while trigonal planar environments are specific to TaN.
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When alloying, the ground state structures find a structural compromise by incorporating
polyhedra that are preferable for both parent compounds.

Tuning Basin Size with Composition

Having looked more broadly at the energetics and structure, we can now focus specifically
on how basin sizes change with composition. In Figure 4a, we plot the probability for a
random structure to relax into various basins of attraction. Again, these probabilities are
proportional to basin sizes. All basins are labeled by the “parent spacegroup”, which refers
to the assigned spacegroup when carbon and nitrogen are considered to be the same
element. The carbon-rich compositions are dominated by the rocksalt basin, and other
high-symmetry structure-types tend to fluctuate under 1%. In brown, we show the
aggregate probability for falling into any basin corresponding to a structure-type with a
parent spacegroup larger than 10. Even with such an inclusive symmetry cutoff, we see
that the total probability for finding such structures decreases with nitrogen content.
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Figure 4. (a) The probability for a random structure to fall into a given basin is shown. The uncertainty in these
probabilities is determined using the Beta distribution. Each error bar represents the standard deviation of
the corresponding Beta distribution. Most random structure samples relax into high-energy, low-symmetry

structures. The proportion of samples that relax into a spacegroup greater than 10 peaks at pure TaC and
decreases with increasing nitrogen concentration. (b) Basins are represented as flat wells, with their widths
and depths corresponding to their basin sizes and energies, respectively. Of the high-symmetry structures,
rocksalt is the most prevalent up until TaC1/4N3/4, indicating a possibility for growing rocksalt metastably.

The uncertainty in the basin probabilities is quantified using a series of Beta distributions.
For each basin at a given composition, a Beta distribution is established using only two
inputs: the number of samples that fell into the basin and the number of samples that did
not. The mode of the Beta distribution (empirical probability) is plotted as a point, while the
error bars designate one standard deviation from the mode. While standard deviations
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provide a useful compression of the breadth of the Beta distributions, it is worth
emphasizing that these distributions are not Gaussian. In Figure 6, we visualize the Beta
distributions for all rocksalt basins across the composition space. From illustrating these
distributions, it becomes clear that the dip in basin size at TaC11/12N1/12 is representative
of statistical uncertainty rather than a chemical trend. Overall, we find the uncertainty to be
sufficiently small given the number of random structure samples to conclude that the
rocksalt basin is the largest, and symmetric structures decrease with nitrogen content.

A pictorial representation of basin size is shown in Figure 4b, where the width of the basin is
proportional to its probability of occurrence. The basins are arbitrarily drawn with flat
bottoms since knowledge about the curvature of the basin is unknown. The depth of these
basin minima are expressed relative to the lowest energy structure discovered in random
structure sampling for that composition. For TaC and TaC3/4N1/4, we see all the same
basins occur, but the energetics shift as the other structure-types decrease in energy
relative to the rocksalt. Moving from TaC3/4N1/4 to TaC1/2N1/2, all basins continue to
shrink, and the lowest energy structures incorporate trigonal prisms. Interestingly, for
TaC1/4N3/4 and TaN, all basins are incredibly narrow, signifying that much of the potential
energy surface is dominated by high-energy structures with low symmetry (as supported by
Figure 3a). Finally, it is only for pure TaN that SG 189 is observed. The absence of the 189
SG from other alloy compositions can be rationalized due to its unique trigonal planar
coordination environments that are unfavorable for carbon. In particular, the SG 189
requires a 5-fold coordination of anions, and all of the discovered low-energy polymorphs
of TaC exhibit 6-fold carbon coordination.

Mixing Thermodynamics

Basins of attraction give an indication of whether a phase will form from nonequilibrium
growth, but they do not predict whether the material will undergo phase separation upon
thermodynamic equilibration. As such, one could ask the following questions: (i) ifa
metastable thin film were annealed, would it undergo phase separation; and (ii) how
strongly do basin sizes correlate with free energies of mixing? To complete our analysis of
TaCxN1-x, we evaluate the thermodynamics of the observed polymorphs across
composition space. The independent cell approximation is utilized for both its
computational efficiency and ability to estimate configurational entropies at finite
temperatures. (38-42) For a given composition, all polymorphs showing up in random
structure sampling more than 1% of the time are considered. Additional polymorph-
composition pairs are added for clarity, including the 189 SG, which does not occur for any
of the alloy random structure sampling. For more information on the independent cell
approximation, please see the Methods.

