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ABSTRACT 
Crack tip opening angle (CTOA) has been used as a reliable 

fracture toughness parameter for decades to characterize stable 

ductile crack growth for thin-walled aerospace structures in the 

low-constraint conditions. Recently, the CTOA parameter was 

also applied to the pipeline industry, and a CTOA test standard 

ASTM E3039 was thus developed for testing a critical constant 

CTOA. Research showed that the constant CTOA can 

reasonably describe fracture toughness required to arrest a 

dynamic crack propagation for a modern gas pipeline. However, 

the CTOA fracture criterion requires constraint-independent 

CTOA toughness against stable ductile crack growth. 

ASTM E3039 recommends a drop weight tearing test 

(DWTT) specimen for CTOA testing. Since a shallow crack is 

used, DWTT measured CTOA may depend on constraint level 

at the crack tip. To understand if it is the case, this paper 

evaluates the critical CTOA for a set of fracture toughness tests 

on single edge notched bend (SENB) specimens with shallow 

and deep cracks based on four CTOA estimation models. In 

which, the Ln(P)-LLD linear fit model is similar to that used by 

ASTM E3039 in the CTOA calculation. Fracture test data for 

X80 pipeline steel and HY80 structural steel are considered in 

the CTOA evaluation. The results show that the four CTOA 

models can determine a crack size-independent constant CTOA 

over stable ductile crack growth for the SENB specimens. As a 

result, CTOA determined by ASTM E3039 is constraint-

independent and transferable to use for an actual crack 

propagating in a gas pipeline. 

 

KEYWORDS: fracture arrest toughness, Constant CTOA, 

CVN, DWTT, SENB specimen 

 

1. INTRODUCTION 
Fracture mechanics methods have been extensively applied 

to engineering design, crack assessment, and structural integrity 

management for large-scale infrastructure in the energy sector, 

including nuclear or petrochemical pressure vessels, energy 

storage tanks, and oil & gas transmission pipelines. Most 

pressure vessels are made of stainless steels, and pipelines are 

made of carbon steels. For these ductile steels, the elastic-plastic 

fracture mechanics methods are usually used in an engineering 

critical analysis (ECA) or crack assessment, where fracture 

toughness is described by one of fracture parameters: J-integral 

[1], crack tip opening displacement (CTOD) [2], and crack tip 

opening angle (CTOA) [3]. Initially, the J-integral was proposed 

to describe the intensity of singularity of crack-tip field, CTOD 

was proposed to describe the capability of crack opening, and 

CTOA was introduced to simulate stable crack growth for finite 

element analysis (FEA). Since the 1980s, these fracture 

parameters have been used to characterize fracture toughness of 

ductile steels against crack initiation or stable growth. Over the 

past decades, many fracture toughness test methods have been 

developed and standardized by American Society for Testing 

and Materials (ASTM) for metallic materials, as reviewed by 

Zhu and Joyce [4]. Compact tension (CT) and single edge 

notched bend (SENB) specimens are two commonly used 

standard fracture test specimens. ASTM E399 [5] was developed 

for testing the plane strain fracture toughness KIC, and ASTM 

E1820 [6] was developed for testing plane strain initiation 

toughness or resistance curves in terms of the J-integral and 

CTOD. For non-standard fracture specimens, Zhu [7] presented 

a technical review on the fracture toughness test methods. 

The J-integral and CTOD are usually used to describe crack 

initiation and small stable crack growth, and CTOA can be used 

to characterize large stable crack growth for ductile steels. In 

fact, CTOA has been used for decades as a reliable fracture 

toughness parameter to characterize stable ductile crack growth 

for thin-walled aerospace structures in the low-constraint 

conditions [8]. In 2006, ASTM developed the first CTOA test 

standard E2472 [9] for thin-walled CT and middle-crack tension 

(MT) specimens, where CTOA is directly measured on the 

specimen surfaces using a surface measurement technology, 

such as digital image correction [10] or optical measurement 

methods [11]. In recent years, the pipeline industry started to use 

the constant CTOA as an arrest fracture toughness parameter to 

control and prevent a dynamic crack propagation in modern gas 

pipelines [12 – 18]. Note that a typical wall thickness may be less 
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than 5 mm for an aerospace structure but can be 6.5 mm to 20 

mm for a gas pipeline. As such, a surface CTOA measured using 

ASTM E2472 [9] may be not applicable to gas pipelines due to 

thicker walls. Experiments have shown that CTOA measured at 

the midplane of a fracture specimen can be significantly smaller 

than surface CTOA for a thicker specimen [19-20]. Thus, a 

constant midplane CTOA would be more appropriate to use for 

gas pipelines. To this end, Martinelli and Venzi [21] developed 

an approximate model for estimating CTOA from the post-peak 

absorbed energy that was calculated from the load-displacement 

data measured from a single SENB specimen test. After 

modification, Xu et al. [22] proposed a simplified single 

specimen method that can infer more accurate CTOA using load-

displacement data from a thicker drop weight tear test (DWTT) 

specimen. On this basis, ASTM developed a second CTOA test 

standard E3039 [23] in 2016 for determining a constant CTOA 

for ferritic steels at the midplane of DWTT specimen. This 

DWTT specimen has a shallow crack, corresponding to the low-

constraint condition at the crack tip. Without further study, it is 

unknown if the ASTM E3039 measured CTOA is constraint-

dependent or not. 

