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3. Executive Summary: This project analyzed a two-stage heliostat concept 

consisting of a tracking stage and a concentrating stage.  The tracking stage uses 
mirrors mounted on a common drive that move to track the sun. The concentrating 
stage consists of stationary mirrors that each have a unique angle to direct rays 
towards a small-area, high-flux, point-focused receiver. By splitting the collection and 
concentrating process into two stages, multiple small, inexpensive mirrors can share 
a structure and be controlled by a single drive in the tracking stage.  
 
The project effort developed modeling techniques that were specifically relevant to 
this two-stage heliostat concept.  Both field-level and unit-level models were 
developed.  The field-level model does not explicitly consider unit-level losses which 
are predicted by the unit-level model and then integrated into the field-level model 
through a correlation referred to as an efficiency modifier.  This approach is 
referred to as the two-model approach; the development and demonstration of 
this two-model approach for a multi-stage heliostat technology is a key 
outcome of this work.   
 
The field-level model is used to design a field that hits a specific design day power 
given a set of heliostat design parameters.  An oversized field is simulated and then 
heliostat units are removed based on their annual energy production in order to 
generate the highest performing field.  The field reduction procedure fits a smooth 
curve fit to annual energy production as a function of position in the field which has 
the effect of reducing the noise that is otherwise caused by the Monte Carlo ray 
tracing technique.  This approach is referred to as the annual energy fit method and 
substantially reduces computational run time for a given field level modeling 
accuracy.  The annual energy fit approach enables the selection of a properly 
sized, high-performing field using orders of magnitude fewer rays than would 
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otherwise be possible and the development of this approach is a second key 
outcome of this work.    

 
These models are used within a genetic optimization algorithm in order to optimize 
the geometric parameters associated with a heliostat in order to achieve the lowest 
cost per unit of collected design day power.  The cost modeling that underlies the 
optimization is a simple, scaling type analysis backed up by a much more detailed 
Design for Manufacture and Assembly (DFMA) analysis.  Although the figure of merit 
used for optimization was not cost per mirror area, this metric is reasonable to use 
as a means of comparison.  The optimally designed 500 kW design has a tracking 
mirror specific cost of $181.85/m2, which is significantly larger than the target value 
and also larger than the current state of the art. 

 
The cost of the torque-tube type linkages contributed substantially to the overall 
cost.  Based on this observation, potentially attractive alternative design 
configuration utilizing a capstan type actuation system should be investigated.    

 
Finally, NREL compared the performance of the two-stage heliostat to the 
performance of a focused and different sized flat conventional heliostats and showed 
that, as expected, additional losses versus the convention heliostat caused by a 
worse cosine efficiency, two stages of reflection, and interstage interactions. The 
two-stage heliostat requires around 75% more reflective area than a flat 1x1 meter 
conventional heliostat (similar to a focused heliostat) and 40% more than a flat 2x2 
meter conventional heliostat.  
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4. Table of Contents and Organization: This report consists of a summary of the 

work that is in the prescribed format followed by several Appendices that each 
describe one aspect of the project in more detail and are based either on graduate 
theses from the graduate students involved or final reports from the other 
collaborators. The field level modeling work is described in detail in Appendix 1 of 
this report and includes the cost modeling in the appendix.  The unit level modeling 
is described in Appendix 2 of this report.  Finally, the work carried out by NREL is 
described in Appendix 3 of this report.  
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5. Background: While photovoltaic (PV) systems currently dominate the solar energy 
landscape, concentrating solar power (CSP) systems can integrate with thermal 
energy storage, effectively addressing weather irregularity issues. Consequently, 
CSP technologies emerge as a feasible choice for industrial applications and utility-
scale projects. Despite these advantages, CSP technologies, such as heliostats, 
contribute minimally to electricity generation due to its high cost. By 2030, SunShot 
has a target goal of about $50/m2 for the installed costs heliostat field, but a 
conventional heliostat currently costs $127/m2 and advanced technologies, such as 
SunRing, are around $96/m2.    Clearly, there is a need and opportunity for 
advancements in heliostat and other CSP technology. 

 
This project analyzed the two-stage heliostat concept shown in Figure 1. 

 

 
Figure 1: Two stage heliostat concept. 

The first stage, the tracking stage, faces towards the equator (south in the northern 
hemisphere) and consists of mirrors mounted on a common drive that move to track 
the sun. The concept involves a single set of drives controlling multiple small area 
mirrors that are segmented into facets by the unit's structure. Rays from the sun 
reflect off the tracking mirror and onto the second stage, the concentrating stage, 
which faces away from the equator (north in the northern hemisphere). The 
concentrating stage consists of stationary mirrors that each have a unique angle to 
direct rays towards a small-area, high-flux, point-focused receiver. The two stages 
form mirror pairs and a single heliostat unit consists of multiple pairs that run along a 
horizontal axis, east to west.  

 
By splitting the collection and concentrating process into two stages, multiple small, 
inexpensive mirrors can share a structure and be controlled by a single drive in the 
tracking stage. Therefore, in theory, this design has the potential to combine the 
advantages of small-area heliostats (with less expensive support structure) and 
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larger-area heliostats (offering larger mirror area per drive and lower drive and 
cabling costs). However, a second stage introduces unique disadvantages that 
prevent the concept from being cost-effective at large scales (greater than 1 MW). 
For instance, the second stage introduces new loss mechanisms and image 
degradation that are not seen in conventional single-stage designs. Additionally, 
compared to a conventional heliostat, the two-stage heliostat requires more land 
area, mirrors, and structure. 
 
More detailed literature reviews in this area are provided in each of the Appendices 
in the context of each of the research thrusts associated with this project. 

 
6. Project Objectives: The Statement of Project Objectives (SOPO) for the entire 

project is summarized in the table below. 

 

Completion/ 
Milestone met 

Milestone Title Description Metric Success Tool Justification 

100%/yes 1.1.1 Field-level 
optical model 
complete. 

Optical model completed that allows 
the prediction of optical efficiency 
(defined as the ratio of the thermal 
energy incident on the receiver 
aperture to the energy incident on the 
field over a year).   

Optical efficiency 
uncertainty 

<0.1% optical 
efficiency 
uncertainty  

Statistical analysis of 
Monte Carlo simulation.  
Absolute difference in 
min/max predicted value 
for 10 identical MC sets is 
less than 0.1%. 

0.1% is well below the 
expected uncertainty related 
to other aspects of the TEA 
modeling (e.g. mirror 
properties, costs) but is large 
enough to avoid burdensome 
simulation times.   

100%/yes 1.1.2 Baseline 
performance 
metrics verified. 

Field-level optical model is manually 
manipulated in order to demonstrate 
reasonable performance of heliostat 
concept under baseline conditions.  

Optical efficiency >60%  optical 
efficiency  

Monte Carlo simulation 
with convergence 
demonstrated to within 
0.1%.   

Optical efficiency significantly 
higher than 50% value 
associated with conventional 
large area, high power (10 
MWe) heliostat field. 

100%/yes 1.1.3 Optimized field 
layout 
determined. 

The scripting features in SolTrace is 
integrated with the field-level model to 
allow optimization of the field layout to 
maximize annual receiver incident 
energy given constraints related to the 
linkage mechanism.  

Increase in 
delivered annual 
energy relative to 
baseline field 
layout. 

5% relative 
increase (or 1.05 x 
baseline) 

Depends on the 
optimization algorithm.  
Relative convergence 
tolerance on metric to 
within 0.01%. 

Significant improvement 
demonstrates the ability to 
capture the field-level trade-
offs that are inherent in the 
heliostat design.   

100%/yes 1.2.1 Linkage-level 
blocking/shading 
model complete 

Single heliostat SolTrace model in 
which stage geometry is based on 
kinematics and linkage size implied by 
structure design is created in order to 
predict reduction in optical efficiency 
related to blocking/shading.  

Self-shading 
reduction of 
annual optical 
efficiency 

<10% Monte Carlo simulation 
with convergence 
demonstrated to within 
0.1%.   

Self shading is a unique 
disadvantage that may be 
associated with this concept 
depending on how far 
"behind" the mirror it is 
possible to place the linkages.  

100%/yes 1.2.2 Linkage-level 
mechanics 
model complete 

SolidWorks model of heliostat allowing 
the prediction of assembly-averaged 
tracking mirror error.  Includes wind 
loads, gravity loads, and impact of 
choice of drive type (azimuth and 
elevation), and bearing type. 

Assembly-
averaged tracking 
mirror error. 

<2.5 mrad conical 
error half-angle    

Errors are assumed to be 
linear, each component 
of error considered 
separately and combined 
via an rms approach. 

Design target for comparable 
sized unganged heliostat 
designs are similar (surface 
error of 1.2 mrad and control 
error of 1.5 mrad for CSIRO 
design).   
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7. Project Results and Discussion: The project effort proceeded by developing 

modeling techniques that were specifically relevant to this two-stage heliostat 
concept with the heliostat mirrors coupled mechanically using torque-tube type 
linkages.  A field-level modeling approach was taken in which an entire field 
composed of many heliostat units can be simulated in a computationally efficient 
manner.  A unit refers to a set of heliostats that are coupled with a single set of 
drives.  This field-level model does not explicitly consider unit-level losses such as 
blocking and shading; these types of losses are not typically important in 
conventional, single-stage heliostat technology but become more important and also 
more difficult to resolve in a multi-stage technology.  The unit-level losses are 
integrated into the field-level model through a correlation referred to as an efficiency 
modifier that is based on detailed unit-level modeling.  This approach is referred to 
as the two-model approach; the development and demonstration of this two-
model approach for a multi-stage heliostat technology is a key outcome of this 
work.   

 
The unit-level model is a detailed model focusing on a single heliostat unit including 
the structural members that might affect its performance as well as those units 
immediately adjacent to it.  Because the scope of the simulation is limited to one unit 
it is possible to carefully resolve the various losses such as blocking and shading 
that are more important in a two-stage concept.  The unit being simulated can be 
moved around the field to map out the impact of these losses based on the unit 
position as well as the unit geometry.  The result is an efficiency modifier, shown in 
Figure 2 as a function of field location for a particular geometry.  These results were 
obtained both with units unshifted from row-to-row which leads to bands of 

Completion/ 
Milestone met 

Milestone Title Description Metric Success Tool Justification 

100%/no 
Cost is higher 
than 
milestone on a 
per unit of 
mirror basis. 

1.2.3 Cost of assembly 
model complete 

Design for Manufacture and Assembly 
(DFMA) software to estimate cost of 
heliostat based on detailed mechanical 
design.    

Cost of heliostat 
expressed on a 
per unit of 
rotating mirror 
surface area 
basis. 

<50$/m^2 and 
identification of 
design space 
available for this 
result. 

Use same DFMA tool with 
consistent assumptions to 
estimate cost of standard 
design in order to provide 
relative price to verify 
approach.  

50$/m^2 is consistent with 
current SunShot 2030 goals 
for a 48% power plant 
efficiency.   

100%/yes 1.3.1 Application 
review and 
down-select 

Review potential applications for this 
small-scale point-focused TES-
integrated technology. This review will 
include surveying literature and 
contacting industry.  

Industry Survey 
documenting 
potential markets  

≥4 applications 
analyzed and 1-2 
applications 
selected for 
detailed 
technoeconomic 
analysis. 

Literature reviews, 
stakeholder engagement, 
high-level 
technoeconomic 
modeling, and DOE 
feedback 

There are no conventional 
applications for small-scale 
point-focused solar-thermal 
TES-integrated technologies 
due to the current lack of 
viable small-scale collectors.  

100%/no 1.3.2  Technoeconomic 
evaluation 

Complete technoeconomic analysis of 
down-selected appplication 

LCOE or LCOH 
improvement 
compared to 
using 
conventional 
solar thermal 
technology for 
same application 
and scale 

≥10% improvement Steady-state annual 
performance model 
incorporating field optical 
efficiency vs sun position 
data from Task 1  

Improvement over 
conventional technologies 
shows the proposed 
technology is viable 

100%/no 
Student 
recruited but 
selected a 
different 
project. 

DEI-A Recruit URM 
grad student 
through GERS 
program 

Recruited URM graduate student 
through GERS program. 

Student admitted 
to graduate 
school and 
engaged in 
project. 

Participation in 
project is evident in 
progress reports. 

Student participates in 
quarterly meetings with 
sponsor. 

The recruitment of URM 
students in graduate school is 
often taken to be the end-
goal of a diversity program.   

100%/no 
Student 
recruited but 
canceled due 
to family 
issues. 

DEI-B Recruit URM 
undergraduate 
for SURE 
program 

Engage undergraduate URM student 
through the SURE program. 

SURE project 
matched to URM 
student for 
Summer 22 
and/or Summer 
23. 

SURE student work 
included in a DOE 
project report. 

SURE student included in 
meeting with sponsor. 

The SURE program brings in 
URM undergraduate students 
from across the nation to 
participate in ongoing 
research in various labs 
across campus.  
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significant blockage, as shown in Figure 2 (left), as well as units shifted to mitigate 
this blocking, as shown in Figure 2 (right). 
 

 
Figure 2: Efficiency modifier (based on annual energy) from the unit-level simulation shown as 
a function of the unit’s position in a field.  This result is for one specific unit geometry.  The 
left result is for units that are not shifted in any way whereas the right result is for units that 
are shifted row-to-row to minimize the blocking of units by adjacent units.  Note that (0,0) is 
the location of the receiver and the figure shows half the field, the results are symmetric. 

Once completed, the field-level model is set up so that initially an oversized field is 
simulated and then heliostat units are removed based on their annual energy 
production in order to generate the highest performing field for a given set of 
geometric parameters that provides a specified design day power.  This is shown in 
Figure 3.  Because many units must be simulated at several days during the year in 
order estimate the annual energy production it is necessary to use many millions of 
rays to obtain estimates of annual energy production for each unit in the very large 
field shown in Figure 3 (left) that is highly resolved.  This is necessary to discern 
higher performing units from lower performing units with accuracy required to clearly 
delineate the boundary of the smaller field shown in Figure 3 (right).  In order to 
overcome this issue, the field reduction procedure fits a smooth second order curve 
fit to annual energy production as a function of y-position along any x-position of the 
field.  This has the effect of smoothing out the noise that is otherwise caused by the 
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Monte Carlo ray tracing technique which is large for small ray numbers.  This 
approach is referred to as the annual energy fit method and provides a sufficiently 
accurate representation of the annual energy production variation in the field to 
discern the appropriate boundary without needing to resort to very high ray numbers 
which would preclude the use of optimization techniques that rely on repeated 
simulations.  The advantage of this approach is clearly shown in Figure 4.  The 
annual energy fit approach enables the selection of a properly sized, high-
performing field using orders of magnitude fewer rays than would otherwise 
be possible and the development of this approach is a second key outcome of 
this work.    
 

 
Figure 3: (Left) Oversized field that is initially simulated.  Each dot represents a heliostat unit 
and the color of each dot represents the annual energy collected by that unit.   (Right) Field 
with heliostat units removed in order to meet a specified design day receiver power of 500 kW. 
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Figure 4: (Top) 500 kW converged field layout using 10x106 rays.  (Middle) 500 kW field layout 
obtained using the annual energy fit approach (left) and by direct selection (right) with 1x105 
rays.  (Bottom) 500 kW field layout obtained using the annual energy fit approach (left) and by 
direct selection (right) with 1x104 rays.   The outliers present in the 1x104 ray field require a 
different x-scale which causes the field to appear compressed horizontally relative to the 
others.   Note that the appropriate field layout can be obtained using 100x fewer rays with the 
annual energy fit approach.  Each dot represents a unit of heliostats and are color coded by 
their total efficiency.  The red dot in each figure represents the receiver. 

The field level model using the two-model approach and the annual energy fit is 
sufficiently computationally fast that it can be coupled directly to a genetic 
optimization algorithm in order to optimize the geometric parameters in order to 
achieve the “best” design according to the lowest cost per unit of collected design 
day power, where cost is initially predicted based on developing a mechanical 
design using torque-tube type linkages capable of maintaining a specified slope 
error on the heliostat surfaces and scaling the cost for each component in an 



DE-EE0009820 
University of Wisconsin 

Page 11 of 15 
 

approximate, but physics-based manner.  The resulting cost per unit of power and 
total field cost is shown in Figure 5. 
 

 
Figure 5: Cost per unit of design day power collected and total field cost as a function of the 
design day power for an optimized field layout.  The lower curve is the cost based on the 
approximate, physics-based cost model while the top curve has been scaled based on the 
DFMA results.  These runs were carried out for a receiver that is 15 m high and experiences a 
flux of 160 kW/m2. 

The cost modeling that underlies the optimization is a simple, scaling type analysis.  
Two optimal designs (250 kW and 500 kW) were selected for a much more detailed 
Design for Manufacture and Assembly (DFMA) analysis.  The DFMA process was 
also applied to a PV design in order to verify that the results are in line with previous 
PV cost estimates.  The DFMA work is used to adjust the scaling analysis so that the 
two cost models match at these two design points.  The cost breakdown of the two 
DFMA analyses are shown in Figure 6; these are broken by assembly (top) and by 
component type (bottom).  The cost predicted by the DFMA analysis was 
significantly higher than the cost predicted by the scaling analysis and therefore the 
results were scaled so that they match the DFMA result; this is shown by the upper 
curve in Figure 5. 
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Figure 6: Outcome of the Design for Manufacture and Analysis work showing cost breakdown 
for 250 kW (left) and 500 kW (right) designs.  The top breakdown is by assembly while the 
bottom is by component. 

Although the figure of merit used for optimization was not cost per mirror area, this 
metric is reasonable to use as a means of comparison.  The optimally designed 500 
kW design has a tracking mirror specific cost of $181.85/m2, which is significantly 
larger than the target value and also larger than the current state of the art. 
 
The cost of the torque-tube type linkages used in the design concept to span the 
distance between the heliostats considered here, shown in Figure 7, contributed 
substantially to the overall cost.  Based on this observation, potentially more 
attractive alternative design configurations such as those utilizing a capstan type 
actuation system, shown in Figure 8 should be investigated.    
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Figure 7: Torque tube system. 

 
 

Figure 8: Capstan actuation system. 

Finally, NREL compared the performance of the two-stage heliostat to the 
performance of a focused and different sized flat conventional heliostats. This 
analysis evaluated different receiver aperture sizes for 500 kW design power 
absorbed by the HTF at receiver surface temperatures of 500°C, 750°C, and 1000°C 
to understand the interaction between total optical efficiency, intercept factor, and 
thermal losses. Our analysis of net efficiency after each optical interaction in the two-
stage heliostat system shows, as expected, additional losses versus the convention 
heliostat caused by a worse cosine efficiency, two stages of reflection, and 
interstage interactions. We find that the two-stage heliostat has an intercept factor 
similar to the flat 2x2 meter conventional heliostat, but when accounting for overall 
optical efficiency differences, the two-stage heliostat requires tracking stage 
reflective area roughly equivalent to a flat 3x3 meter conventional heliostat. The two-
stage heliostat requires around 75% more reflective area than a flat 1x1 meter 
conventional heliostat (similar to a focused heliostat) and 40% more than a flat 2x2 
meter conventional heliostat. We note that interstage inefficiencies result in a 8 to 15 
percentage point penalty and recommend that future work investigate non-uniform 
field layout designs to potentially mitigate these losses. 
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8. Significant Accomplishments and Conclusions: The key outcomes of the project 
are listed below. 
• A relatively comprehensive analysis of the two-stage heliostat using torque-tube 

type linkages.  This approach is shown to not show significant advantages over 
conventional heliostat technology as the cost of the linkages becomes substantial 
as the size of the heliostats grow.   

• The two-model approach developed here that couples a field level model to a unit 
level model provides a path towards computationally efficient modeling of complex 
heliostat technologies involving substantial risk of blocking and shading.   

• The annual energy fit approach developed here provides an alternative method for 
optimizing field layout in a computationally efficient manner. 

• The careful mechanism study presented here suggests that torque-tube type 
mechanical linkages are not optimal for this approach and alternative linkages 
such as capstan-type systems should be explored.  We did not allow the maximum 
deflection of the heliostat mirror surfaces to increase which could have then 
allowed less costly torque-tube mechanisms to be used at the expense of reduced 
efficiency. 

• For 500 kW systems, the two-stage heliostat is optically competitive systems with 
conventional flat heliostats with a size 3x3 meter or larger. It is unclear how current 
$/m2 estimates for conventional heliostats change to accommodate smaller flat 
mirrors or focused mirrors with a relatively large radius of curvature. 

• Several graduate students and one undergraduate student were trained using 
these funds.  One under-represented minority student was recruited for a summer 
undergraduate research experience but he was unable to come due to personal 
issues.  Two separate capstone design groups used this heliostat project as 
context for their senior design projects.  A prototype generated by one of these 
groups is shown in Figure 9. 
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Figure 9: Prototype of the two-stage heliostat concept generated by an undergraduate senior 
design group.  Top is an engineering model of the prototype and bottom is the completed 
prototype. 

 
9. Path Forward: The investigation of the alternative, capstan type linkage system 

shown in Figure 8 could provide significantly improved technoeconomics when 
compared to the torque-tube linkage system evaluated in this project.  A number of 
other areas for optimization and analysis are identified in each of the appendices. 
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A paper is currently being prepared for submission to the Journal of Solar Energy. 
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1 introduction

1.1 Two-Stage Heliostat

Renewable energy sources contribute 21.3% of the United States’ electricity generation,

with solar energy accounting for 15.9% of the renewable energy production. Concen-

trating solar power (CSP), specifically, only accounts for 0.46% of the renewable energy

production or 0.1% of the total electricity generation in the United States [7]. Due to the

escalating concern of climate change and the expectation that energy consumption in

the United States will increase by as much as 15%, clean energy is emerging as a crucial

solution to address these challenges [8].

While photovoltaic (PV) systems currently dominate the solar energy landscape,

CSP, despite being less common, presents unique advantages that photovoltaics do not.

For instance, unlike PV systems, CSP systems can integrate with thermal energy stor-

age, effectively addressing weather irregularity issues. Consequently, CSP technologies

emerge as a feasible choice for industrial applications and utility-scale projects. Despite

its advantages, CSP technologies, such as heliostats, contribute minimally to electricity

generation due to its high cost. By 2030, SunShot has a target goal of about $50/m2 for the

installed costs heliostat field, but a conventional heliostat currently costs $127/m2 and

advanced technologies, such as SunRing, are around $96/m2 [9]. Clearly, there is a need

and opportunity for advancements in heliostat and other CSP technology.

The foundation of CSP technologies involves using mirrors to reflect and concentrate

sunlight onto a target. The four main types of CSP systems are linear Fresnel, parabolic

dish, parabolic trough, and power tower systems. Linear Fresnel systems and parabolic

trough systems are line-focus technology and parabolic dish and power tower systems are

point-focus systems. Point-focus systems direct rays towards a single point and line-focus
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systems direct rays towards a line or tube.

One component of a solar power tower system is a receiver, which is a heat exchanger

that consists of a bundle of tubes encased in a cavity, that is located on top of a tall tower.