Pursuant to the DOE Public Access Plan, this document represents the authors' peer-reviewed, accepted manuscript.
The published version of the article is available from the relevant publisher.



In Figure 5a, we highlight the thermodynamic density of states (TDOS) for SG 225 (“NaCl”)
and 187-N (“WC”) structure-types since they have a strong structural contrast. All energies
are expressed relative to the parent compounds, as enthalpies of mixing (AHmix). The SG
225 energies increase with nitrogen concentration, while the 187-N energies decrease.
Such a finding provides a direct demonstration that nitrogen-rich compositions favor
prismatic structures. Furthermore, the spread in the SG 225 TDOS is wider than that of 187-
N, signaling a higher preference for anion disorder in the 187-N structure.
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Figure 5. Thermodynamic analysis is conducted on the discovered low-energy polymorphs. (a) The TDOS is
shown for two contrasting structure-types, SG 225 (black) and 187-N (red). With increasing nitrogen content,
the energetic penalty for adopting octahedra over trigonal prisms increases. (b) The smaller variance in the
187-N TDOS translates to a higher entropy of mixing at 2000 K. (c) With enthalpies and entropies calculated,
we show the free energy of mixing for all discovered low-energy polymorphs at 2000 K. There is limited
solubility for both TaC and TaN. Many of the polymorphs are similar in free energy, as expected due to their
similar structures. (d) In the limit where interfacial energies between polymorphs are negligible, the
polymorphs can be treated as states within an ensemble. For instance, at TaC0.75N0.25, one can expect to
see mostly SG 225, with a mix of the SG 166 polymorph as well.

As aresult, in Figure 5b the configurational entropy of SG 187-N is far closer to the ideal
entropy of mixing (gray) than the SG 225 structure. In the high-temperature limit, the
entropy of mixing for both phases converges to the ideal entropy of mixing. Herein, we set
the effective temperature to 2000 K since previous work has shown that high effective
temperatures correspond well to sputtering on low-temperature substrates. (43)

With the TDOS in hand, we calculate the free energies of mixing for all eight observed
polymorphs (Figure 5c). As consistent with our prior findings, octahedra-rich polymorphs
are favored by carbon while the trigonal-prism and trigonal-planar motifs are favored by
nitrogen. The free energy convex hull (gray) suggests that at elevated temperatures the SG
225 phase is stable to ~x = 1/12 nitrogen; more nitrogen-rich compositions will decompose
to TaC11/12N1/12 and TaC1/12N11/12. Surprisingly, the two structures built exclusively
from trigonal prisms (SG 194 and 187) exhibit startlingly different free energy curves.

Throughout the TaC1-xNXx alloy space, the lowest energy polymorphs have several
competing phases that are close in energy (<0.1 eV/atom). One resulting outcome may
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involve competing nucleation when the basin sizes are similar. However, the chemical
structures of these phases offer a more complex scenario: multiple polymorphs can
coexist as states within a single phase through stacking disorder. In other words, partial
ergodicity may extend beyond individual basins of attraction. Such intergrowths are
enabled by the common octahedral and prismatic polyhedra, which all share triangular
faces and hexagonal anion packing.

In the limit where interfacial energies are low between polymorphs, the independent cell
approximation can be extended across multiple polymorphs. From Zintin eq 10, we
estimate the free energy of the phase with intergrowths using the standard equation: AGint
= —kBT ln Zint. Overall, the AGint that emerges from a phase with intergrowths largely
reflects the lowest energy polymorph. The probability for various polymorph contributions
at a given temperature and composition are given by eq 9. Despite these modest changes
to stability, the ergodic approximation does suggest a nontrivial concentration of stacking
faults associated with mixing polymorphs. In Figure 5d, we illustrate the potential
intergrowth concentration for TaC3/4N1/4. Under the ergodic approximation at 2000 K, an
intergrowth involving ~70% SG 225 and ~30% SG 166 is predicted.

It is worth noting that the energetics differ slightly from that of Figure 3c. Namely, the
observed lowest energy structure found through random structure sampling has a parent
spacegroup of 225, whereas a single SG 166 structure was found, and it is 4 meV/atom
higher in energy. When conducting the independent cell approximation, 50 configurations
of each structure-type are initialized, and with this increased, focused sampling, the lowest
energy 166 SG configuration observed is 2 meV/atom below the lowest energy 225 SG
configuration. As such, at 0 Kthe intergrowth would be entirely SG 166, as seen in Figure
5d. Ultimately, these small differences in energetic ordering are small, and most likely
inconsequential at relevant growth temperatures.

