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Abstract. We consider the effects of fragmentation on the post-inflationary epoch of reheating.
In simple single field models of inflation, an inflaton condensate undergoes an oscillatory
phase once inflationary expansion ends. The equation of state of the condensate depends
on the shape of the scalar potential, V (ϕ), about its minimum. Assuming V (ϕ) ∼ ϕk, the
equation of state parameter is given by w = Pϕ/ρϕ = (k − 2)/(k + 2). The evolution of
condensate and the reheating process depend on k. For k ≥ 4, inflaton self-interactions may
lead to the fragmentation of the condensate and alter the reheating process. Indeed, these
self-interactions lead to the production of a massless gas of inflaton particles as w relaxes to
1/3. If reheating occurs before fragmentation, the effects of fragmentation are harmless. We
find, however, that the effects of fragmentation depend sensitively to the specific reheating
process. Reheating through the decays to fermions is largely excluded since perturbative
couplings would imply that fragmentation occurs before reheating and in fact could prevent
reheating from completion. Reheating through the decays to boson is relatively unaffected by
fragmentation and reheating through scatterings results in a lower reheating temperature.
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1 Introduction

Subsequent to a sufficiently extended period of accelerated expansion in the early Universe
known as inflation [1–7], a ‘graceful exit’ to a radiation dominated era must occur. This
period of reheating was absent in early models of inflation based on a strongly first order
phase transition [8], but given a coupling of the inflaton to Standard Model fields, reheating
in models of inflation based on the slow roll of the inflaton occurs quite naturally [9–11]. In
many simple models of inflation, the inflaton rolls to a minimum of the scalar potential which
can be expanded as a quadratic potential about the minimum. In this case, the inflaton
begins a period of damped harmonic oscillations during which the Universe expands as if it
were matter dominated, i.e., with an equation of state parameter, w = Pϕ/ρϕ = 0. These
oscillations continue until inflaton decay becomes possible, when the inflaton decay rate, Γϕ,
exceeds the expansion rate, H, or more simply when the lifetime of the inflaton becomes less
than the age of the Universe.

This is of course an idealized picture of instantaneous reheating and thermalization. The
production of radiation begins almost immediately after accelerated expansions ends and
continues until Γϕ ∼ H [12–30]. The radiation energy density quickly reaches a maximum
and then redshifts more slowly than a−4, where a is the cosmological scale factor, as radi-
ation is continuously being pumped into the bath as the inflaton decays. Furthermore the
decay products are produced with a delta-function distribution and only through scatterings
achieve a thermal distribution [24, 31–39]. In this work we will be primarily interested in
the evolution of the various components comprising the energy density and will assume
instantaneous thermalization.

– 1 –
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As already noted, in many models including the Starobinsky model of inflation [40], the
leading term in the expansion of the potential about the minimum is quadratic. Although
the details of the reheating process are relatively insensitive to the specific inflationary model,
they are sensitive to the shape of the inflaton potential around the minimum [17, 18]. We
assume that about the minimum, the potential can be expanded to give

V (ϕ) = λM4
P

(
ϕ

MP

)k

, ϕ ≪ MP , (1.1)

where the reduced Planck mass is MP = 1/
√

8π G ≃ 2.4 × 1018 GeV. As the universe expands
during this period where the inflaton undergoes anharmonic oscillations (when k > 2), the
equation of state parameter no longer behaves as matter, but rather w = (k − 2)/(k + 2).
For example, for k = 4, w = 1/3 and the inflaton energy scales as radiation. More generally,
solving the Friedmann equation for ρϕ gives [17, 18, 21]

ρϕ(a) = ρend

(
a

aend

)− 6k
k+2

, (1.2)

where ρend = ρϕ(aend) and aend corresponds to the value of the scale factor when accelerated
expansion ends, defined when ä = 0, corresponding to w = −1/3 (recall that during inflation
w ≃ −1).

Note that for k > 4, the inflaton energy density redshifts faster than radiation. It has
been argued that in this case, fragmentation of the inflaton condensate becomes important
and the equation of state rapidly evolves from some w > 1/3 to w = 1/3 and the universe
is dominated by a gas of massless inflaton particles, redshifting as a−4 [41, 42]. These free
particles are produced as a consequence of the self-interaction of the inflaton. Notably, even
if λ ≪ 1, as required by the measured amplitude of the primordial curvature fluctuation,
the growth of inhomogeneities can be amplified by the accumulation of the (bosonic) field
fluctuations over the oscillation of the inflaton. This parametric self-resonance persists despite
the expansion of the universe, leading then to the exponential growth of non-zero momentum
modes until they backreact into the homogeneous condensate, fragmenting it [41–55]. The
resulting inhomogeneous field distribution can become localized in transient structures, lasting
for a few oscillations, or into long-lived, soliton-like structures called oscillons [41, 42, 47, 56–
58]. If the fragmentation of the condensate is complete, the inflaton could no longer decay
and barring sufficiently strong scattering to Standard Model particles, reheating becomes
problematic. Here we show, that in fact, fragmentation while effective is never completed
before inflaton decay. That is, some fraction of the inflaton energy density continues to reside
in the condensate providing an effective inflaton mass and thus allowing for a decay. In this
paper, we compute the non-perturbative effects leading to fragmentation and discuss the
reheating process when these effects are taken into account. We derive the change in the final
reheating temperature relative to the case when fragmentation effects are ignored.

Our paper is organized as follows. In section 2, we review the basic elements leading
to reheating for arbitrary (even) k, assuming that reheating occurs from either the decay
of the inflaton to fermions, bosons, for from scatterings to bosons [21]. We also discuss
the effects of kinematic blocking (or enhancement in the case of bosonic final states). In
section 3, we derive naive but analytical limits on reheating and fragmentation. We assume
that fragmentation occurs instantly at a certain point in the evolution, and that it is total.
That is when fragmentation occurs, there is a complete conversion of the energy density in the
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condensate into relativistic particles. In this case, reheating will not occur if the decay rate is
too small and decays have not completed before fragmentation. Thus we can set a lower limit
on the inflaton decay/scattering coupling in terms of epoch of fragmentation. Conversely, for
a given coupling we set a limit on the duration of oscillations before fragmentation begins.
In section 4, we perform numerical simulations showing the onset of fragmentation and the
evolution of the condensate and the energy density of inflaton radiation. We see that while
fragmentation is nearly complete, roughly a few percent of the condensate remains, and the
interaction between the free particles and the condensate is enough to allow decay to occur
and reheating to complete. We then revise the resulting reheat temperatures derived when
fragmentation effects are included. Our conclusions are summarized in section 5.

2 Reheating through decay and scattering

Perturbative reheating can often be treated analytically. We review in this section the
analytical estimations for the reheating temperature from inflaton decay and scattering,
following the analysis of [21]. We consider potentials of the form given in eq. (1.1). Of course,
single polynomial potentials are no longer viable as inflationary models due to CMB precision
measurements of the tilt of the anisotropy spectrum, ns and the ratio of tensor to scalar
perturbations, r [59]. However, about the origin, such potentials may arise from α-attractor
T-models [60]

V (ϕ) = λM4
P

[√
6 tanh

(
ϕ√

6MP

)]k

, (2.1)

which can be derived simply in the context of no-scale supergravity [18]. In our analysis we
normalized the potential with

λ = 18π2As

6k/2N2
∗

(2.2)

with As = e3.044/1010 being the amplitude of the scalar power spectrum and we chose N∗ = 55
as the number of e-folds between the CMB fiducial scale k∗ = 0.05 Mpc−1 crossing and the
end of inflation, in good agreement with current data.1 Inflation occurs at large (ϕ > MP )
field values, and the end of inflation may be defined when ä = 0 where a is the cosmological
scale factor. Subsequently, the inflaton condensate begins a period of oscillations. For the
potential in eq. (2.1), the inflaton field value marking the end of inflation is given by [21, 62]

ϕend ≃
√

3
8MP ln

[1
2 + k

3
(
k +

√
k2 + 3

)]
. (2.3)

Inflaton oscillations continue until either decays or scatterings produce enough radiation (e.g.
relativistic decay products) so that energy density in the newly formed radiation bath comes
to dominate the total energy density and hence the expansion rate of the Universe. We define
reheating to occur at the moment when ρϕ = ρR, where ρϕ is the energy density stored in the
inflaton oscillations, and ρR as the energy density in radiation (assumed here to thermalize
instantaneously2).

