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Recently, distributed sensing has been extensively studied using squeezed states. While this is an excellent
development, it is desirable to investigate the use of other quantum probes, such as entangled states of light.
In this paper, we focus on distributed sensing, i.e., estimating multiple unknown phases at different spatial
nodes using multiphoton polarization-entangled Greenberger-Horne-Zeilinger states distributed across different
nodes. We utilize tools of quantum metrology and calculate the quantum Fisher information matrix (QFIM).
However, the QFIM turns out to be singular, hindering the determination of quantum Cramér-Rao bounds for
the parameters of interest. Recent experiments have contended with a weaker form of the Cramér-Rao bound,
which does not require the inversion of the QFIM. It is desirable to understand how relevant these weaker
bounds are and how closely they approach the exact Cramér-Rao bounds. We thus analyze the reason for this
singularity and, by removing a redundant phase, obtain a nonsingular QFIM, allowing us to derive exact quantum
Cramér-Rao bounds. Using the nonsingular QFIM, we show that the arithmetic average of the distributed
phases is Heisenberg limited. We demonstrate that quantum metrological bounds can be saturated by projective
measurements, enabling us to determine the Fisher information matrix, which is also singular. We then show

how this singularity can be resolved.
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I. INTRODUCTION

In recent decades, quantum metrology has experienced
substantial progress [1-3], especially in distributed quantum
sensing [4]. This advanced technique enables the simultane-
ous examination of systems across multiple spatial locations,
which has become a fundamental aspect of quantum net-
works. These networks consist of interconnected quantum
devices that facilitate enhanced distributed computing and se-
cure communication [5]. A significant challenge in this field is
achieving precise measurements for multiple parameters due
to the Heisenberg uncertainty principle, which imposes funda-
mental limits on the accuracy of certain pairs of measurements
[6-8]. Entanglement between quantum states at remote nodes
is critical for surpassing the measurement capabilities of sys-
tems without entanglement [9—-14]. The optimal probe states
and measurements for multiple phase estimation are given
in Ref. [15], which requires special quantum correlations to
obtain the minimum total variance. Distributing a single-mode
squeezed vacuum state through a balanced beam splitter net-
work allows for precise quadrature displacement estimation,
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achieving Heisenberg scaling in the number of modes [9,10].
This state is proven to be the optimal entangled Gaussian state
for estimating both displacement and the weighted sum of
phase [16]. The scalability of this approach has been illus-
trated in global random continuous-variable (CV) networks.
Kwon et al. showed that most CV quantum networks can
achieve Heisenberg scaling for distributed quantum displace-
ment sensing [17]. Additionally, these networks can maintain
robustness in the presence of noise by using error correction
codes, which help restore Heisenberg scaling even in networks
with up to 100 nodes [18].

Complementing these advancements in CV systems, dis-
crete variable (DV) quantum systems have also shown
significant promise in quantum sensing. In 2001, Pan et al.
[19] achieved a breakthrough by creating a highly pure four-
photon Greenberger-Horne-Zeilinger (GHZ) state [20]. The
quality of entangled DV states has further increased in re-
cent years [21-31], showcasing the strong potential of DV
systems in quantum sensing. Given their notable scalability
and applicability to various quantum technologies, studying
the sensing precision of DV systems is essential. Consider
a system with d unknown phases ¢ = ¢y, ¢2, ..., ¢4 in dis-
tinct spatial nodes, where the goal is to estimate a linear
combination of these phases. Theoretical demonstrations [32]
have shown that Heisenberg scaling is achievable using both
mode-entangled and particle-entangled states. This has been
experimentally validated for mode numbers d = 3 [33] and
d =2 up to 10 km [34]. However, to estimate multiple un-
known phases with those states, the number of photons N
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must be equal to or greater than d. Kim et al. [35] intro-
duced the polarization GHZ state for multiphase estimation,
achieving Heisenberg scaling without requiring N > d. This
approach enhanced sensitivity by 2.2 dB for N =2 andd = 4
over 3 km.