The receivers contain a heat transfer fluid, which absorbs heat from sunlight that can

be used immediately or thermally stored for later. Liquid sodium and molten salt are

suitable heat transfer fluids due to their stability at high temperatures, high conductivity,

and their ability to hold a large amount of energy in a liquid state. When power is needed,

the stored energy can be used to heat a working fluid via a heat exchanger, to create steam

that can be used in a conventional turbine generator to generate electricity. The operation

temperatures for receivers range from 500 to 1200 ◦ Celsius and have an annual efficiency

between 15 to 25 % [10]. The peak flux depends on the heat transfer fluid in the receiver.

Molten nitrate salt has a peak flux of 0.7 MW/m2 and liquid sodium has a peak flux

of 1.2 MW/m2 [2]. There is a large potential for receiver technology advancements, so

research efforts are being directed toward receiver design, specifically the fluid within

the receiver.

In conventional solar power tower systems, heliostats are each individually mounted

on a frame and rotate via a drive mechanism to track the sun. Each heliostat consists of

a reflective surface that concentrates rays from the sun and reflects them onto a central

receiver. The heliostats’ reflective area can be continuous or broken into smaller facets.

Each heliostat at the Crescent Dunes plant, for instance, contains 35 1.8 m by 1.8 m

mirror facets to yield a total reflective area of 115.7 m2 per heliostat [11]. By breaking a

heliostat’s reflective area into multiple smaller-area facets, the optics can be improved

because individual facets can be aligned to create an optimal focal point on the target

[12]. However, this process requires more careful heliostat installation compared to a

continuous heliostat, which consists of only one facet [13].

Additionally, heliostats are either small-area or large-area mirrors. Small-area he-
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liostats offer certain benefits that large-area heliostats do not, such as higher optical

efficiency, less expensive support structure, and reduced wind loads. However, the main

disadvantage with small area heliostats is that they have a small mirror area per drive,

leading to higher drive and cabling costs for the same mirror size [13]. Conversely, large-

area heliostats have a larger mirror area per drive but require a more expensive support

structure and are subject to higher wind loads compared to small-area heliostats [14]. A

conventional tower power system is shown in Figure 1.1. Two examples of this system

are Ivanpah and Crescent Dunes.

Figure 1.1: CSP solar power tower image [1].

This thesis presents the two-stage heliostat concept, seen in Figure 1.2, which includes

two stages: a tracking stage and a concentrating stage. The first stage, the tracking stage,

faces towards the equator (south in the northern hemisphere) and consists of mirrors

mounted on a common drive that move to track the sun. The concept involves a single set

of drives controlling multiple small area mirrors that are segmented into facets by the

unit’s structure. Rays from the sun reflect off the tracking mirror and onto the second

stage, the concentrating stage, which faces away from the equator (north in the northern

hemisphere). The concentrating stage consists of stationary mirrors that each have a

unique angle to direct rays towards a small-area, high-flux, point-focused receiver. The
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Figure 1.2: One unit of the two-stage heliostat concept.

two stages form mirror pairs and a single heliostat unit consists of multiple pairs that run

along a horizontal axis, east to west. Figure 1.3 presents a 2D schematic of the two-stage

design with important parameters labeled. The parameters labeled in Figure 1.3 are

Figure 1.3: 2D schematic of one unit of the two-stage design. Important parameters are labeled.

further described in Table 1.1.
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Table 1.1: Two-stage heliostat parameters and descriptions.

Parameter Units Description
Unit - A set of driven mirrors that share a set of drives
Pair - A concentrating and tracking mirror in a unit.
N - Number of pairs in a unit.
lc m Length of a square concentrating mirror.
lta m Length of a square tracking mirror.
ltf m Length of a tracking mirror face t. The horizontal and vertical

structures divide the tracking mirror into four smaller mirrors.
dadj m Center to center distance between adjacent tracking mirrors or

concentrating mirrors within a unit.
dadj,unit m Center to center distance between adjacent tracking mirrors or

concentrating mirrors between units.
dopp m Center to center distance between a concentrating mirror and

a tracking mirror within a unit.
dopp,unit m Center to center distance between a concentrating mirror and

a tracking mirror between units.
Dha m Diameter of the horizontal axis structure.
Dva m Diameter of the vertical axis structure.

By splitting the collection and concentrating process into two stages, multiple small,

inexpensive mirrors can share a structure and be controlled by a single drive in the tracking

stage. Therefore, in theory, this design has the potential to combine the advantages of

small-area heliostats (with less expensive support structure) and larger-area heliostats

(offering larger mirror area per drive and lower drive and cabling costs). However, a

second stage introduces unique disadvantages that prevent the concept from being cost-

effective at large scales (greater than 1 MW). For instance, the second stage introduces

new loss mechanisms and image degradation that are not seen in conventional single-

stage designs. Additionally, compared to a conventional heliostat, the two-stage heliostat

requires more land area, mirrors, and structure.

1.2 Project Scope

The overall project is investigating this novel and unconventional technology and deter-

mining its feasibility. To accomplish this goal, the project is divided into three sections
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that all interact with each other:

1. Unit-Level Model

2. Cost/Mechanical Model

3. Field-Level Model

Unit-Level Model The goal of the unit-level model is to predict self-shading loss mecha-

nisms that are not captured by the field-level model. These self-shading loss mechanisms

are unique to the inclusion of a second reflective stage. Table 1.2 highlights the different

loss mechanisms present in the two-stage heliostat and which model they are simulated

by. This thesis does not explore the shelf-shading mechanisms or the unit-level model,

Table 1.2: Losses associated with a two-stage heliostat concept and which model they are simulated
by.

Loss Description Unique to
Two-Stage?

Unit-Level
Model

Field-Level
Model

Concentrating mirror shades ray from sun to
tracking

Yes X

Tracking structure shades ray from sun to
tracking

Yes X

Tracking structure shades ray from tracking
to concentrating

Yes X

Concentrating mirror shades ray from con-
centrating to target

Yes X

Tracking mirror shades ray from concentrat-
ing to target

Yes X

Tracking structure shades ray from concen-
trating to target

Yes X

Spillage between tracking and concentrating
stage

Yes X

Spillage at receiver No X
Mirror and receiver surface properties No X
Shading and blocking due to neighboring
mirrors

No X

as it was developed by a different member on the project. The outcome of the unit-level
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model is used by the field-level model, however, and its interaction is described in a later

section.

Cost/Mechanical Model The goal of the mechanical/cost model is to provide a cost

estimate of the heliostat structure and field layout given field parameters. This model

was also developed by two different members on the project. Similar to the unit-level

model, the results from the mechanical model are utilized by the field-level model. The

mechanical model’s relationship to the field-level model is explained in a later section.

Field-Level Model Finally, the goal of the field-level model is to establish and optimize

a layout of units that produces a field of a certain design-day power. Due to the two-stage

concept’s different heliostat geometry, the radial-stagger field layout that is common for a

conventional heliostat might not be the most optimal for a two-stage design. Therefore,

the objective of this thesis focuses on the development of the field-level model and how

the model integrates with the unit-level and cost models.

As CSP technologies continue to be developed and advanced, this research aims to

offer another approach to heliostat field optimization. Specifically, the findings presented

provide a new method for optimizing field layouts using ray trace data in a computa-

tionally efficient way. This development can be applied to heliostats with a conventional

one-stage design and multi-reflective surfaces or geometries that deviate from the stan-

dard structure. Considering the growing research in heliostat technology, this method

could be a viable option for optimizing field layouts of new designs.
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2 literature review

This thesis presents a new heliostat concept that consists of multiple mirrors mounted

on a common structure and multi-reflective surfaces. The literature review examines

the design in comparison to conventional heliostat technology and other novel heliostat

designs. Furthermore, this section details common CSP simulation software and compares

and contrasts field layout optimization methods with the one detailed in this thesis.

Heliostats are employed in a central receiver (or power tower) CSP system, which

is used in applications with high-power capacity [15]. In these systems, there is only

one reflection stage that redirects sunlight directly to a receiver. Unlike a conventional

heliostat, the two-stage design incorporates a second reflection stage. There are vast

amounts of heliostat designs, but in general, a heliostat consists of mirror/mirror facets,

mirror support structure, pylon, foundation, controls, and drives. Likewise, the two-stage

concept includes these components. Heliostat performance is greatly affected by tracking

error, slope error, reflectivity, cleanliness, and shape deformation caused by factors such

as temperature and wind [16] [13]. The two-stage concept’s performance is also affected

by these factors. Figure 2.1 diagrams a conventional heliostat.

A typical drawback with conventional heliostats in a central receiver system is that

they are not modular and each heliostat requires a drive. Both factors contribute to high

heliostat costs. Moreover, because there is only one reflective stage, heliostats do not

always point directly at the sun, which decreases ray accuracy towards the receiver and

increases spillage losses [17]. These challenges are addressed in the two-stage design.
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Figure 2.1: Typical heliostat [2].

2.1 Related Designs

Extensive research has been focused on novel heliostat designs because there is significant

potential for advancement in heliostat technology. One such design, called a Helio

pod, aims to reduce the high cost associated with a heliostat field by combining several

heliostats into a common triangular pod system. Compared to the foundation of a

conventional heliostat, these pod systems are lighter, self-supporting structures that can

reduce material costs. The Helio pod uses six small-sized, free-standing heliostats that

are arranged in an equilateral triangle pod: three in the vertices and three in the middle

points [3]. Figure 2.2 presents the Helio pod concept. Like the Helio-pod, the two-stage

design aims to reduce cost by utilizing mirrors with a common structure. Although,

it differs by aligning mirrors adjacent to each other on the same axis rather than in a

triangular structure. In both designs, the common structure also introduces self-shading

and blocking losses. However, the pod system includes only one stage and the two-stage

design includes two.

One of the optimization methodologies the triangle pod design explores is the use
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Figure 2.2: Helio pod concept [3].

of a genetic algorithm. The genetic algorithm starts with several configurations with

randomly distributed heliostat pod systems. The configurations are sorted in descending

order by annual thermal energy performance and the best pod locations are selected for

the new configuration. Heliostat pods are mutated by locally changing their locations.

The mirror sizes and number of pods in the field remain fixed to find a layout with the

maximum annual thermal energy [3].

Another novel heliostat design is a multi-refection heliostat that can eliminate signifi-

cant cosine loss by always keeping its aperture facing the sun. The design ranges from two

to five reflections. In the two-reflection design, two parabolic mirrors are employed and

incident solar beams reflect off the aperture of the primary mirror and are then focused

toward the second mirror. The primary mirror rotates around two pivot axes to direct its

center normal towards the sun and to accurately direct rays onto the target [4]. Figure 2.3

illustrates the two-reflection design concept.

A drawback of the two-reflection heliostat, however, is that the second mirror is difficult

to produce because it requires a high reflection area-to-volume ratio. Consequently, other

multi-reflection designs, ranging from three to five reflection models have been analyzed.

Figure 2.4 shows the three, four, and five-reflection models.

Figure 2.4a introduces a flat rotatable third mirror, with the second mirror now fixed
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Figure 2.3: Two-reflection heliostat concept [4].

relative to it. This design offers a more standardized reflection system because the rotation

goes from a curved mirror to a simple flat one. Adding additional flat mirrors, such as the

four-reflection design in Figure 2.4b, decreases the rotational freedom of the sub-mirrors.

After the inclusion of a fifth mirror, Figure 2.4c, all of the sub-mirrors are relatively fixed,

which offers the most feasible solution for concise tracking motion [4].

Likewise to the multi-reflection model, the two-stage heliostat capitalizes on multiple

reflections for a single beam. In both, the primary mirror rotates around two axes to track

the sun and reflect its beam onto a secondary mirror. However, the multi-reflection design

aims to minimize cosine losses, while the two-stage design aims to reduce structural costs

and cable costs by incorporating the same general idea.

The multi-reflection heliostat layout is optimized with the field growth method. He-

liostats are added to the field one by one based on which field location has the best

efficiency/cost ratio. Because additional heliostats add blocking and shadowing effects,

the efficiency/cost ratio must be updated for each field point after every new heliostat is

placed. This process repeats until a target power is reached [4].

Similar to the multi-reflection heliostat is the beam-down tower system, which utilizes
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(a) Three-reflection heliostat model.

(b) Four-reflection heliostat model.

(c) Five-reflection heliostat model.

Figure 2.4: Multi-reflection heliostat models [4].

two reflective surfaces and is displayed in Figure 2.5. In this concept, the second reflective

surface is the central receiver. Instead of absorbing rays, the central receiver redirects

beams into the ground toward a compound parabolic concentrator (CPC).

Beam-down designs can operate at high-temperature levels due to their ability to
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Figure 2.5: Beam-down tower technology [5].

achieve high-concentration ratios. However, compared to conventional tower systems,

beam-down systems have a lower optical efficiency, as the secondary reflection contributes

a 5-10% added loss [18],[19]. The elevation of the secondary mirror also requires a higher

principal focal length compared to a conventional tower [19].

Placing the receiver closer to the ground significantly reduces the tower height and

associated costs, thereby increasing safety in a beam-down system by avoiding chemical

processes and high-temperature heat production at great heights [15]. This approach

also reduces piping length requirements and minimizes wind loads on the receiver [15].

While the cost at the receiver is reduced, the secondary reflective mirror must be large and

it requires a more intricate (and costly) structure to be rigidly supported at an elevated

height [19].

Comparing the two-stage design with the beam-down design, both concepts utilize

a two-reflection system. In each, the secondary reflection adds additional optical losses

and introduces additional optimization parameters compared to a conventional design

[15]. However, the main difference is that the two-stage design still uses a central tower

receiver and multiple secondary mirrors.
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In collaboration with Sandia National Labs, SkySun LLC is working to develop a

ganged heliostat design that shares actuation and a support structure. The design, seen

in Figure 2.6 utilizes a unique cable-supported, tensile-ganged heliostat to reduce cost by

reducing the number of components and amount of structure needed [6].

Figure 2.6: Ganged heliostat concept [6].

Each unit comprises two single-axis actuators at each supporting post, controlling

cable tensions and rotational orientation. Additionally, each heliostat features a single-axis

actuator for movement around its neutral axis. On a commercial scale, steel cables support

between 6 to 16 64m2 heliostats [20]. In contrast, the two-stage design employs heliostats

with areas less than 1.5m2 to capture the benefits of small-area heliostats.

Both two-stage and ganged heliostat designs aim to reduce costs by consolidating

multiple heliostats into a single structure, enabling centralized control using a shared

set of drives. In each design, this arrangement introduces higher blocking and shading

losses compared to a conventional design. The ganged heliostat also suffers from astig-

matism and inaccurate tracking [20]. The two-stage design addresses these challenges by

incorporating a second stage for a more precise concentration of rays onto the target.
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2.2 Related Methodology

Heliostat simulation involves modeling optimal performance and optimizing fields and

there are multiple methods/tools for each. The optical performance of a heliostat field can

be simulated with Monte Carlo Ray-Tracing software/tools. Monte Carlo Ray-Tracing tools

utilize a large number of sun rays and statistical sampling to simulate and model optical

interactions and track ray behavior. There are many different Monte Carlo Ray-Tracing

tools, but a non-exhaustive list includes CRS4-2, TracePro, Tonatiuh, SolTrace, SOLFAST,

and STRAL [21], [22], [23]. Tonatiuh and SolTrace are detailed in this literature review

because they are two common and accessible softwares. STRAL is also reviewed because

it is a high-performing and innovative software, but currently has limited availability.

Tonatiuh is a free-to-use, open-source Monte Carlo Ray-Tracing tool developed by the

National Renewable Energy Center (CENER) [23]. It is programmed in C++ [22]. To

model a CSP plant in Tonatiuh, the user must declare the sun position and nodes in a

tree structure. The sun is defined by the sunshape, either Pillbox or Buie, and by position

and sun angles. The nodes correlate to inputs such as surface geometry and surface

material. The user can also import a complex surface directly from a CAD program and

add other features with plug-ins. Tonatiuh simulates over stages and has automated field

generation based on different sun positions As rays are traced, their intersections with

the tree structure are calculated. Rays that intersect the node bounding box have their

intersection validated with the node’s children. This process works up from root nodes

to leaf nodes and the selected intersection is the one closest to the ray origin [22], [23].

Tonatiuh is a widely-used software because it provides detailed and accurate optical

analyses, including detailed flux computations.The accuracy of these results has been

experimentally validated with real CSP plant data and with SolTrace [22]. Additionally,

Tonatiuh boasts an intuitive Graphics User Interface (GUI), 3D view capability, and detects

the number of cores in the user’s computer to decrease simulation time [23]. However, at
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large numbers of rays traced, the stability of the code falters and the software begins to

lag. It also requires external processing tools to better view flux map distributions and

other results.Despite this, Tonatiuh is a popular software among the CSP community due

to its availability, reliability, and flexibility.

SolTrace, developed by NREL, is also a popular and free-to-use Monte Carlo Ray-

Tracing tool. Soltrace and Tonatiuh are similar in performance and accuracy, but unlike

Tonatiuh, it is a closed-source program written in C++ [23]. Soltrace divides simulations

into stages, such that rays can’t return to a previous stage. In each stage, the user must

declare the location, geometries, surface properties, and user-defined optical properties

for a group of elements. Before the simulation, the user must also input the sun shape and

the desired number of ray intersections. The shape of the sun can be Pillbox, Gaussian, or

user-defined. After a simulation, Soltrace provides detailed and accurate flux and optical

analyses and ray data.

Likewise to Tonatiuh, Soltrace efficiently detects and utilizes the number of cores in

the user’s computer to improve computation time [23]. It provides a user-friendly GUI,

3D view capability, and is a well-documented program. However, unlike Tonatiuh, it

has more comprehensive and detailed post-processing features. Soltrace provides the

user with contour and surface plots of any element in the simulation, and automatically

calculates important values, such as flux values, uncertainties, and power per ray. Soltrace

also enables the user to view and select certain ray and intersection points. One drawback

of Soltrace is that to obtain accurate results at more complex geometries and higher ray

counts, the software slows down considerably and begins to lag.

Another software beneficialy for detailed optical analyses is Solar Tower Ray-tracing

Laboratory (STRAL), which was developed by DLR. STRAL is an innovative Monte-Carlo

Ray-Tracing software written in C++ with a modular architecture. Unlike the previous

two methods examined, this software is commercially available [23]. STRAL employs
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a ’Backward Ray-Tracing’ method which reduces the amount of unnecessary rays and

greatly improves simulation time. This technique generates and rasterizes rays directly

on primary reflective surfaces or heliostats [23].

STRAL features an easy-to-use GUI, has 3D view capability and enables users to

develop and import models into the simulation using C++ or other languages. It also has

an advanced interface to easily interact with external software and tools, such as Excel or

Simulink. It efficiently produces detailed and highly accurate flux computations, such as

density distributions [23]. STRAL is suitable for complex geometries and is adaptable to a

variety of problems. While this software boasts advanced interoperability and flexibility,

its current limited availability and lack of extensive documentation, in comparison to the

previous two methods, have restricted its widespread use within the CSP community

[23].

SolTrace and Tonatiuh are two of the most popular CSP modeling software and both

offer similar benefits. They are both widely accessible, user-friendly, robust, and accurate.

Nevertheless, SolTrace’s post-simulation capabilities and familiarity with the software

from prior experience are the primary reasons for its usage in this thesis.

In general, SolTrace and Tonatiuh are the recommended software for heliostat field

simulation. However, there is not a clear consensus on the best optimization tool. There

are various techniques to generate optimal heliostat field layouts for central receiver

systems. However, research that explores novel heliostat designs and geometries requires

the assessment of conventional methods and the development of new methods. Methods

can be used to either used to position heliostats or to optimize spacing and overall size

variables of an entire heliostat field. Methods that optimize heliostat positions contain

thousands of dimensions, while methods to optimize size variables typically only have a

few. Methods that optimize heliostat position are explored in this section. There are three

main ways to optimize heliostat positions in a field: the field growth method, the pattern
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method, and the free variable method. A hybridization of any of these three can be considered

a fourth method [24].

Field Growth Method The field growth method begins with an empty field, evaluating

each location to determine the optimal placement for one heliostat at a time. After

the initial placement, successive evaluations must include blocking and shading losses,

which are the most time-consuming operations in the process. Heliostats are placed

individually in the best remaining position until system requirements are met. However,

since heliostats cannot be placed simultaneously and the time required for each placement

rises exponentially, this method becomes impractical for larger field sizes. Another

drawback is that once heliostats are placed, they are fixed, so this method favors the

performance of heliostats placed earlier in the process [24]. The field growth method

is performed by a search algorithm, such as the Simplex Search method by Nelder and

Mead [25].

Pattern Method The pattern method arranges heliostats in geometric patterns. Each

pattern is defined by certain parameters, such as heliostat spacing that must be optimized.

Common patterns include rows, radial staggered, spirals, and biomimetic patterns [24],

[26].

While this method optimizes the pattern shape, it does not necessarily result in an

optimized field. Nevertheless, pattern methods are a common technique to generate

field layouts because pattern methods still perform comparably to other optimization

techniques. For instance, one study compares the annual optical performances from

a layout based on the fermat’s spiral pattern to layouts from the MUEEN/MUUEN

algorithm and DELSOL method. The two latter methods are elaborated on in the hybrid

methods section. Three different scenarios were run that considered different locations,

field constraints, tower specifications, and receivers. The findings reveal that although
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the MUEEN method resulted in the field with the best optical annual efficiency in every

scenario, the difference in efficiency compared to the other two algorithms was less than

1% [27].

Free Variable Method The third method is the free variable / pattern-free method,

which follows a more classical approach to field optimization. This method incorporates

iterative evaluation of a function, such as a ray tracing method, until an objective is

achieved. Common objectives are finding the maximum optical efficiency or annual

energy performance of a field. Initially, variables are assigned a random value and then

modified with each optimization. Heliostats are not limited to a pattern, so they have

the freedom to be placed anywhere within the bounds of the problem [24]. However,

due to the freedom, the optimization algorithms are often complex and computationally

expensive [26].

One example of a pattern-free method is an evolutionary/genetic algorithm. In evo-

lutionary algorithms, a population (set of all possible solutions) is formed by a certain

number of individuals (one possible solution). Each individual corresponds to a set of

algorithm input parameters that create a field layout and a value of the objective function.

After each run, new variations of individuals are generated and tested. This process re-

peats until successive iterations don’t result in significant improvement and the maximum

number of iterations has been reached. The individual with the best objective value after

the final iteration is the optimal set of parameters [28]. The parameters tested and criteria

for determining the optimal objective value can vary. The two-stage field optimization

utilizes a genetic algorithm to generate its optimal field layout. However, the genetic

algorithm in the two-stage design optimizes size variables and not heliostat positions.

A pattern-free layout optimization method, utilizing a genetic algorithm, has been

explored for a conventional central receiver system. The novel aspect is that heliostats are
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grouped into cells and the location of the heliostats are simultaneously optimized within

each cell. Neighboring cells are used to calculate shadowing and blocking losses for the

central cell. The number and size of heliostats are kept constant in this method [26].