1A more accurate treatment of the normalization and its relation to the number of e-foldings and reheat
temperature for these models was discussed in [61].

2See [36] for the consequences of dropping this assumption.
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2.1 Reheating
The case of k = 2, is perhaps the best studied of this class of models.3 In this case, the
inflaton has a constant mass with m2

ϕ = 2λM2
P , and the energy density of the inflaton scales

as a−3, just as matter with an equation of state parameter w = 0. The premature destruction
or fragmentation of the condensate would lead to massive inflaton quanta at rest which decay
(or scatter) to reheat the universe leaving the qualitative picture intact. That is, the equation
of state remains at w = 0. Similarly for k = 4, the energy density in oscillations scale as a−4,
typical of radiation with w = 1/3. In this case the destruction of the condensate leads to a
bath of massless inflaton quanta with an unchanged equation of state [55]. However if the
condensate is completely destroyed, decays are no longer possible due to the absence of a
mass for the ϕ-particles, and reheating relies on the possibility of inflaton scattering. We will
return to this point below.

For k > 4, the effects of fragmentation can be more pronounced as the equation of state
changes from w > 1/3 → w = 1/3 [41, 42]. The equation of state parameter is determined
from the inflaton equation of motion

ϕ̈ + (3H + Γϕ)ϕ̇ + V ′(ϕ) = 0 , (2.4)

where we have included the effects of inflaton decay with rate, Γϕ, and H = ȧ
a is the Hubble

parameter. This can be rewritten in terms of the energy density and pressure stored in the
scalar field

ρϕ = 1
2 ϕ̇2 + V (ϕ); Pϕ = 1

2 ϕ̇2 − V (ϕ) , (2.5)

giving [21]
ρ̇ϕ + 3H(1 + w)ρϕ ≃ −Γϕ(1 + w)ρϕ . (2.6)

In writing eq. (2.6), we have assumed that after inflation, ϕ(t) = ϕ0(t)·P(t), where the function
P(t) is quasi-periodic and encodes the (an)harmonicity of the short time-scale oscillations in
the potential and the envelope ϕ0(t) encodes the effect of redshift and decay, and varies on
longer time-scales. If the oscillation time-scale is much shorter than the decay and redshift
time-scales, we can average the energy density and pressure over an oscillation and find [21]

w = k − 2
k + 2 , (2.7)

and the mean energy density averaged over the oscillations is

⟨ρϕ⟩ = V (ϕ0) . (2.8)

The radiation density produced by inflaton decay or scattering is

ρ̇R + 4HρR ≃ (1 + w)Γϕρϕ , (2.9)

which together with the Friedmann equation

ρϕ + ρR = 3H2M2
P , (2.10)

allows one to solve for ρϕ(t), ρR(t), and a(t) simultaneously and effectively for ρϕ(a) and
ρR(a). The reheating temperature is then determined from

gρπ2

30 T 4
RH = ρR(aRH) , (2.11)

3The Starobinsky model [40] also leads to a potential of the form in eq. (1.1) with k = 2.
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Figure 1. Left: the coefficient determining the effective couplings when kinematic block-
ing/enhancement effects are ignored, αX(k, 0), for X = y, µ, σ. For R > 1, αy,σ(k, R) ∼
αy,σ(k, 0)R−1/2 and αµ(k, R) ∼ αµ(k, 0)R1/2. Right: the effective couplings relative to the La-
grangian couplings as a function of k when R = 0.

when ρϕ(aRH) = ρR(aRH). Here gρ is the number of relativistic thermal degrees of freedom
at reheating.

As discussed in detail in [21], the dynamics of reheating depend not only on k, but also
on whether the inflaton decays to fermions, bosons or scatters into bosons. As the limits from
fragmentation we will derive in the next section will also depend on the reheating modes, we
will consider that the Lagrangian contains one of the three following couplings of the inflaton
to matter

L ⊃


yϕf̄f ϕ → f̄f

µϕbb ϕ → bb

σϕ2b2 ϕϕ → bb,

(2.12)

with f (b) standing for a fermionic (bosonic) final state. The decay (scattering) rate for each
these modes is easily calculated

Γϕ =


y2

eff(k)
8π mϕ(t) ϕ → f̄f

µ2
eff(k)

8πmϕ(t) ϕ → bb
σ2

eff
8π

ρϕ(t)
m3

ϕ
(t) ϕϕ → bb.

(2.13)

The effective couplings yeff , µeff and σeff appearing in eq. (2.13) are each proportional to
the couplings in eq. (2.12) with the constant of proportionality depending on k and will be
discussed further in the next subsection. We show their dependence on k in the right panel of
figure 1. Their effective nature arises from the fact that the production of radiation depends
on the details of the oscillations. Only for k = 2, is the naive notion of a particle decay
appropriate in the current context. For more details, see [21].

Noting that the inflaton mass, mϕ(t) ∝ ϕ0(t)(k−2)/k, we can rewrite the inflaton mass
as mϕ =

√
k(k − 1)λ1/kρ(k−2)/2k. Then, averaging over several oscillations for each of these

modes to obtain

Γϕ = γϕ

(
ρϕ

M4
P

)l

, (2.14)
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where

γϕ =



√
k(k − 1)λ1/kMP

y2
eff

8π
, ϕ → f̄f ,

µ2
eff

8π
√

k(k − 1)λ1/kMP
, ϕ → bb ,

σ2
effMP

8π[k(k − 1)]3/2λ3/k
, ϕϕ → bb ,

(2.15)

and

l =


1
2 − 1

k , ϕ → f̄f ,
1
k − 1

2 , ϕ → bb ,
3
k − 1

2 , ϕϕ → bb ,

(2.16)

and the value of l simply reflects the power of mϕ in the various decay (scattering) channels.
Using eq. (2.15), the solution to eq. (2.6) is simply

ρϕ(a) = ρend

(
a

aend

)− 6k
k+2

, (2.17)

valid when Γϕ ≪ H. Using this solution, we can integrate eq. (2.9) giving

ρR(a) ≃ 2k

(k + 8 − 6kl)
γϕ

Hend

ρl+1
end

M4l
P

(
aend

a

) 3k+6kl
k+2

, (2.18)

valid when 8 + k − 6kl > 0 and a ≫ aend. These two expressions determine the ‘moment’ of
reheating ρϕ(aRH) = ρR(aRH) as

aRH
aend

=

k + 8 − 6kl

2k

M4l−1
P ρ

1
2 −l

end√
3γϕ


k+2

3k−6kl

, (2.19)

and

TRH =
(

30
gρπ2

) 1
4
[

2k

k + 8 − 6kl

√
3γϕ

M4l−1
P

] 1
2−4l

. (2.20)

The analogous expressions when 8 + k − 6kl < 0 are

ρa≫aend
R = 2k

(6kl − k − 8)
γϕ

Hend

ρl+1
end

M4l
P

(
aend

a

)4
, (2.21)

so that T ∼ a−1. We then obtain

aRH
aend

=

6kl − k − 8
2k

M4l−1
P ρ

1
2 −l

end√
3γϕ


k+2

2k−8

, (2.22)

and (for k > 4)

TRH =
(

30
gρπ2

) 1
4
[

2k

6kl − k − 8

√
3γϕ

M4l−1
P

ρ
6kl−k−8

6k
end

] 3k
4k−16

. (2.23)
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2.2 Kinematic blocking

The particle production rates evaluated above are in part determined by the time-dependent
effective mass of the inflaton during the coherent oscillation of its background value ϕ(t).
However, the form of the inflaton-matter couplings (2.12) implies that also the latter acquires
an induced mass. Namely,

m2
eff(t) ≡


y2ϕ2 , ϕ → f̄f ,

2µϕ , ϕ → bb ,

2σϕ2 , ϕϕ → bb .