This paper attempts to evaluate the constraint-independence 

of CTOA determined from quasi-static fracture toughness tests 

on SENB specimens with shallow and deep cracks in different 

constraint conditions at the crack tip. Four CTOA estimation 

models are introduced for determining a constant CTOA over 

stable crack growth in the SENB testing. Among them, the ln(P)-

LLD linear fit model is similar to that used by ASTM E3039 for 

calculating CTOA for DWTT specimens. A set of fracture test 

data for SENB specimens with different crack sizes in X80 and 

HY80 steels are considered in the CTOA evaluation. The results 

show that the proposed CTOA models can determine crack size 

or constraint-independent, constant critical CTOA values over 

stable crack growth in the SENB specimens. This infers that 

CTOA measured by ASTM E3039 is constraint-independent and 

transferable to use for an actual crack propagating in a gas 

pipeline. 

 

 

2. CTOA STANDARD TEST METHODS 

 

2.1. CTOA definition 
CTOA is referred to as the angle between two crack faces of 

a crack starting from the crack tip. Due to large blunting at the 

crack tip, the original straight crack faces become curved during 

large plastic deformation of ductile steels. Accordingly, the 

CTOA is simply defined as an angle, , that corresponds to the 

total CTOD (i.e., ) at a given distance d from the crack tip in 

the order of 1 mm, as shown in Fig. 1.  From this figure, CTOA 

or  is mathematically defined by: 

 

𝜓 = 2 arctan (
𝛿

2𝑑
) (1) 

  

If  is less than 20o, Eq. (1) can be simplified and approximated 

as  = /d with an error less than 1%. 

 
 

Figure 1.  Definition of CTOA at a curved crack tip. 
 
2.2. CTOA standard test method - ASTM E2472 

In 2006, ASTM published the first CTOA standard test 

method E2472 [9] for measuring fracture resistance to stable 

crack extension in metallic materials for thin-walled specimens 

under the low-constraint conditions, where both crack length and 

ligament size are larger than wall thickness with a factor of 4, 

i.e., a/B ≥ 4 and b/B ≥ 4. This CTOA standard is a direct surface 

measurement method and determines a constant critical CTOA 

over stable crack growth using a CT or MT specimen. Both thin-

sheet CT and MT specimens require anti-buckling guides during 

CTOA testing. ASTM E2472 [9] determines an averaged CTOA 

from Eq. (1) using the four-point approach within the minimum 

and maximum crack extensions.  

To provide a longer uncracked ligament for a longer stable 

crack growth, different thin-walled bending specimens, such as 

modified double cantilever beam [MDCB] [11] and DWTT [24], 

were utilized to measure CTOA for pipeline steels in guidance 

of ASTM E2472 [9]. The test results showed that these two 

specimens determined comparable CTOA values. Xu et al. [24] 

further pointed out that DWTT specimens are suitable for a mill 

test, while MDCB specimens are more suitable for a laboratory 

test in supporting the DWTT CTOA testing. 

 

2.3. CTOA standard test method – ASTM E3039 
In 2016, ASTM developed a second CTOA standard test 

method E3039 [23] for measuring fracture propagation 

toughness in terms of steady-state CTOA using the DWTT 

specimens. The method is applicable to ferritic steels that exhibit 

predominantly ductile fracture with at least 85% shear area. This 

CTOA test standard may meet the technical needs to improve the 

CVN-based fracture control technology for managing modern 

gas pipelines. The critical CTOA is defined at the midplane (B/2) 

of DWTT specimens and calculated by: 

 

𝐶𝑇𝑂𝐴𝐵

2

=
8𝑟𝑝

𝜉

180

𝜋
 (𝑑𝑒𝑔𝑟𝑒𝑒) (2) 

 

where rp is the rotation factor and  is the absolute value of the 

slope of ln(P/Pm) versus (-m)/S curve, all data corresponding 

to ln(P/Pm) values between -0.5 to -1.2. Here, Pm is the maximum 

applied force, and m is the load-line displacement (LLD) at Pm. 

The crack steady-state region assumes to occur between P/Pm = 

0.60 and P/Pm = 0.30.  

Note that the rotation factor is an approximate constant of 

0.55, but more accurately it is a function of specimen thickness, 
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yield strength and Charpy impact energy [23]. Numerical 

analysis [19] showed that the CTOA values derived from Eq. (2) 

are in good agreement with the values of CTOAB/2 calculated at 

the midplane of the DWTT specimen. This midplane CTOAB/2 

is different from surface CTOAc defined in ASTM E2472 [9]. 