Hybrid Methods Hybrid optimization methods are a combination of any three general

methods described above or a combination of two approaches within a method. For

example, Particle Swarm Optimization-Genetic Algorithm (PSO-GA) combines two dif-

ferent pattern-free methods to retain the advantages of both individual algorithms. The

optimization performance of the particle swarm optimization (PSO) and the diversity of

genetic algorithm (GA) evolution operations are combined [29].

The DELSOL algorithm employs a field growth method and a pattern method for

field layout optimization. It involves the placement of heliostats in a growing procedure

using a radial staggered configuration [28]. The field surrounding the tower is divided

into different zones to test the annual performance of each zone. The best zone is treated

as a sub-field and heliostats are optimized in a radial stagger pattern. Ultimately, the field

growth method determines the best zones and the pattern method determines where

individual heliostats are placed within the best zones [28],[24].

The greedy algorithm is a combination of field growth and pattern-free methods.

Other hybrid methods include the Campo algorithm, the MUUEN algorithm, and the

Fermat’s Spiral, which are combinations of free-variable and pattern-free methods [28].

Relation to Current Work In a similar fashion to the triangle pod methodology, the

two-stage design utilizes a genetic algorithm. However, the genetic algorithm is applied

differently in the two-stage design in that new configurations are created by altering

heliostat parameters, such as mirror size, and not pod locations. The number of units in

the field also varies based on a fixed design-day target power and the goal is to minimize

a field cost. On the contrary, the mirror sizes and number of pods in the field are fixed
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parameters and the objective is to maximize annual thermal energy [3]. The new pattern-

free layout method uses a genetic algorithm as well, but sorts a fixed number and size of

heliostats into cells to optimize the location and not heliostat parameters. Overall, the

genetic algorithms used in the triangle pod and central receiver system optimize different

parameters compared to the genetic algorithm used in the two-stage methodology.

Like the multi-reflection model, the goal is to generate a field of a given target power.

The multi-reflection heliostat places heliostats one by one to reach the power. In contrast,

the two-stage design removes units from an oversized field to reach a target power, while

optimizing various field parameters, such as mirror size. Unlike the multi-reflection

methodology, the two-stage methodology cannot relocate heliostats from their original

positions in an oversized field, only remove them. The two-stage heliostat effectively uses

a row pattern method but filters out heliostats in a new way.
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3 simulation methodology

The simulation methodology seeks to model individual heliostat units as well as a com-

plete heliostat field using Monte Carlo ray tracing. For individual heliostat units, the goal

of the simulation is to use heliostat geometry to accurately model all potential heliostat

losses, such as spillage, and blocking, and shading within and between units. The simula-

tion then considers geometry, target power, calculated heliostat losses, and varying sun

positions to model a full field. The resulting field reports data such as heliostat location,

design-day power, field efficiency, and the annual energy for the full field and units within

the field to analyze field performance. It is important to note that the simulation does not

account for how the system state changes over time.

The simulation methodology section below explains how and why the two-stage

heliostat utilizes two models to simulate a field. It then delves deeper into one of the

models, the field-level model, and describes its methodology for modeling a solar field.

The two-stage heliostat is jointly simulated using two separate models: the unit-level

model and the field-level model. Each model accounts for a different subset of optical

losses to improve computational speed while avoiding double-counting. The unit-level

model considers self-shading loss mechanisms as well as losses due to blocking from

adjacent units, while the field-level model includes spillage and errors related to the

mirror surface properties. The optical performance predicted by both models must be

combined, so the unit-level model generates an efficiency modifier value as a function of

heliostat position and geometry which is then applied to the units simulated within the

field-level model. An overview of the two-model approach is shown in Figure 3.1.

This multi-scale modeling approach (unit-level and field-level) mitigates the computa-

tional expense of ray tracing an entire field. This approach improves run time and allows
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Figure 3.1: Overview of the two-model approach. The unit-level model considers losses only due
to self-shading. The field-level model considers losses only due to spillage and surface properties.

for specific self-shading losses to be isolated and carefully resolved before considering an

entire field. However, the two-model approach presents drawbacks that a single-model

approach does not. For instance, the two-model approach must run SolTrace for both

the unit-level model and field-level model, while the single-model approach only has

to run SolTrace once. Additionally, the efficiency modifier value is captured as a multi-

dimensional lookup table that requires a series of interpolations for any particular location

in a field or geometry. Interpolating over these lookup tables introduces error that is not

found in the single-model approach. Adding dimensions to the look-up table increases

the number of interpolations performed, compounding the error induced. Because of

this limitation, certain parameters, such as tower height are fixed. While both models are

individually incomplete, the combined models capture all optical losses in the heliostat

field.

This thesis focuses only on the scope and methodology of the field-level model. The

field-level model simulation aims to simulate a field layout, given a heliostat design, field

parameters, and a design-day target power. To achieve this, we developed a method that

simulates an oversized rectangular field and then removes units from this field based on
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their annual energy until a field layout is achieved that produces the design-day power.

Figure 3.2 shows an example of a field before and after the annual energy fit. In this

example, the initial oversized field fills a 300 m by 183 m rectangle, while the final layout

comprises a roughly circular shape that is 76 m at its widest part in the x-direction and

72 m at its longest part in the y-direction.

3.1 Field Geometry and Optical Performance

Characterization

The field-level simulation is developed with multiple interacting Python scripts, including

a SolTrace API. To create an oversized field, the main script, Field Model, generates a list of

coordinates for each unit in the field, where the coordinates signify the central location

of a unit. The main script calculates the dimensions of one unit based on some of the

heliostat parameters from Table 1.1. Equations 3.1 and 3.2 demonstrate the calculations

for the unit’s length and height, in meters.

unitlength = ((lc ·N) + (N− 1) · (dadj − lc) + (dadj,unit − lc)) (3.1)

unitheight = ((lc+ lta)+(dopp−0.5 · lta−0.5 · lc)+(dopp,unit−0.5 · lta−0.5 · lc)) (3.2)

Additionally, the user must declare an initial number of units to simulate. Depending

on the field’s target power, the initial units range from 500 to 3000. Since the oversized

field is a rectangular shape with a longer dimension in the y-direction, the number of

units in the y-direction, My, and the number of units in the x-direction, Mx, are calculated

using Equations 3.3 and 3.4.

My =
⌈
units0.55⌉ (3.3)

Mx =
⌈
units0.45⌉ (3.4)
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(a) Oversized field, before the annual energy fit, that is 300 m by 183 m.

(b) Field layout, after the annual energy fit, that is 72 m at its longest part and 76
m at its widest part.

Figure 3.2: Annual energy contour plots of heliostat field before and after the annual energy fit.

Mx and My are rounded up, so it is possible that Mx ·My is not the same as the number

of units the user specifies. Mx is then divided by two, to calculate the number of units that
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are to the right and left of the origin in the x-direction, as at the location of x = 0 m, the

y-axis vertically splits the field. In the y-direction, the field only builds out in the negative

y-direction (south), so at y = 0 m locations, the horizontal line represents the start of

the field. The number of units in the negative and positive x-directions are calculated in

Equations 3.5 and 3.6

NegMx =

⌊
Mx

2

⌋
(3.5)

PosMx =

⌈
Mx

2

⌉
(3.6)

where the number of units in the x-direction and negative x-direction are rounded up

and rounded down, respectively, to account for a possible non-integer value. With My,

Negmx, and PosMx, and the unit dimensions, the Field Model script generates a list of

x-positions and a list of y-positions for every unit in the field, as seen in the pseudo-Python

code Listing 3.1.

Listing 3.1: Generates a list of all the x-positions and a list of all the y-positions for each unit in an
oversized field.

1 #center positions of each unit, starting at (0,0)
2 xstart = 0 #[m]
3 ystart = 0 #[m]
4 Row_x_pos=[xstart+(unit_l*i) for i in range(int(Row_x))]
5 Row_x_pos_neg=[xstart+(unit_l*-i) for i in range(int(Row_neg_x))]
6 Row_y_pos=[ystart+(unit_h*-j) for j in range(int(M_y))]
7 del Row_x_pos_neg[0] #zero position already in Row_x_pos
8 #Check if greater within field bounds: otherwise modifier fails
9 Row_x_pos=[xpos for xpos in Row_x_pos if (xpos)<(150-20)]

10 Row_x_pos_neg=[neg_xpos for neg_xpos in Row_x_pos_neg if (neg_xpos)>(-150+20)
]

11 Row_y_pos=[ypos for ypos in Row_y_pos if (ypos)>(-300+10)]

The unit-level model confines the field boundary to −300 m in the y-direction and +/-

150 m in the x-direction, so the positional lists are adjusted accordingly to comply with

these bounds in Lines 9 through 11. Once the lists are created, the field is constructed
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in two halves: units with a positive x-coordinate and units with a negative x-coordinate.

The pseudo-Python code to build each half is presented in Listing 3.2.

Listing 3.2: Builds half of the oversized field by appending individual mirror locations to the
PysolTrace class and proper stage subclasses in the SolTrace API

1 # Create API class instance
2 PT = PySolTrace()
3 # Create tracking and concentrating stages
4 st = PT.add_stage(’tracking’)
5 st.is_multihit =False
6 st2 = PT.add_stage(’concentrating’)
7 st2.is_multihit =False
8 #Positions for one unit
9 element_map = {}

10 unit_list = []
11 for c_x in Row_x_pos: #or Row_x_pos_neg
12 #take the center unit position and find the left-most mirror position in

a unit
13 x=c_x-(unit_l-d_adj_unit*0.5)
14 for c_y in Row_y_pos:
15 y=c_y-d_opp*0.5
16 unit_list.append(unit_info(len(unit_list)+1, c_x, c_y, 0.))
17 unit = unit_list[-1]
18 hpos=[] #Tracking heliostat list
19 h2pos=[] #Concentrating heliostat list
20 for h in range(N):
21 if h==0:
22 #________________________ Concentrating Heliostat
23 h2pos.append(x)
24 h2pos.append(y)
25 h2pos.append(z)
26 #__________________________Tracking Heliostat
27 hpos.append(h2pos[0])
28 hpos.append(h2pos[1]+d_opp)
29 hpos.append(z)
30 else:
31 h2pos[0]+=d_adj #moving next heliostat in the x direction
32 hpos[0]=h2pos[0]
33 #____________________________Creating Elements
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34 el = st.add_element() #tracking stage
35 element_map["{:d}_{:d}".format(st.id+1, len(st.elements))] = unit

#record associated unit
36 el.position.x = hpos[0]
37 el.position.y = hpos[1]
38 el.position.z = hpos[2]
39 el.aperture_params=[l_ta,l_ta, 0, 0, 0, 0, 0, 0]
40

41 el2=st2.add_element() #concentrating stage
42 element_map["{:d}_{:d}".format(st.id+1, len(st.elements))] = unit

#record associated unit
43 el2.position.x = h2pos[0]
44 el2.position.y = h2pos[1]
45 el2.position.z = h2pos[2]
46 el2.aperture_params=[l_c, l_c, 0, 0, 0, 0, 0, 0]

This code is repeated twice, once for units with negative x-coordinates and once for units

with positive x-coordinates. Each mirror location within a unit is added as an element

and each element is added to either the tracking or concentrating stage. There is also a

third stage, the receiving stage. The only element in this stage is the receiver, which is

modeled as a rectangle that has a y-direction aim point that is roughly half of the final

field. For instance, if a field is y = −50 m at its longest point, the receiver aim point is

(0,−25, 0) m. Additionally, each element gets assigned an optical type, which includes

optical properties such as slope error and reflectivity. There are three optical types created

in this script and they coincide with the stages.

Aim Vectors and Aim Points In addition to heliostat positions, the aim vectors, aim

points, and z-rotations must be calculated for each tracking and concentrating mirror

(each added element) in every unit. The function that calculates the aim vectors for the

tracking and concentrating mirrors is displayed in the Python code Listing 3.3.

Listing 3.3: Function that calculates the aim vectors for the mirrors

1 #Function inputs are lists of x,y,z points
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2 def calc_aim_vect (point_p,point_s,point_t):
3 #unit vector from secondary to primary
4 v_sp={}
5 v_sp_len = ((point_p[0]-point_s[0])**2+(point_p[1]-point_s[1])**2+(point_p

[2]-point_s[2])**2)**0.5
6 v_sp[’x’] = (point_p[0]-point_s[0])/v_sp_len
7 v_sp[’y’] = (point_p[1]-point_s[1])/v_sp_len
8 v_sp[’z’] = (point_p[2]-point_s[2])/v_sp_len
9

10 #unit vector from secondary to target
11 v_st={}
12 v_st_len = ((point_t[0]-point_s[0])**2+(point_t[1]-point_s[1])**2+(point_t

[2]-point_t[2])**2)**0.5
13 v_st[’x’] = (point_t[0]-point_s[0])/v_sa_len
14 v_st[’y’] = (point_t[1]-point_s[1])/v_sa_len
15 v_st[’z’] = (point_t[2]-point_s[2])/v_sa_len
16 #Append vectors to a list to return
17 v_n=[]
18 v_n.append((v_sp[’x’]+v_sa[’x’])/(2.0*math.cos(theta))) #x
19 v_n.append((v_sp[’y’]+v_sa[’y’])/(2.0*math.cos(theta))) #y
20 v_n.append((v_sp[’z’]+v_sa[’z’])/(2.0*math.cos(theta))) #z
21 return v_n

The inputs to the aim vector function are lists of three points: x-location, y-location,

and z-location. The z-location for all mirrors is z = 0 m. For the tracking mirror’s aim

vector, pointp is the sun position, points is the tracking mirror location, and pointt is

the concentrating mirror location. The sun position is adjusted by adding the tracking

mirror location to the sun position. For the concentrating mirror’s aim vector, pointp is

the tracking mirror location, points is the concentrating mirror location, and pointt is

the receiver location. The aim vectors are used to calculate the aim points, a required

input for the SolTrace API. Listing 3.4 shows an example of the aim point calculation.

Listing 3.4: Calculates the aim point of a tracking mirror

1 #Tracking Mirror Aim Point
2 elaim=calc_aim_vect(sun_adjusted,hpos,h2pos) #aim vector
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3 tvec=Point(hpos[0],hpos[1],hpos[2]) #tracking vector
4 t_aimvec= Point(elaim[0],elaim[1],elaim[2])
5 el.aim = tvec + t_aimvec *100 #add to element class

Line 2 in Listing 3.4 calls the function presented in Listing 3.3. The aim point of the

concentrating mirror is calculated similarly but with different inputs to the equations.

Z-Rotation Along with aim points, each mirror’s z-rotation must be determined. For the

concentrating mirrors, the bottom surface aligns with the plane of the ground, similar to

a conventional heliostat. The SolTrace API includes a function that calculates the correct

z-rotation based on aim vector. The z-rotation of the tracking mirror, however, is more

complicated because the tracking stage kinematics do not allow for the bottom surface of

the mirror to be parallel with the ground. Therefore, a different function calculates the

z-rotation based on the Euler angle rotations utilized by SolTrace: Y, then X, then Z order.

Based on the SolTrace convention, clockwise rotations result in positive angles around

the x-axis and z-axis and negative angles around the y-axis. The function finds the z-

rotation of the tracking panel based on its aim point vector and its location. Figure 3.3

shows the rotation processes.

At the beginning of the function, for each tracking mirror, the function subtracts the

aim point from the mirror’s origin to shift the target vector to the origin of the global

coordinate system. The Euler rotation for the YX plane is depicted in the top left box of

Figure 3.3. The function finds the first Euler angle, alpha, by projecting the unit normal of

the target vector into the XZ plane (z’ on Figure 3.3) and then taking its inverse tangent.

The function computes the angle of rotation around the x-axis, beta, by projecting the

target vector into the YZ plane (z" on Figure 3.3) and then calculating the dot product

between the projected vector and the modified z-axis (z’ on Figure 3.3), that has been

rotated by alpha. These steps provide the rotation matrices for alpha and beta. The top
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Figure 3.3: Euler rotations used to calculate the z-rotation of the tracking mirrors. As seen in the
top two boxes, alpha and beta angles are calculated for a y-axis then x-axis rotation, and an x-axis

then y-axis rotation. From the bottom box, the z-rotation angle is found by lining up the two
separately rotated coordinate systems and then taking the dot product between the modified

x-axes.

right box in Figure 3.3 follows a similar process to compute the alpha and beta matrices

for the XY rotation. Listing 3.5 shows the start of the z-rotation function in Python, which

presents the Euler angle calculations for only the YX rotation, as the XY rotation follows a

similar process.

Listing 3.5: Computes Euler angles for a rotation around the y-axis then x-axis

1 def calc_z_rot (tvec,t_aimvec): #mirror origin and aim point
2 n_aim = np.subtract(t_aimvec,tvec) #shift aimpoint to origin
3 n_aim=unit_vec(n_aim) #normalize shifted vector
4 n_0=np.array([0,0,1]) #intial z-axis
5 #Euler angles of YX rotation
6 #finding alpha around y-axis rotation, radians
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7 n_xz= np.array([n_aim[0],n_aim[2]]) #project the target vector into the xz
plane

8 n_xz = unit_vec(n_xz) #normalize
9 alpha_yx= math.atan2(n_xz[0],n_xz[1])

10 # Create first rotation matrix
11 first_rot_yx= np.array([[math.cos(alpha_yx),0,math.sin(alpha_yx)],[0,1,0],[-

math.sin(alpha_yx),0,math.cos(alpha_yx)]])
12 #finding beta around x-axis rotation
13 n_yz=np.array([n_aim[1],n_aim[2]]) #project target vector into the yz plane
14 n_yz=unit_vec(n_yz)
15 z_prime_yx=np.matmul(first_rot_yx,n_0) #find coordinates of z-axis rotated

by alpha
16 dot_yx= np.dot(n_aim,z_prime_yx) #find angle between target vector and

rotated z-axis
17 if n_aim[1] > 0:
18 beta_yx = math.acos(dot_yx) #If: y-comp of target is positive do cw

rotation(soltrace does opposite rotations)
19 else:
20 beta_yx = -math.acos(dot_yx) #Else: ccw rotation
21 #Create second rotation matrix
22 second_rot_yx=np.array([[1,0,0],[0,math.cos(beta_yx),math.sin(beta_yx)],[0,-

math.sin(beta_yx),math.cos(beta_yx)]])

The YX and XY rotations are performed independently with two individual coordinate

systems, so the z-axes of both rotations are aligned. However, the x-axes and y-axes are

offset from each other by the desired z-rotation angle, as seen in the bottom box of Figure

3.3. The angle is calculated by taking the dot product of both modified x-axes. The

modified x-axes are found by multiplying the original x-axis at (1,0,0) by the rotation

matrices for alpha and beta for either the YX or XY rotations. Listing 3.6 presents the end

of the z-rotation function in Python that displays this process.

Listing 3.6: Computes z-rotation angle based on YX and XY rotation matrices

1 #rotating the x-axis through both yx and xy rotations aligns the z-axis
2 x_axis= np.array([1,0,0])
3 #multiply second rotations first to avoid rotating around modified axes
4 #Second rotation multiplication
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5 x_sol = np.dot(second_rot_yx,x_axis)
6 x_real = np.dot(second_rot_xy,x_axis)
7 #First rotation multiplication
8 x_sol = np.dot(first_rot_yx,x_sol)
9 x_real = np.dot(first_rot_xy,x_real)

10 #z axes should be aligned
11 #Second rotations
12 z_sol = np.dot(second_rot_yx,n_0)
13 z_real = np.dot(second_rot_xy,n_0)
14 #First rotations
15 z_sol = np.dot(first_rot_yx,z_sol)
16 z_real = np.dot(first_rot_xy,z_real)
17 dot_x = np.dot(x_sol,x_real)
18 if x_real[1] > 0: #if x_xy is oriented above xy plane rotate negative, ccw
19 z_rot = -np.arccos(dot_x)
20 else:
21 z_rot = (np.arccos(dot_x))
22 z_rotate = z_rot * 180/np.pi #to degrees
23 return z_rotate

The accuracy of this method was confirmed because SolTrace produces the angle the

mirror’s x-axis makes with the XY plane of the stage coordinate system. This angle is equal

to the difference between the z-rotation that this function produces and the z-rotation

that the SolTrace API produces.

Optical Performance Once all of the elements and their components are specified, the

main script calls the SolTrace API to run the simulation. While the simulation is running,

ray data is recorded for each unit, which includes how a ray interacts with a specific unit

at each stage. With the ray data, efficiency statistics are computed for each unit and can

be averaged to determine performance for the field as a whole. Efficiency is calculated for

each unit from Equation 3.7

Efficiency = Modifier ∗ Hits on Receiver
Hits on Tracking Stage (3.7)
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where the Modifier comes from the unit-level model to account for losses that are not

included in the field-level model. Other important metrics computed from the ray data

are annual energy and design-day power. Equations 3.8 through 3.11 summarize how to

calculate these metrics on a per unit basis

powerperray =
(xmax− xmin) · (ymax− ymin) ·DNI

nsunrays
(3.8)

raybox =
(xmax− xmin) · (ymax− ymin)

nsunrays
(3.9)

Annual Energy = raybox · Hits on Receiver ·DNIweight ·Modifier (3.10)

Design Day = powerperray · Hits on Receiver · (designDNI/DNI) ·Modifier (3.11)

where the sun statistics, nsunrays, xmin, xmax, ymin, and ymax, were collected from

the simulation data from the SolTrace API. The sun statistics correspond to how many

rays were simulated and the maximum and minimum locations in the x and y-directions

of rays. The DNI and DNIweight value are related to the sun position simulated and are

expanded on in 3.3. The designDNI is set at 1000 W/m2. The unit performance design

day power and annual energy, both in Watts, are summed to obtain the field performance

data. This field performance data is used to determine the final field layout.

3.2 Solar Field Layout Boundary Model

The selection of the optimal heliostat units for the final layout must consider both the

annual productivity of each unit and the design specification. Annual performance

accounts for aggregate power delivered to the receiver throughout many sun positions,

irradiance levels, and weather conditions. Conversely, the design specification is most

often expressed as a desired thermal power delivered to the receiver on some specific

day and time with a given solar irradiation. These two differing criteria are included in
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the unit selection methodology. Instead of selecting the highest-performing units in the

oversized field based on design day power, units are evaluated based on an estimate of

annual energy production (the details of the estimation methodology are presented in

the following subsection).

The performance of each candidate unit must be resolved with sufficient accuracy to

differentiate annual performance from other units in the field. In other words, a relatively

large number of rays must interact with each unit to accurately predict performance. Due

to the uncertainty in the Monte-Carlo approach, millions of rays would be required per

sun position to achieve convergence for each unit. Figure 3.4 compares three field layouts:

one achieved from simulating 10 million rays, another from an annual energy fit using

100,000 rays, and a third from selecting the highest-performing units in an oversized field

with 100,000 rays

Figure 3.4a displays a field layout in which a large number of rays were run to achieve

convergence. This layout can be compared to the layouts seen in Figures 3.4b and 3.4c.