Understanding parameter estimation precision in these
quantum systems relies on the quantum Fisher information
(QFD) and quantum Cramér-Rao bound (QCRB) [36-43],
which are essential for discerning quantum sensing capabil-
ities [44]. The quantum Fisher information matrix (QFIM)
[29,45-51] provides insight into parameter correlations and
achievable precision. In single-parameter estimation, the
QCRB is attainable, and there are well-established methods
for identifying the optimal measurement [39,52]. However,
in the multiparameter scenario, the QCRB for all param-
eters cannot be attained simultaneously unless the optimal
measurements for all parameters are compatible [6]. Spe-
cial conditions are required to determine whether the QCRB
can be achieved by certain measurements [15,53]. Trade-offs
arise when dealing with incompatible quantum measurements
[54-57]. In cases with limited parameter dependency under-
standing, machine-learning techniques like Bayesian quantum
estimation are employed [58—60]. Probabilistic protocols with
postselection are proposed to achieve the Heisenberg limit
for general network states [61]. In previous studies, such as
Ref. [35], the analysis of multipartite GHZ states focused only
on the weaker form of the Cramér-Rao bound (CRB), even
though complete system information was available. A similar
limitation was observed in Ref. [33], where the systems with
mode-entangled states only allowed for the estimation of a
combination of phases, making it impossible to determine
individual phases. In our paper, we explore the full quantum
metrological framework and demonstrate that the difficulty
in obtaining the exact CRB stems from the singularity of
the Fisher information matrix (FIM). This singularity arises
because the phases {¢;, ¢, ..., ¢4} do not form an indepen-
dent basis when using polarization GHZ states for estimation,
necessitating a proper variable transformation.

We detail the process for constructing these variable
transformations, which result in diagonal or block-diagonal
quantum Fisher information matrices. With this approach, we
derive the quantum Cramér-Rao bounds for the problem and
calculate the achievable classical CRB-based on probability
measurements. Notably, the QCRB for the average phase
¢ = Z?zl ¢;/d is 1 /N, which achieves Heisenberg scaling for
any even number d. This method enables us to achieve opti-
mal precision, providing insights into quantum techniques for
enhanced sensing in distributed measurements. This paper is
structured as follows: In Sec. II, we begin with an illustrative
example by focusing on the case where N =2 and d = 4,
considering the average phase ¢ = $(¢1 + ¢+ -+ ¢py) as
the parameter to be estimated. Section III discusses the singu-
larity of the QFIM and the parameter transformation needed to
derive the QCRB. In Sec. IV, we examine the projective mea-
surement scheme and obtain the classical Fisher information
matrix. Section V follows the given parameter transformation
and obtains the exact Cramér-Rao bound for the estimation of
¢. Section VI extends the analysis to generalize the relation-
ship between precision and the number of photons and phases,

confirming Heisenberg scaling. Section VII considers projec-
tive measurements on this general system, demonstrating that
the sensitivity for the average phase achieves the QCRB. In
Sec. VIII, we discuss the relation between the weak Cramér-
Rao bound and the exact Cramér-Rao bound. Finally, Sec. IX
offers a discussion of our findings and their implications for
quantum sensing.

II. DISTRIBUTION OF TWO-PHOTON ENTANGLEMENT
ACROSS FOUR NODES AND QUANTUM
FISHER INFORMATION

As an example, we consider the scenario where the input
photon number N = 2 and the number of spatially separated
phases d = 4. A polarization GHZ state of two photons, gen-
erated via spontaneous parametric down-conversion (SPDC),
can be expressed by

1
V2

where a and b denote each photon in the two-photon GHZ
state; H and V denote the polarization states of the photons,
representing horizontal and vertical orientations, respectively.
By adding a beam splitter network that contains two 50:50
beam splitters, the two-photon GHZ state can be split to dis-
tribute among four nodes, thus forming the input state of this
sensing problem, expressed by

D) = 2(1D12) + [D23) + [P34) + [Py 1)) 2
Here, the different subscripts refer to different spatial nodes.