 

2.4. Constant CTOA simulation 
In addition to the CTOA test methods and experimental 

studies, extensive elastic-plastic FEA simulations were also 

performed to investigate constant CTOA for ductile steels [20, 

25-26]. FEA simulations can determine more accurate CTOA 

over stable ductile crack growth for different fracture specimens 

such as CT, SENB, MT, MDCB and DWTT. Once the constant 

CTOA toughness and a crack driving force in terms of CTOA 

are obtained for a given crack, the crack stability can be assessed 

using the CTOA fracture criterion. The objective of this work is 

to determine constraint-independent, constant CTOA toughness 

rather than a CTOA crack driving force. 

 

 

3. CTOA ESTIMATION USING SENB SPECIMENS 
Both SENB and DWTT are three-point bending specimens, 

but an SENB has smaller specimen sizes than a DWTT. For a 

same shallow crack ratio, these two bending specimens may 

have the similar mechanics behavior at the crack tip, such as 

constraint conditions and stable constant CTOA at the midplane. 

This section introduces four indirect estimate methods to 

evaluate midplane CTOA from fracture toughness testing on 

SENB specimens in the plane strain condition. 

 

3.1. CTOA estimation from load-displacement data 
Recently, Zhu et al. [27] developed three CTOA estimation 

methods from the load-LLD data for SENB specimens based on 

the plastic hinge model, as adopted by BS 7448-1 [28].  Figure 2 

illustrates the plastic hinge model for an SENB specimen with a 

growing crack, where a small LLD increment, d generates a 

small crack extension, da, and makes each specimen arm to 

rotate a small angle, d. This results in a small CTOD increment, 

d, at the crack tip. The distance from the crack tip to the rotation 

center is denoted as rpb, here b = W-a is the ligament size and rp 

is the plastic rotation factor. For standard SENB specimens with 

a deep crack in the range of 0.45 ≤ a/W ≤ 0.70, rp = 0.44 [28]. 

For shallow cracked SENB specimens, rp may depend on crack 

size and strain hardening rate of steels [4]. This may need further 

study if necessary. 

 
Figure 2.  Plastic hinge model for an SENB specimen. 

The rigid plastic model assumes that the material is perfectly 

plastic. For an SENB specimen at post yielding, applied load can 

be approximated as limit load for the perfectly plastic material: 

 

𝑃 =
𝜆𝜎𝑓𝐵(𝑊−𝑎)2

𝑆
 (3) 

 

where  is a dimensionless constant, f is the flow stress with the 

average of yield strength and ultimate tensile strength, B is the 

specimen thickness, W is the specimen width, a is the crack 

length and S is the span of the beam. Note that  = 1.455 for 

SENB specimens in the perfectly plastic material under the plane 

strain conditions. For a strain hardening material,  may depend 

on the strain hardening exponent of the material. In a fracture 

test, both applied load and crack length are recorded, and thus  

can be estimated from the test data and Eq. (3). 

From Fig. 2, the following geometrical relations are 

obtained: 

 

𝑑θ =
𝑑Δ

𝑆/2
 (4) 

𝑑𝛿 = 2𝑟𝑝𝑏𝑑θ (5) 

 

When the crack grows for a small increment, da, CTOD 

increases a small amount of d that corresponds to CTOA at the 

current crack tip. This can be illustrated in Fig. 1, where d is 

replaced by da, and  is replaced by d, and thus CTOA in Eq. 

(1) can be expressed as: 

 

tan (
𝜓

2
) =

𝑑𝛿

2𝑑𝑎
 (6) 

 

Substitution of Eqs. (4) and (5) into Eq. (6) obtains the following 

relationship: 

 

tan (
𝜓

2
) =

2𝑟𝑝𝑏

𝑆

𝑑Δ

𝑑𝑎
 (7) 

 

Differentiation of Eq. (3) yields the following differential load: 

 

𝑑𝑃 = −
2𝜆𝜎𝑓𝐵𝑏

𝑆
𝑑𝑎 (8) 

 

From Eqs. (7) and (8), after eliminating crack extension da, 

CTOA is obtained as a function of load and the slope of the load-

LLD curve: 

 

tan (
𝜓

2
) = −

4𝑟𝑝𝑃

𝑆

𝑑Δ

𝑑𝑃
 (9) 

 

When  ≤ 20o, tan(/2)  /2 with an error less than 1%.  

Assuming the crack steadily grows from Point 1 (P1, 1, a1) 

to Point 2 (P2, 2, a2) on the P-LLD curve after the peak load, 

and CTOA maintains a constant critical value (i.e., c) during 

the stable crack growth. In this case, Equation (9) will further 

derive three load-LLD based CTOA models, as given below. 
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• Model 1: P-LLD linear fit model 

Consider a linear portion of measured P-LLD data between 

Point 1 and Point 2. A linear curve fit of P-LLD data of interest 

can be expressed as: 

 

𝑃 = 𝑘∆ + 𝑐 (10) 

 

where k and c are curve-fit constants. Substituting Eq. (10) into 

Eq. (9) obtains: 

 

tan (
𝜓𝑐

2
) = −

4𝑟𝑝

𝑆
(∆ +

𝑐

𝑘
)  (11) 

 

• Model 2: Ln(P)-LLD linear fit model 

Denote the peak load point (Pmax, max) on the P-LLD curve. 