These fields were produced from two different methods and both run with fewer rays

than the converged field to improve computation time. At 100,000 rays, the field layout

that utilizes columns and the annual energy fit, Figure 3.4b, produces a layout similar to

the converged layout. However, the layout in 3.4c, which does not divide the oversized

field into columns but selects the highest-performing units, leads to a field with irregular

edges, gaps, and isolated units on the boundaries. These results display the benefit and

accuracy of removing units based on columns at 100,000 simulated rays. At 10,000 rays,

the difference between the two methods is more pronounced, as seen in Figure 3.5.

In Figure 3.5, both fields include isolated units and gaps in the field. However, the

layout produced by the annual energy fit/columns method, Figure 3.5a, is a more cohesive

shape, with smoother edges, compared to the layout produced by selecting the highest-

performing units / no-columns method, Figure 3.5b. In Figure 3.5b, multiple units are
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(a) Converged field layout achieved from simulating with 10 million rays.

(b) Field layout achieved from using the annual
energy fit, run with 100,000 rays.

(c) Field layout achieved from selecting the
highest-performing units, run with 100,000 rays.

Figure 3.4: Comparing field simulation methods for generating a field layout to a converged field
layout achieved from running a large number of rays. The two methods are: using an annual

energy fit (divides field into columns) and selecting the highest-performing units from an
oversized field (does not use columns).

spread out, edges are jagged, and the field is asymmetrical.

Evidently, with both methods, there is a trade-off between accuracy and computation

time; simulating a field with more rays results in a layout closer to the converged layout,

but it takes longer to run. Figure 3.6 compares different amounts of simulated rays for

the two methods to the converged field. The comparison error metric was calculated in
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(a) Field layout achieved from using the annual
energy fit, run with 10,000 rays.

(b) Field layout achieved from selecting the
highest-performing units, run with 10,000 rays.

Figure 3.5: Field layouts from a columns and no-columns method at 10,000 rays.

Equation 3.12

Error =
Misses

Total Units in Converged Field · 100 (3.12)

where the Misses are units that were either added to the field or missing from the field

compared to the converged layout.

As seen in Figure 3.6, at lower amounts of simulated rays, the columns (annual energy

fit) method produces a field layout more similar to the converged, compared to the

columns (selecting highest-performing units) method. Similar to Figure 3.4c, the layouts

produced from the no-columns method include units that are scattered and seemingly

haphazardly placed at these lower ray amounts, such as the field layouts resulting from

10,000 rays in Figure 3.5. At 10,000 rays, over 35% of the units from the no-columns

method are different compared to the converged layout. With the same ray amount, the

error for the columns method is around 19% less than the no-columns method.

At 100,000 rays, the error difference decreases to 2.35%, with 9.80% of units in the

columns method layout and 12.15% in the no columns method layout differing from the
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Figure 3.6: Comparing the error in the columns (annual energy fit) method with the no columns
(select highest performing units) method at different ray simulation amounts against the

converged field.

converged. After 250,000 rays, the no-columns method surpasses the accuracy of the

columns method, but the computation time greatly increases. For instance, simulating

100,000 rays is three times faster than simulating 250,000 rays. Given the significance of

computation time in the simulation process, our preference is for a method that achieves

a layout similar to the converged one as quickly as possible. Consequently, the columns

or annual energy fit method holds an advantage over the no-columns or selecting the

highest-performing units method.

Overall, we employ a novel approach to reduce computational time that involves

aggregating annual unit performance information, constructing a local quadratic curve

fit model, and selecting final heliostats based on the fit rather than on raw ray-tracing

data. The curve fit model is applied onto y-axis columns of units separately for each

unit position along the x-axis. Figure 3.7 illustrates the annual energy fit process for an
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example column at x = 0 m. The data shown indicates annual production for all units at

position x = 0 m using the results of the Monte-Carlo simulation and the corresponding

curve fits. This process is repeated for every column on the field. From Figure 3.7, it is seen

Figure 3.7: Annual Energy Fit at x=0 m for simulations of 100k rays and 1 million rays. The
receiver tower is located at y=0 m and the field expands in the negative y direction.

that as the units get further from the receiver at y = 0 m, the annual energy performance

decreases according to an approximately parabolic trend. Therefore, each column is fit

with a second-order quadratic polynomial. Each unit’s annual performance according to

the quadratic model is compared to an annual energy cutoff value to determine which

units would be included in the final layout. The cutoff value ultimately determines the

number of units that are included in the final layout, so it must be iteratively solved by

using a root-finding method (we use the golden section search). When a candidate cutoff

value is selected, units that have annual energies that are less than 75% of the cutoff are

excluded, and then the remaining units in each column are re-fitted with an updated
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quadratic model. The design day power of the included units is calculated and compared

to the target power. The golden section search continues to iterate through different cutoff

values until the resulting layout produces the target power within tolerance. Larger cutoff

values result in smaller fields and vice versa, which is shown in Figure 3.8.

In Figure 3.7, the cutoff is represented by the red horizontal line, and annual energy

data is plotted for 100,000 rays (black) and 1 million rays (blue), along with the polynomial

fit line for each set of data. Units that are to the right of the intersection of the cutoff

line and fit line are selected for the final field. Even though the units from the 100k ray

simulation have larger annual energy uncertainty compared to the 1 million ray simulation,

both fits intersect the cutoff near y = −70 m and the same units are selected for the final

field layout. This indicates that while fewer rays result in a more variable individual unit

performance, the annual energy fit method lessens the effect of uncertainty in the Monte

Carlo approach, ultimately improving computation time. After repeating the annual

energy fit for each column in the oversized field, the resulting field should include the

highest-performing units.

Figure 3.9 shows the simulated annual performance of the units using the Monte Carlo

results and the resulting inclusion extents of the fit model (red dots). Excellent agreement

is observed between the inclusion areas and the units with the highest annual energy.

Units that have lower performance are on the outer edges of the contour plot and are

generally excluded from the final layout. However, around the edges of the layout (red

dots), some units that are included have lower performance compared to units that were

excluded. While this inaccuracy is likely not important to the overall annual performance

of the field, it exemplifies a limitation in the certainty of the fit method. Regardless, the fit

method is a feasible tool for deciding how viable the two-stage system is.

Figure 3.7 displays only one example of the fit process, as different columns have

different fit lines. For instance, the fit line can cross the cutoff in two locations, which
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(a) Annual energy cutoff = 3 million kWh

(b) Annual energy cutoff = 4 million kWh

(c) Annual energy cutoff = 5 million kWh

Figure 3.8: Three different cutoffs and the resulting field layout.
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Figure 3.9: Zoomed in view of annual energy contour plot of an oversized field with an outline of
a 500 kW field, shown by red dots. The new field includes the highest-performing units.

requires a different set of steps from the one described in Figure 3.7. The flowchart

outlining the methodologies is shown in Figure 3.10. In Figure 3.10, if the number of roots

must be calculated, then another set of checks is followed to determine which units to

keep. These checks are displayed in the flowchart in Figure 3.11.

3.3 Pseudo-Annual Weather Simulation

The annual thermal energy production of the field is estimated using a pseudo-annual

weather simulation over nine sun positions to improve computation time. The simulation

captures the aggregate morning, noon, and afternoon weather applied to three simulation
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Figure 3.10: Outlines the process of determining the coordinates of the field layout. Since the field
is built out in the negative y-direction (the south), the minimum y-position is the position furthest

from the receiver. "a", "b", and "c" refer to the coefficients calculated from the polynomial fit.

days: June 21st, December 21st, and March/September 21st. June 21st consists of morning,

noon, and afternoon averages data from May, June, and July. December 21st averages data

from November, December, and January, and March/September 21st averages data from

February, March, April, August, September, and October. Table 3.1 shows the weather

simulation data from Daggett, California.

The solar azimuth and zenith angles of the morning, afternoon, and evening sun

positions were recorded at the times 8, 12, and 16, respectively, at a latitude of 34.86 ◦

and a longitude of -116.793 ◦. These are the coordinates of Daggett, California. Each sun

position uses a DNI · Weight value, as seen in Table 3.1. An example process on how to
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Figure 3.11: Outlines the process for keeping units based on the calculated root values from the
quadratic fit. "a" refers to the "a" coefficient in the quadratic function, calculated from the

polynomial fit.

find this value is described below using the morning weather data for the December 21st

day in Table 3.2.

Each row of data in Table 3.2 includes all of the days in November, December, and

January at the specified hour. For instance, the average DNI for hour 6 is an average of

the DNI values for all days in those three months at 6. The Total DNI for each row was

calculated using Equation 3.13.

Total DNI = Avg DNI · No. of Points (3.13)

The DNIWeight for the morning weather simulation on December 21st is then found

by summing up all of the Total DNI values in Table 3.2. The value comes out to be
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Table 3.1: Weather simulation data.

Day Simulated Months Incl. No. of
Days Time of Day DNIWeight [W/m2]

June 21st May, June, July 92

Morning: 4 to 9 293160
Afternoon: 10 to 14 374029
Evening: 15 to 18 190410

Dec 21st Nov, Dec, Jan 92

Morning: 6 to 9 154216
Afternoon: 10 to 14 316166
Evening: 15 to 16 56810

Sept &
March 21st

Feb,March,April
Aug,Sept,Oct 181

Morning: 5 to 9 340329
Afternoon: 10 to 14 374029
Evening: 15 to 18 190410

Table 3.2: Morning weather data by hour for December 21st.

Hour No.of Points Avg DNI [W/m2] Total DNI [W/m2]
6 84 52.6 4415
7 92 367.9 33846
8 92 579.6 53322
9 92 680.8 62633

154216 W/m2, which is equivalent to the value in Table 3.1.

The field is simulated in SolTrace for each of the nine sun positions. For each run,

the energy produced by individual units in the field is summed to determine the an-

nual energy of a unit. The design day condition is June 21st at Noon with a DNI of

1000 W/m2. The design day power and annual energy production for each unit in the

field are multiplied by the unit-level modifier to account for self-shading losses.
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4 optimization methodology

The goal of the design optimization process is to minimize the cost of the solar field

per unit of design-point power production ($/W) by finding the optimal set of field

parameters that achieves the target power. To accomplish this, we utilized a genetic

algorithm that provides the field-level model simulator with geometry and tweaks the

geometry until the simulator generates a field layout with the smallest $/W.

4.1 Genetic Algorithm

A genetic algorithm is a global optimization technique that is based on the biological

process, natural selection. The objective of the genetic algorithm’s fitness function is to

minimize the $/W on the design day for a field layout that produces a specific target power.

For each generation, the algorithm’s population is comprised of 24 unique chromosomes,

where each chromosome has five genes that correspond to a different field parameter.

The field parameters being optimized are: dopp,unit, dopp, dadj, lc, and lta, where dadj

and dadj,unit are set to be the same value. The parameters, besides tracking mirror length,

are normalized by tracking mirror length and are labeled in 1.3 and described in Table

1.1. Each gene has upper and lower bound constraints, which are shown in Table 4.1.

Table 4.1: Upper and lower bound constraints for each gene in the genetic algorithm.

dopp,unit/lta [-] dopp/lta [-] dadj/lta [-] lc/lta [-] lta [m]
Upper Bound 4 4 2.75 1.40 2.5
Lower Bound 1 1 1 1 0.2

The bounds of the tracking mirror are 0.2 m and 2.5 m because the two-stage design

is designed for small mirrors with a small thermal rating. The lower bounds of the other

genes are set to 1 to prevent overlapping between units and within units. The upper

bounds of the other genes are determined by constraints set in the unit-level modifier.

The genetic algorithm runs for 25 generations. For each generation, each chromosome
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in the population goes through the annual energy fit simulation to generate a unique

field layout for the same target power. The initial population is randomly generated,

but successive populations consist of 10 parents from the previous population and 14

offspring that were created from uniform crossover. The function to perform uniform

crossover is shown in Listing 4.1.

Listing 4.1: Function that performs uniform crossover between two parent chromosomes

1 import numpy as np
2 def crossover(parents,offspring_size):
3 #Number of offspring to create
4 offspring = np.empty(offspring_size)
5 for k in range(offspring_size[0]):
6 #index of the first parent to mate.
7 parent1_idx = k%parents.shape[0] #returns remainder
8 #index of the second parent to mate.
9 parent2_idx= (k+1) % parents.shape[0]

10 sample_size=offspring_size[1]
11 #create a list of 0 and 1
12 parent_idx = [random.randint(0,1) for sample in range(sample_size)]
13 for index, value in enumerate(parent_idx):
14 if value == 0: #take the gene from parent one
15 offspring[k,index]= parents[parent1_idx,index]
16 if value == 1: #take the gene from parent two
17 offspring[k,index]= parents[parent2_idx,index]
18 #make sure the offspring is not the same as a parent
19 check = any(x in offspring[k,:] for x in parents)
20 if check == True:
21 #generate three randon values to change 3 parameters
22 #parameters to mutate, returns a list
23 para_mutate=random.sample(range(0, offspring_size[1]), 3) rv0=np.random.

uniform((offspring[k,para_mutate[0]])*-.15,offspring[k,para_mutate
[0]]*.15,1)

24 rv1=np.random.uniform((offspring[k,para_mutate[1]])*-.15,offspring[k,
para_mutate[1]]*.15,1)

25 rv2=np.random.uniform((offspring[k,para_mutate[2]])*-.15,offspring[k,
para_mutate[2]]*.15,1)

26 offspring[k,para_mutate[0]]=rv0+offspring[k,para_mutate[0]]
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27 offspring[k,para_mutate[1]]=rv1+offspring[k,para_mutate[1]]
28 offspring[k,para_mutate[2]]=rv2+offspring[k,para_mutate[2]]
29 else:
30 continue
31 return offspring

In uniform crossover, each gene is randomly taken from one of the parents to create a

unique offspring. If, by chance, the offspring is identical to any parent in the population,

the function will alter three of the offspring’s parameters, as seen in Lines 23 through

28 in Listing 4.1. After the offspring are created, additional variations are also added

with mutations. Listing 4.2 shows the pseudo code for the Python function used to add

mutations.

Listing 4.2: Function that adds mutations to offspring

1 import random
2 def add_mutation(offspring_crossover):
3 #loop through each chromosome of the population
4 for idx in range (offspring_crossover.shape[0]):
5 randmutate = random.randint(1,10)
6 #70% chance for a mutation on one chromosome
7 if randmutate <=7:
8 new_allele= random.randint(0,offspring_crossover.shape[1]-1) #pick a

random allele on the chromosome to mutate
9 #mutate +/- 25% higher or lower than the current value

10 low=offspring_crossover[idx,new_allele]*-.25
11 high=offspring_crossover[idx,new_allele]*.25
12 random_value=np.random.uniform(low,high,1)
13 offspring_crossover[idx,new_allele] = offspring_crossover[idx,new_allele]

+ random_value
14 else:
15 continue
16 return offspring_crossover

In the mutation function, offspring_crossover is an array, where each row is one of

the newly created offspring. Each offspring has a 70% chance of having one gene that is

Appendix 1



Section 1 49

mutated. A mutated gene is within +/- 25% of its original value. After the final population,

the chromosome with the lowest fitness value represents the optimal combination of field

parameters.

4.2 Cost Model

The fitness of each chromosome is calculated using a cost model. The genetic algorithm is

flexible to any cost model, but the one presented below is what we used in the case studies.

Appendix A provides a more comprehensive discussion of the current cost model. As

seen in Table 4.2, the cost model includes seven different cost factors that are influenced by

different field parameters being optimized in the genetic algorithm. Additionally, various

assumptions were made for each cost factor to aid in the calculation process.

Table 4.2: Cost factors and their assumptions used in the cost model. N signifies the number of
pairs in a unit.

Cost Factor Related Field Parameters Assumption
Mirror Cost N,lta, lc 4 mm mirror thickness

Mirror Assembly N,lta, lc Structure deflection and vertical axis deflec-
tion ratio is 1.5

Vertical Axis N,lta, lc Circular cross-section
Horizontal Axis N,lta, lc, dadj Displacement is twice the tracking mirror

conical half-angle error to limit the deflec-
tion to less than 3 cm

Drive Cost N Fixed wind speed and fixed drive cost for
each N value

Pylon Cost N Fixed cost per pylon
Land Cost N,lta, lc,dadj, dopp Fixed cost per acre

Since the cost model simplifies the cost of raw materials and process materials and

determines structure based on limiting deflection, the model underestimates the actual

structure cost. Therefore, each category listed in Table 4.1 is multiplied by a 1.65 scaling

factor during the optimization process. The scaling factor was determined from a De-

sign for Manufacturing and Assembly (DFMA) cost analysis on the two-stage heliostat

structure. Using parameters determined from the field-level model, the total structure
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cost from the cost model and the DFMA were compared for a 500 kW and a 250 kW field

design to extract scaling multipliers. The 250 kW and 500 kW fields were selected because

before the scaling factor was calculated, these field sizes corresponded to some of the

lowest fitness values (these results are discussed in the next section in Figure 5.1). The

final scaling factor is an average between these two designs. Additionally, a relationship

for the vertical and horizontal axis structure diameters, based on tracking mirror length

was determined based on the DFMA analysis among multiple different field powers. The

horizontal axis diameter relationship is:

Dha = 0.10125 · (Lta)
1.492 (4.1)

The vertical axis diameter relationship is:

Dva = 0.03855 · (Lta)
2.102 (4.2)

The relationships return diameter values in meters and are used to determine the tracking

mirror facet area, which is the mirror area that is available for reflecting rays. A more

detailed description of the DFMA is located in Appendix B.
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5 case results

5.1 Baseline Parameters

We ran a genetic algorithm for seven different target powers, ranging from 100 kW to

2MW. Each run had a square receiver size such that the receiver flux was 160 kW/m2 a

tower height of 15 m, as the unit-level modifier was only run for that tower height. The

results, displaying $/W and total field cost for the different target powers are plotted in

Figure 5.1.

Figure 5.1: Genetic algorithm results of $/W and total field cost for different target powers at a
constant receiver flux.

The solid lines in Figure 5.1 show that the total field cost increases linearly, but the

fitness does not. At low target powers, such as 100 kW, the fitness value is higher because

the small receiver size leads to spillage and the image on the receiver from the tracking

mirrors is too large. The fitness value also increases at higher target powers, such as 1
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MW and 2 MW because there are more self-shading and blocking losses in larger fields.

Instead, there appears to be an optimal-sized field at 500 kW, which has the lowest fitness

value at the current cost function.

The values in solid lines in Figure 5.1 served as the basis for generating the scaling

multiplier and therefore do not include the multiplier value. Specifically, the 500 kW

and 250 kW fields corresponded to some of the lowest fitness values, so they were the

baseline for the DFMA analysis to obtain the cost multiplier. Once the scaling factor was

determined, the optimal-sized field concluded from the solid lines in Figure 5.1, 500 kW,

was re-optimized with the multiplier to obtain a more accurate cost value. These results

were then used to create the dotted line, which represents the expected fitness values

for the studies if they were all rerun with the DFMA scaling value. The parameters and

results for the 500 kW field are located in Table 5.1.

Table 5.1: Parameters and results for the 500 kW baseline field.$/m2 is of tracking mirror area.

lta [m] lc/lta dadj/lta dopp/lta dopp,unit/lta Fitness [$/W] $/m2

1.06 1 1.05 3.01 1 0.344 181.85

The $/m2 of a conventional commercial heliostat is 127 $/m2 and the two-stage design’s

$/m2 is $181.85/m2 with the current cost model [9]. Therefore, despite multiple mirrors

sharing the same structure, the current design is around $55/m2 more expensive compared

to commercial designs. The design-day field power also accounts for receiver loss, which

was calculated from Equation 5.1

recloss = σ · ϵ · (Trec4 − Tamb
4) ·Arec (5.1)

where Trec was 773.15 K, Tamb was 300 K and the receiver was modeled as a grey body

with an emissivity of 0.8. The receiver loss is reported in Watts.

The genetic algorithm introduces hundreds of different field combinations that all

produce different fitness results. Even though multiple parameters impact the fitness
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value, there are certain ratio values for single parameters that correspond to higher fitness

values and certain values that correspond to lower values For instance, Figure 5.2 shows

that larger tracking mirror lengths (greater than 1.5 m) correlate to higher fitness values.

Observing 5.3, the distance ratios that corresponded to the highest fitness values were

Figure 5.2: Fitness vs lta.

ratio values that were closer to 1.5. However, there does not appear to be an overarching

trend for the distance ratio.

Additionally, the general trends for the spacing, unit distance, and concentrating

mirror length parameters, shown in Figure 5.4, support that lower ratios correlate to lower

fitness values. The unit modifier favors larger mirrors and higher distances/spacings

to lessen losses, but the cost model favors lower ratios and smaller mirrors to lessen

structural costs. The optimal values are a balance between these two factors and the

algorithm shows that the cost model has more weight compared to the efficiency modifier

value when the objective is to minimize $/W. This is supported by the fact that the optimal

values for spacing, unit distance, and concentrating mirror length, indicated by the red

points, were all within 0.05 or less of the lower bound constraint of 1.
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Figure 5.3: Fitness vs dopp/lta.

Observing the fitness vs field efficiency plot in Figure 5.5, the general trend indicates

that efficiency and cost per watt are inversely related. Despite this, the highest efficiency

field did not have the lowest fitness value. At the higher calculated efficiencies, the fitness

values begin to increase. For instance, larger mirrors are more efficient and require fewer

total mirrors to hit a target power, but the individual mirror is more expensive. The cost

saved by using fewer mirrors does not outweigh the cost added by a more expensive

mirror. Another way to view the genetic algorithm data is in Figure 5.6, which displays

the $/W and field efficiency of each chromosome for every generation in the genetic

algorithm.

As shown in Figure 5.6, as the generations increase, the $/W decreases and becomes

less varied. The values range by over 1.2 $/W after the first generation while the values

range by less than 0.15 $/W after the final generation. Ultimately, the $/W tapers off

after around the 10th generation. Similarly, the field efficiency increases and becomes

less varied as generations increase. For instance, after the first generation, the lowest

efficiency is around 25% and around 55% after the final generation. Except for a few

outliers in the 14th and 21st generations, the efficiency values also taper off after the
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(a) Fitness vs dopp,unit/lta.

(b) Fitness vs dadj/lta.

(c) Fitness vs lc/lta.

Figure 5.4: Parameters that are directly related to the fitness value.

10th generation. Both of these trends indicate that the genetic algorithm successfully

approaches a minimum. The field efficiency value accounts for all possible losses across

all stages. The efficiency contour plot of the field is shown in Figure 5.7. The field efficiency
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Figure 5.5: Fitness vs Field Efficiency.

for the 500 kW field was 61.12 %. As shown in Figure 5.7, units farther from the receiver

experience more self-shading and spillage losses, so higher efficiency units are located

near the receiver at (0 m, 0 m).

5.2 Shift Effect

To improve field efficiency, the unit modifier aligns the concentrating mirror’s aiming

vector with the gaps between tracking surfaces by shifting the tracking and concentrating

stages of the two-stage heliostat. This offset is analogous to a radial staggered layout in

a conventional heliostat field layout. The shift effect only needs to be captured in the

unit-level modifier value and doesn’t require units in the field-level model to be physically

shifted because there is only a slight change in position from one unit in the modifier

map. Genetic algorithms were run for 500 kW and 1 MW, each with and without the shift

included. The results are presented in Table 5.2.
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Figure 5.6: $/W and field efficiency of each chromosome for every generation for the 500 kW
genetic algorithm run.