(2.24)

As a consequence, in perturbation theory, the condition meff(t) ≪ mϕ is necessary for an
efficient inflaton decay. Careful evaluation of the ϕ decay rates by means of the Boltzmann
approximation shows that the parameter which determines the strength of this kinematic
effect is [21]

R ≡ 8
πk2λ

 Γ
(

1
k

)
Γ
(

1
2 + 1

k

)
2

×



y2
(

ϕ0(t)
MP

)4−k

, ϕ → f̄f ,

2 µ

MP

(
ϕ0(t)
MP

)3−k

, ϕ → bb ,

2σ

(
ϕ0(t)
MP

)4−k

, ϕϕ → bb ,

(2.25)

which is R ∝ (meff/mϕ)2
ϕ→ϕ0

. In the case of fermionic decays, or scattering depletion, the
decay rate acquires a correction Γϕ ∝ R−1/2 if R ≫ 1, resulting in a reduced efficiency of the
inflaton decay. On the other hand, for ϕ → bb, due to the tachyonic nature of the effective
mass of b during half of the inflaton oscillation, an enhancement of the dissipation rate appears,
Γϕ ∝ R1/2 for R ≫ 1. Figure 2 shows the scale factor dependence during reheating of the
kinematic parameter. As is clear, only for very small couplings can this effect be neglected.
For example, for fermionic decays R < 1 at the beginning of reheating only if y ≲ 10−6. Such
a Yukawa coupling ensures that kinematic blocking can be neglected throughout reheating for
k = 4, but for higher k the R > 1 regime is always reached because in this case the inflaton
mass redshifts faster than the fermion mass.

The effective couplings used in eq. (2.15) can be defined in terms of the kinematic
blocking/enhancement. For fermion final states

y2
eff(k) = αy(k, R) ω

mϕ
y2 , (2.26)

where αy is determined by averaging the decays over many oscillations and ω is the frequency
of oscillations [21],

ω

mϕ
=
√

πk

2(k − 1)
Γ
(

1
2 + 1

k

)
Γ
(

1
k

) . (2.27)

Similarly,
µ2

eff(k) ≡ 1
4(k + 2)(k − 1) ω

mϕ
αµ(k, R)µ2 , (2.28)

and
σ2

eff(k) ≡ 1
8k(k + 2)(k − 1)2 ω

mϕ
ασ(k, R)σ2 . (2.29)

– 7 –
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Figure 2. Kinematic parameter R as a function of the scale factor, for k = 4, 6, 8, 10. Left: fermionic
decays. The channel ϕϕ → bb can be recovered from these results upon changing y2 → 2σ. Right:
bosonic decays.

The effective couplings are shown in the right panels of figure 1 and the left panels show the
behavior of αX(k, 0), i.e., when the kinematic blocking factors are neglected. As noted earlier
when included, y2

eff and σ2
eff each scale as R−1/2, whereas µ2

eff scales as R1/2.
Beyond perturbation theory, R ≫ 1 signals the presence of bosonic enhance-

ment/fermionic blocking due to the appearance of strong parametric resonance. In particular,
in the case of scalar b production, the resonant growth will accumulate over the inflaton
oscillation due to the non-adiabatic change of the effective mass, leading to exponential particle
production. Qualitatively, the result is a transient kinematic blocking followed by a non-
perturbative growth of the scalar energy density, as shown in figure 3. Such non-perturbative
excitations of decay products could in principle also contribute to the fragmentation of the
inflaton. This is expected to be important in the case of decays to relatively strongly coupled
scalars, prone to parametric resonance. Given the fact that the resonance structure strongly
depends on the coupling between the inflaton and its decay products, one would need to
perform a full analysis for each possible value of this coupling. In our analysis, we focus on
post-fragmentation reheating and in order to remain as general as possible, such effects are
disregarded here and left for future analyses.

3 Fragmentation: an analytical approach

We are now in a position to estimate the effects of fragmentation on the picture outlined
in the previous section. For now, we will simply assume that the condensate is completely
destroyed when the scale factor takes the value aβ and we define β ≡ aβ/aend. β will be
determined in the next section numerically for some specific examples. Naively, in the case
of inflaton decay to either fermions or bosons, for k ≥ 4, we must require β > aRH/aend.
Otherwise, the destruction of the condensate will leave the universe with a bath of dark
radiation (made of stable massless inflatons), and Standard Model radiation both with energy
densities which scale as a−4 and with ρϕ > ρR which is clearly unacceptable. However, in the
case of scattering, even if the particles are massless, scatterings may still occur and reheating
may still be possible albeit with an altered reheating temperature. Note that the effects of
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Figure 3. Dependence on the induced mass meff of the inflaton and radiation energy densities, for
the ϕϕ → bb decay channel. The solid lines are computed by matching results using the Hartree
approximation prior to strong parametric resonance to results from a lattice simulation for the
backreaction regime.

fermionic kinematic blocking or bosonic enhancement are taken into account here by using
the effective couplings yeff , µeff and σeff .

3.1 Decay to fermions
Let us first consider the case of decay to fermions. The condition that fragmentation occurs
after reheating for 8 + k − 6kl > 0 becomes

β >

 8π(7 − k)
√

3λ
1
k k
√

k(k − 1)y2
eff

(
ρend
M4

P

) 1
k


k+2

6

, (3.1)

or

yeff >

 8π(7 − k)
√

3λ
1
k k
√

k(k − 1)

(
ρend
M4

P

) 1
k


1
2

β− 3
k+2 (3.2)

and for 8 + k − 6kl < 0

β >

 8π(k − 7)
√

3λ
1
k k
√

k(k − 1)y2
eff

(
ρend
M4

P

) 1
k


k+2

2k−8

, (3.3)

or

yeff >

 8π(k − 7)
√

3λ
1
k k
√

k(k − 1)

(
ρend
M4

P

) 1
k


1
2

β− k−4
k+2 (3.4)

For the specific example of k = 6, we have [21, 26] λ = 5.7 × 10−13 and ρ
1/4
end = 4.9 × 1015 GeV,

implying that
β > 0.71 y

−8/3
eff or yeff > 0.88 β−3/8 (3.5)
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We can combine either eqs. (2.20) and (3.2) or eqs. (2.23) and (3.4) to obtain a limit on the

reheating temperature which is also obtained from ρRH = ρR(aRH) > ρϕ(aβ) = ρend
(

aend
aβ

) 6k
k+2

TRH >

(
30

gρπ2

) 1
4
(

ρend
M4

P

) 1
4

β
− 3k

2(k+2) MP , (3.6)

which for gρ = 100 and k = 6 is

TRH > 2.0 × 1015β− 9
8 GeV ≃ 6.5 × 1010

(
104

β

) 9
8

GeV . (3.7)

So long (3.7) is satisfied, there is no harmful effect of fragmentation. Note however that our
analytical result has been obtained in the very conservative limit that the inflaton condensate
disappeared instantaneously under the effect of fragmentation, which is not exactly the case
as we will see in a more precise numerical analysis. If residues remain after fragmentation,
they will allow condensate to continue the reheating process, however, lowering the reheating
temperature.