Equation (9) is rewritten as: 

 

tan (
𝜓𝑐

2
) = −4𝑟𝑝

𝑑(Δ−∆𝑚𝑎𝑥)/𝑆

𝑑(𝐿𝑛(
𝑃

𝑃𝑚𝑎𝑥
))

 (12) 

 

Using the linear regression to fit the linear portion of logarithmic 

load-LLD data from Point 1 to Point 2, Eq. (12) can be used to 

calculate c. If c≤20o, tan(c/2)  c/2, and Eq. (12) reduce to 

Eq. (2), as used by ASTM E3039 for DWTT specimens. Zhu et 

al. [27] further demonstrated that the ln(P)-LLD linear fit model 

is equivalent to an absorbed stable tearing energy model. 

 

• Model 3: Ln(P)-LLD polynomial fit model 

Rewrite Eq. (9) in a functional form of ln(P) – LLD as: 

 

tan (
𝜓

2
) = −

4𝑟𝑝

𝑆

𝑑Δ

𝑑(ln(𝑃))
 (13) 

 

where a polynomial function of the ln(P) – LLD data is the best-

fitted curve from Point 1 to Point 2. Note that all three load-LLD 

models need only the rotation factor rP, but not the  parameter. 

 

3.2. J-differential estimation 
In a fracture test, the J-integral resistance curve is evaluated 

using the incremental J-integral equation as given in ASTM 

E1820 [6], where measured load, LLD and crack length data are 

needed for a growing crack. For a quasi-statically growing crack, 

the differential of the J-integral is obtained as [29]: 

  

𝑑𝐽 =
𝜂

𝐵𝑏
𝑃𝑑Δ − 𝛾

𝐽

𝑏
𝑑𝑎 (14) 

 

where  and  are two LLD-based geometrical factors and a 

function of a/W for a specimen. 

From Eq. (14), the slope of LLD-a curve, d/da, can be 

determined. Coupling with Eq. (7), one obtains the following J-

differential equation for determining CTOA: 

 

tan (
𝜓

2
) =

2𝑟𝑝

𝜂𝜆𝜎𝑓
(

𝑑J

𝑑𝑎
+

𝛾

𝑏
𝐽) (15) 

 

This is CTOD Model 4 proposed by Zhu et al. [27]. 

For standard SENB specimens, it is often taken that  = 2 

and  = 1. Note that no assumption of constant CTOA was made 

in the derivation of Eq. (15). Thus, the J-differential estimate 

method should be applicable to any crack growth, provided that 

the large or fully-plastic condition is reached. 

 
 

4. FRACTURE RESISTANCE TESTING USING SENB 
 

4.1. Fracture resistance testing for X80 
Six SENB specimens were tested by Shen et al. [30] at room 

temperature (about 20 oC) for determining J-R curves for X80 

pipeline steel in guidance of ASTM E1820 [6], where initial 

crack lengths were varied to achieve different constraint levels 

at the crack tip. These SENB specimens were machined from 48-

in X80 pipe. The tensile test obtained the 0.2% offset yield stress 

of 570 MPa (82.7 ksi) and the ultimate tensile stress (UTS) of 

675 MPa (97.9 ksi), leading to the flow stress (f) = 622.5 MPa 

(90.3 ksi) and Y/T = 0.844 (indicating X80 is a low strain 

hardening steel). In addition, the Young’s modulus is 207 GPa 

(30,000 ksi), and the Poisson ratio is 0.3.  

All SENB specimens have a width W = 23 mm, thickness B 

= W/2 = 11.5 mm, net thickness BN = 9.2 mm due to a 10% side 

groove on each side, and the beam span S = 4W = 92 mm. These 

SENB specimens were pre-cracked by fatigue in three-point 

bending. After pre-cracking, the initial crack ratios, a0/W, of the 

SENB specimens were 0.24, 0.25, 0.42, 0.43, 0.63, and 0.64. 

Figure 3 shows the experimental raw data of load - LLD for 

six X80 SENB specimens with a0/W = 0.24 to 0.64 [30]. As 

shown in Fig. 3, all SENB specimens initially experience linear 

elastic response, where the load linearly increases with LLD. 

Then, plastic strain hardening is followed with nonlinearly 

increasing load up to the peak load. After that, the applied load 

drops until specimen failure. The load-bearing capacity of these 

SENB specimens decreases dramatically as the initial crack 

length increases. For the shallow crack of a0/W = 0.24, the peak 

load Pmax = 32.2 kN. For the intermediate crack of a0/W = 0.42, 

Pmax = 18.6 kN. For the deep crack of a0/W = 0.63, Pmax = 7.5 kN. 