Table 5.2: Results for a 500 kW and 1 MW genetic algorithm run with and without the shift effect
included.

Target Power Field Efficiency Shift? Difference

500 kW 61.12% Yes 2.31%58.81% No

1 MW 59.29% Yes 5.59%53.70% No

From Table 5.2, the inclusion of the shift improves the field efficiency for 500 kW and 1

MW fields by 2.31% and 5.59%, respectively. This difference can be explained by Figure

5.8. In this figure, the domain of the 500kW target field is overlaid on the plot that shows

the percent difference in the efficiency modifier when the shift is included.

Bigger fields experience more effect from the shift because the shift is more impactful

in areas that are farther from the receiver. These areas are where self-shading losses are
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Figure 5.7: Efficiency contour plot for the baseline 500 kW field. The receiver is the red dot located
at (0,0).

Figure 5.8: Percent difference in the efficiency modifier with the inclusion of the shift. The black
box represents the domain of the oversized field for a 500kW target power.
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more prominent. The domain of the 500kW target field doesn’t fully reach this area, so

the shift has a smaller effect compared to 1 MW. As fields grow out in the y-direction,

towards y = −200 m, the efficiency without shading and blocking losses decreases

because heliostats are further from the tower. Therefore, even though bigger fields (2

MW or greater ) will be greatly affected by the shift, the raw efficiency is worse and not

feasible for a field in the first place.
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5.3 Conclusions

Methodology Conclusions

The two-stage heliostat was modeled with a unit-level and a field-level model. Given the

design’s geometry, this approach was effective in improving the computation time and can

be applied to any multi-stage heliostat. To simulate a field layout, we developed an annual

energy fit method that evaluates and selects units based on annual energy production.

This method effectively lessens the impact of uncertainty on the performance of units and

reduces the computation time needed to generate a cohesive field layout. A drawback

with this method, however, is that the units with the highest performance are not always

included in the final layout. Since this method uses a curve fit, units selected around

the boundaries of the layout are not always the highest-performing ones compared to

surrounding units that were not included. Despite this limitation, it is likely not integral

to the overall annual performance of the field. Additionally, the genetic algorithm that

was developed for the field optimization is flexible to a variety of cost models, fitness

metrics, and parameters.

Results Conclusions

We found that the two-stage heliostat design has an optimal target power of around 500 kW,

which is where the $/W was the lowest. Smaller target powers experience large amounts

of spillage due to the small receiver size, while in larger target powers, the self-shading

and blocking losses become more prominent in units farther from the receiver location.

Even though an optimal target power was found, the $/m2 was 181.85 $/m2, which is

larger than that of a conventional heliostat. Despite multiple mirrors being attached to

the same drive, the current structure of the two-stage design is still too expensive.
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A Cost Model
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Introduction 

This report describes the progress toward Task 2.0: Mechanical Modeling. A preliminary cost 

model for the axis-supported heliostat concept is presented. The model is based on the simple structural 

model developed in a previous report. 

Axis-Supported Heliostat Concept 

Figure 1 illustrates the concept for an axis supported set of mirrors. The main structure is the 

horizontal axis to which vertical axes and mirrors are attached, both above and below. To track the sun, a 

dedicated drive rotates the horizontal axis directly, whereas, a dedicated drive with a linkage rotates each 

vertical axis. 

The benefits of this design are 1) small offset between linkage and vertical axis, 2) simple 

structural support, 3) good balance around horizonal axis with minimal additional counterweights, 3) 

pedestals at ends only, and 4) small vertical bearings. The drawbacks to this design are 1) structural 

shading of bottom mirrors by horizontal axis, 2) increasing horizontal bearing size with number of mirrors, 

3) increasing structural support cross-section with number of mirrors, 4) limited span due to simple

structural support, and 5) increased total area for a given mirror area due to the axes inserted between

mirror facets.

Figure 1:  Axis-supported concept for ganged heliostat. 
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Simple Structural Model 
 

 As shown in the previous section, the axis-supported heliostat concepts consist of a main 

structural member along the horizontal axis and a secondary structural member, extending from the 

horizontal axis, along the vertical axis. What is not shown is the structural support behind the mirror.  This, 

along with both axes, is illustrated in Figure 2. The structural support behind the mirror is simply an array 

of equally spaced structural supports mounted to the vertical axis. 

 

 
Figure 2:  Three structural members that compose the simple structural model, along 

with expressions of deflection for each. 

 

 The structural elements illustrated in Figure 2 compose the three parts of a simple structural 

model used to determine the relationship between the geometry of the three structural member cross-

sections and the maximum deflection of the mirror. The inputs to the model are the length of one side of 

a square mirror, Lm, and the spacing between mirrors, x, as variable parameters. Note that the number 

of vertical axes between supports is fixed at five for this model. Details of the mirror deflection, including 

model constraints are discussed below. 

 

 

Cost Model 
 

 The total cost per unit area per module, Cmod, for the axis-supported heliostat concept is 

 

 𝐶𝑚𝑜𝑑 = (𝐶𝑚 + 𝐶𝑚𝑎,𝑠 + 𝐶𝑣𝑎,𝑠 + 𝐶ℎ𝑎,𝑠 + 𝐶𝑝 + 𝐶𝑙𝑎𝑛𝑑)/𝐴𝑚,𝑚𝑜𝑑 (1) 

 

where Cm is the cost of the mirrors, Cma,s is the cost of the mirror assembly support structure, Cva,s is the 

cost of the vertical axis support structure, Cha,s is the cost of the horizontal axis support structure, Cp is the 
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cost of the pylons required to support the horizontal axis, Cland is the cost of the land, and Am,mod is the 

total mirror area per module. Each cost is discussed below. 

 

  

  

  

 

Mirror cost. The cost of the mirrors, Cm, is proportional to the number of vertical axes per module, 

Nv, the length of one side of a square mirror, Lm, the thickness of the glass, thg, the density of the glass, 

g, and the cost of the glass per unit mass, Cg 

 

 𝐶𝑚 = 𝑁𝑣(4𝐿𝑚
2 𝑡ℎ𝑔𝜌𝑔)𝐶𝑔 (2) 

 

Note that the factor of 4 comes from the 4 mirror facets per vertical axis and the expression in parentheses 

is simply the total mass of the glass per module.  The mirror thickness is 4 mm and the cost of glass is 

approximately 1.10 $/kg [1]. 

 

 Mirror assembly cost. The cost of the mirror assembly is based on the number of structural 

supports, Nma,s, the length of one side of a square mirror, Lm, as well as the allowed deflection of the 

structural support, ma,s.  The deflection is directly related to the specification for slope error outlined in 

milestone 1.2.2. In this milestone, the assembly averaged tracking mirror conical half-angle error, , 

should be kept to less than 2.5 mrad. This slope error is used, along with the mirror length Lm, to calculate 

a rough estimate of the maximum deflection of the mirror 

 

 𝛿𝑚𝑎𝑥 = 𝐿𝑚 𝑡𝑎𝑛(𝜃) (3) 

 

This maximum deflection is split between the deflection of the mirror assembly structure and the 

deflection of the vertical axis structure, va,s, in a ratio, , of 1.5 

 

 𝜎 =
𝛿𝑚𝑎,𝑠

𝛿𝑣𝑎,𝑠
= 1.5 (4) 

 

The value of 1.5 was chosen based on an optimization study of the total minimized module cost as a 

function of mirror length and mirror spacing. This study (not detailed here) revealed that this ratio was 

not sensitive to either the mirror length or mirror spacing. With a known deflection, the structural 

characteristics of both the mirror assembly and vertical assembly were much easier to calculate. 

 Calculation of the structural characteristics of the mirror assembly based on deflection and mirror 

length are detailed in a previous report. Once determined, the cost of the mirror assembly is determined 

from 

 

 𝐶𝑚𝑎,𝑠 = 𝑁𝑣(4𝑁𝑚𝑎,𝑠𝑚𝑚𝑎,𝑠)𝐶𝑠 (5) 

 

where mma,s is the mass of a single mirror assembly structural element and Cs is the cost of simple steel 

components. Note that the factor of 4 comes from the 4 mirror facets per vertical axis and the expression 
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in parentheses is simply the total mass of a single mirror assembly on a vertical axis.  The cost of simple 

steel components is approximately 2.17 $/kg [1]. 

 

 Vertical axis cost. The cost of the vertical axis structure is calculated similarly to the mirror 

assembly structure, and is proportional to the length of one side of a square mirror, Lm, as well as the 

allowed deflection of the structural support, va,s, 

 

 𝐶𝑣𝑎,𝑠 = 𝑁𝑣(𝑚𝑣𝑎,𝑠)𝐶𝑠 (6) 

 

where mva,s is the mass of the vertical axis structure both above and below the horizontal axis. 

 

Horizontal axis cost. The cost of the horizontal axis structure depends on the length of one side 

of a square mirror, Lm, the mirror spacing, x, as well as the allowed deflection of the structural support, 

ha,s. like the displacement for the mirror assembly and vertical axis, the horizontal axis deflection is 

directly related to the specification for slope error outlined in milestone 1.2.2. In this case, the 

displacement of the horizontal axis is chosen to be twice the assembly averaged tracking mirror conical 

half-angle error 

 

 𝛿ℎ𝑎,𝑠 = 𝐿ℎ𝑎,𝑠 𝑡𝑎𝑛(2𝜃) (7) 

 

where Lha,s is the total length of the horizontal axis between supports. The value of 2 limits the deflection 

of the horizontal axis to less than about three centimeters over the relevant range of mirror lengths and 

mirror spacings. 

 With the deflection known, the structural characteristics of the horizontal axis are calculated in a 

manner similar to the vertical axis and mirror assembly. The total cost of the horizontal axis, Cha,s, is 

 

 𝐶ℎ𝑎,𝑠 = 𝑚ℎ𝑎,𝑠𝐶𝑠 (8) 

 

where mha,s is the mass of the horizontal axis structure. 

 

Pylon cost. The cost of the pylon is assumed to be fixed at $10 per pylon, so $20 per module. 

Though the pylon could potentially be made smaller for smaller mirror sizes, it must also be able to 

withstand the demands of being mounted to the ground as well as potential impacts during the 

installation of the horizontal axis assembly. 

 

Land cost. The cost of the land required for a module depends on the length of one side of a 

square mirror, Lm, and the mirror spacing, x. It will also depend on the distance between the tracking 

and concentrating mirrors, y, as well as the module spacing in both directions, xs and ys.  The module 

spacing in the x direction is assumed to be the same as the mirror spacing, i.e., x = xs. The module 

spacing in the y direction and the distance between tracking and concentrating mirrors are both assumed 

to be constant. The cost of land, Cland, is 

 

 𝐶𝑙𝑎𝑛𝑑 = 𝐴𝑚𝑜𝑑𝐶𝑎𝑐𝑟𝑒 (9) 
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Where Amod is the required footprint area of the module and Cacre is the cost per acre of land, assumed to 

be $10,000 per acre. 

 

Cost model results. A plot of the module cost as a function of mirror length for three different 

spacings is show in Figure 3. The spacing, f, is defined 

 

 𝑓 =
∆𝑥

2𝐿𝑚
 (10) 

 

As expected, the module cost per unit area increases with spacing for a given mirror size since increasing 

spacing increases land area and structural costs of the horizontal axis. For a given spacing, however, the 

module cost increases for mirror lengths greater than about 0.7 m.  This is because the increase in mirror 

area does not make up for the increased cost of the more significant structural members necessary to 

maintain the specified deflection.  At smaller mirror sizes, i.e., below about 0.7m, the module cost per 

unit area increases due to the fixed costs of the pylons and the decreasing mirror area. Note that the 

minimum shown here may shift based on the cost of the pylon, but the general shape of the curve should 

hold. 

 

 
Figure 3:  Module cost as a function of mirror length for three spacings. 

 

An example calculation for mirror length Lm = 0.75 m and spacing f = 1.1 is provided in Table 1. 

This table highlights the characteristic lengths of the structural cross-sections, around 2 to 6 cm, and  

shows the cost breakdown per module for the costs described above. Note that the cost is fairly evenly 

distributed, with a maximum cost associated with the mirrors, $27.1, and a minimum cost associated with 

land, $15.2. 

It is worth noting that this model is preliminary and does not include the detailed cost of drives, 

linkages, bearings, or the additional cost of the concentrating mirrors and labor. 
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Table 1:  Example calculation for simple structural model. 

INPUTS 

description symbol value units 

Mirror length 2Lm 0.75 m 

Mirror spacing f 1.1 - 

Module x spacing xs 0.825 m 

Module y spacing ys 0.43 m 

Tracking-to-concentrating distance y 1.059 m 

Deflection ratio  1.5 - 

    

OUTPUTS    

description symbol value units 

Characteristic length of mirror assembly cross section hma,s 2.51 cm 

Characteristic length of vertical axis cross section rva,s 2.09 cm 

Characteristic length of horizontal axis cross section hha,s 5.7 cm 

Total mirror area per module Amod 2.81 m2 

Mirror cost per module Cm 27.1 $ 

Mirror assembly cost per module Cma,s 33.5 $ 

Vertical axis cost per module Cva,s 21.0 $ 

Horizontal axis cost per module Cha,s 20.3 $ 

Pylon cost per module Cp 20 $ 

Land cost per module Cland 15.2 $ 

Module cost per unit mirror area Cmod 48.75 $/m2 
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B DFMA Analysis
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Low-cost, two-stage heliostat cost model 

Introduction 

The low-cost, two-stage heliostat for high-flux, small-area, point-focused receivers project 

analyzes the feasibility of the novel technology and optimizes the design, layout, and size of the 

heliostat. In order for these things to happen, a cost model of the heliostat was created to allow 

for optimization of the design and layout. This model was created using sophisticated software 

that captures many aspects of the cost to manufacture and assembly the heliostat design. 

The model ignores some costs and designs, such as a canting mechanism, installation and 

alignment, transportation, controls and electrical wiring, and engineering and design costs. The 

structural, manufacturing, drive, and assembly costs were assumed to be dominant over these. 

This model reflects the trends of the heliostat cost and gives indication of how it scales relative 

to mirror size. To get a complete and exact cost, a manufacturer would need to be contacted. 

Material, manufacturing, and assembly costs were included in the model. Hardware and bearings 

were included and prices were taken from Grainger and IGUS respectively. The tracking stage of 

the heliostat requires drives to follow the sun. These drives were assumed to be a fixed cost of 

$75 and independent of the mirror size. A linkage mechanism was included in the tracking stage 

design to drive the azimuth axes of the mirrors. This mechanism was found to be the most 

expensive driven mechanism option and is an upper limit for other options. More complex 

options should be cheaper. 

Two design points were used to create the model: 

500kW and 250kW power ratings which 

correspond to a mirror size of Lta=0.9944m and 

Lta=0.82m respectively. This dimension is shown 

in Figure 1. The costs from the two design points 

were broken into subsets and were found to be 

fixed or varying. 

 

 
Figure 1. Dimensions of tracking stage of the heliostat 
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Process 

EES was used to calculate the theoretical 

diameter and thickness of the structural 

elements of the heliostat. This was done by 

iteratively calculating the safety factor and 

deflection of hundreds of common structural 

tubing sizes. The lightest option, and thus 

the cheapest, was taken from the structural 

tubes that had a safety factor of SF ≥ 1.5 and 

half-angle error of θerror ≤ θspec. Vant-Hull 

suggests a maximum optical deviation of 2-3 

mrad [1]. 2.5mrad was taken as the design spec. The safety 

factor was calculated from the stress in each structural 

element while the optical deviation was calculated using 

the method from the previous project report. These 

structural elements are shown for the tracking stage in 

Figure 2 and the concentrating stage in Figure 3.  

Vertical axis and horizontal axis shafts were required to 

allow rotation. EES was used to calculate the required 

diameter of these shafts using the force applied to them and a safety factor of 1.5. The required 

linkage width and height was also calculated to avoid buckling. The force experienced by the 

shafts, linkages and structural elements are dependent on the wind speed. The heliostat was 

designed for an operating and survival speed. These values are shown in Table 1. 

Table 1. Design wind speeds for the tracking and concentrating stages of the heliostat 

 Operating Speed Survival Speed 

Tracking Stage 22 (m/s) 22 (m/s) 

Concentrating 

Stage 

22 (m/s) 40 (m/s) 

 

At the operating speed, the heliostat stages need to maintain its optical quality and be within 2.5 

mrad deviation. At the survival speed, the heliostat stages need to have the structural strength to 

Figure 2. Design elements of tracking heliostat 

Figure 3. Design elements of concentrating heliostat 
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survive the wind load. Researchers from NREL, Sandia Labs, and ASTRI suggest a maximum 

operating wind speed of 22 m/s and a stow survival speed of 40 m/s [2]. For this project, the 

survivability at the stow condition was not analyzed. Thus, the survival and operating speed are 

the same for the tracking stage. Since the concentrating stage cannot rotate, it needs to survive 

the suggested stow speed. 

The results of the EES calculations were used to create the SolidWorks CAD of the heliostat 

parts. The tracking stage design employs 5 vertical axes each with 4 mirror facets shown in 

Figure 4. The main structure was split into three subassemblies: the horizontal, vertical, and 

pylon subassembly shown in Figure 5 from left to right. The concentrating stage is shown in 

Figure 6. Apart from the structural elements, shafts, and linkages, all other components were 

designed for efficient manufacturing and low costs. 

 

Figure 4. Tracking stage design (250kW design point shown) 

 

 

 

 

 

Figure 5. From left to right, horizontal, vertical, and pylon subassembly Figure 6. Concentrating 
stage design 
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The CAD models from SolidWorks were imported into the DFMA software to price each 

individual component. In this analysis, it was assumed that the heliostat design was being mass 

produced. The manufacturing process of each component was implemented in a coherent, 

consistent, and methodical manner. The same is true for the assembly process. The material of 

the component was chosen based on its purpose in the design; welded parts were hot rolled, 

shafts and linkages were medium carbon steel, and almost everything else was generic low 

carbon steel.  

Hardware, including nuts, bolts, washers, and retaining rings, were priced from Grainger. The 

vertical and horizontal shaft bearings were priced from IGUS. The mirror costs scaled linearly 

with the area of the mirror, Cmirror=Amirror*12.5
$

m2
 [3]. Figure 7 shows how the tracking stage 

subassemblies are broken down. The concentrating stage is made entirely of structural steel, 4 

bolts, and one mirror pane. 

    

 

Figure 7. Heliostat components breakdown 
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Results 

The results of the DFMA analysis are broken down and shown in Figure 8. 

 

Figure 8. Cost breakdown from DFMA results 

The 250kW heliostat has a cost and weighted cost of $609.77 and 211.10 $/m2 respectively. The 

500kW heliostat costs $727.22 or 173.60 $/m2. The concentrating stage makes up 27.8% and 

28.8% of the total cost for the 250kW and 500kW heliostat respectively. Most of the cost comes 

from the structural steel and assembly operations. Figure 9 further breaks down the concentrating 

stage and allows for a comparison of costs to PV and conventional heliostat data.  
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Figure 9. Cost Breakdown of tracking and concentrating (exploding section) stages of the heliostat. 

Using well established PV technology information from NREL, the heliostat structural costs 

were compared to PV structural costs of the same size. This PV estimate is for a fixed-tilt, 

driven-pile, ground-mounted module [4]. The NREL PV cost model is for a PV field that 

produces 500kW. Using an average solar radiance and given efficiency and structural cost per 

power, a structural cost per area was calculated.  

𝐶𝑠𝑡𝑟𝑢𝑐 = 𝐴ℎ𝑒𝑙𝑖𝑜 ∗ 𝐶𝑜𝑠𝑡𝑃𝑉 ∗ 𝑆 ∗ 𝑒𝑡𝑎𝑃𝑉 

where  𝐶𝑠𝑡𝑟𝑢𝑐 ($) is the structural cost estimate, 𝐶𝑜𝑠𝑡𝑃𝑉 ($/W) is the structural cost per watts 

from NREL’s report, 𝑆 (W/m2) is the average solar radiance of the sun, and 𝑒𝑡𝑎𝑃𝑉 is the PV 

module efficiency from NREL’s report. The DFMA data and structural cost estimate were 

compared. 

Table 2 DFMA results and PV structural costs comparison 

 DFMA Structural 

Costs ($) 

PV Structural 

Cost Estimate ($) 

Error (%) 

 250kW, Lta=0.82m 

Tracking 106.38 101.70 4.6 

Concentrating 103.24 118.37 -12.8 

500kW, Lta=0.99m 

Tracking 125.52 147.49 -14.9 

Concentrating 134.12 174.08 -23.0 
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The discrepancy between DFMA and PV data most likely stems from the assumption that 

NREL’s reported 𝐶𝑜𝑠𝑡𝑃𝑉 is independent of the area of the heliostat, 𝐴ℎ𝑒𝑙𝑖𝑜. The true relationship 

of 𝐶𝑠𝑡𝑟𝑢𝑐 = 𝐶𝑠𝑡𝑟𝑢𝑐(𝐴ℎ𝑒𝑙𝑖𝑜) is most likely complex and non-linear. Another cause of this error 

could be the difference in structural designs. PV cells are designed to have truss-like structures 

whereas the two-stage heliostat is designed using just four principal structural elements. 

Using information from literature and some extrapolation, a comparison was made between 

conventional heliostat designs and the novel two-stage design. Bhargava, Grossb, and Schramek 

provided a broken-down relationship between cost and mirror area [5]. Since the drive control 

system, field electronics and wiring, and engineering, design, and overhead costs were ignored in 

this project, only the pedestal & mirror support structure, drive, and mirror module cost relations 

were included. This extrapolated data was used for comparison to the DFMA data. 

Table 3. DFMA cost results vs conventional heliostat cost [5] 

Design Power DFMA Results ($/m2) Extrapolated Data ($/m2) [5] Error (%) 

250kW, Lta=0.82m 211.10 216.39 -2.5 

500kW, Lta=0.99m 173.60 204.19 -15 

 

The data given in the report was for heliostat mirror areas from 8 m2 to 148 m2. It was clear that 

the trend showed higher costs at lower area values. The simply supported, long horizontal axis of 

the tracking stage and the extra concentrating stage added to the structural cost of the two-stage 

design. However, the drives spanning multiple vertical axes lowered the weighted cost. From 

these results, it is evident that the decrease in the drive cost overcame the added structural costs. 

The drive cost was fixed for the two design points at 75$ which drove down the weighted cost of 

the larger heliostat even more; thus, the larger error in the 500kW heliostat makes sense. 
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Analysis 

The DFMA results of the 250kW and 500kW heliostat were exported for curve fitting and 

analysis. The costs of the two design conditions were split into varying and fixed. If the cost 

between the 250kW and 500kW component or assembly operation did not change or the change 

was negligible, it was said to be fixed. For the varying costs, three design points were used to 

curve fit a power correlation of the form Cost = a(Lta)b. The design points were (0, 0), 

(Lta,250, Cost250,DFMA), and (Lta,500, Cost500,DFMA). This assumes that as the mirror length 

approaches zero, so does the varying cost. This was done for every individual part in the DFMA 

analysis.  