After passing through various phases at different nodes, the
input state is transferred to the following output state:

|Pap) = —=(1HaHp) + [VaVp)), (D

1 )
Do) = —=(|HHa) + P9 |V Vs)

24/2

+ [HaHs) + €' @190 |V, 13)
+ |H3Ha) + @409 V3V
+ |HyHy) + e @0 V) ). 3)

When analyzing such systems, precision becomes cru-
cial. Precision in parameter estimations is quantified by
the standard deviation (AX) of measured parameter values:
AX = /(X2) — (X)2. In systems with multiple parameters,
the precision of determining each parameter’s value can be
influenced not only by their individual characteristics but also
by the covariance between different parameters, which may
not be independent. To establish a classical lower bound for
this precision, we utilize the classical Fisher information ma-
trix F,,(X). This matrix quantifies the information content
about the parameters X,, and X, present in the data. Mathe-
matically, it is defined as the expectation value of the second
derivative of the log-likelihood function with respect to these
parameters,

2

Fu(X) = <m

In L(X)>, “)

where L(X) represents the likelihood function. For discrete
data, the likelihood function is the product of the probabil-
ity mass function (PMF) evaluated at each observed value:
LX)=T] ; Pi(X), where P;(X) is the PMF evaluated at the
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Jjth individual observed value given the parameter values X.
Thus, it can be written as
1 dP,(X)dP;(X
FuX) =Y j(X) dBX) )
Pi(X) dX, dX,

J

The lower bounds (Cramér-Rao bounds) for the variances and
covariances are defined as

Cov(Xm, Xu) = F,,' (X)/N, (6)

mn

where Fm‘n1 (X) is the Fisher information matrix’s inverse ma-
trix, and N is the number of independent measurements.
Expanding this framework to quantum mechanics involves
maximizing F(X) over all conceivable quantum measure-
ments, leading to the QFI 7@ (X). Various techniques exist
for obtaining the QFI. Here, given that the final state |®,) is a
pure state, the elements in the QFIM can be calculated by

F (X) = 4Re((3x, v [0x, ) — (x, v [¥)v|x,v)). D
Thus, the corresponding quantum Cramér-Rao bounds are
expressed as

Cov(X, X)) 2 (F 9, (X)/N. ®)

Using Eq. (7), we obtain the QFIM of the original set of
variables as

3 1 1 1
4 4 3 4
1 3 1 _1
© _ | 4 1 7 7
Foo = 1 1 3 K ©)
3 4 4 P
1 _1 1 3
1 7 I

The rank of 7—“0(Q) is 3, indicating that it is a singular matrix.
Consequently, it is not possible to obtain the QCRBs for the
four variables, as the inverse operation required by Eq. (8)
cannot be performed on a singular QFIM.

III. RENORMALIZATION OF THE SINGULARITY OF THE
QUANTUM FISHER INFORMATION MATRIX AND THE
HEISENBERG LIMITED SENSITIVITY
OF DISTRIBUTED SENSING

To deal with the singularity, it is essential to investigate the
degree of freedom in this system and identify the independent
variables that contribute. We construct an orthogonal trans-
formation as follows: The original variables {¢;, ¢, @3, P4}
can be orthogonally transformed to new basis {¢¢, ¢u, O», Pc},

where
O1— P2+ d3 — Py
¢o = > ,

Qi+ d—p3—u
- 5 ,

O1+ ¢+ 3+ @4
¢a: B )

Q1= — 3+
= 5 _

(10)

¢b ¢c

The output state can thus be expressed as

1 .
|Do) = —=([HiHa) + ") |V Vs)

22

+ |HaH3) + €979 [V, 13)
+ |H3Hy) + P V3V
+ |HyHy) + €919 V) ). (11)

Note that |®,) depends only on three variables, ¢, ¢p, and ¢,
while ¢y does not contribute. ¢y can be written as a product of
matrices 97 ¢, where 7 = (1, —1, 1, —1), and one can show
that ¢ is an eigenstate of the QFIM 7—'0@ [Eq. (9)] with zero
eigenvalue. Thus, the redundant variable corresponds to the
zero eigenvalue of 7’0@. Our explicit construction of nonsin-
gular quantum Fisher information matrix is in conformity with
statements in literature [62]: If F is not invertible, then !
should be interpreted as the inverse of # after projection onto
the subspace spanned by eigenvectors with nonzero eigenval-
ues.