 
Figure 3.  Experimental P–LLD data for six X80 SENB 
specimens. 
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Figure 4 shows the experimental J–R curves [30] that were 

determined following the ASTM E1820 procedures from the 

load, LLD and crack length, where the crack length was 

measured using the elastic compliance method. Figure 4 clearly 

shows a specimen size-dependent or in-plane constraint effect on 

the J-R curves for the X80 pipeline carbon steel.  

Initially, this paper intends to use experimental P-LLD data 

and J-R curves for X80 to evaluate the above-proposed CTOA 

methods. However, Figure 4 shows that the crack extensions in 

all X80 SENB testing are short and the stable crack growth may 

be less than 0.5 mm for the deep cracks. Thus, these X80 SENB 

test data are not adequate for a CTOA evaluation. 

 

 
Figure 4.  Experimental J–R curves for six X80 SENB 
specimens. 
 
4.2. Fracture resistance testing for HY80 

As an alternate to X80 pipeline steel, HY80 structural steel 

is considered here because both steels have the same minimum 

nominal yield stress of 80 ksi (552 MPa). HY80 is a high yield 

strength submarine steel with low carbon and low alloy and has 

been used for shipbuilding for more than 55 years [32]. 

A series of fracture toughness testing results was reported 

by Joyce and Link [31] for HY80 steel. All fracture tests were 

conducted on SENB specimens at room temperature (21 oC) in 

guidance of ASTM E1820 [6], where initial crack lengths were 

varied from shallow to deep for developing different constraint 

levels at the crack tip. The SENB specimens were machined 

from 27-mm thick plate in HY80 steel. The tensile test obtained 

the 0.2% offset yield stress of 630 MPa (91.4 ksi) and the UTS 

of 735 MPa (106.6 ksi), leading to the flow stress (f) = 682.5 

MPa (99.0 ksi) and Y/T = 0.857 (indicating HY80 is also a low 

strain hardening steel). In addition, the Young’s modulus is 207 

GPa (30,000 ksi), and the Poisson ratio is 0.3.  

All SENB specimens have a 1T standard specimen width W 

= 50.8 mm (2 in.), thickness B = W/2 = 25.4 mm (1 in.), net 

thickness BN = 20.32 mm (0.8 in.) due to a total 20% side groove, 

and the beam span S = 4W = 203 mm (8 in.). These SENB 

specimens were pre-cracked by fatigue in three-point bending. 

After pre-cracking, the initial crack ratios, a0/W, of the SENB 

specimens were varied in the range of 0.135 to 0.83. This interval 

represents very shallow to deep cracks and simulates different 

constraint levels at the crack tip. In general, deep cracks in SENB 

represent high constraint levels at the crack tip, and shallow 

cracks in SENB represent low constraint levels at the crack tip. 

Figure 5 shows the experimental raw data of load - LLD for 

13 HY80 SENB specimens with a0/W = 0.135 to 0.83 [31]. As 

shown in Fig. 5, all SENB specimens initially experience linear 

elastic response, where the load linearly increases with LLD. 

Then, plastic strain hardening is followed with nonlinearly 

increasing load up to the peak load. After that, the applied load 

drops until specimen failure. The load-bearing capacity of these 

SENB specimens decreases dramatically as the initial crack 

length increases. For example, the peak load Pmax = 180.2 kN for 

the shallow crack of a0/W = 0.136, the peak load drops to Pmax = 

91.8 kN for the intermediate crack of a0/W = 0.393, and the peak 

load fast drops to Pmax = 37.3 kN for the deep crack of a0/W = 

0.606. 
 

 
Figure 5.  Experimental P–LLD data for a set of HY80 
SENB specimens. 

In the original fracture toughness testing using HY80 SENB 

specimens, the unloading compliance method as recommended 

by ASTM E1820 [6] was adopted for monitoring crack length 

and determining crack extension. Experimental J-R curves were 

developed and reported by Joyce and Link [31] for all HY80 

SENB specimens. Note that their J-R curves for shallow-cracked 

SENB specimens with a0/W ≤ 0.282 may be incorrect because a 

negative  factor was used for the shallow cracks. In the J-R 

curve evaluation process described by ASTM E1820 [6], the  

factor equation is used for calculating incremental deformation 

J-integral at the current load step, and the  factor is used for 

crack growth correction on the increment of the J-integral. This 

implies that the  factor must be positive because a negative  

factor increases the deformation J-integral without any physical 

meaning, see Reference [33] for more discussions. Because of 

this reason, the original J-R curves are not reported here. 