3.2 Decay to scalars
In this case, the constraint β > aRH/aend gives

β >

8π(2k + 1)
√

k(k − 1)λ
1
k M2

P√
3kµ2

eff

(
ρend
M4

P

)(1− 1
k )

k+2
6k−6

, (3.8)

or

µeff >

8π(2k + 1)
√

k(k − 1)λ
1
k M2

P√
3k

(
ρend
M4

P

)(1− 1
k )

1
2

β− 3k−3
k+2 , (3.9)

which for k = 6 reduces to

β > 2.9 × 107(µeff/GeV)−8/15 or µeff > 9.8 × 1013β−15/8 GeV , (3.10)

where µeff is given in GeV. The limit on the reheating temperature is again given by the
condition ρRH > ρϕ(aβ), eq. (3.7).

3.3 Scatterings to bosons
The final case we consider is the scattering of inflatons to two bosons. While we can still
derive a limit on β such that fragmentation does not affect the reheating process, reheating
may still proceed via scattering if the limit is violated. For fragmentation to occur after
reheating, we need

β >

8π(2k − 5)(k(k − 1))
3
2 λ

3
k

√
3kσ2

eff

(
ρend
M4

P

)(1− 3
k )

k+2
6k−18

, (3.11)

or

σeff >

8π(2k − 5)(k(k − 1))
3
2 λ

3
k

√
3k

(
ρend
M4

P

)(1− 3
k )

1
2

β− 3k−9
k+2 , (3.12)
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k λ ϕend/MP −ϕ̇end/(10−6M2
P ) aβ/aend abr/aend

4 3.42 × 10−12 1.524 3.392 180 265
6 5.70 × 10−13 1.983 3.332 4.5 × 104 3.3 × 104

8 9.51 × 10−14 2.322 3.309 6 × 106 2.9 × 106

10 1.58 × 10−14 2.588 3.299 7 × 108 3.4 × 108

Table 1. Numerical values obtained for ϕ and ϕ̇ at the end of inflation for V (ϕ) given by eq. (2.1).
They are input variables for lattice simulations which give the fragmentation time aβ . λ and ϕend are
determined from eqs. (2.2) and (2.3) respectively. Also presented is the predicted backreaction time
abr discussed in appendix A.

k yeff µeff σeff TRH

4 1.61 × 10−1 3.57 × 1010 GeV 3.57 × 10−6 1.14 × 1013 GeV
6 1.58 × 10−2 1.84 × 105 GeV 5.37 × 10−10 1.19 × 1010 GeV
8 1.32 × 10−3 6.33 × 10−1 GeV 9.59 × 10−15 1.50 × 107 GeV
10 3.62 × 10−5 1.49 × 10−6 GeV 6.47 × 10−20 1.80 × 104 GeV

Table 2. Lower limits on the effective couplings, yeff , µeff , and σeff to ensure that reheating occurs
before the fragmentation of the condensate for k = 4, 6, 8 and 10. Also given is the corresponding
lower limit on the reheating temperature so that reheating takes place before fragmentation.

and for k = 6 becomes

β > 2.6 × 10−4σ
−8/9
eff or σeff > 9.3 × 10−5β−9/8 . (3.13)

Once again, the limit on the reheating temperature is given by eq. (3.7).
Some of these results are summarized in tables 1 and 2. In table 1, we provide values of

λ from eq. (2.2) and ϕend from eq. (2.3) for k = 4, 6, 8, and 10. Recall that ρend = V (ϕend).
The values of β = aβ/aend are taken from the numerical work described in the next section.
Using these values we provide the lower limits on the effective couplings, yeff , µeff , and σeff as
well as the lower limit on TRH to ensure that reheating occurs before the fragmentation of the
condensate for k = 4, 6, 8 and 10.

Some comments on these limits are in order. Starting with the decay to fermions, we
see that the lower limit to yeff ranges from O(.1) to O(10−5) for k = 4 − 10. However for
effective couplings this large, we see from eq. (2.26) that the Lagrangian coupling y must
be very large (non-perturbative) since αy ∝ R−1/2. In other words, for y ≲ 1, we expect
that yeff ≲ 10−4 for R ≳ 1016 as seen in figure 2, which is the value of the kinetic factor at
values of aβ/aend ≳ 100 when fragmentation becomes effective. Thus the fragmentation of
the condensate is expected to always occur before reheating if the reheating is dominated by
decays to fermion pairs. In sharp contrast, the decay to boson pairs is not impeded, and the
lower limit to µ is weaker than the limit to µeff seen in table 2. This is because µeff ∝ R1/4µ.
Finally, although the effective coupling for scattering is also suppressed, σeff ∝ R−1/4σ, the
limits on σeff are small enough that they may be satisfied for perturbative values of σ.

In the case of scattering to scalars, if the limit on β (or σ) is violated, reheating still
occurs, but with an altered reheating temperature as the energy density of the inflaton quanta
now scales as a−4 rather than a−6k/(k+2). As a consequence the radiation energy density will
scale as a−3 as opposed to a−18/(k+2) when aβ < a < aRH. If we ignore fragmentation, the

– 11 –



J
C
A
P
1
2
(
2
0
2
3
)
0
2
8

reheating temperature produced from inflaton scatterings is obtained from eq. (2.20) using γϕ

from eq. (2.15) which corresponds to ϕϕ → bb

TRH =
(

30
gρπ2

) 1
4
[ √

3kσ2
eff

8π(2k − 5)(k(k − 1))
3
2 λ

3
k

] k
4k−12

MP , (3.14)

which for k = 6 simplifies to

TRH = 1
2
√

70π

(
3

gρλ

) 1
4

σeffMP ≃ 0.0079 σeff

λ
1
4

MP ≃ 9.1 σeffMP , (3.15)

for gρ = 100 and λ = 5.7 × 10−13.
It is relatively straightforward to determine the reheating temperature when σ violates the

condition in eq. (3.11). For a < aβ , the evolution of ρϕ and ρR is unaffected by fragmentation.
For a > aβ, we can write

ρϕ = ρendβ− 6k
k+2

(
aβ

a

)4
(3.16)

ρR =
[ √

3kσ2
eff

8π(2k − 5)(k(k − 1))
3
2 λ

3
k

](
ρend
M4

P

) 3
k

−1

β− 18
k+2

(
aβ

a

)3
. (3.17)

Setting ρϕ = ρR, we can determine aβ/aRH and ρR(aRH). The correct reheating temperature,
T

(β)
RH in this case is related to that in eq. (3.14) by

T
(β)
RH =

[ √
3kσ2

eff

8π(2k − 5)(k(k − 1))
3
2 λ

3
k

]1− k
4k−12

β
9(k−4)
2(k+2)

(
ρend
M4

P

) 3
k

− 3
4

TRH , (3.18)

and for k = 6,

T
(β)
RH = 0.019 σeffλ− 1

4 β
9
8

(
ρend
M4

P

)− 1
4

TRH ≃ 1.1 × 104 σeff β
9
8 TRH . (3.19)

Figure 4 shows the effect of fragmentation on the reheating temperature for k = 6. The
black curve shows the reheating temperature as a function of the effective quartic coupling
σeff using eq. (3.14) which ignores the effects of fragmentation. The blue (dashed) and red
(dotted) curves are computed using eq. (3.19) for β = 104 and 106 respectively. We clearly
observe the change of slope when σeff drops to values below the limit given by eq. (3.13),
passing from TRH ∝ σeff to TRH ∝ σ2

eff . The effect on the reheating temperature is more
pronounced for smaller value of β, i.e. for earlier fragmentation. On the other hand, for
sufficiently large σeff satisfying eq. (3.13), the effects of fragmentation can be neglected.