Using Eq. (7), the QFIM of the set of variables {¢,, ¢p, ¢}
is obtained as

Fod Fa  FaL
Q) _— Q) (Q) Q)
a - 7_-}1(1 7jhb 7jhc ’ (12)
7O T T
where
o_71_1
F s 173 (cos 2¢p, + cos 2¢. + 4 cos ¢y, cos P.),

7 = (R =~ feosdusing. = g sin2n

FO = (TfQ))* = —% sin ¢y, cos ¢, — é sin 2¢,.,

1
77}}(?) = TC(hQ) =-7 sin ¢, sin ...
Considering weak phase shifts that ¢, ;. < 1, F© becomes
the three-dimensional identity matrix /3. Thus, the quantum
Cramér-Rao bound for ¢ is

Db = 50000 > 3. (13)

which achieves the Heisenberg scaling A¢ > 1/N with a
two-photon input. Note that Eq. (12) remains valid for any
combination where ¢, = ¢. = 0, i.e., as long as ¢; = ¢3 and
¢r = ¢4, the QCRBs for ¢, ¢, and ¢. achieve the Heisen-
berg scaling. Additionally, for cases where ¢. = £¢, = nm
for any integer n, Eq. (12) still holds.

IV. MEASUREMENT OF SENSITIVITY: CLASSICAL
FISHER INFORMATION MATRIX

Considering a projective measurement on the o, basis
shown in Fig. 1, the corresponding probability set comprises
16 probabilities denoted as P;*’, P, Pj+k_, Pﬁf. Here, the
superscripts + and — signify the two different basis \/Li(|H ==
[V)), and jk indicates the nodes based on ¢; and ¢, i.e.,
Jjk = {12,23, 34, 41}. For instance, Pfg’ represents the proba-
bility of two-photon coincidence events between observing +
in node 1 and — in node 2. The probabilities for the projection

012414-3



JIAXUAN WANG AND GIRISH S. AGARWAL

PHYSICAL REVIEW A 111, 012414 (2025)

. - single-photon detector

X - coincidence counter

@

[HiHiy1) + |ViVig1) _J
Vv2d

—*HWP PBS

FIG. 1. The illustration of the projection measurement method.
In this scheme, HWP denotes the half-wave plate and PBS represents
the polarization beam splitter.

HWP

PBS I;;“wi“

1
\_

measurement are indicated as

1 4 cos(¢; + dn)

++ _ p——
P =l = 16 ’
—_ pt _ L —cos(¢;+ )
PR =9

Kim et al. [35] obtained the classical Fisher information
matrix for this system as

11 o 1
Fy Fo Fz Fyg f ? X 4
Fo— By Fy, Fs Fu|l |3 2 7 O (15)
T\ F Fo Fs Ful|l o il
Fy Fio Fi Fu g 1 1
i i 2

Note that the rank of Fy is 3. Thus, an inverse operation
cannot be applied on Fy due to the singularity. They then
investigated the precision bound for measuring the average
phase ¢ = le(d’l + ¢ + @3 + ¢4) using the weak form of the
Cramér-Rao bound, which for a linear combination of the
input o’ ¢ = Zflzl a;¢; where Z?:l la;] = 1, is defined as

(@"a)?

Var(a! ¢) > )
WD) Z NaTha

(16)

Unlike Eq. (6), this approach does not necessitate the
inversion of the FIM.

V. REMOVAL OF SINGULARITY OF THE CLASSICAL
FISHER INFORMATION MATRIX AND THE
CRAMER-RAO BOUND

Considering the same measurement scheme as in Egs. (14),
yet after constructing the transformation in Eq. (10), we
can write Eqgs. (14) with the new set of variables. Consid-
ering weak phase shifts that ¢, ;. < 1, the classical Fisher

information matrix is obtained as

Etu F, ab F, ac 1 0 0
F=|Fu Fp Fe|=[|0 5 0], (17)
F, ca F, cb F, cc 0 0 %

whichisa3 x 3 full-rarlk diagonal matrix. Thus, the classical
Cramér-Rao bound A ¢ for ¢ = %q&a, obtained by using the
nonsingular Fisher information matrix, is

A =3Achy > 5. (18)

Furthermore, it demonstrates that the weak bound obtained
in Ref. [35] attains the exact Cramér-Rao bound for the av-
erage phase in this scenario. It is noteworthy that the result
specifically pertains to the average ¢ here, where both the
classical and quantum bounds coincide. This suggests that
the projection measurement in Ref. [35] serves as an optimal
measurement scheme for estimating ¢. However, the quantum
Cramér-Rao bound is below the counterpart when our interest
extends beyond ¢ to encompass parameters such as ¢, ¢, or
other linear combinations within ¢y, ¢2, ¢3, ¢4, as shown in
Eq. (17). Other measurement schemes should be considered
in that case.