These power correlations were used to give a cost correlation of the entire heliostat. This process 

is shown below: 

𝐶𝑜𝑠𝑡ℎ𝑒𝑙𝑖𝑜𝑠𝑡𝑎𝑡(𝐿𝑡𝑎) =  ∑ (𝐶𝑜𝑠𝑡𝑝𝑎𝑟𝑡,𝑖(𝐿𝑡𝑎)) +

𝑛𝑐𝑜𝑟𝑟

𝑖

𝐶𝑜𝑠𝑡𝑓𝑖𝑥𝑒𝑑 

The weighted cost is the heliostat cost divided by the mirror. From Figure 1, the nominal mirror 

length, Lta, is not the same as the mirror facet size. The mirror area is dependent on the 

horizontal and vertical axis diameters. A correlation was also made for these diameters using the 

design points (0, 0), (Lta,250, d250,DFMA), and (Lta,500, d500,DFMA). Finally, the cost model is shown.  

𝑑ℎ𝑎 = 1.025(𝐿𝑡𝑎)1.492 

𝑑𝑣𝑎 = 0.03855(𝐿𝑡𝑎)2.102 

𝐴ℎ𝑒𝑙𝑖𝑜 = 5 ∗ ((𝐿𝑡𝑎)2 − 𝑑ℎ𝑎𝐿𝑡𝑎 − 𝑑𝑣𝑎(𝐿𝑡𝑎 − 𝑑ℎ𝑎) − 0.00635(𝐿𝑡𝑎 − 𝑑𝑣𝑎)) 

𝐶ℎ𝑒𝑙𝑖𝑜 = (503.7724(𝐿𝑡𝑎)1.3955 + 230.2282)/𝐴ℎ𝑒𝑙𝑖𝑜 

Where 𝐶ℎ𝑒𝑙𝑖𝑜 is in units of $/m2 and 𝐿𝑡𝑎 is in units of m. The weighted cost trend decreases as the 

mirror size increased, as shown in Figure 10. Conventional heliostat cost models provide an 

optimal mirror size and tend to start increasing in cost as mirror size gets large. This trend is not 

apparent in this cost model because larger mirror sizes were not analyzed. This cost model 

should be used for smaller mirror sizes near the design points analyzed. The results are 

summarized in Table 4. 

Appendix 1



Erickson 
 

 

Figure 10. Weighted cost correlation 

Table 4 Results from cost modelling process 

 

 

 

The final design of the heliostat field is shown in Figure 11. 

 

Figure 10. Final two- stage heliostat design 

 

 

Design Power Cost ($) Weighted Cost ($/m2) Cost model error (%) 

250kW 609.77 211.20 1.02 

500kW 727.22 173.60 0.78 
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The motivation of the unit level model is to predict the impact of mechanisms of loss due to interactions 

between elements (self-shading) which are not present in the field level model. The predications made by 

the unit level model are passed to the field level model to adjust the optical efficiency on a per heliostat 

basis. 

To accomplish this a detailed SolTrace model in which the stage geometry is based on the kinematics and 

mechanical design of the two-stage heliostat is used to simulate a single two-stage heliostat at various 

locations in a prospective field. The SolTrace model also samples different values of geometric parameters.  

The process of predicting the self-shading losses, storing the results and passing them to the field level 

model has the added benefit of reducing the computation burden placed on the field level model. 

1.1 Self-Shading 

To aid in understanding and classifying the different sources self-shading experienced by the two-stage 

heliostat, a naming scheme is adopted. The first step is to identify a shading or blocking element, this can 

be one of the tracking, concentrating, or support structure elements of the two-stage heliostat (Figure 1-1). 

The second step in the naming scheme is to identify the path the ray is traveling along. The two-stage 

heliostat introduces an intermediary ray path between the tracking and concentrating stages. The ray paths 

are identified by the origin of the ray followed by the intended intersection point. The three paths, pictured 

in Figure 1-2, a ray can follow are sun to tracking, tracking to concentrating, and concentrating to target.  

Finally, the ray path and shading element are combined to name a self-shading loss mechanism as 'shading 

element' shades 'ray path'. For simplicity, the term shading includes losses occurring both before and after 

the reflection of rays by the tracking stage. 

1 Introduction 
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Figure 1-1: The concentrating mirrors, tracking mirrors, and structure (red text) act as the shading 

elements present within a single two-stage heliostat unit. These elements may obstruct rays leading to 

self-shading losses. 

 

Figure 1-2: The rays follow three paths while travelling from the sun to the target. Along the first path, 

sun to tracking, rays travel from the sun to the tracking mirrors. Along the second path, tracking to 

concentrating, rays travel from the tracking mirrors towards the concentrating mirrors. Along the third 

ray path, concentrating to target, the rays travel from the concentrating mirrors towards the target. 
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In total six self-shading loss mechanisms are identified (see Figure 1-3). Starting with a ray emitted from 

the sun and following along the sun-to-tracking ray path, two possible loss mechanisms occur: interception 

by the (1) the concentrating mirror or (2) the support structure. After reflection from the tracking stage 

mirrors, the ray may be (3) impeded by the support structure. 

Finally, rays that are successfully reflected by concentrating stage mirrors towards the receiver target can 

be impeded by all three of the possible shading elements; (4) the concentrating stage mirrors, (5) the 

tracking stage mirrors, or (6) support structure. Note that these latter losses can arise from interaction with 

structure and mirrors of adjacent units and are not limited to the single unit under consideration.  

 

Figure 1-3: Self-shading losses mechanisms experienced by the two-stage heliostat. (a) Concentrating 

shades sun to tracking (b) Structure shades sun to tracking (c) Structure shades tracking to concentrating 

(d) Zoomed in view of structure shades tracking to concentrating to show the ray interaction (e) 

Concentrating shades concentrating to target (f) Tracking/structure shades concentrating to target 
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The two-stage heliostat shown in Figure 2-1 is comprised of tracking-concentrating pairs. Each tracking-

concentrating pair consists of a tracking aperture and concentrating mirror. A single tracking aperture is 

defined as a square boundary that contains the tracking facets, vertical support structures, and a segment of 

the shared horizontal support structure. Each tracking-concentrating pair consists of a total of eight 

elements; a concentrating mirror (1), a segment of the shared horizontal support (primary axis) (2), two 

vertical support structures (secondary axis) (3-4) and four tracking mirror facets (5-8). To model the two-

stage heliostat the components of tracking-concentrating mirror pairs are entered into SolTrace as individual 

elements. SolTrace elements must be positioned, aimed, and oriented within a global coordinate system. 

Furthermore, each SolTrace element is assigned the following properties; a position which is given by a 

point in the global coordinate system, an aimpoint which is given a point in the global coordinate system, 

a z-rotation value that is given by an angle, an aperture type, a surface type, optical properties and an 

interaction type. The location, orientation and properties of each element are chosen to realistically 

represent the kinematics and design of the two-stage heliostat. 

 

Figure 2-1: Two-stage heliostat mechanical design and layout. The primary (tracking) stage is comprised 

of a number of tracking apertures. Each tracking aperture consists of two vertical axes supported by a 

2 Methodology 
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shared horizontal axis and four tracking facets. The secondary (concentrating) stage is comprised of 

continuous mirrors. Each mirror in the secondary concentrating stage is placed opposite a tracking 

aperture. The tracking apertures and concentrating mirrors together form pairs.  

2.1 Required Calculations 

2.1.1 Sun Unit Vector 

The global coordinate system is chosen such that the 𝑥𝑥-axis points west, the 𝑧𝑧-axis points north and the 𝑦𝑦-

axis lies along the zenith. The location of the sun used for simulations is specified by the solar azimuthal 

angle (𝜙𝜙) and the solar zenith angle (𝜃𝜃). The solar azimuthal angle is the angle between the projection of 

the unit vector which points towards the sun (𝑠̂𝑠) onto the 𝑥𝑥𝑥𝑥-plane (𝑠𝑠𝑥𝑥𝑥𝑥) and the 𝑧𝑧-axis as shown in Figure 

2-2. The solar azimuthal angle is defined as clockwise positive. The solar zenith angle is the angle between 

𝑠̂𝑠 and the 𝑦𝑦-axis as shown in Figure 2-2c. 

 

Figure 2-2: The angles 𝜙𝜙 and 𝜃𝜃 are used to specify the unit vector that points towards the sun. (a) Three-

dimensional view of the sun unit vector (𝑠𝑠 ̂) the projection of 𝑠̂𝑠 onto the 𝑥𝑥𝑥𝑥-plane (𝑠𝑠𝑥𝑥𝑥𝑥), the solar 

azimuthal angle (𝜙𝜙) and the solar zenith angle (𝜃𝜃). (b) Two-dimensional view showing 𝜙𝜙, the angle 

between 𝑠𝑠𝑥𝑥𝑥𝑥 and the z-axis. (c) Two-dimensional view showing 𝜃𝜃, the angle between 𝑠̂𝑠 and the y-axis. 

𝜙𝜙 and 𝜃𝜃 are used to compute the components of the sun unit vector: 

𝑠𝑠𝑥𝑥 = −𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙 ⋅ 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 1 
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 𝑠𝑠𝑦𝑦 =  𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 2 

 𝑠𝑠𝑧𝑧 =  𝑐𝑐𝑐𝑐𝑐𝑐 𝜙𝜙 ⋅ 𝑠𝑠𝑠𝑠𝑠𝑠 𝜃𝜃 3 

 𝑠̂𝑠 = 𝑠𝑠𝑥𝑥𝑥𝑥� + 𝑠𝑠𝑦𝑦𝑦𝑦� + 𝑠𝑠𝑧𝑧𝑧̂𝑧 4 

2.1.2 Aiming Vector 

To reflect rays towards their intended target the mirrors used need to be pointed in a specific direction. The 

mirror unit normal depends on the path the ray travels both before reflection and after. To compute the 

required unit surface normal (𝑛𝑛�) the law of reflection is used. The law of reflection states that the angle of 

incidence (𝜌𝜌𝑖𝑖) and the angle of reflection (𝜌𝜌𝑜𝑜) must be equal and that 𝑛𝑛� lies in the plane formed by the 

incident ray (𝚤𝚤)̂ and the reflected ray (𝑜𝑜�) (see Figure 2-3). This suggests that 𝑜𝑜� is the reflection of 𝚤𝚤 ̂across 

𝑛𝑛�.  

 

Figure 2-3: The law of reflection requires that the angle between the reflection surface normal (𝑛𝑛�) and the 

incoming ray (𝚤𝚤)̂ is the same as the angle between 𝑛𝑛� and the outgoing ray (𝑜𝑜�). 𝑜𝑜� and 𝚤𝚤 ̂can expressed as 

components parallel (subscript ∥) and orthogonal (subscript ⊥) to 𝑛𝑛�. Using these relationships 𝑛𝑛� can be 

computed from knowledge of 𝑜𝑜� and 𝚤𝚤.̂    

The unit vector 𝚤𝚤 ̂can be expressed as the sum of components relative to 𝑛𝑛�: 

𝚤𝚤̂ = 𝚤𝚤∥ + 𝚤𝚤⊥ 5 
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Where 𝚤𝚤∥ is the component of 𝚤𝚤 ̂that is parallel to 𝑛𝑛� and 𝚤𝚤⊥is the component of 𝚤𝚤 ̂that is orthogonal to 𝑛𝑛�. 𝑖𝑖∥ 

by definition is the projection of 𝚤𝚤 ̂onto 𝑛𝑛� in the direction of 𝑛𝑛�: 

𝚤𝚤∥ = (𝚤𝚤̂ ⋅ 𝑛𝑛�)𝑛𝑛� 6 

 𝑖𝑖⊥ can be expressed by rearranging equation 5 and substituting equation 6 to yield: 

𝚤𝚤⊥ = 𝚤𝚤̂ − 𝚤𝚤∥ = 𝚤𝚤̂ − (𝚤𝚤̂ ⋅ 𝑛𝑛�)𝑛𝑛� 7 

Because 𝑜𝑜� is the reflection of 𝚤𝚤 ̂ across 𝑛𝑛� the components parallel to 𝑛𝑛� differ only by their signs and the 

components perpendicular to 𝑛𝑛� are equal: 

𝑜⃗𝑜∥ = −𝚤𝚤∥ 8 

 𝑜⃗𝑜⊥ =   𝚤𝚤⊥ 9 

𝑜𝑜�, like 𝚤𝚤,̂ can be expressed as combination of vectors that are parallel and perpendicular to 𝑛𝑛�: 

𝑜𝑜� = 𝑜⃗𝑜∥ + 𝑜⃗𝑜⊥ 10 

Substitution of equations 6, 7, 8, and 9 into equation 10 yields the following relationship between 𝑛𝑛�, 𝚤𝚤,̂ and 

𝑜𝑜�: 

𝑜𝑜� = 𝚤𝚤̂ − 2(𝚤𝚤̂ ⋅ 𝑛𝑛�)𝑛𝑛� 11 

Equation 11 can be rearranged to express 𝑛𝑛� as an implicit function: 

𝑛𝑛� =
𝚤𝚤̂ − 𝑜𝑜�

2(𝚤𝚤̂ ⋅ 𝑛𝑛�)
 

12 

The dot product in the denominator of equation can alternatively be expressed as: 

𝚤𝚤̂ ⋅ 𝑛𝑛� = 𝑐𝑐𝑐𝑐𝑐𝑐 𝜌𝜌𝑖𝑖 13 

𝜌𝜌𝑖𝑖 can be computed by applying the law of reflection to recognize that 𝜌𝜌𝑖𝑖 is half the angle between 𝚤𝚤 ̂and 𝑜𝑜�. 

𝜌𝜌𝑖𝑖 can then be computed: 

𝜌𝜌𝑖𝑖 =
𝑐𝑐𝑐𝑐𝑐𝑐−1(𝚤𝚤̂ ⋅ 𝑜𝑜�)

2
 

14 

 𝑛𝑛� can be expressed as a function of 𝚤𝚤,̂ 𝑜𝑜� and 𝜌𝜌𝑖𝑖 by substituting equations 13 and 14 into equation 12: 
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𝑛𝑛� =
𝚤𝚤̂ − 𝑜𝑜�

2(𝑐𝑐𝑐𝑐𝑐𝑐 �𝑐𝑐𝑐𝑐𝑐𝑐
−1(𝚤𝚤̂ ⋅ 𝑜𝑜�)

2 �)
 

15 

2.1.3 Angles of Rotation 

To rotate an orthonormal basis about its three basis vectors such that one of the three basis vectors aligns 

with a vector computed by equation 15 a total of two rotations are required. The magnitude of the rotations 

is initially unknown but important to the placement and orientation of elements within the SolTrace model. 

To determine the angles of rotation required to transform an initial vector (𝑛𝑛�0) into a target vector (𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) 

computed using equation 15 are needed. The first angle of rotation is computed by choosing the basis vector 

about which the first rotation is performed (𝑒̂𝑒1). Both 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and 𝑛𝑛�0 are projected onto the plane that the 

first rotation axis intersects orthogonally (in this case the plane formed by 𝑒̂𝑒2 and 𝑒̂𝑒3). The angle of rotation 

about the first rotation axis (𝜁𝜁) is then determined: 

𝜁𝜁 = 𝑐𝑐𝑐𝑐𝑐𝑐−1(𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡,23 ⋅ 𝑛𝑛�0,23) 16 

Where 𝑛𝑛�0,23 and 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡,23 are the projections of 𝑛𝑛�0 and 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 into the plane orthogonal to 𝑒̂𝑒1. 

 

Figure 2-4: The projections of the initial and target vectors, 𝑛𝑛�0,23 and 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡,23, into the plane that 

intersects the desired rotation axis, 𝑒̂𝑒1 are used to determine the first angle of rotation, 𝜁𝜁, about 𝑒̂𝑒1. 

To determine the angle of rotation about the second axis of rotation (𝜔𝜔) 𝑛𝑛�0 is rotated about 𝑒̂𝑒1 by the angle 

𝜁𝜁 to produce a new vector 𝑛𝑛�1: 
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𝑛𝑛�1 = 𝑅𝑅1(𝜁𝜁) ⋅ 𝑛𝑛�0 17 

Where 𝑅𝑅1(𝜁𝜁) is a linear transformation that rotates a vector about the first rotation axis by 𝜁𝜁. Additionally, 

the orthonormal basis is rotated by 𝜁𝜁 about 𝑒̂𝑒1 to yield the second axis of rotation (𝑒̂𝑒2′ ): 

𝑒̂𝑒2′ = 𝑅𝑅1(𝜁𝜁) ⋅ 𝑒̂𝑒2 =
𝑛𝑛�1 × 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
�𝑛𝑛�1 × 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�

 
18 

After the rotation is performed the plane orthogonal to the second axis of rotation, 𝑒̂𝑒2′ , contains both  𝑛𝑛�1 and 

𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 (see Figure 2-5). The angle of rotation about the second axis of rotation can be computed:  

𝜔𝜔 = 𝑐𝑐𝑐𝑐𝑐𝑐−1(𝑛𝑛�1 ⋅ 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) 19 

  

Figure 2-5: The rotated initial vector (𝑛𝑛�1) and the target vector (𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) in the plane orthogonal to the 

second rotation axis 𝑒̂𝑒2′ . The second rotation angle, 𝜔𝜔, is the angle between 𝑛𝑛�1 and 𝑛𝑛�𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡. 

2.2 SolTrace Model 
2.2.1 Reference Points 

The locations of the sun, receiver, concentrating mirrors and tracking apertures are important to the 

placement and orientation of the two-stage heliostat elements. The receiver and a single tracking-

concentrating pair are positioned within the global coordinate system by specifying position vectors that 

describe their locations within the global coordinate system: 

𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑝𝑝𝑥𝑥𝑥𝑥� + 𝑝𝑝𝑦𝑦𝑦𝑦� + 𝑝𝑝𝑧𝑧𝑧̂𝑧 20 

 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑅𝑅𝑥𝑥𝑥𝑥� + 𝑅𝑅𝑦𝑦𝑦𝑦� + 𝑅𝑅𝑧𝑧𝑧̂𝑧 21 
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Where 𝑟𝑟𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 describes the location of the tracking-concentrating pair center point and 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 describes 

the location of the receiver.  

The sun is located by providing the solar azimuthal and zenith angles (𝜙𝜙,𝜃𝜃) corresponding to the desired 

day, hour and latitude to be simulated. The components of the sun unit vector are computed according to 

equations 1,2 and 3. The components are then scaled by 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 which places the sun at a position sufficiently 

far from the origin: 

𝑆𝑆𝑥𝑥 = 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 ⋅ 𝑠𝑠𝑥𝑥 22 

 𝑆𝑆𝑦𝑦 = 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 ⋅ 𝑠𝑠𝑦𝑦 23 

 𝑆𝑆𝑧𝑧 = 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠 ⋅ 𝑠𝑠𝑧𝑧 24 

 𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑅𝑅𝑥𝑥𝑥𝑥� + 𝑅𝑅𝑦𝑦𝑦𝑦� + 𝑅𝑅𝑧𝑧𝑧̂𝑧 25 

The global coordinate system is visualized in Figure 2-6. 

 

Figure 2-6: The global coordinate system used by the unit level model. The 𝑥𝑥-axis points west, the 𝑧𝑧-axis 

points west and the 𝑦𝑦-axis lies along the zenith direction. The positions of the sun (𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠), receiver 

(𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟) and tracking-concentrating pair (𝑟𝑟𝑝𝑝) are defined within the global coordinate system. 

To position the concentrating mirror element the position of the tracking-concentrating pair, given by 

equation 20, is shifted south by an amount equal to half of the pair spacing parameter (𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜): 
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𝑟𝑟ℎ𝑐𝑐 = −
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜

2
𝑧̂𝑧 

26 

𝑟𝑟𝑐𝑐 = 𝑟𝑟𝑝𝑝 + 𝑟𝑟ℎ𝑐𝑐 = 𝑐𝑐𝑥𝑥𝑥𝑥� + 𝑐𝑐𝑦𝑦𝑦𝑦� + 𝑐𝑐𝑧𝑧𝑧̂𝑧 27 

Where 𝑟𝑟ℎ𝑐𝑐 gives the direction and magnitude of the shift required to place the concentrating mirror 

element.  

To position the tracking aperture the position of the tracking concentrating pair is shifted north by an 

amount equal to half of the pair spacing parameter: 

𝑟𝑟ℎ𝑡𝑡𝑡𝑡 =
𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜

2
𝑧̂𝑧 

28 

 𝑟𝑟𝑡𝑡𝑡𝑡 = 𝑟𝑟ℎ + 𝑟𝑟ℎ𝑡𝑡𝑡𝑡 = 𝑡𝑡𝑥𝑥𝑥𝑥� + 𝑡𝑡𝑦𝑦𝑦𝑦� + 𝑡𝑡𝑧𝑧𝑧̂𝑧 29 

Where 𝑟𝑟𝑡𝑡𝑡𝑡 gives the direction and magnitude of the shift required to place the tracking aperture. The 

positions of the concentrating surface and tracking aperture are visualized in Figure 2-7. 

 

Figure 2-7: Positions of the concentrating mirror element (𝑟𝑟𝑐𝑐) and tracking aperture (𝑟𝑟𝑡𝑡𝑡𝑡) within the 

global coordinate system. The positions of each are defined relative to the position of the tracking-

concentrating pair (𝑟𝑟ℎ). 

The positions of the sun, receiver, concentrating mirror and tracking aperture allow each of the elements of 

a tracking-concentrating pair to be inserted into SolTrace. 
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2.2.2 Concentrating Mirror 

The concentrating mirror element is placed at the position given by 𝑟𝑟𝑐𝑐 (equation 27). To compute the 

aimpoint two points are identified. The first point, the ray starting point, is the point that the ray is initially 

travelling from towards the concentrating mirror. The second point, the ray end point, is the point that the 

reflected ray is intended to intersect. For the concentrating mirror, the ray starting point is the tracking 

aperture midpoint given by 𝑟𝑟𝑡𝑡𝑡𝑡 (equation 29). The ray end point is the position of the receiver given by 

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 (equation 21). 

Using the ray start and end points the incident (𝚤𝚤)̂ and outgoing (𝑜𝑜�) vectors needed to apply equation 15 are 

computed:  

𝚤𝚤̂ =
𝑟𝑟𝑐𝑐 − 𝑟𝑟𝑡𝑡𝑡𝑡

|𝑟𝑟𝑐𝑐 − 𝑟𝑟𝑡𝑡𝑡𝑡|
 

30 

𝑜𝑜� =
𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑟𝑟𝑐𝑐

|𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 − 𝑟𝑟𝑐𝑐|
 

31 

The incoming and outgoing vectors are visualized in Figure 2-8. 