4 Fragmentation: a numerical approach

4.1 Generalities

A non-quadratic scalar potential such as (1.1) describes a self-interacting inflaton field. This
self-interaction will generically transfer some of the energy of the coherent, oscillating inflaton
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Figure 4. The reheating temperature TRH as a function of σeff for k = 6. The black curve shows the
temperature with the effects of fragmentation ignored. The blue (dashed) and red (dotted) lines show
the temperature T

(β)
RH for β = 104 and 106 respectively.

field into inhomogeneous fluctuations δϕ(t, x), through processes such as ϕk−2 → δϕ δϕ.
At linear order, the growth of these inhomogeneities can be described as the exponential
excitation of the momentum modes of ϕ due to the presence of parametric resonances. The
equation of motion that is satisfied by the inflaton perturbations is

δ̈ϕ + 3H ˙δϕ − ∇2δϕ

a2 + k(k − 1)λM2
P

(
ϕ(t)
MP

)k−2
δϕ = 0 . (4.1)

The solution to this equation is not δϕ = 0, as the fluctuations have a quantum mechanical
origin, and therefore a non-vanishing initial vacuum value. Switching to conformal time
dτ = dt/a, and introducing the canonically normalized inflaton fluctuation X = a δϕ, we can
write

X(τ, x) =
∫ d3p

(2π)3/2 e−ip·x
[
Xp(τ)âp + X∗

p (τ)â†
−p

]
. (4.2)

Here we have introduced the comoving momentum p, and a set of annihilation and creation
operators âp and â†

p which satisfy the canonical commutation relations [âp, â†
p′ ] = δ(p − p′),

[âp, âp′ ] = [â†
p, â†

p′ ] = 0. The Wronskian constraint

XpX∗′
p − X∗

p X ′
p = i (4.3)

(where ′ denotes differentiation with respect to conformal time) is imposed to ensure that
the canonical commutation relations between Xp, and its momentum conjugate, X ′

p, are
also fulfilled.

Substitution of (4.2) into (4.1) yields the following equation for the dynamics of the
individual mode functions,

X ′′
p + ω2

pXp = 0 , (4.4)

and the effective frequency is given by

ω2
p ≡ p2 − a′′

a
+ k(k − 1)λa2M2

P

(
ϕ(t)
MP

)k−2
. (4.5)
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The initial condition for the modes is given by the Bunch-Davies vacuum solution,

Xp(τ0) = 1√
2ωp

, X ′
p(τ0) = − iωp√

2ωp
, (4.6)

imposed at the beginning of reheating for all sub-horizon modes. In the absence of expansion,
eq. (4.4) contains a periodic effective frequency, and is a special case of Hill’s equation [63].
The Floquet theorem guarantees that the solution has in general the following form,

Xp(τ) = eµpτ g1(τ) + e−µpτ g2(τ) , (4.7)

where g1(τ) and g2(τ) are periodic functions, and µp are known as the Floquet exponents.
For a given value of the model couplings, these exponents will have non-vanishing real parts
for certain values of the comoving momentum p (resonance bands). Therefore, these solutions
will grow exponentially fast, manifesting the phenomenon of parametric resonance. The
important point here is that even for weak couplings λ, this resonance can be strong enough
to eventually bring the system into the non-linear regime.4 Quantitative details can be found
in appendix A. Alternatively, this resonance is manifested as the exponential growth of the
occupation numbers of the modes, defined as

np = 1
2ωp

∣∣∣ωpXp − iX ′
p

∣∣∣2 . (4.8)

When we account for expansion, the oscillating part of the frequency (third term on
the right-hand side of (4.5)) will redshift as a−4 k−4

k+2 . Thus, conversion of the homogeneous
condensate into an inhomogeneous gas of free inflatons is expected to occur on a larger time
scale for larger values of k > 4. Nevertheless, as we will now show, for all the values of k > 4
that we consider, the non-linear regime is reached. The backreaction of the inhomogeneous
component on the inflaton condensate “fragments” it, partially replacing the classical oscillating
inflaton by free inflaton quanta with non-vanishing momentum. It is worth noting that for
k = 4, the strength of the resonance does not decrease with time. The exponential growth of
fluctuations is only moderated by the non-linear mode-mode interactions, and the condensate
component continues to be depleted after the onset of backreaction [55].

4.2 Lattice simulations
Using CosmoLattice [64, 65], we performed lattice simulations to obtain β for different values
of k in eq. (2.1). Prior to simulations, we evolved the system numerically until the end of
inflation corresponding to the condition ϕ̇end = −

√
V (ϕend). Numerical evaluations of the

inflaton field and its time derivative at the end of inflation are provided in table 1. This yields
an energy density at the end of inflation ρend ∼ 5.6 − 5.8 × 1062 GeV4 mildly dependent on k.

We describe the details of our methodology used to perform the lattice simulations of the
fragmentation in appendix A. On the lattice, the full non-linear partial differential equation
for the space-time dependent inflaton field (4.1) is then solved over a configuration-space
lattice. The energy density of the inflaton is computed from the spatial average of the
energy-momentum tensor of ϕ, which we denote with an over-bar,

ρϕ = 1
2 ϕ̇2 + 1

2a2 (∇ϕ)2 + V (ϕ) . (4.9)

4For more details on the structure of the resonance bands for monomial potentials, see [42].
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For definiteness we define the condensate component of the energy density as follows,

ρϕ̄ = 1
2

˙̄ϕ 2 + V (ϕ) , (4.10)

that is, the energy density of the spatially averaged inflaton field which is then different from
the spatially average energy density of the inflaton field (4.9).

Spectral data in turn is obtained upon Fourier transformation of configuration-space
quantities. Two important quantities can be obtained from the phase space distribution (PSD),
the number density and the energy density of the fluctuations. Their UV-regular forms are
computed as

nδϕ = 1
(2π)3a3

∫
d3p np , (4.11)

ρδϕ = 1
(2π)3a4

∫
d3p ωpnp , (4.12)

the second of which corresponds to ρδϕ = ρϕ − ρϕ̄.5 These quantities are represented in
figures 5 and 6 for k = 4, 6, 8 and 10, in addition to the averaged equation of state parameter.
Notice that the process of self-fragmentation does not occur instantaneously. As observed in
figures 5 and 6, most of the energy density of ϕ is in the condensate initially, and consequently
the mean equation of state parameter follows the relation (2.7). After the exponential growth
of inhomogeneities, ⟨w⟩ has a transient period of irregular behavior (for k = 4), or starts
decreasing as the particle component of ρϕ starts to dominate. Then the convergence toward
an equation of state corresponding to a gas of relativistic inflaton (w = 1/3) is relatively
fast. Considering the potential sources of discrepancies, such as different initial conditions
and numerical uncertainties, our results appear to be consistent with those of ref. [42]. The
appendix provides details of an analytical approximation of the typical resonantly enhanced
scale, eq. (A.3), which is in good agreement with our estimate. For any value of k, only ∼ 2
e-folds after the beginning of the fragmentation, a large majority of the condensate has already
been transformed into particles. We also show the time evolution of the inflaton fragmented
quanta occupation number in the right panels of figures 5 and 6 as well as ξ ≡ ρϕ̄/ρδϕ, the
ratio of the density in the remaining condensate to that in particles from the curves in the
left panels.

4.3 Effect of the fragmentation on TRH

The analytic limits derived in section 3, were based on the assumption that when fragmentation
of the condensate occurs, it is complete and all of the energy density in the condensate is
converted to free and massless (for k ≥ 4) particles which as a result do not decay. This
would preclude the possibility of reheating. While this assumption is roughly 99% correct, as
seen in figures 5 and 6 where ρϕ̄ ≳ 0.01 × ρδϕ at the end of the fragmentation process, the 1%
difference from our assumption in section 3 can significantly affect our conclusions.