  Ten years later, Zhu and Joyce [33] revisited the fracture 

toughness testing on HY80 SENB specimens and redetermined 

the crack lengths and J-R curves using the normalization method 

as recommended in Annex 15 of ASTM E1820 [6]. Note that 

0

200

400

600

800

1000

1200

1400

1600

1800

2000

0 0.5 1 1.5 2 2.5 3

J
-i

n
te

g
ra

l 
(k

J
/m

2
)

Crack extension (mm)

ao/W = 0.24

ao/W = 0.25

ao/W = 0.42

ao/W = 0.43

ao/W = 0.63

ao/W = 0.64

X80 SENB

0

40

80

120

160

200
0 2 4 6 8 10

0

5

10

15

20

25

30

35

40

45

0 0.1 0.2 0.3 0.4

L
o

a
d

 (
k

N
)

Load-line displacement (mm)

L
o

a
d

 (
k

ip
)

Load-line displacement (in)

94J, a/W=0.135

94K, a/W=0.136

95E, a/W=0.138

95J, a/W=0.149

94D, a/W=0.186

94B, a/W=0.257

94A, a/W=0.286

94E, a/W=0.393

94H, a/W=0.549

94G, a/W=0.550

507, a/W=0.606

95X,a/W=0.704

95H, a/W=0.830



  
  

6 

more accurate expression of the  factor was developed, and a 

non-negative expression of the  factor was obtained by Zhu and 

Joyce [33]. These new expressions of the  and  factors were 

used in the J-R curve reevaluations. Figure 6 shows the 

experimental J–R curves that were determined by Zhu and Joyce 

[33] by following the ASTM E1820 procedures from the load, 

LLD and crack length, where the crack length was estimated 

using the normalization method. Figure 6 clearly shows a 

specimen size-dependent or in-plane constraint effect on the J-R 

curves for the HY80 steel. Recall that ASTM E1820 [6] requires 

standard SENB specimens having initial crack sizes in the range 

of 0.45 ≤ a0/W ≤ 0.7. Figure 6 shows that all non-standard SENB 

specimens with a0/W < 0.45 or a0/W > 0.7 determined elevated 

J-R curves compared to the standard J-R curves for SENB 

specimens with a0/W = 0.549 and 0.606.  

Since the crack extensions for HY80 SENB specimens 

shown in Fig. 6 are larger than 7 mm, these SENB tests data 

would be adequate for a constant CTOA evaluation against a 

longer stable ductile crack growth. 

 

 
Figure 6.  Experimental J–R curves for a set of HY80 
SENB specimens. 

 
5. CONSTANT CTOA DETERMINATION FOR HY80 

5.1. Determination of  parameter 

In Eq. (15), the J-differential method requires the value of  

parameter for calculating CTOA over stable crack extension. 

The  parameter in Eq. (3) is an assumed constant for a perfectly 

plastic material but may depend on the strain hardening exponent 

of materials generally. The  parameter can be estimated from 

applied load and crack size data measured during fracture 

testing. From the experimental data, the  parameter is calculated 

for each specimen during the entire deformation, as shown in 

Fig. 7. In this figure, the calculated  value varies from 1.0 to 2.0 

during the plastic deformation and is nearly independent of crack 

sizes.  Figure 5 shows that for all SENB tests, LLD = 2.4 mm 

corresponds a stable crack growth state that a linear relation 

exists between load and LLD. At this LLD, from Fig. 7,  = 

1.525 is estimated for use in this work for the HY80 steel.  

 
Figure 7.  Variation of  parameter with LLD for four 

HY80 SENB specimens. 

 
Figure 8 shows variations of the applied load P and the limit 

load solution in Eq. (3) with the ligament size (1-a/W)2 during 

the entire deformation, including initial elastic deformation and 

plastic deformation during crack growth. Note that in Fig. 8, both 

the applied and limit loads are normalized using f BW2/S. This 

figure includes two limit load solutions, one uses the estimated 

 = 1.525 for HY80 steel, and the other uses  = 1.455 for a 

perfect plastic material in the plane strain condition. For each 

HY80 SENB specimen, the normalized applied load fast 

increases from small values in the elastic deformation conditions 

to the maximum values at the full plastic deformation conditions, 

and then decreases gradually in a linear manner due to stable 

crack growth. The crack growth direction is marked in Fig. 8. 

Clearly, the limit load solution with  = 1.525 is better to match 

the experimental data and to describe the large-scale yielding or 

fully plastic conditions for HY80 SENB specimens compared to 

 = 1.455 for the perfectly plastic material. Therefore,  = 1.525 

is selected to use hereafter. 

 

 
Figure 8.  Comparison of limit load with experimental 
data for four HY80 SENB specimens. 
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5.2. CTOA for HY80 SENB with a0/W = 0.606 
This section determines the critical CTOA value for each 

HY80 SENB specimen in this section using the P-LLD linear fit 

model in Eq. (11), the Ln(P)-LLD linear fit model in Eq. (12), 

the Ln(P)-LLD polynomial fit model in Eq. (12), and the J-

differential model in Eq. (15). To quantify the constraint effect 

on the critical CTOD, four HY80 SENB tests are selected and 

analyzed in this section. This includes the crack sizes of a0/W = 

0.606, 0.549, 0.393, and 0.286 for HY80 SENB testing. These 

four crack sizes reflect different constraint effects on J-R curves, 

as shown in Fig. 6, and describe high to low constraint levels at 

the crack tip for the HY80 SENB specimens.  