VI. N-PHOTON ENTANGLED STATES ON
A NETWORK WITH d NODES

A. Symmetry of the system

To further study the relationship between precision and
photon number in this system, we consider the most general
case containing d-independent phases {¢, ..., ¢4} located
at various spatial positions. Using a beam splitter network
equipped with an increased number of beam splitters allows
for the investigation of such distributed systems with a greater
number of spatial nodes. Upon distribution, as shown in Fig. 2,
the N-photon polarization Bell state is expressed by

1
)=

T J2d 4

d
j=

(1H))® [Hj )27 + V)27 |V1)®7),
1
(19)

where notations |Hy41) := |H)) and |Vy4 1) := |V1). This sys-
tem exhibits symmetry on the indexes {1, 2,...,d} under
certain cyclic permutations. Let us consider a cyclic permu-
tation denoted by o, which reorders elements in a sequence
by shifting each element to the position of its successor, with
the final element returning to the initial position. Mathemati-
cally, this operation is represented by o (j) = j + 1 for j # d,
and o(d) = 1. This process preserves the sequential order
of elements in a cyclical manner. Notably, Eq. (19) remains
unchanged under the action of o and its integral powers. As
the photons propagate through the phases situated at the d
nodes, the resulting output state becomes

QU
oz

1 N
|‘~119’)0 = E Z (1H)®> |Hj1)®
=

+ ROV V)RR ) Q0)

where @41 := ¢;. Note that the evolution of this system does
not break its symmetry.
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|Hd>®2|H1)®2 + |Vd)®2|V1) 2

N N N N
|Ha-1)®Z|H)®Z + |V4-1)®2|V,)®2
V2d

|H1>®2|H2>®z + |V1>®z|vz> £

|H)Z|H;)®F + (V)T |V,)®F
V2d

(ST H)®Z + V)7 |V)®7

N N N N
|Ha—2)®2|Ha1)®Z + |Va2)®Z|V,4_1)®2
V2d

V2

N N N N
|H3)®Z|H,)®7 + |v3)®2|V,)®2
V2d

FIG. 2. State distribution for measurement of phases located in distinct spatial nodes.

B. The singularity of the QFIM

Using Eq. (7), we obtain the QFIM ¥, (Q) of the original set
of variables, which elements are

N2
(T(Q))jj = —2(d —1),

k> 2). @21)

The determinant of 7—'0(Q) can be calculated using the Leibniz
formula

det (F,?) =

=) sgn(o) ]_[ Fi2) ) iy (22)

o€eS,

Consider any row of ¥ @ , which contains T (Q) j(ZQ), .

Tj(dQ). The combination Zk:I( l)k(?'O(Q)) j& = 0, indicating
that the columns of TO(Q) form a linearly dependent set. Con-

sequently, the determinant of 7 @ is 0, implying that T(Q)
singular.

C. Finding the irrelevant variable

To examine the system’s degree of freedom, we con-
sider a linear combination of the variables defined as 6y :=
. rd .
dlz;?:l(—l)fq)j =7 ¢. We demonstrate thf: 1gdepen-
dence of the system’s evolution on 6y by considering the
following variable transformation:

(60, 61,6, ..., da)", (23)

Oi—)" =M, ($1, 2. 83, ...,

where 6, = ¢} - Tq&) = ¢ being the average phase. Thus, o=
(%, - %). It is apparent that E)J_?o) We then let 6, = E) .
b =11 —i11) for 2 <i < (d—1). Note that T, LT
and ?,-)J_cl for 2 <i< (d — 1). The transformation de-
scribed can be defined by the transformation matrix

e 11 —1 1 1 1
o 11 1 1 1 1
I3 10 -1 0 0 0
m=| @[zt o1 0o -1 o0 of.
d )
) 0 0O 1 0 -1 0
Cd—1 0 0 1 0 —1
24)
where for 1 <i<d,
(M) —1( D, M) !
clt—d ) ch—dv