Indeed, in figures 5 and 6, we see not only the onset of fragmentation, but also the
‘late’ time evolution of both the condensate and the free inflaton-particles produced from the
destruction of the condensate. For each of the four examples shown k = 4, 6, 8 and 10 we note
that the ratio of the energy density remaining in the condensate relative to the energy density

5It was shown in ref. [55], corresponding to the case k = 4, that estimating ρδϕ from eq. (4.12) numerically
is in excellent agreement with estimating ρδϕ = ρϕ − ρϕ̄ directly from the lattice.
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Figure 5. Left: inflaton energy density in the classical condensate (ρϕ̄, green), in free particles (ρδϕ,
yellow) and the sum of both (ρϕ, blue), as functions of the scale factor. Right: ratio of energy densities
ξ = ρϕ̄/ρδϕ (black) and comoving number density of inflatons nδϕ(a/aend)3 (red), during and after
fragmentation. Bottom: the oscillation-averaged equation of state.

in particles, ξ, decreases slowly after fragmentation as seen in the right panels of figures 5
and 6. Thus while the amplitude of the inflaton oscillations associated with the condensate is
drastically reduced when fragmentation occurs, it is not driven to exactly 0. The presence
of a relic condensate generates a mass term for the ϕ-particles which allows them to decay.
From eq. (2.8), we can still write ρϕ̄ = λM4

P

(
ϕ0

MP

)k
and we obtain for the amplitude

ϕ0
MP

=
(

ρϕ̄

λM4
P

) 1
k

, (4.13)

and therefore the interaction between the ϕ-particles and the condensate provides an effective
mass term

mϕ =
√

k(k − 1)λ1/2
(

ϕ0
MP

) k−2
2

MP =
√

k(k − 1)λ1/k

(
ρϕ̄

M4
P

) k−2
2k

MP ∝ a−3 k−2
k+2 . (4.14)
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Figure 6. Left: inflaton energy density in the classical condensate (ρϕ̄, green), in free particles (ρδϕ,
yellow) and the sum of both (ρϕ, blue), as functions of the scale factor. Right: ratio of energy densities
ξ = ρϕ̄/ρδϕ (black) and comoving number density of inflatons nδϕ(a/aend)3 (red), during and after
fragmentation. Bottom: the oscillation-averaged equation of state.

This mass term may then allow the inflaton to decay (and thus reheat) if its width dominates
the expansion rate, Γϕ ≳ H. After fragmentation occurs, the Hubble rate, dominated by
the relativistic fragmentation products, redshifts as H ∝ a−2. The ϕ-particles of number
density n have mean energy E = ρtot

n ≃ (π
7
2 /30

3
4 ζ(3))ρ

1
4
δϕ ≡ ceρ

1
4
δϕ with ce ≈ 3.57. After

fragmentation, these particles are relativistic and their decay rate is suppressed by a time
dilation factor ≃ mϕ/E.6

For the case of inflaton decay to fermions, as we will show, the width Γϕ ∼ m2
ϕ

Ē
∝ a− 5k−14

k+2 .
We then see that for k ≥ 6, the width redshifts as fast or faster than the Hubble rate which is

6A more rigorous treatment would consist in estimating the boost factor for a given mode from the
occupation number np, which is beyond the scope of this paper. For a full analysis based on the Boltzmann
equation for k = 4 and fermionic decays, see [55]. More intuitively, this factor corresponds to the Lorentz
boost that one needs to account for in order to express in the cosmic comoving frame, the decay rate computed
in the mean rest frame of inflaton fluctuations, which is of order ∼ mϕ/Ē.
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∝ a−2, and the relativistic particles never decay: reheating is never completed. Their lifetime
increases faster than the age of the Universe. In this case, the analytical results we obtained in
section 3.1 are still valid. Especially eq. (3.6) which requires a minimal reheating temperature
so that reheating is complete before fragmentation occurs. However as previously argued, this
requires a non-perturbative coupling unless the effects of kinematic blocking can be avoided.

To be more precise, we can compute the expected reheating temperature making use of
the numerical results discussed above which provide the ratio of the energy density in the
residual condensate to the total energy density dominated by the inflaton fluctuation, δϕ. For
fermionic final states, the rate for particle decay is given by7 eq. (2.14) multiplied by the time
dilation factor

Γϕ =
y2m2

ϕ

8πE
= ckξ

k−2
k β

k−4
2(k+2)

(
ρend
M4

P

) 3k−8
4k (

aend
a

) 5k−14
k+2

MP , (4.15)

with ck ≡ y2

8πce
k(k − 1)λ

2
k . To arrive at eq. (4.15), we used ρϕ̄ = ξρend(aend/a)6k/(k+2) and

E = ceρ
1
4
δϕ = ceρ

1
4
endβ

(4−k)
2(k+2) (aend/a). If we define the value of the scale factor at reheating from

Γϕ = H, we find

aRH
aend

=
(√

3ck

) k+2
3(k−6)

(
ρend
M4

P

) (k+2)(k−8)
12k(k−6)

ξ
k2−4

3k(k−6) β
k−4

2(k−6) , (4.16)

where we used H = ρ
1
2
δϕ/

√
3MP . The energy density at aRH is then

ρRH = ρendβ
8−2k
k+2

(
aend
aRH

)4
= M4

P

(√
3ckξ

k−2
k

) k+2
3(6−k)

(
ρend
M4

P

) 2k2−12k+16
3k(k−6)

β
−4 (k−2)(k−4)

(k+2)(k−6)

⇒ T
(β)
RH =

(
30

gρπ2

) 1
4

MP

(√
3ckξ

k−2
k

) k+2
12(6−k)

(
ρend
M4

P

) 2k2−12k+16
12k(k−6)

β
− (k−2)(k−4)

(k+2)(k−6) (4.17)

As one can see from eq. (4.15), the decay rate redshifts as a− 5k−14
k+2 which for k = 6 is a−2

and thus redshifts in parallel with the Hubble rate and reheating can not occur. Actually for
k = 6, it is necessary to redo the integration in eq. (2.9) which produces a log contribution so
that Γϕ ∼ a−2 ln

1
2 a, i.e. barely faster than the δϕ redshift.

To illustrate our point, we show in figure 7 the reheating temperature as a function of
the coupling y for four values of k, where we have neglected the kinematic blocking factor R.
The dotted lines show the dependence of TRH when fragmentation is ignored. These are given
by either eq. (2.20) for k = 4, 6 with TRH ∝ y

k
2
eff or eq. (2.23) for k = 8, 10 with TRH ∝ y

3k
2k−8
eff .

Since the (log)slopes for k = 6 and 8 are equal, the two lines are indistinguishable on the
scale of the figure (they are not, however identical). The limits from table 2 are easily read
from the figure once the relation between y and yeff from figure 1 is used. For example, for
k = 6, above y ≃ 0.2, we have the result from section 3.1 (the limit seen here corresponds
to the limit yeff > 0.016 found in table 2). At lower values of y there is a very rapid decline
in the reheating temperature. Due to the aforementioned log correction to the dependence

7Note that in this case, the reheating is due to the decay of the dominant component which is the bath of
ϕ-particles whose coupling with the fermions is y and not yeff .
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Figure 7. The reheating temperature as a function of the inflaton coupling to fermions, y. The dotted
lines show the dependence when fragmentation is ignored. These are given by either eq. (2.20) for
k = 4, 6 or eq. (2.23) for k = 8, 10. The solid curves include the effects of fragmentation. When y (or
yeff) satisfies the limits in table 2 the solid and dotted curves track each other. At lower y, reheating
no longer occurs. The effects of kinematic blocking are not included here.

on the scale factor, the curve is not quite vertical. For larger k, any departure from vertical
below the limit on y is numerical. When the effects of fragmentation are included, we see
from eq. (4.17) that T

(β)
RH ∝ y

k+2
6(6−k) . For k > 6, the decay rate (4.15) would redshift faster

than the Hubble rate (a−2) and the limits from section 3.1 must be obeyed8 and even then
perturbative couplings are only possible if the effects of kinematic blocking can be avoided.9
The case of k = 4 is special, since its conformal nature leads to a continuous conversion of
the condensate into inhomogeneities even past the onset of fragmentation. Nevertheless, the
decay into fermions after backreaction is not as strongly suppressed, and allows for reheating,
as discussed in detail in [55].