In general, experimental raw data contain variations due to 

measurement noises, and so a smoothed best-fit curve is needed 

for determining the first-order derivative of the best-fit curve. 

For the P-LLD linear fit model, the linear curve fit is used to 

simply fit the experimental data exhibiting a linear relation on 

the measured P-LLD curve, and then CTOA is calculated from 

Eq. (11). For the Ln(P)-LLD linear fit model, the peak load point 

(Pmax, max) is first located, and then Ln(P/Pmax) and (-max)/S 

are calculated from the peak load point to the final measured 

point. The linear regression is used to fit the linear portion of 

Ln(P/Pmax) versus (-max)/S data, and then CTOA is calculated 

from Eq. (12). For the Ln(P)-LLD polynomial fit model, Ln(P) 

is first calculated, and a quadratic or 2-degree polynomial 

function is curve fitted on the Ln(P)-LLD data. The first-order 

derivative of the quadratic curve is calculated, and then CTOA 

is determined from Eq. (13). For the J-differential model, a 

general 3- or 4-degree polynomial curve is first curve fitted using 

the nonlinear regression method from an experimental J-R curve. 

The first-order derivative of the polynomial J-R curve is 

calculated, and then CTOA is determined from Eq. (15).  

Using the above-noted procedures, CTOA resistance curves 

(or constant CTOA values) against stable crack growth can be 

determined using the three load-LLD models and the J-

differential model.  Figure 9 shows the CTOA resistance curves 

against crack extension, and the CTOA values are obtained using 

the P-LLD linear fit, the Ln(P)-LLD linear fit, the Ln(P)-LLD 

polynomial fit, and the J-differential models, respectively for the 

HY80 SENB specimen with the deep crack of a0/W=0.606. It is 

seen that all proposed models determine comparable critical 

CTOA values over the range of stable crack extension from a 

= 2.0 mm to 6.2 mm. It is observed that over the stable crack 

growth zone: (1) the Ln(P)-LLD linear fit model determines a 

constant CTOA, c = 3.21o, (2) the P-LLD linear fit model 

determines a linearly decreasing CTOA with an average value of 

c = 3.18o, (3) the Ln(P)-LLD polynomial fit model determines 

a nonlinearly decreasing CTOA with an average value of c = 

3.25o, (4) the J-differential model can determine CTOA over a 

large crack growth, and the CTOA curve becomes nearly flat 

over the stable crack growth zone with an average value of c = 

3.18o, and (5) the J-differential model is similar to the Ln(P)-

LLD polynomial fit over the stable crack growth.  

 
Figure 9.  CTOA resistance against crack growth for 
HY80 SENB specimen with a0/W = 0.606. 

 

 
5.3. CTOA for HY80 SENB WITH a0/W = 0.549 

In the same manner as used above, four best curve-fitted 

functions are obtained and then utilized to calculate CTOA 

values in conjunction with use of the load-displacement models 

and the J-differentiation model.  Figure 10 shows the CTOA 

resistance against crack extension obtained using the P-LLD 

linear fit, the Ln(P)-LLD linear fit, the Ln(P)-LLD polynomial 

fit, the J-differential methods for HY80 SENB specimen with the 

deep crack of a0/W=0.549.  

 

 
Figure 10.  CTOA resistance against crack growth for 
HY80 SENB specimen with a0/W = 0.549. 
 

As evident in Fig. 10, all CTOA models determine 

comparable critical CTOA values over the range of stable crack 

growth from a = 2.0 mm to 5.0 mm. Figure 10 shows that over 

the stable crack growth zone, (1) the Ln(P)-LLD linear fit model 

determines a constant CTOA, c = 3.21o, (2) the P-LLD linear 

fit model determines a linearly decreasing CTOA with an 
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average value of c = 3.36o, (3) the Ln(P)-LLD polynomial fit 

model determines a nonlinearly decreasing CTOA with an 

average value of c = 3.27o, (4) the J-differential model 

determines nearly constant CTOA over the stable crack growth 

zone with an average value of c = 3.21o, and (5) the J-

differential model is similar to the ln(P)-LLD polynomial fit over 

the stable crack extension. 

 

5.4. CTOA for HY80 SENB WITH a0/W = 0.393 
In the same manner as used in two subsections above, four 

best curve-fitted functions are obtained and employed to 

determine the CTOA values in conjunction with use of the two 

load-displacement models and the J-differentiation model. Figure 

11 shows the CTOA resistance against crack extension obtained 

from the P-LLD linear fit, the Ln(P)-LLD linear fit, the Ln(P)-

LLD polynomial fit, and the J-differential methods, respectively 

for HY80 SENB specimen with an intermediate crack size of 

a0/W=0.393.  