  

Figure 2-8: The incident (𝚤𝚤)̂ and outgoing (𝑜𝑜�) vectors are needed to compute the unit surface normal 

needed to reflect rays such that they travel along the outgoing vector. The incident and outgoing vectors 

are computed from the reference points in the global coordinate system.  
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Equation 15 is used to compute the concentrating mirror surface normal (𝑛𝑛�_𝑐𝑐). 𝑛𝑛�𝑐𝑐 is mapped to a point 

within the global coordinate system by first scaling the vector and then applying a translation by adding the 

position of the concentrating mirror element (𝑟𝑟𝑐𝑐):   

𝑥𝑥𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑎𝑎 ⋅ 𝑛𝑛𝑐𝑐,𝑥𝑥 + 𝑐𝑐𝑥𝑥 32 

 𝑦𝑦𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑎𝑎 ⋅ 𝑛𝑛𝑐𝑐,𝑦𝑦 + 𝑐𝑐𝑦𝑦 33 

 𝑧𝑧𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑎𝑎 ⋅ 𝑛𝑛𝑐𝑐,𝑧𝑧 + 𝑐𝑐𝑧𝑧 34 

Where 𝑛𝑛𝑐𝑐,𝑥𝑥, 𝑛𝑛𝑐𝑐,𝑦𝑦 and 𝑛𝑛𝑐𝑐,𝑧𝑧 are the components of 𝑛𝑛�𝑐𝑐. The scaling factor (𝑎𝑎) is chosen to be sufficiently large. 

Equations 32, 33 and 34 give the components of the aim point given by 𝑟𝑟𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎 : 

𝑟𝑟𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑥𝑥𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥� + 𝑦𝑦𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎𝑦𝑦� + 𝑧𝑧𝑐𝑐,𝑎𝑎𝑎𝑎𝑎𝑎𝑧̂𝑧 35 

The concentrating mirror element is given a rectangular aperture with the length of both sides equal to 𝑙𝑙𝑐𝑐 

(see Figure 2-1). The surface type used is flat. 

The concentrating mirror element is given a z-rotation value of zero. The value of zero is chosen because 

the orientation of the aimed concentrating mirror element is not constrained by rotations about certain axes 

to assume an aimed orientation. 

The optical properties and interaction type depend on the stage the element exists in. These are discussed 

in more detail in a future section.  

2.2.3 Horizontal Support Structure 

The support structure elements are modeled as cylinders. The single axis curvature aperture is used for the 

horizontal support. The single axis curvature aperture type requires three inputs. The first two inputs ‘X1’ 

and ‘X2’ are both set to zero. The third input ‘L’ sets the length of the element along its axial direction and 

is given a value equal to adjacent sparing parameter (𝑑𝑑_𝑎𝑎𝑎𝑎𝑎𝑎) (see Figure 2-1): 

𝐿𝐿ℎ𝑠𝑠 = 𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎 36 
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The cylindrical surface type is used for the horizontal support structure element. This surface type requires 

an input that is equal to the curvature of the desired cylinder (𝜅𝜅ℎ𝑠𝑠): 

𝜅𝜅ℎ𝑠𝑠 =
1
𝑅𝑅𝑠𝑠

=
1
𝐷𝐷𝐷𝐷
2

 37 

The point that specifies the location of a cylindrical element lies along the outer circumference of the 

cylinder at the midpoint of its length (see Figure 2-9). The center of the horizontal support structure element 

must coincide with the position given by 𝑟𝑟𝑡𝑡𝑡𝑡.  To align the center of the horizontal support structure element 

and the center of the tracking aperture the horizontal support structure element is shifted away from the 

center of the tracking aperture by an amount equal to its radius along the 𝑧𝑧-axis: 

𝑟𝑟ℎ𝑠𝑠 = 𝑟𝑟𝑡𝑡𝑡𝑡 −
𝐷𝐷𝑠𝑠
2
𝑧̂𝑧 38 

The axial direction of the cylinder used for the horizontal support is parallel to the 𝑥𝑥-axis. However, the 

initial orientation of the cylindrical element used for the horizontal support structure aligns the axial 

direction of the cylinder with the 𝑦𝑦-axis (see Figure 2-9b). A z-rotation value of ninety degrees is used to 

rotate that horizontal support such that it is parallel to the 𝑥𝑥-axis. 

 

Figure 2-9: Initial orientation and position of a cylindrical element. (a) The point given to SolTrace to 

specify the location of this element type lies on the outer circumference of the cylinder rather than the 

center. (b) This element type is initially oriented such that the axis of the cylinder is parallel to the 𝑦𝑦-axis. 
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The orientation of the horizontal support structure remains fixed regardless of any rotations needed to 

position the tracking facets. Because the orientation is fixed the aimpoint is chosen such that the unit normal 

vector of the is parallel to the 𝑧𝑧-axis and is coplanar with the 𝑥𝑥𝑥𝑥-plane: 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,ℎ𝑠𝑠 = 𝑡𝑡𝑥𝑥𝑥𝑥� 39 

Where 𝑡𝑡𝑥𝑥 is the 𝑥𝑥-component of the tracking aperture position (see equation 29). 

2.2.4 Vertical Support Structure 

To place the vertical supports and tracking facets a secondary coordinate system is used. The secondary 

coordinate system is allowed to rotate with the tracking aperture. The basis vectors chosen are the same as 

those chosen for the global coordinate basis. The origin is located at the position given by 𝑟𝑟𝑡𝑡𝑡𝑡. The positions 

of the vertical support structure and the tracking facet elements depend on the angles of rotation needed to 

align the 𝑧𝑧-axis of the secondary coordinate system with the unit surface normal required for tracking (𝑛𝑛�𝑡𝑡𝑡𝑡) 

computed using equation 15. 

To compute 𝑛𝑛�𝑡𝑡𝑡𝑡 the ray starting point is taken to be the position of the sun given by 𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠 (equation 25). The 

ray end point is taken to be the position of the concentrating mirror element given by 𝑟𝑟𝑐𝑐 (equation 27). The 

incoming vector (𝚤𝚤)̂ and the outgoing unit vector (𝑜𝑜�) are computed: 

𝚤𝚤̂ =
𝑟𝑟𝑡𝑡𝑡𝑡 − 𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠

|𝑟𝑟𝑡𝑡𝑡𝑡 − 𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠|
 

40 

 𝑜𝑜� = 𝑟𝑟𝑐𝑐−𝑟𝑟𝑡𝑡𝑡𝑡
|𝑟𝑟𝑐𝑐−𝑟𝑟𝑡𝑡𝑡𝑡|

 41 

The unit vector 𝑛𝑛�𝑡𝑡𝑡𝑡 is used to compute the angles of rotation (see section 2.1.3), taking the first axis of 

rotation to be the 𝑥𝑥-axis (primary axis) and the second axis of rotation to be the rotated 𝑦𝑦-axis (secondary 

axis), 𝑦𝑦�′. The angle 𝛼𝛼 is taken to be the angle that the tracking aperture is rotated about the primary axis. 

The angle 𝛽𝛽 is taken to be the angle that the tracking aperture is rotated about the secondary axis.  

The surface type used for the vertical support structure elements is cylindrical with an input equal to the 

curvature of the desired cylinder: 
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𝜅𝜅𝑣𝑣𝑣𝑣 =
1
𝐷𝐷𝑠𝑠𝑠𝑠

2
 42 

The aperture type used is single-axis curvature. The ‘X1’ and ‘X2’ inputs are given a value of zero and the 

length of the cylinder is given by: 

𝐿𝐿𝑣𝑣𝑣𝑣 = 𝑙𝑙𝑡𝑡𝑡𝑡,𝑣𝑣 43 

Where 𝑙𝑙𝑡𝑡𝑡𝑡,𝑣𝑣 is the length of the tracking facet side that is parallel to the vertical support structures in the 

initial(unrotated) position and depends on the diameter of the horizontal support structure (𝐷𝐷𝑠𝑠) and side 

length of the tracking aperture (𝑙𝑙𝑡𝑡𝑡𝑡): 

𝑙𝑙𝑡𝑡𝑡𝑡,𝑣𝑣 =
𝑙𝑙𝑡𝑡𝑡𝑡 − 𝐷𝐷𝑠𝑠

2
 

44 

The length of the vertical support structure elements is chosen so that, when positioned, one end of the 

cylinder coincides with the outer circumference of the horizontal support structure element and the other 

end coincides with the boundary of the tracking aperture.  

The positions of the vertical supports are initially defined within the unrotated secondary coordinate system: 

𝑟𝑟𝑖𝑖,𝑠𝑠𝑠𝑠1 = �
𝐷𝐷𝑠𝑠
2

+
𝑙𝑙𝑡𝑡𝑡𝑡,𝑣𝑣

2 �𝑦𝑦� −
𝐷𝐷𝑠𝑠𝑠𝑠

2
𝑧̂𝑧 

45 

𝑟𝑟𝑖𝑖,𝑠𝑠𝑠𝑠2 = −�
𝐷𝐷𝑠𝑠
2

+
𝑙𝑙𝑡𝑡𝑡𝑡,𝑣𝑣

2 �𝑦𝑦� −
𝐷𝐷𝑠𝑠𝑠𝑠

2
𝑧̂𝑧 

46 

Like the horizontal support structure elements, the positions of the vertical support structure elements are 

shifted by an amount equal to their radius along the 𝑧𝑧-axis.  

The midpoint is also shifted along the 𝑦𝑦-axis such that the cylinder fits between the outer circumference of 

the horizontal support element and the top of the tracking aperture. The positions of the vertical supports in 

the unrotated secondary coordinate system are visualized in Figure 2-10. 
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Figure 2-10: Positions of the elements that make up the tracking aperture. The positions here are defined 

relative to the center of the tracking aperture. The purple elements are the tracking facets. The green 

elements are vertical supports. The red element is the horizontal support. 

The unrotated positions of the vertical support structure elements are rotated about the primary rotation axis 

to give their final positions: 

𝑟𝑟𝑓𝑓,𝑠𝑠𝑠𝑠1 = 𝑅𝑅𝑝𝑝(𝛼𝛼) ⋅ 𝑟𝑟𝑖𝑖,𝑠𝑠𝑠𝑠1 47 

 𝑟𝑟𝑓𝑓,𝑠𝑠𝑠𝑠2 = 𝑅𝑅𝑝𝑝(𝛼𝛼) ⋅ 𝑟𝑟𝑖𝑖,𝑠𝑠𝑠𝑠2 48 

The linear transformation 𝑅𝑅𝑝𝑝(𝛼𝛼) rotates the position vectors about the primary axis.  

Because the vertical support structure lies along the secondary axis the second rotation leaves their positions 

unchanged. The positions of the vertical support structure elements in the secondary basis (𝑟𝑟𝑓𝑓,𝑠𝑠𝑠𝑠1 and 𝑟𝑟𝑓𝑓,𝑠𝑠𝑠𝑠2) 

are mapped back to the global coordinate system by adding the position of the tracking aperture to each: 

𝑟𝑟𝑔𝑔,𝑠𝑠𝑠𝑠1 = 𝑟𝑟𝑓𝑓,𝑠𝑠𝑠𝑠1 + 𝑟𝑟𝑡𝑡𝑡𝑡 49 

𝑟𝑟𝑔𝑔,𝑠𝑠𝑠𝑠2 = 𝑟𝑟𝑓𝑓,𝑠𝑠𝑠𝑠2 + 𝑟𝑟𝑡𝑡𝑡𝑡 50 

The aimpoints for the vertical support structure elements can be computed by scaling the tracking aperture 

unit normal (𝑛𝑛�𝑡𝑡𝑡𝑡) and applying a translation by adding the positions of the elements: 

Appendix 2



𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑠𝑠𝑠𝑠1 = 𝑎𝑎 ⋅ 𝑛𝑛�𝑡𝑡𝑡𝑡 + 𝑟𝑟𝑔𝑔,𝑠𝑠𝑠𝑠1 51 

 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑠𝑠𝑠𝑠2 = 𝑎𝑎 ⋅ 𝑛𝑛�𝑡𝑡𝑡𝑡 + 𝑟𝑟𝑔𝑔,𝑠𝑠𝑠𝑠2 52 

Because the vertical support structure elements are initially parallel to the 𝑦𝑦-axis the orientation does not 

need to be corrected. Hence, a z-correction value of zero is used. 

2.2.5 Tracking Facets 

The four tracking facet elements are placed such that one of the horizontal (initially parallel to the 𝑥𝑥-axis) 

edges coincides with the outer circumference of a horizontal support structure element. The remaining 

horizontal edge coincides with the boundary of the tracking aperture that is parallel to the 𝑥𝑥-axis. 

Furthermore, the tracking facet elements are positioned such that one of the vertical (initially parallel to the 

𝑦𝑦-axis) edges coincides with the outer circumference of a vertical support structure element. The remaining 

vertical edge then coincides with the boundary of the tracking aperture that is parallel to the 𝑦𝑦-axis. The 

initial positions of the tracking facet elements in the secondary coordinate system can be visualized in 

Figure 2-10. The position vectors of the tracking facet elements are given by: 
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 𝑟𝑟𝑖𝑖,𝑡𝑡𝑡𝑡2 = −�𝐷𝐷𝑠𝑠𝑠𝑠
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 𝑟𝑟𝑖𝑖,𝑡𝑡𝑡𝑡3 = −�𝐷𝐷𝑠𝑠𝑠𝑠
2
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 𝑟𝑟𝑖𝑖,𝑡𝑡𝑡𝑡4 = �𝐷𝐷𝑠𝑠𝑠𝑠
2
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The tracking facet elements are mapped from their initial positions to the positions needed to align the unit 

normal of each tracking facet with 𝑛𝑛�𝑡𝑡𝑡𝑡 by a series of rotations. The first rotation is about the primary axis 

(𝑥𝑥�) by an amount equal to 𝛼𝛼. The second rotation is about the secondary axis (𝑦𝑦�) by an amount equal to 𝛽𝛽:  

𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡1 = 𝑅𝑅𝑝𝑝(𝛼𝛼) ⋅ 𝑅𝑅𝑠𝑠(𝛽𝛽) ⋅ 𝑟𝑟𝑖𝑖,𝑡𝑡𝑡𝑡1 57 

 𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡2 = 𝑅𝑅𝑝𝑝(𝛼𝛼) ⋅ 𝑅𝑅𝑠𝑠(𝛽𝛽) ⋅ 𝑟𝑟𝑖𝑖,𝑡𝑡𝑡𝑡2 58 

 𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡3 = 𝑅𝑅𝑝𝑝(𝛼𝛼) ⋅ 𝑅𝑅𝑠𝑠(𝛽𝛽) ⋅ 𝑟𝑟𝑖𝑖,𝑡𝑡𝑡𝑡3 59 
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 𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡3 = 𝑅𝑅𝑝𝑝(𝛼𝛼) ⋅ 𝑅𝑅𝑠𝑠(𝛽𝛽) ⋅ 𝑟𝑟𝑖𝑖,𝑡𝑡𝑡𝑡3 60 

The order of the transformations applied in equations 57, 58, 59 and 60 correspond to intrinsic rotations, 

where the rotations are performed about axes that rotate with the solid body. 

The rotated position vectors for the tracking facets are mapped back to the global coordinate system by 

adding the position vector of the tracking aperture, 𝑟𝑟𝑡𝑡𝑡𝑡: 

𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡1 = 𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡1 + 𝑟𝑟𝑡𝑡𝑡𝑡 61 

 𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡2 = 𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡2 + 𝑟𝑟𝑡𝑡𝑡𝑡 62 

 𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡3 = 𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡3 + 𝑟𝑟𝑡𝑡𝑡𝑡 63 

 𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡4 = 𝑟𝑟𝑓𝑓,𝑡𝑡𝑡𝑡4 + 𝑟𝑟𝑡𝑡𝑡𝑡 64 

The aimpoints for the tracking facet elements can be computed by scaling the tracking aperture unit normal 

(𝑛𝑛�𝑡𝑡𝑡𝑡) and applying a translation by adding the positions of the elements: 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑡𝑡𝑡𝑡1 = 𝑎𝑎 ⋅ 𝑛𝑛�𝑡𝑡𝑡𝑡 + 𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡1 65 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑡𝑡𝑡𝑡2 = 𝑎𝑎 ⋅ 𝑛𝑛�𝑡𝑡𝑡𝑡 + 𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡2 66 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑡𝑡𝑡𝑡3 = 𝑎𝑎 ⋅ 𝑛𝑛�𝑡𝑡𝑡𝑡 + 𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡3 67 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑡𝑡𝑡𝑡4 = 𝑎𝑎 ⋅ 𝑛𝑛�𝑡𝑡𝑡𝑡 + 𝑟𝑟𝑔𝑔,𝑡𝑡𝑡𝑡4 68 

To point an element’s surface normal SolTrace performs a series of intrinsic rotations. The first rotation is 

about the element’s 𝑦𝑦-axis (𝑦𝑦�𝑠𝑠𝑠𝑠𝑠𝑠) followed by a rotation about the rotated 𝑥𝑥-axis (𝑥𝑥�𝑠𝑠𝑠𝑠𝑠𝑠). The order of 

rotations used by SolTrace differs from the order used by the two-stage heliostat where the first axis of 

rotation is the 𝑥𝑥-axis (𝑥𝑥�2𝑠𝑠ℎ). The second axis of rotation is the rotated 𝑦𝑦-axis (𝑦𝑦�2𝑠𝑠ℎ). The difference in 

rotation schemes leaves the tracking facets improperly oriented.  Figure 2-11 shows the misaligned 𝑥𝑥 and 

𝑦𝑦 axes after both rotation orders are applied to align the element’s 𝑧𝑧-axis with 𝑛𝑛�𝑡𝑡𝑡𝑡. 
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Figure 2-11: Rotation of an orthonormal basis such that the 𝑧𝑧-axis aligns with 𝑛𝑛� can be achieved by 

differing rotation schemes. The differing rotation schemes leave the other two basis directions misaligned. 

To correct the misalignment the angles of rotation for the SolTrace order of rotations are computed. Taking 

the 𝑦𝑦-axis (𝑦𝑦�𝑠𝑠𝑠𝑠𝑠𝑠) as the first axis of rotation the angle 𝛼𝛼′ is computed. Taking the rotated 𝑥𝑥-axis (𝑥𝑥�𝑠𝑠𝑠𝑠𝑠𝑠) as the 

second axis of rotation the angle 𝛽𝛽′ is computed. 

To compute the magnitude of the basis misalignment the vectors 𝑥𝑥�𝑠𝑠𝑠𝑠𝑠𝑠′′ and 𝑥𝑥�2𝑠𝑠ℎ′′ must be known. The series 

of rotations that correspond with the SolTrace order of rotations are applied to the 𝑥𝑥-axis to give 𝑥𝑥�𝑠𝑠𝑠𝑠𝑠𝑠′′. The 

series of rotations corresponding to the two-stage heliostat order of rotations are applied to the 𝑥𝑥-axis to 

give 𝑥𝑥�2𝑠𝑠ℎ′′: 

𝑥𝑥�𝑠𝑠𝑠𝑠𝑠𝑠′′ = 𝑅𝑅(𝛼𝛼′) ⋅ 𝑅𝑅(𝛽𝛽′) ⋅ 𝑥𝑥� 69 

 𝑥𝑥�2𝑠𝑠ℎ′′ = 𝑅𝑅(𝛼𝛼) ⋅ 𝑅𝑅(𝛽𝛽) ⋅ 𝑥𝑥� 70 

The rotated 𝑥𝑥-axes are both contained within the plane intersected by 𝑛𝑛�𝑡𝑡𝑡𝑡 orthogonally so the magnitude of 

the misalignment can be computed: 

𝛾𝛾 = 𝑐𝑐𝑐𝑐𝑐𝑐−1(𝑥𝑥�𝑠𝑠𝑠𝑠𝑠𝑠′′ ⋅ 𝑥𝑥�2𝑠𝑠ℎ′′) 71 

The angle 𝛾𝛾 is used as the z-rotation value, correcting the misalignment and bringing the orientation of the 

tracking facet elements in line with the orientation expected from the two-stage heliostat. 
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A flat surface type and rectangular aperture are used for the tracking facet elements. The tracking facet 

horizontal side length (𝑙𝑙𝑡𝑡𝑡𝑡,ℎ) is input for the width of the aperture: 

𝑊𝑊𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑙𝑙𝑡𝑡𝑡𝑡,ℎ 72 

The tracking facet vertical side length, 𝑙𝑙𝑡𝑡𝑡𝑡,𝑣𝑣, is input for the height of the aperture: 

𝐻𝐻𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑙𝑙𝑡𝑡𝑡𝑡,𝑣𝑣 73 

Additional tracking-concentrating pairs can be added by shifting 𝑟𝑟ℎ along the 𝑥𝑥-axis by an amount equal to 

±𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎 and repeating the above procedure(sections 2.2.1-2.2.5) for the new pair. 

2.2.6 Stages 

The primary challenge in modeling self-shading is accurately assessing the optical performance impact of 

shading along the sun-to-tracking ray path (see Figure 1-2). To estimate this loss mechanism, all elements 

of the two-stage heliostat are grouped together in a single SolTrace stage and ray traced simultaneously. 

During this process only certain portions of the shading elements (see Figure 2-12) cast shadows onto the 

tracking surfaces resulting in the casting of extraneous rays. It is necessary to identify and exclude these 

non-essential rays from further accounting. 

 

Figure 2-12: Rays cast from the sun can be classified as one of three types. Unshaded rays intersect a 

tracking facet unobstructed. Shaded rays are those that intersect a shading element and if allows to 

continue along their trajectory would intersect a tracking facet. Extraneous rays intersect a shading 

element and if allowed to continue along their trajectory would not intersect a tracking element. 
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Three separate stages are used to model self-shading. The three stages use different subsets of the heliostat 

elements. Furthermore, the stages change the optical properties assigned to elements and change the 

interaction type of the elements. In total three different types of optical properties are used. The first optical 

type, reflective, sets the reflectivity of the element to unity. The second optical type, absorptive, sets the 

reflectivity to zero. The final optical type, transmissive, sets the transmissivity of the element to unity. The 

transmissive optical type also sets the refractive index on the element to unity. 

It is necessary to specify an interaction type for each element included in a stage. Two types of interactions 

are available; reflection and refraction. When an element is assigned the reflection interaction type incident 

rays are either reflected or absorbed by the element. The rate at which rays are reflected is proportional to 

the reflectivity. The rate at which rays are absorbed is proportional to the reflectivity subtracted from unity.  

An element that is assigned the refractive interaction type may either transmit rays, allowing them to pass 

through, or absorb rays. The rate at which rays are transmitted is proportional to the transmissivity. The rate 

at which rays are absorbed is proportional to the transmissivity subtracted from unity. Each of the optical 

types are assigned a slope and specularity error values of zero so that reflected rays may not deviate from 

their intended trajectories. 

The first stage (see Figure 2-13)  includes the entire geometry of the two-stage heliostat and allows rays to 

interact with multiple elements. In the first stage the shading elements are assigned the refractive interaction 

type and transmissive optical type. The shading elements include the vertical support structure, horizontal 

support structure and concentrating mirror elements. The tracking facet elements are assigned the reflective 

interaction type and the reflective optical type.  