1
Me)ji = Z[S(j —2,0)=48@j, 0, for B<j<dl

Here the notation §(xp, xp) refers to the Kronecker delta,
defined as §(x1,x) = 1 if x; = x, and &(x;, x) = O other-
wise. It is important to note that this transformation is not
orthogonal. Specifically, not every pair of variables go, and ¢;
within this set are orthogonal; for example, ¢, - ¢;11 = 1/d>
for 2 < i < (d —2). However, as long as this transformation
is invertible, orthogonality is not a prerequisite, as our primary

concern is for the QFIM to be block diagonal. In the case of
the transformation described in Eq. (24), the elements of the
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inverse transformation matrix M are
(M;1)51 =(=1), (M(Tl)iZ =1
(M), = ds[(=1), (—=1)/]

5 {H(j ~ l_)<1 2481, 1])

d

—H@—))

J=2+38[(=D, 1]
d 9

for 3< j<d). 25)

In this context, H(x) represents a modified Heaviside func-
tion, defined as H(x) = 1 if x > 0, and H (x) = O otherwise.
We analyze the dependence of the system on the variable

d
99i
800 |\IJ£[1V>0 = Z _a¢t |\I];}1V>O

i=1

d
N i i (Gt ¥ ¥
— lg E (—=1)e 7 (Pim1t+6i) |‘/571>®2 |Vi>®2
i=1

d
N o
g Y (D ot v, et
i=1
26)

Note that by substituting i with j — 1, the second term
becomes the opposite of the first term, i.e.,

3, |Y), = 0. 27)

This indicates that the system described in Eq. (20) does
not have a degree of freedom d but at most (d — 1) instead.
Notably, we prove that the degree of freedom is precisely
(d — 1) by contradiction, showing that |\IJ[]1V ), is dependent
on any other linear combinations of {¢y, ..., ¢;}. Consider
0, = Fx) . <_1>), where cos(?o), Fx)) # =£1, we have

d

i
89: llj;v)a = Z EB@' \qjcliv>g
i=1 X
N d
=iz ) (M), + (M), Je> @t
i=1
x [Vii)®7 V)87 . (28)

Note that when Eq. (28) evaluates to zero, it implies that
(Mgl)ix = —(Mc’l),-,l’x foralli € {1, ..., d}, which indicates
cos(¢g, ¢r) = £1. This completes our proof regarding the
system’s degree of freedom, which is (d — 1).

D. The Heisenberg QCRB for the average phase

Therefore, we compute the quantum Fisher information
matrix 7@ for the variables {6, ..., 6,_;}. This matrix has
a rank of (d — 1), indicating its invertibility. We show that
such a transformation leads to a block diagonal QFIM of
dimension (d — 1), where 771(1Q) = Oforalli # 1. Considering

any variables 6, (x # 1), we have

1 [ 2, _
e = el 32, ),

N
= ﬁReZ (M7, (29)

As given in Egs. (29),

(M), =0 (30)

d
=1

1

for all 2 < x < d — 1. Consequently, we establish the block
diagonal structure of the quantum Fisher information matrix
(@ Given that a block diagonal matrix can be inverted block
by block, we can thereby derive the quantum Cramér-Rao
bound for 9, as

which shows that the Heisenberg scaling holds for the quan-
tum Cramér-Rao bound of the average phase, regardless of the
number of the nodes d.

VIL. MEASUREMENT AND THE CRAMER-RAO BOUND

Consider the same projective measurement on the o, basis
as in Eqgs. (14). The corresponding probability set now com-

: . ++ p-— pt— p—+
prises 4d probabilities denoted as PN’ i PN’ e PN’ e PN, 2 For
instance, Py, represents the probability detecting the state
|+d)®% |—1 )®%. The probabilities for the projective measure-
ment are indicated as

Pt _ p- 1+ cos ¥ (¢ + ¢x)

N, jk N,jk — 4d ’
1 —cos 5 (¢ + )
_ _ 2 \Pj
P,Q,f = PN‘}“,( = 17 . (32)

Using the original basis, the elements in the FIM are calcu-
lated from

d
(F())mn =2 Z

1 dP;fji.k dP;ij 1 dPﬁk dP;ﬁij
Py dbn don Pyl den déy )

k=1
(33)
where
APy Nsin¥@+¢0) . .
do: = —ET[(S(I,])‘F(S(L/C)],
dPyT,  Nsin¥(p;+d0) :
ity v (6, )+ 8@, k)]. (34)

Using Eq. (33), we obtain

2
(Fo)mn = Zl—d[ZS(m, n)+8(m—1,n)+8(m,n—1)]. (35)
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Since the equation Fyx = 0 has nonzero solutions, such as

R, -1,1,-1,...,1,-D" =0, (36)
it follows that the FIM Fj is singular.