Implications for the Synthesis of TaC1-xNx

Beyond serving as a model system to understand how composition can adjust basin size,
TaC and TaC1-xNx alloys have potential as epitaxial substrates. (24) As one might expect
based on the different crystal structures and local motifs, there is limited solubility
between TaC and TaN under thermodynamic equilibrium. However, the SG 225 structure-
type is the dominant basin up to TaC0.25N0.75. As such, there is a possibility for stabilizing
the rocksalt structure out to much more N-rich compositions with the use of a
nonequilibrium growth technique like physical vapor deposition. To access these
compositions, one might try conducting physical vapor deposition under carbon-rich
compositions initially, and then layering on relatively nitrogen-rich layers. Previously,
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Al0.7Ga0.3N has been grown on binary TaC. (24) Successful growth of metastable TaC1-
xNx rocksalt films would provide access to a wider range of lattice parameters (Figure S7).

From TaC0.25N0.75 to TaN, the potential energy surface becomes increasingly glassy, with
many high-energy minima and narrow basins. It thus may be harder to form metastable,
crystalline thin films at those compositions; rather, amorphous films are generally
expected. Potentially, one could modulate the film composition during growth to ultimately
reach more N-rich compositions or use an appropriate epitaxial substrate.

Potential for Accelerated Basin-Size Mapping

For complex systems where the relevant structures have large unit cells, the basin-size
mapping method would still work. However, larger simulation cells would be required,
adding to the computational cost. Furthermore, a general trend is that basin sizes tend to
shrink with the number of atoms in the simulation cell, since the number of minima on the
potential energy surface is expected to grow exponentially. (44) As such, more random
structure samples would be required in order to discover the relevant basins and obtain
sufficient statistics to precisely determine their relative sizes.

The use of machine-learned interatomic potentials (MLIP) could increase the efficiency of
basin-size mapping, allowing for better statistics and larger simulation cells. Still,
leveraging MLIPs for basin-size mapping currently poses its own set of challenges. MLIPs
would likely require large amounts of training data to handle the incredibly broad array of
configurations that is inherent to random structure sampling. Incorrectly predicting the
forces on atoms could result in significantly different relaxation trajectories and
qualitatively different basin sizes. Given the sensitivity and difficulty in training such a
model, uncertainty quantification for MLIP predictions would be desirable. However,
quantifying the uncertainty in the energies and forces predicted by MLIPs is already a
difficult task and an ongoing area of research. (45-47) Evaluating uncertainties over
relaxation trajectories would only compound the difficulty. There is, however, reason for
optimism given the promising recent efforts in producing MLIPs for random structure
search. (48,49) For instance, with the use of a newly developed ephemeral data derived
potential, Pickard has been able to use 56-atom cells to conduct random search for high-
pressure phases of boron. (50) If MLIPs become sufficiently accurate for basin-size
mapping, the combination of MLIPs with the uncertainty quantification shown herein would
provide two complementary strategies for effectively mapping basin sizes.

Conclusions

Herein, we demonstrate that alloying tunes the potential energy surface, thus altering basin
sizes and metastable polymorph synthesizability. Random structure sampling provides a
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method for probing the distribution of states that occur far from equilibrium, where random
structures locally relax into various basins of attraction. For TaCxN1-x, the change in basin
sizes with nitrogen content can be rationalized in terms of two effects. First, there is a
gradual shift toward a corrugated potential energy surface with smaller basins, as seen by
the observed energy distributions. Second, the preference for nitrogen to adopt trigonal
prism environments results in growing the basins of structures rich in trigonal prisms and
shrinking the basins associated with octahedra-rich structures. With respect to growing
TaCxN1-x for epitaxial purposes, we note that adding nitrogen to TaC does not immediately
reduce the rocksalt basin size. As such, there is a significant composition range where the
rocksalt basin dominates in size, despite it being thermodynamically unstable. Within that
composition window, there is an opportunity for leveraging nonequilibrium syntheses to
grow metastable TaCxN1—x alloys with variable lattice parameters.

The generally small basin sizes found across the TaCxN1-x composition space posed a
challenge in robustly establishing trends. Uncertainty quantification was conducted for
both basin sizes and energy distributions of local minima. Looking forward, we expect that
the uncertainty quantification presented herein will allow for a more efficient use of
random structure sampling for basin-size mapping, allowing for searches over broader
thermodynamic conditions.