For the decay to scalars, the rate is enhanced due to fragmentation as it is proportional
to m−1

ϕ which is decreased. This remains true even when the effect of time dilation is taken
into account. But the rate is no longer enhanced by the effective mass, µ2

eff and as one can
see from eq. (2.14) where l < 0 for k > 2 the decay rate is now given by

Γϕ = µ2

8πE
= µ2

8πceM2
P

(
ρend
M4

P

)− 1
4

β
k−4

2(k+2)

(
a

aend

)
MP . (4.18)

Note that there is no longer a dependence on ξ. In this case, we have

aRH
aend

=
( √

3µ2

8πceM2
P

)− 1
3
(

ρend
M4

P

) 1
4

β
− k−4

2(k+2) (4.19)

8The leftover condensate could still decay, but will not be able to inject an energy to the radiation bath
comparable to ρδϕ.

9One possibility is an inflaton-fermion axial coupling of the kind L ⊃ ϕf̄γ5f .
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Figure 8. The reheating temperature as a function of the inflaton coupling to bosons, µ. The dotted
lines show the dependence when fragmentation is ignored. These are given by eq. (2.20). The solid
curves include the effects of fragmentation. When µ (or µeff) satisfies the limits in table 2 the solid
and dotted curves track each other. At lower µ, the reheating temperature is suppressed given in
eq. (4.20). The effects of kinematic blocking are not included here.

implying a very simple result for ρRH which is independent of k and β as well

ρRH = M4
P

( √
3µ2

8πceM2
P

) 4
3

⇒ T
(β)
RH =

(
30

gρπ2

) 1
4

MP

(
√

3 µ2

8πceM2
P

) 1
3

(4.20)

In this case, for k = 6, the ratio of the reheating temperature including fragmentation
to that neglecting fragmentation is

T
(β)
RH

TRH
=
( √

3
8πce

) 1
3 (13

6 8π
√

10
) 3

10
λ

1
20

(
µ

MP

) 2
3
(

MP

µeff

) 3
5

≃ 0.3
(

µ

MP

) 2
3
(

MP

µeff

) 3
5

(4.21)

which is slightly less than 1 and decreases with decreasing µ. This can be seen in figure 8
which as in figure 7 shows the dependence of TRH on µ in the absence of fragmentation (dotted
lines) and with the effects of fragmentation included (solid lines). In this case kinematic
enhancements are also neglected. From eq. (2.20), we see that TRH ∼ µ

k
2(k−1) for the dotted

lines, and from eq. (4.20), T
(β)
RH ∼ µ

2
3 . For k = 4, the two slopes are the same, but at the

values of µ in table 2, there is a suppression at lower µ since µ < µeff . For larger k, the slopes
of the dotted lines decrease where the slopes of the solid lines are constant. This is apparent
in the figure. Clearly the effects of fragmentation are mild compared with those found for
decays to fermions.

Finally, in the case of inflaton scatterings to bosons, we can write the scattering rates as

Γϕ = n
σ2

8πE
2 = c̃σ2

8π
ρ

1
4
tot (4.22)

– 20 –



J
C
A
P
1
2
(
2
0
2
3
)
0
2
8

with c̃ = 900×30
1
4 ζ(3)3

π10√
π

≈ 0.022. The condition Γϕ(aRH) = H(aRH) then gives

aRH
aend

= 8π√
3c̃σ2

(
ρend
M4

P

) 1
4

β
4−k

2(k+2) , (4.23)

and

ρRH = M4
P

(√
3σ2c̃

8π

)4

(4.24)

⇒ T
(β)
RH = MP

(
30

gρπ2

) 1
4
(

σ2c̃
√

3
8π

)
, (4.25)

which is again independent of ξ, β, and k. For k = 6, the ratio of the reheating temperature
including fragmentation to that neglecting fragmentation is

T
(β)
RH

TRH
= σ2

σeff

(10λ)
1
4
√

210
4
√

π
c̃ . (4.26)

This is illustrated in figure 9 which as in figure 7 and figure 8 shows the dependence of TRH on
σ in the absence of fragmentation (dotted lines) and with the effects of fragmentation included
(solid lines). In this case kinematic suppression is also neglected. At large values of σ the
solid lines keep track of the dashed lines corresponding to TRH ∼ µ

6k
4k−16 from eq. (2.23) (for

k > 4), i.e. the slopes tend to decrease with k. At small values of σ, from eq. (4.25) T
(β)
RH ∼ σ2

independently of k (for k > 4) giving rise to identical slopes for the solid lines corresponding
to k = 6, 8, 10 as apparent in the figure. At small values of σ, the error made on the reheating
temperature by neglecting fragmentation can reach several orders of magnitude. Clearly the
effects of fragmentation in this case are stronger than the effect on decays to scalars, but
milder compared to decays into fermions.

As a conclusion, we see that the effect of fragmentation on the reheating process is highly
dependent on the decaying mode. While the fermionic channel ϕ → f̄f is almost excluded
due to the conjunction of inefficient decay relative to the expansion rate and strong kinematic
suppression, the decay ϕ → bb is almost unaffected, whereas the scattering process ϕϕ → bb
leads to a significantly lower reheating temperature.

5 Summary

In most simple, single field inflation models, the energy density of the universe is dominated
by the inflaton scalar potential V (ϕ). As inflation ends, this nearly constant energy density is
transferred in part to the kinetic energy associated with an oscillating inflaton condensate.
To recover a standard hot big bang universe, the inflaton must to some degree couple to
Standard Model fields so that the process of reheating occurs. In the simplest case, where the
inflaton potential is quadratic near its minimum, inflaton decays can reheat the Universe to
a temperature TRH ∝ y, where y is the coupling to SM fields. However even in this simple
case, when examined in detail, the reheating process is more involved. Early decay products
can thermalize and achieve a temperature Tmax far greater than TRH, though their total
contribution to the energy density may be small. As inflaton decays continue, in the case
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Figure 9. The reheating temperature as a function of the inflaton coupling to bosons, σ. The dotted
lines show the dependence when fragmentation is ignored. These are given by eq. (2.20). The solid
curves include the effects of fragmentation. When σ (or σeff) satisfies the limits in table 2 the solid
and dotted curves track each other. At lower σ, the reheating temperature is suppressed given in
eq. (4.25). The effects of kinematic blocking are not included here.

of a quadratic potential the energy density of the newly formed radiation bath scales as
ρR ∼ a−3/2 while the energy density of the inflaton condensate redshifts as ρϕ ∼ a−3. This
continues until “reheating” when ρR = ρϕ. Soon thereafter ρϕ drops off exponentially as
decays become rapid and ρR ∼ a−4 typical of a radiation dominated universe.