To address the singularity, we apply the same transforma-
tion described in Eq. (23). The new FIM F is then expressed
as

d—1
(F)mn =2 Z

Jk=1

++ +:
Pit d6, d6, ' Pi, d, db,

++ gptd + +

< 1 dPy APy, 1 dPyT, dPNjk)
(37

We then demonstrate that F is block diagonal. In the sense

that Fi; = F;; = O for all i # 1. First, we have

dpiirﬂrl — Z dpiinﬂ @
do; dor  do;
_ APy i1 ddy APy ddui
de, do; dppyr  db;
N sin %(‘pn + ¢n+1) d¢n d(bn-‘rl
== | —+—1]. (3%
2 4d do; do;
Similarly,

do; 2 4d

dpiilﬂrl — ]X sin %V(d)n + ¢n+1) <d¢,1
do; do;

+ d¢n+] ) (39)

Using Eq. (30), we obtain

N2 d¢n d¢n+l d¢n d¢n+l
F,=F =— —t— |5t
! ' 44 - <d91 * do, do; * do;
N2 d¢n d¢n+l N2 1
— — —_ _— = — M7 .= 0
(G ) <,
(40)
and
N2
F = - (M), =N 41)

n

Thus, by performing projective measurements, we can experi-
mentally attain the quantum Cramér-Rao bound for estimating
the average phase, where this straightforward process is as
efficient and accurate as theoretically possible.

VIII. THE RELATION BETWEEN MEASURED WEAK
CRAMER-RAO BOUND AND EXACT
CRAMER-RAO BOUND

We have shown in previous sections that for the mul-
tiphoton states with projective measurements, the weak
Cramér-Rao bound and exact bound coincide. Now, we
demonstrate that for any nonsingular, Hermitian, and positive

definite matrix S, the following holds:

(T a)? T ol
S o' S a. 42)
By applying the Cauchy-Schwarz inequality, we have
By? < BBy 43)

for any vectors 8 and y. Given that S is positive definite, we
set S'/2q := B, and S~'/?« := y. Substituting these into the
inequality, we obtain

[l (S712)T§12? < [aT (SV2)T S 2a]al (S~1/2) s~ 2q.

(44)

Since S is Hermitian, S~/2 is also Hermitian. Thus, we
simplify the expression to

(a@a)® < (@'Sa)e' s a). (45)

As S is positive definite, multiplying both sides by (o’ Sar)~!
yields Eq. (42). The condition for equality is satisfied when S
and y are proportional, which corresponds to « and S« being
proportional. Inequalities similar to Eq. (42) are obtained in
Sec. V of Ref. [14]. As a special case of Eq. (42), we have

S < Hie (46)

This is the relation between the weak and exact Cramér-Rao
bounds for the average phase, assuming that the 11 element
of the nonsingular Fisher information matrix [F©, F] repre-
sents the measurement of the average phase.

IX. DISCUSSIONS

In this paper, we addressed a critical obstacle in distributed
sensing using multiphotons: the singularity issue within the
Fisher information matrix arising from the interdependence
among phase variables when employing polarization Bell
states. To confront this challenge, we proposed innovative
variable transformations, a pivotal step towards obtaining the
QCRB. Going beyond the scope of prior studies, we expanded
our analysis from the foundational scenario outlined by Kim
etal. [35] (where N = 2 and d = 4) to arbitrary even numbers
N and d. We demonstrated this system’s ability to achieve
Heisenberg scaling on estimating the average phase. This
validation underscores the effectiveness of distributed sensing
techniques, emphasizing their applicability for analyzing lin-
ear combinations of distributed variables. Understanding the
interplay between these combinations and their independent
constituents provides the potential for more advanced and
efficient sensing methodologies.
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