Methods
Structure Generation

Lattices are constructed such that lattice vector angles are between 60 and 140°. Lattice
vectors are set to have lengths between 0.8 and 1.4 of the overall “scale” of the structure.
Atoms are then placed within the lattice. The scale is used to adjust the volume of the cell
such that the random structures are initialized from physically reasonable starting points.
To be clear, these physically reasonable structures are often multiple eV/atom above their
local minima. We calibrate the scale such that the shortest bond length is 90-100% of the
bond lengths found in experimentally determined ground state structures. The shortest Ta-
C and Ta-N bond lengths, as found from the experimentally reported ground state
structures (SG 225 and SG 189) in the Inorganic Crystal Structure Database (ICSD) are 2.2
and 2.0 A, respectively. The shortest starting bond length in the produced random
structures for all compositions was 1.9 A.

Atom placement is biased toward configurations that are dominantly cation-anion
coordinated, by distributing cations and anions over two interpenetrating grids within the
simulation cell, as detailed elsewhere. (12) Random structure sampling has been
demonstrated to be effective in finding both the ground state structures as well as the
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experimentally realizable metastable polymorphs for systems such as C, Si, MgO, ZnO,
Sn02, group-IV carbides, and ternary nitrides. (12,14,17,18)

Simulation-Cell Size

Each random structure is populated with 24 atoms. Generally, we find that 24-atom cells
are sufficient for modeling disordered systems. In our previous work on IV-VI alloys, we
showed that an ensemble of 24-atom supercells produced high-temperature ensemble
averages of thermodynamics and the bulk modulus that were sufficiently close to a 128-
atom Special Quasi-random Structure. (41) Even smaller cell sizes have been successfully
used for modeling disorder within the independent cell approximation. (38,51) Moreover, in
our work on elemental silicon (33) and SiO2, (52) we showed that 24-atom cells are
sufficient to accurately model structural properties of amorphous and glassy states.
However, running tests for cell sizes with less than 16 atoms resulted in finite-size effects
for both alloy and glassy ensembles. (33,41) Regarding basin sizes, using structures with
too few atoms has also resulted in an over representation of ordered structures that did not
match experimental polymorphism in SnO2, while 24-atom cells did. (12) Finally,
nucleation processes that result in the growth of a certain phase start at the nanometer
scale. Hence, cells on the order of 10s of atoms are commensurate with the potential
energy surface that nucleation seeds would encounter.

Composition Sampling

24-atom simulation cells include 12 cation sites and 12 anion sites. As such, 13 different
compositions are available, including the two parent compounds. The number of random
structures used for each composition is determined through convergence testing. For TaC,
only 1000 structures was necessary, and for both TaC0.916N0.084 and TaN, 2000
structures were required. For all other compositions, 1200 structures were found to be
sufficient for the converged results to be obtained.

Structure Classification

To determine basin sizes, relaxed random structure samples need to be grouped. When
constructing basins for pure compounds, the choices for grouping are fairly
straightforward, but with alloys there are nuances that need explaining. Here we use the
average coordination number of the Ta atoms and the “parent spacegroup” as
classification criteria. Structures are considered to be within the same basin if they have
the same parent spacegroup and their average coordination number is within 0.1 of each
other.

The coordination shell for each Ta atom was calculated in the following way. Space is
searched radially outward from the central Ta atom, and atoms that are encountered are
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added to the coordination shell. The search radius increases until one of two criteria are
met: (1) the radial distance has exceeded 0.5 A of the shortest bond length found; or (2) a
Ta atom is found. If a second Ta atom is encountered, it is not added to the coordination
shell. Disorder can result in structural distortions that break local symmetry. As a result,
the coordination environment of each Ta atom will be slightly different, even within a given
structure. We use the average coordination number such that our classification methods
are not too sensitive to anion disorder, but rather pick up on the underlying structure-types.