Figure 11 shows that all CTOA estimate models determine 

comparable critical CTOA values over the stable crack extension 

from a = 3.8 mm to 8.1 mm.  From Fig. 11, it is observed that 

over the stable crack growth zone, (1) the Ln(P)-LLD linear fit 

model determines a constant CTOA, c = 3.62o, (2) the P-LLD 

linear fit model determines a linearly decreasing CTOA with an 

average constant value of c = 3.63o, (3) the Ln(P)-LLD 

polynomial fit model determines an almost linearly decreasing 

CTOA with an average value of c = 3.65o, (4) the J-differential 

model determines a nearly constant CTOA over the stable crack 

growth zone with an average constant value of c = 3.51o, and 

(5) the J-differential model determines lower CTOA values over 

most area of stable crack extension. These lower CTOA values 

may be caused by use of the constant  = 2 for all crack sizes of 

HY80 SENB specimens because this  value was used in the 

experimental J-R curve evaluation [31]. If a smaller  value is 

used, the CTOA value will go up somehow. 

 

 
Figure 11.  CTOA resistance against crack growth for 
HY80 SENB specimen with a0/W = 0.393. 
 

5.5. CTOA for HY80 SENB WITH a0/W = 0.286 
In the similar way, Figure 12 shows the CTOA resistance 

against crack extension obtained from the P-LLD linear fit, the 

Ln(P)-LLD linear fit, the Ln(P)-LLD polynomial fit, and the J-

differential methods, respectively for HY80 SENB specimen with 

a shallow crack size of a0/W=0.286.  

Figure 12 shows that all CTOA estimate models determine 

comparable critical CTOA values over the stable crack extension 

from a = 3.2 mm to 7.0 mm.  From Fig. 12, it is observed that 

over the stable crack growth zone, (1) the Ln(P)-LLD linear fit 

model determines a constant CTOA, c = 3.19o, (2) the P-LLD 

linear fit model determines a linearly decreasing CTOA with an 

average constant value of c = 3.21o, (3) the Ln(P)-LLD 

polynomial fit model determines a nonlinearly decreasing 

CTOA with an average value of c = 3.22o, (4) the J-differential 

model determines a nonlinearly decreasing CTOA with an 

average constant value of c = 3.19o, and (5) the J-differential 

model determines a CTOA trend similar to the Ln(P)-LLD 

polynomial fit model. Note that  = 2 was used in the original 

experimental J-R curve evaluation for this shallow crack. In fact, 

the  factor for this shallow crack is not a constant but varies 

with the crack extension.  

 

 
Figure 12.  CTOA resistance against crack growth for 
HY80 SENB specimen with a0/W = 0.286. 
 

In summary, the above analyses, as shown in Figs. 9-12, 

demonstrate that (1) the Ln(P)-LLD linear fit model determines 

a constant CTOA over the stable crack growth for the shallow 

and deep cracks of HY80 SENB specimens, (2) the P-LLD linear 

fit model determines a linearly decreasing CTOA over the stable 

crack growth for all cracks, (3) the Ln(P)-LLD polynomial fit 

model determines a nonlinearly decreasing  CTOA over the 

stable crack growth for all cracks, and (4) the J-differential 

model may determine a constant or nonlinearly decreasing 

CTOA over the stable crack growth. The result depends on the 

quality of experimental J-R curve test data and the polynomial 

curve fit over the entire range of crack extension. 
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5.6. Constraint independence of critical CTOA 
Figure 13 compares the constant critical CTOA values with 

crack sizes for the HY80 SENB specimens. As shown in Fig. 13, 

the crack size or crack-tip constraint level has a small or 

negligible effect on the critical CTOA value, and the averaged 

critical CTOA = 3.32o for the HY80 steel. In contrast, the crack-

tip constraint level has a significant effect on the J-R curves for 

the HY80 steel, as shown in Fig. 6. 

 

 
Figure 13.  Variations of critical CTOA with crack sizes for 
HY80 SENB specimens. 
 

 

6. CONCLUSIONS 
This paper evaluated four CTOA estimate models for 

estimating the critical CTOA over stable crack growth using 

SENB specimens. A set of fracture test data on SENB specimens 

for HY80 structural steel were employed to assess the proposed 

CTOA models and to evaluate the critical CTOA for HY80 steel. 

The major results are summarized as: 

1) The Ln(P)-LLD linear fit model determined a constant 

critical CTOA over stable crack growth. The P-LLD linear fit 

model determines a linearly decreasing CTOA, and the Ln(P)-

LLD polynomial fit model determines a nonlinearly decreasing 

CTOA over stable crack growth. On average, these three load-

displacement models determined the nearly identical CTOA 

values over stable crack growth. 

2) Using experimental J-R curve data, the J-differential 

method determined comparable critical CTOA values over 

stable crack growth.   

3) The results showed that the Ln(P)-LLD linear fit model, 

as used by ASTM E3039, determined a constant CTOA over the 

stable crack growth for all crack sizes. The other three CTOA 

models also determined comparable critical CTOA. 

4) The results demonstrated that the critical CTOA 

determined using HY80 SENB specimens is independent of 

crack size or constraint level at the crack tip.  This infers that 

CTOA measured by ASTM E3039 is constraint-independent, 

and thus supports the transferability of CTOA measured by 

ASTM E3039 to an actual crack assessment. 
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