This picture is altered when the shape of the potential about the minimum is no longer
quadratic. When the potential can be expressed as V ∼ ϕk near its minimum, the energy
density of the condensate scales as ρϕ ∼ a−6k/(k+2) and the behavior of the energy of the
radiation scales as either eq. (2.18) or (2.21) and depends on k, and whether the decay
products are bosons or fermions (or if two-body scatterings dominate the reheating process).
These differences affect the maximum temperature and the reheating temperature.

For k ≥ 4, in addition to producing SM fields, scatterings can produce inflaton fluctuations
which behave as a gas of massless inflaton particles. The case for k = 4 was recently treated
in [55]. For k > 4, it was argued [41, 42, 47, 56–58] that the equation of state parameter
w = (k − 2)/(k + 2) would evolve from w > 1/3 to w = 1/3 as the condensate fragments
through the appearance of solitonic objects called oscillons. The complete destruction of
the condensate to a gas of massless inflatons would preclude reheating if reheating does not
complete before the fragmentation process begins.

In this work, we have first derived analytical limits to the inflaton-SM couplings such
that reheating occurs before the fragmentation of the condensate assuming that fragmentation
occurs when a = βaend. For decays to SM fermions, we found limits on the effective couplings
which are relatively large. So large, in fact, that the corresponding Lagrangian couplings
were necessarily non-perturbative unless the effects of kinematic blocking could be evaded.
In contrast, for decays to bosons or scatterings to bosons, limits to either the effective
(dimensionful) coupling (in the case of decays) or quartic coupling (in the case of scatterings),
were relatively easy to satisfy, particularly for larger values of k. We noted that in the case
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of scatterings, even if the limit on the coupling is violated (and fragmentation occurs before
reheating), reheating still occurs through the scattering of now massless inflaton particles as
shown in figure 4.

For a more quantitative approach, we performed a numerical study of the fragmentation
process by simulating the post-inflation dynamics with the public code CosmoLattice. From
the simulations, for each value of k we kept track of the energy density stored in the form of
the inflaton homogeneous (condensate) and inhomogeneous (inflaton quanta) components as
illustrated in figures 5 and 6. We determined the instant of fragmentation β and found that
fragmentation occurs later for larger values of k: aβ/aend ≃ {180, 4.5 × 104, 6 × 106, 7 × 108}
for k = {4, 6, 8, 10}. More importantly, from the simulations we found that the fragmentation
process is not completed. Although typically ∼ 99% of the energy density is transferred to
inflaton particles, O(1%) of the total energy density remains in the form of a homogeneous
condensate. This remaining component is important as it induces an effective mass to the
fragmented inflaton particles potentially allowing them to decay even after the bulk of the
fragmentation process is complete.

We find that the effects of fragmentation on the reheating process depend strongly on
the decaying mode. In the case of decays to fermions, for k > 6 (w > 1/2), the inflaton decay
rate redshifts faster than the expansion rate and post-fragmentation decays do not occur (as
originally argued in section 3.1). For k = 6, decays drop off dramatically when the limit in
eq. (3.5) is violated as seen in figure 7. For decays to scalars via a dimensionful coupling, decays
do indeed continue subsequent to fragmentation and the resulting reheating temperature
is independent of k and the specific value of β. The resulting reheating temperature is
only slightly suppressed when fragmentation effects are included as seen in figure 8. For
scattering to scalars via a quartic coupling, fragmentation does not prevent reheating but
substantially diminishes the efficiency of the process. For small couplings, the resulting
reheating temperature can be reduced by several orders of magnitude as illustrated in figure 9.
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A Simulating the fragmentation

Our simulations are performed using CosmoLattice [64, 65]. We use the α−time defined via
dτα = a−αω∗ dt with

α = 3(k − 2)
(k + 2) ω∗ =

√
λMP , (A.1)

and we define the normalized field ϕ̃ = ϕ/f∗ and inflaton potential V ≡ V/(f2
∗ ω2

∗) with
f∗ = MP . By using the average EOS w ≃ (k − 2)/(k + 2) prior to fragmentation and the
expression of λ in eq. (2.2), the α−time can be related to the scale factor via

τα ≃ (k + 2)ω∗
18πMP

As tanhk
(

1
4 ln

(
1
3k
(√

k2 + 3 + k
)

+ 1
2

))
N2

∗

−1/2 [(
a

aend

) 6
k+2

− 1
]

, (A.2)

normalized to τα(aend) = 0.
According to [42], in the case of weak self-interaction, self-fragmentation is completed

by the inflaton quanta produced on the first narrow instability band of the Floquet theorem.
Consequently, the backreaction time, which corresponds to the moment when the generated
particles start to affect the inflaton background, is expressed by the Floquet quotient and the
width of the first narrow instability band. We represent the predicted backreaction time as
βpred

br ≡ abr
aend

and calculate it numerically using ∆Npred
br ≡ ln

(
abr
aend

)
≈ n+1

3 ln
[

1
dδ

κ
∆κ

M
mPl

|4−2n|
n+1

]
for k ̸= 4 and ln

(
abr
aend

)
≈ ln

[
1
dδ

M
mPl

]
for k = 4. n corresponds to k/2 and M to

√
6αMP with

α = 1, etc. in our notation; see figure 4 and eq. (11) in [42] for details. The predicted back
reaction time for several values of k are listed in the last column of table 1.

It is crucial for running lattice simulations to identify when and at what energy scale the
physics event we want to observe occurs. While important modes are produced at a constant
κ ≡ p/am, in simulations, it is the comoving momentum p that is fixed. In other words,
observing m2 ∝ kλϕk−2, ϕ̃ ∝ a

−6
k+2 and κ

√
k = O(1) for the production events at the first

narrow band allows us to predict the range of comoving momentum that we need to scan.
Therefore, at backreaction time, we should focus on the following ranges of physics scale

p/
√

λMP ∝ ϕ̃end

(
abr
aend

)−3 k−2
k+2 +1

=


1.524 × 265−0 ∼ O(1) for k = 4
1.983 × (3.3 × 104)−0.5 ∼ 1.1 × 10−2 for k = 6
2.322 × (2.9 × 106)−0.8 ∼ 1.6 × 10−5 for k = 8
2.588 × (3.4 × 108)−1 ∼ 7.6 × 10−9 for k = 10 ,

(A.3)
where we find that the typical momentum scale of the fragmentation is inversely proportional
to k.

As the resonance bands vary with time for k > 4, one has to choose lattice parameters
accordingly to fully capture the time-dependent resonance structure. For our simulations, we
used the parameters given in table 3. The inflaton-fluctuation occupation number is shown in
figure 10 (left panels) as a function of the Fourier scale for k = 4, 6, 8, 10 from top to bottom.
The occupation numbers evaluated at different times are represented with different colors.
One can clearly see from these plots that the resonance structure shifts towards the infrared
for k > 4 while the main resonance for k = 4 remains at the same scale due to the (quasi)
conformal invariance of the inflaton potential close to the minimum. One can also see from
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Figure 10. Occupation number and comoving number density for the inflaton fluctuations. Both
quantities are defined in section 4.
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k pIR/ω∗ N ∆τα

4 0.5 128 10−3

6 10−2 128 10−3

8 2 × 10−5 128 10−3

10 2 × 10−8 64 10−3

Table 3. Numerical input values used for the lattice simulations. N is the number of lattice sites per
dimension, i.e. corresponding to N3 points on a cubic lattice. ∆τα is the (α−time) time step. pIR/ω∗
is the lowest infrared Fourier scale that can be resolved on the lattice.

these plots that the lattice parameters given in table 3 allow for the resonance structure to
be well captured for all cases. In the right panels of figure 10, we represented the comoving
number density of inflaton fluctuations, i.e. the occupation number integrated over momenta.
One can see that once fragmentation is reached, the comoving number density freezes to a
constant value in all cases considered.
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