Similarly, we evaluate the “parent spacegroup” by assigning all C and N atoms the same
label (C). The spacegroup assignment is then evaluated using a tolerance factor of 0.5 A to
accommodate the differences in the bond distances and bond angles due to the varying
atom identities. The tolerance of 0.5 A for both the spacegroup and coordination shell
accommodates the expected differences in the Ta—C and Ta-N bond lengths. The
magnitude was also justified by extensive visual inspection of the grouped structures and
both their polyhedra and bond arrangements therein. All spacegroups were calculated
using spglib. (53)

Quantifying Basin-Size Uncertainty with the Beta Distribution

The relative basin sizes are expressed as probabilities; namely, we estimate the probability
that a randomly generated structure will relax into a given basin of attraction. However, for
a finite number of samples, there is a chance that the empirical probability distribution (the
one measured) differs from the true underlying distribution. The same argument can be
made for the empirical energy distributions: an observed distributions can differ from the
true distribution.

In this work, we take a Bayesian approach and employ the related Beta and Dirichlet
distributions to quantify the uncertainty in the measured probabilities and energy
distributions. (54,55) The goal in using these distributions is to produce a probability
distribution over possible outcomes given the observed data (i.e., a posterior distribution).
The breadths of the resulting posterior distributions are used to demonstrate the
uncertainty in our measurements. In Figure 4a, we quantify the uncertainty as the standard
deviation in the posterior Beta distribution for each basin size. In Figure 3b, we visually
show the breadth in the posterior Dirichlet distribution over energy distributions is small.

We will begin with our treatment of the Beta distribution since it is the one-dimensional
analog of a Dirichlet. The Beta distribution is useful for quantifying the uncertainty in the
probability for an event with two possible outcomes. In our case, the two possible
outcomes will be whether a random structure relaxes into a given basin. Since there are
only two possibilities, the probability distribution is determined by a single parameter, 0,
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which expresses the probability for one of the categories to occur (the probability for the
other outcome is 1 — 8). A Beta distribution is specified by two parameters aand B, and is
given by

P(6la,B)=0a-1(1-0)B-1§100a-1(1-0)3-1d0 (1)

Assuming a uniform prior (a =3 = 1), then the posterior distribution over possible 0 values
(conditioned on observed data) is given by a Beta distribution, where a - 1 is the number of
times that the first outcome has been observed, and -1 is number of times the second
outcome has been observed. In Figure 6, we show the Beta distributions for the rocksalt
basin probabilities as a function of composition. The exact aand B parameters are
included in the Supporting Information (Table S1).

Figure 6
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Figure 6. The Beta distribution is employed to quantify the uncertainty in the probability to fall into a given
structure-type. While this procedure is conducted for all structure-types, here we highlight rocksalt. The
posterior probability densities for rocksalt probabilities are calculated from the values in Table S1 and are
shown on a linear scale for each composition. The integral of the probability density functions is, by
definition, unity. The error bars shown in the Figure 4a correspond to the standard deviation of these
probability density functions. Broadly, the probability of falling into the rocksalt basin decreases with nitrogen
content.
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Quantifying Energy-Distribution Uncertainty with the Dirichlet Distribution

Through random structure sampling, we seek to obtain relative basin sizes and the
distribution of energetic states. The Beta distribution is useful for quantifying the
uncertainty in basin sizes, but the Dirichlet distribution is more suited for handling the
uncertainty in energy distributions. As such, we employ the Dirichlet distribution, the n-
dimensional analog of Beta, to quantify the uncertainty in events that have multiple
categorical outcomes.

In the Dirichlet distribution, © represents the underlying probability distribution, and itis a
vector that adds up to 1. Each component of O represents the probability of a given
outcome (the multidimensional analog to 8). Kis the number of assumed categories and a
—1is avector of length K. If we assume a uniform prior (a = 1), then a-1 corresponds to the
observed counts for all categories. As such, the posterior Dirichlet distribution represents
the distribution over possible categorical distributions, ©, with the following form

P(Ola)=1B(a)[1i=1KOai-1i (2)

where B(a) is the normalizing constant. As can be seen above, the only two inputs to the
Dirichlet distribution are the number of polymorphs, K, and the number of times each
polymorph has been observed in random structure sampling, a—-1.

The above treatment is extended to producing uncertainty in the observed energy
distributions. To do so, we divide each energy spectrum into 50 bins (the same number of
bins as is shown in the energy histograms in Figure 3). The lower bound of the energy
spectrum is taken to be a linear combination of the parent energies for that composition. In
other words, we assume that the enthalpy of mixing will be positive for all observed
structures. The upper bound is arbitrarily set to an enthalpy of mixing of 0.8 eV/atom. The
Dirichlet distribution is then produced from the absolute counts for each energetic bin, as
seenin Figure 7.
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Figure 7
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Figure 7. For each composition, a Dirichlet distribution is defined, and the samples from the distributions are
visualized with a heat map. For each energy bin, the heat map values sum to one, correspondingto a
probability over possible energy-bin probabilities. With an increasing number of random structure samples,
the energy distributions take form. Minimal smearing, and thus small uncertainties, are produced with
~1000-2000 random structures.

Here, the Dirichlet distribution is a distribution over possible energy histograms, and each
Dirichlet sample corresponds to a histogram. It can be difficult to ascertain much
knowledge by viewing many histogram samples superimposed on top of each other.
Instead, we take these histograms and plot their overall density. The heat map values are
normalized such that, for a given energy window, the distribution over heat map values
sums to one. As such, the heat map value (i.e., the Dirichlet probability) corresponds to the
probability that, for a given energy bin, the histogram will be a given value.

In Figure 7, we show how the posterior distribution over energy distributions develops with
an increasing number of observed random structures (samples). Our prior distribution is
the weakest possible uniform distribution. As such, our avector begins with all ones. Most
samples from the uniform distribution tend to result in uniform energy distributions as well.
After 100 observations, the energy distributions still have significant uncertainty,
corresponding to the smearing in the y-values. By 400 observations, the general shape of
the distributions is produced. We continue to sample random structures until the
distributions are sufficiently converged. Notably, the Dirichlet distribution shows that
relatively small uncertainties can be produced with roughly 1000-2000 random structures.
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The Dirichlet distribution sampling was conducted with scipy. (56) It is worth noting that the
distribution over possible heights for a single energy bin is a Beta distribution (Figure S7).

Independent Cell Approximation

The use of the Independent Cell Approximation is the same as described before. (41)
Structures are generated on a fixed lattice and relaxed. The enthalpy of mixing, AHmix,i, for
configuration i, is defined in the following equation

AHmix,i=(Ei+pVi)-3jkx(Ej+pV)) (3)

Here, the second term sums over k parent compounds with indices j. p is the pressure and
Vis the volume per atom. All results presented correspond to the low pressure (p = 0) case
for which internal energy and enthalpy are equal, as are the Helmholtz and Gibbs free
energies. The probability for the ith configuration is given by

pi=e-Ei/kBTZ (4)

where kB is Boltzmann’s constant and T is temperature. The partition function, Z, serves as
a normalization constant, resulting from the sum over all n configurations

Z=Yine-Ei/kBT (5)
The ensemble averaged enthalpy of mixing is thus

AHmix=Ei[AHmiIx,i]=3inpiAHmix,i (6)
The entropy of mixing is calculated as

ASmix=-kB}inpilnpi (7)

Since exhaustive sampling is not employed, the entropy needs to be scaled; here we scale
the entropy by a multiplicative constant such that in the high-temperature limit, the entropy
approaches AS = -kBx ln(x) — (1 — x)kB In(1 — x), as was done previously. (41) Again, x is the
fraction of nitrogen. The free energy of mixing, AGmix, is evaluated as

AGmMix=AHmix-TASmix (8)

Composition-polymorph pairs that are on the lower bound of the convex hull are
considered to be thermodynamically stable. The convex hull was generated using the ghull
algorithm (57) within the scipy library. (56) Custom code was built to isolate the lower
bound of the hull.

To evaluate the concentration of intergrowths, we assume full ergodicity between
structure-types. As such, the probability for the ath structure-type to occur is given by
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pa=e-AGmix,a/kBT Zint (9)
where Zint is defined as the sum over all structure-types

Zint=yae-AGmix,a/kBT (10)
DFT Relaxations

All structures are fully relaxed using density functional theory. All degrees of freedom are
relaxed including the volume, cell shape, and atomic positions. We employ the PBE
functional (58) within the projector-augmented wave method (59) as implemented in the
VASP code. (60) The total energies are calculated using a plane-wave cutoff of 340 eV and
the Monkhorst-Pack k-point grid (61) is chosen such that the total energies are converged
to within 3 meV/atom. In addition, an on-site Coulomb interaction U = 3 eV term is applied
to Ta-d states following the rotationally invariant DFT + U formalism. (62) The choice of the
U-value follows the fitted elemental reference energy (FERE) procedure (63) developed to
provide accurate compound enthalpies of formation. All structures are relaxed to total final
pressure of less than 3 kbar. Management of calculations and the analysis of results is
carried out using the pylada software. (64)
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