The use of transmissive elements in the first stage allows for rays which intersect a shading element to 

continue along their trajectories and possibly intersect a tracking facet. This process allows rays to be 

classified as unshaded, shaded or extraneous. Rays that intersect a tracking surface, regardless of any 

previous interactions with other elements, are reflected towards the concentrating mirror elements. Because 
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the concentrating mirror elements in the first stage are transmissive rays travelling from the tracking facet 

elements will pass through the concentrating mirror elements. To address this a second stage is used. 

 

Figure 2-13: The first stage used to ray trace the entire two-stage heliostat. All elements are grouped 

together in this stage. The concentrating mirrors and supports are made transmissive and allow rays to 

pass through them. The tracking facets are made reflective and reflect any incident rays towards the 

concentrating stage. Reflected rays pass through the transmissive concentrating mirrors. 

The second stage (see Figure 2-14) consists solely of concentrating mirror elements with the purpose of 

intersecting rays travelling from the tracking mirror elements that pass through the transmissive 

concentrating mirror elements in the first stage.  The concentrating mirror elements in the second stage are 

assigned the reflective interaction type and the reflective optical type. The second stage concentrating 

mirror elements are placed a small distance (𝛿𝛿) behind the concentrating mirror elements in the first stage 

along the tracking-to-concentrating ray path (see Figure 1-2). The stages may be offset without because the 

elements induce no optical errors and rays never deviate from their trajectories. This allows the rays to 

intersect the same point on concentrating mirrors in the second stage as the first.  

The tracking-to-concentrating ray path (𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐) is defined by subtracting the position vectors of the 

concentrating element and tracking aperture: 

𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐 = 𝑟𝑟𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠1 − 𝑟𝑟𝑡𝑡𝑡𝑡,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠1 74 

 The positions of the concentrating mirror elements in the second stage are given by:  
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𝑟𝑟𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2 = 𝑟𝑟𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠1 + 𝛿𝛿 ⋅
𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐

|𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐|
 

75 

To maintain the correct orientation of the concentrating mirror elements in the second stage it is necessary 

to apply the same transformation expressed in equation 75 to the aimpoints used for the concentrating mirror 

elements: 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2 = 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2 + 𝛿𝛿 ⋅
𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐

|𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐|
 

76 

Rays that intersect the concentrating mirror elements in the second stage are redirected towards the location 

of the receiver. These rays are not able to interact with any elements that exist in the first stage, hence the 

rays are unobstructed by the elements of the opposite tracking apertures in the first stage. To correct this a 

third stage is used. 

 

Figure 2-14: The second stage consists of concentrating mirrors placed behind the concentrating mirrors 

in the first stage along the tracking to concentrating ray path. The concentrating mirrors in the second 

stage are inserted to intersect the rays that pass through the transmissive concentrating mirrors in the 

first stage. 

The third stage (see Figure 2-15) consists of tracking facet, vertical support structure and horizontal support 

structure elements. Additionally, the third stage also includes geometry for entire two-stage heliostats that 

are positioned between the simulated two-stage heliostat and receiver. The purpose of this stage is to 

obstruct rays travelling along the concentrating-to-target ray path. The elements in this stage are assigned 
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the reflective interaction type and the absorptive optical type because it is not necessary to know any rays’ 

trajectories past the elements within this stage. The tracking facet, vertical support and horizontal support 

elements are positioned to account for the shifted concentrating mirrors in stage 2: 

𝑟𝑟𝑡𝑡𝑡𝑡−𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3 = 𝑟𝑟𝑡𝑡𝑡𝑡−𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠1 +  𝛿𝛿 ⋅
𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐

|𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐|
 

77 

Where the subscript ‘ta-element’ corresponds to any element of the tracking aperture. The same translation 

is applied to the aim points: 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑡𝑡𝑡𝑡−𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠3 = 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑡𝑡𝑡𝑡−𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠1 +  𝛿𝛿 ⋅
𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐

|𝑟𝑟𝑡𝑡𝑡𝑡−𝑐𝑐|
 

78 

The two-stage heliostats placed between the simulated two-stage heliostat and receiver are positioned 

relative to the center of the simulated two-stage heliostat: 

𝑟𝑟ℎ,𝑎𝑎𝑎𝑎𝑎𝑎,0 = 𝑟𝑟ℎ + 𝜖𝜖𝑥𝑥𝑥𝑥� + 𝜖𝜖𝑦𝑦𝑦𝑦� + 𝜖𝜖𝑧𝑧𝑧̂𝑧 79 

Where 𝜖𝜖𝑥𝑥, 𝜖𝜖𝑦𝑦 and 𝜖𝜖𝑧𝑧 are the distances along each direction the additional unit is placed from the simulated 

two-stage heliostat. Once the additional two-stage heliostat position is defined in the global coordinate 

system the methods of the previous sections (2.2.1-2.2.5) are used to build the geometry relative to the 

position given in equation 79. The positions of the additional two-stage heliostats and the aimpoints are 

shifted to account for the shifted concentrating mirrors in the second stage: 

𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑒𝑒𝑒𝑒𝑒𝑒,1 = 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑒𝑒𝑒𝑒𝑒𝑒,0 + 𝛿𝛿 ⋅ 𝑟𝑟0,𝑡𝑡𝑡𝑡−𝑐𝑐
|𝑟𝑟0,𝑡𝑡𝑡𝑡−𝑐𝑐|
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  𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑎𝑎𝑎𝑎𝑎𝑎,𝑒𝑒𝑒𝑒𝑒𝑒,1 = 𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎,𝑎𝑎𝑎𝑎𝑎𝑎,𝑒𝑒𝑒𝑒𝑒𝑒.0 + 𝛿𝛿 ⋅ 𝑟𝑟0,𝑡𝑡𝑡𝑡−𝑐𝑐
|𝑟𝑟0,𝑡𝑡𝑡𝑡−𝑐𝑐|
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Figure 2-15: The third stage consists of tracking facets, vertical supports, horizontal supports and 

additional heliostats (not pictured). The purpose of this stage is to obstruct the concentrating-to-target 

ray path. The rays are not able to interact with any elements in stage 3 until they have interacted with 

elements in stage 2. 

For the purposes of future post-processing every element of the two-stage heliostat is placed into the second 

and third stages. However, the elements which are not needed in that stage are disabled and not available 

to be ray traced. 

2.3 Post-processing 
The use of stages and transmissive surfaces by the SolTrace model allow each of the self-shading loss 

mechanisms (see Figure 1-3) to be individually quantified. This process requires the ray data log to be 

carefully post-processed.  

The ray data log(array) is provided by SolTrace upon the completion of a ray tracing simulation. The rows 

of the ray data array correspond to each individual interaction rays have with the elements. The ray that 

interacts, the element interacted with and the stage the element exists in are all stored within the interaction 

row. The ray data array assigns a unique identifier in the form of a number to each ray cast. The elements 

are also designated by a number corresponding to the order that they are input into the stage.  

To quantify the impact of each self-shading loss a baseline ray total (𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) must be quantified. The 

baseline ray total excludes any rays that are determined to be extraneous or determined to experience 
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spillage at any point. Furthermore, the number of rays lost to each of the self-shading loss mechanisms must 

also be determined.  

The ray data array is sliced into sub-arrays that contain the interactions of only a single ray. This is done by 

grouping rows that have the same entry into the ‘number’ column. An example of a single sub-array is 

shown in Figure 2-16. Each sub-array is accessed and the interactions contained are used to classify the ray. 

 

Figure 2-16: A single ray’s interaction history. The location of the ray’s interaction with elements within 

the global coordinate system is tracked in the ‘loc_x’, ‘loc_y’ and ‘loc_z’ columns. The angle that the ray 

makes with each of the base directions of the global coordinate system when intersecting an element can 

be recovered from the ‘cos_x’, ‘cos_y’ and ‘cos_z’ columns. The element that the ray intersects is tracked 

in the ‘element’ column. The stage that the element intersect resides in is tracked in the ‘stage’ column. 

The ray is given a unique identifier in the form of a number in the ‘number’ column. 

Each sub-array is systematically inspected to classify the ray whose interactions are contained in the sub-

array. Ray interactions are checked by inspecting the entry into the ‘element’ column of the row that matches 

the interaction (e.g. checking the first interaction implies accessing the ‘element’ column of the first row of 

the sub-array corresponding to that ray). A miss is denoted with an entry of ‘0’ into the ‘element’ column 

of the row corresponding to that interaction. Any ray that is absorbed by an element is denoted with a 

negative element number. For each sub-array the same procedure is followed. The first step in the procedure 

is to check the first interaction of each ray. 

2.3.1 First Interaction: Tracking Facet 

If the first interaction is with an element corresponding to a tracking facet then the second interaction is 

checked. The second interaction may be either a horizontal support structure, vertical support structure, 
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concentrating mirror element or a miss. Rays whose first interaction is with a tracking facet element may 

still be extraneous depending on their subsequent interactions. 

In the case that the second interaction is with one of the support structure elements the third interaction is 

checked. If the third interaction is a miss the ray is extraneous and removed from consideration. If the third 

interaction is with a concentrating mirror the ray is classified as being lost to the ‘structure shades tracking 

to concentrating’ loss mechanism and the total number of rays lost to this mechanism (𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is incremented 

by 1. 

In the case that the second interaction is a miss the ray is extraneous and removed from consideration.  

In the case that the second interaction is with a concentrating mirror the fourth interaction is checked. The 

fourth interaction is checked rather than the third because the ray’s third interaction is with the reflective 

concentrating mirror that exists in the second stage. The fourth interaction can be with an adjacent 

concentrating mirror that exists in the second stage, any element that exists in the third stage or a miss. 

In the case that the fourth interaction is with a concentrating mirror that exists in the second stage the ray 

is classified as ‘concentrating shades concentrating to target’. The total number of rays lost to this 

mechanism (𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) is incremented by 1. 

In the case that the fourth interaction is with any element in the third stage the element the ray classification 

depends on the type of element interacted with. If the interaction is with a support element the ray is 

classified as ‘structure shades concentrating to target’ and the total number of rays lost to this mechanism 

(𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is incremented by 1. If the interaction is with a tracking facet element the ray is classified as ‘tracking 

shades concentrating to target’ and the total number of rays lost to this mechanism (𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) is incremented 

by 1. If the interaction is with an element that belongs to an additional two-stage heliostat the ray is 

classified as ‘adjacent shades concentrating to target’ and the total number of rays lost to this mechanism 

(𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎) is incremented by 1. 
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In the case that the fourth interaction is a miss the ray is classified as a success and the total number of 

successful rays (𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is incremented by 1. These rays are classified as a success because they have not 

intersected a shading element at any point along their trajectories nor have they experienced spillage. Any 

spillage that may occur at a receiver surface is neglected. 

2.3.2 First Interaction: Concentrating element 

Rays that first intersect a concentrating mirror element and transmit through the element are able to interact 

with any other element in the first stage. Rays may also miss all the other elements in the stage. 

In the case that the second interaction is with a tracking facet element the subsequent interactions must be 

checked. If upon further inspection it is determined that the ray does not miss the concentrating mirror 

elements after being reflected by the tracking facet element the ray is classified as ‘concentrating shades 

sun to tracking’ and the total number of rays lost to this mechanism (𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) is incremented by 1. 

In the case that the second interaction is with either a support structure or concentrating mirror element the 

third interaction is checked. Two possibilities exist for the third interaction. The ray can interact with either 

a tracking facet element or miss. In the case of a miss the ray is extraneous and removed from consideration. 

If the ray interacts with a tracking facet element the subsequent interactions are checked to determine if the 

ray intersects a concentrating mirror element. If the ray does not intersect a concentrating mirror element it 

is classified as extraneous and removed from consideration. If the ray does intersect a concentrating mirror 

element it is classified as ‘concentrating shades sun to tracking’ and the total number of rays lost to this 

mechanism is incremented by 1. 

In the case that the second interaction is a miss the ray is classified as extraneous and removed from 

consideration. 

2.3.3 First Interaction: Support Element 

The procedure when a ray first interacts with a support element is analogous to concentrating element 

detailed above (section 2.3.2). The rays that are not determined to be extraneous are classified as ‘structure 
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shades sun to tracking’ rather than ‘concentrating shades sun to tracking’. The total number of rays lost to 

this mechanism (𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is incremented by 1. 

2.3.4 Self-shading Losses and Efficiency Modifier 

Once the rays have been classified it is possible to compute the ray baseline total. The baseline ray total is 

the sum of all the rays that were not classified as extraneous:  

𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑛𝑛𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 + 𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑛𝑛𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 82 

The baseline ray total can then be used to compute the impact of each of the self-shading losses in addition 

to any losses from additional two-stage heliostats: 

𝜇𝜇𝑖𝑖 =
𝑛𝑛𝑖𝑖

𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
 83 

Where 𝑛𝑛𝑖𝑖 may be any of the ray totals corresponding to the loss mechanisms that were previously quantified. 

The efficiency modifier is the fraction of successful rays: 

𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑛𝑛𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
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2.4 Model Convergence 
To ensure the model is accurate a large enough sample of rays must be used. To determine the number of 

rays used the standard deviation of the efficiency modifier is resolved to less than 0.1%. The heliostat and 

sun are positioned such that the two-stage heliostat experiences all of the self-shading loss mechanisms (see 

Figure 1-3). Starting with ten-thousand rays the model is executed ten times. For each of the ten simulations 

the efficiency modifier is calculated according to equation 84. The mean and standard deviation are 

calculated from the ten simulations. The ray count is then increased by ten-thousand and the process 

repeated until the standard deviation is below 0.001. 
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Figure 2-17: Standard deviation and mean of the efficiency modifier over 10 simulations. The x-axis 

shows the number of rays cast in the ray trace simulations. As the number of rays increases the standard 

deviation drops below the target threshold. The mean of the results stays steady as the number of rays cast 

increases. 

Figure 2-17 shows the results of the convergence study. The unit level model converges to the target 

threshold at approximately two-hundred thousand rays. The results of the convergence study show that the 

unit level model exhibits stable behavior and that at a certain point the efficiency modifier isn’t affected by 

the number of rays cast. 

2.5 Simulations  
2.5.1 Simulations Domain 

To categorize the self-shading losses the two-stage heliostat experiences the unit level model is executed at 

different locations within a prescribed simulation domain. The chosen domain extends 300 meters below 

the 𝑥𝑥-axis (south) and 150 meters to the right of the 𝑧𝑧-axis (east). The unit level model is not executed to 

the left of the 𝑧𝑧-axis (west) because the system is symmetric; the results can be reflected across the 𝑧𝑧-axis. 

The simulation domain is visualized in Figure 2-18.  
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Figure 2-18: The domain that the unit level model is executed within. The domain extends 150 (m) to the 

right of the 𝑧𝑧-axis (east) and 300 (𝑚𝑚) below the 𝑥𝑥-axis (south). The unit level model is executed at 

discrete locations at 5 (𝑚𝑚) intervals in both the 𝑥𝑥 and 𝑧𝑧 directions.  

The unit level model is simulated at discrete locations inside of the domain. The locations are spaced 5 (𝑚𝑚) 

in both the 𝑥𝑥� and 𝑧̂𝑧 directions. The location of the receiver is 15 (𝑚𝑚) above the origin. 

The domain is chosen such that it exceeds the expected area of a heliostat comprised of two-stage heliostats 

providing a large domain for the field level model to sample from.    

2.5.2 Parameter Space 

The unit level model is executed using a variety of geometric parameters. The spacing between adjacent 

mirrors (𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎), the spacing between opposite mirrors (𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜), and the tracking aperture side length (𝑙𝑙𝑡𝑡𝑡𝑡) are 

chosen to be varied. Each of these three are normalized by the concentrating mirror element side length 

(𝑙𝑙𝑐𝑐): 

𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎 =
𝑑𝑑𝑎𝑎𝑎𝑎𝑎𝑎
𝑙𝑙𝑐𝑐
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 𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑑𝑑𝑜𝑜𝑜𝑜𝑜𝑜
𝑙𝑙𝑐𝑐

 86 

 𝑙𝑙𝑡𝑡𝑡𝑡 = 𝑙𝑙𝑡𝑡𝑡𝑡
𝑙𝑙𝑐𝑐
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𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜 and 𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎 are both sampled at integer steps between the values of 1 and 4. The non-dimensional 

parameter 𝑙𝑙𝑡𝑡𝑡𝑡 is sampled at values of 1, 1.5 and 2. The choice of the parameters reflects what are expected 

to be realistic values for the chosen parameters. 

2.5.3 Annual Performance 

To predict the impact of self-shading on the annual performance of the two-stage heliostat each time the 

unit level model is executed twenty-six unique solar positions are used. The twenty-six solar positions 

represent twenty-six different times of year that correspond to four days split into two-hour increments. The 

efficiency modifier for each solar position (𝜂𝜂𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) is computed according to equation 84. The results 

are extended to an annual efficiency modifier by computing a weighted average over the twenty-six solar 

positions. Each 𝜂𝜂𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 is weighted by the direct normal irradiance (𝐷𝐷𝐷𝐷𝐼𝐼𝑖𝑖) and weighting factor (𝑤𝑤𝑖𝑖) 

associated with the solar position. The weighting factor is representative of similar solar positions the sun 

assumes over the course of a year. The annual efficiency modifier is computed: 

𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎,𝑚𝑚𝑚𝑚𝑚𝑚 =
∑ 𝜂𝜂𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ⋅ 𝐷𝐷𝐷𝐷𝐼𝐼𝑖𝑖 ⋅ 𝑤𝑤𝑖𝑖26
𝑖𝑖=1

∑ 𝐷𝐷𝐷𝐷𝐼𝐼𝑖𝑖 ⋅ 𝑤𝑤𝑖𝑖26
𝑖𝑖=1
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The results for a single case are presented. The values for the non-dimensional parameters used are: 

𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎 = 2 89 

 𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜 = 2 90 

𝑙𝑙𝑡𝑡𝑡𝑡 = 1 91 

The chosen value for 𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎 leaves a gap the size of a concentrating mirror element between adjacent tracking 

apertures and concentrating mirror elements. The chosen value for 𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜 leaves a gap the size of a 

3 Results and Discussion 
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concentrating mirror element in between the tracking-concentrating pairs. Finally, the chosen value for 𝑙𝑙𝑡𝑡𝑡𝑡 

sets the size of the tracking aperture equal to that of the concentrating mirror element.  

Figure 3-1 shows the annual efficiency modifier across the entire domain. Higher values of the annual 

efficiency modifier correspond to a smaller fraction of rays that are lost to self-shading losses. The 

efficiency modifier value is highest when the two-stage heliostat is positioned close to the receiver, which 

is located above origin. When the two-stage heliostat is moved further away from the receiver the impact 

of self-shading losses increases and the annual efficiency modifier drops in value. The losses along each of 

the ray paths (see Figure 1-2) are discussed in more detail. 

 

Figure 3-1: Annual efficiency modifier contours. A higher value corresponds to a smaller fraction of rays 

that are lost due to self-shading loss mechanisms. Close to the receiver, which is located above the origin, 

the self-shading losses are minimized. 
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3.1 Sun-to-Tracking 
Losses that occur along the sun-to-tracking ray path depend on the position of the sun. The sun-to-tracking 

ray path changes with the position of the sun. The concentrating mirror elements only obstruct the ray path 

for a subset of solar positions that correspond to the sun being low in the sky. At these solar positions the 

associated 𝐷𝐷𝐷𝐷𝐷𝐷 is low and the contribution of ‘concentrating shades sun-to-tracking’ to the annual 

efficiency modifier (equation 84) is minimized. 

The horizontal support structure elements also obstruct the sun-to-tracking ray path. However, the shadows 

cast by these elements leave only a small footprint on a single tracking facet. The vertical support structure 

elements remain coplanar with the tracking facets through the rotations to properly orient the tracking 

aperture. These elements do not cast shadows and do not contribute to losses only this ray path. 

3.2 Tracking-to-Concentrating 

The only loss mechanism that occurs along the tracking-to-concentrating ray path is ‘structure shades 

tracking-to-concentrating’. Analogous to the impact of the support structure on the sun-to-tracking ray path 

the horizontal support structure obstructs only a small fraction of rays. The horizontal supports do not 

obstruct rays. 

The total combined contribution of self-shading losses to the sun-to-tracking and tracking-to-concentrating 

ray paths does not total more than 10% at any point inside of the domain simulated.  

3.3 Concentrating-to-Target 
The losses due to self-shading are dominated by the concentrating-to-target ray path. The losses along this 

ray path occur independent of the solar position. The concentrating mirror elements remain fixed so the 

direction of the ray path never changes. The direction of the ray path and the magnitude of the fraction of 

rays lost to self-shading along this ray path (see Figure 3-2) are dependent on the position of the heliostat. 

As the two-stage heliostat is moved south of the receiver the concentrating mirrors are aimed progressively 

lower. Eventually they are aimed low enough such that the reflected rays begin to intersect heliostat 
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elements that lie between the concentrating mirror and receiver increasing the fraction of rays lost along 

this ray path.  

As the heliostat is positioned further east the concentrating mirrors need to be aimed further west. 

Eventually the they need to be aimed far enough to the west that the reflected rays are intersected by adjacent 

concentrating mirrors increasing the fraction of rays lost along this ray path. 

 

Figure 3-2: Contour of the fraction of rays lost along the concentrating-to-target ray path. The majority 

of losses due to self-shading occur along this ray path. As the heliostat moves away from the receiver 

more extreme orientations are required by the concentrating mirrors to send reflected rays to the receiver. 

Eventually the reflected rays intersect other heliostat elements between the concentrating mirror and 

receiver. 

Visually inspecting Figure 3-2 and Figure 3-1 shows bands that correspond to a higher annual efficiency 

modifier occurring further away from the receiver. In these areas the concentrating mirrors are aimed such 

that the concentrating-to-target ray path is aligned with the gaps between the tracking apertures. This allows 
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a higher portion of the rays that leave the concentrating mirrors to reach the receiver increasing the value 

of the annual efficiency modifier.  

 

Figure 3-3: The concentrating-ray-path (yellow line) is aligned with the gaps between the tracking 

mirrors (green surfaces). When the concentrating-to-target ray path aligns with the gaps the losses due to 

self-shading along this ray path are reduced resulting in a higher annual efficiency modifier. 

3.4 Shift Heliostat-Stages 
To minimize the self-shading losses tracking stage is shifted to the west. By shifting the tracking stage of 

the two-stage heliostat the concentrating-to-target ray path is artificially aligned with the gaps between 

tracking apertures (note that the horizontal support structures still span this gap). The shift can be realized 

by shifting the position vector that gives the location of the tracking aperture, 𝑟𝑟𝑡𝑡𝑡𝑡, by some amount (𝛿𝛿𝑠𝑠ℎ𝑖𝑖𝑖𝑖𝑖𝑖) 

along the 𝑥𝑥-axis: 

𝑟𝑟𝑡𝑡𝑡𝑡,𝑠𝑠ℎ𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑟𝑟𝑡𝑡𝑡𝑡 + 𝛿𝛿𝑠𝑠ℎ𝑖𝑖𝑖𝑖𝑖𝑖 ⋅ 𝑥𝑥� 92 

Visually inspecting Figure 3-4 shows that applying a shift to the tracking stage of the two-stage heliostat 

can reduce the losses due to self-shading, specifically directly to the south of the receiver and along the 

band first identified in Figure 3-1. 
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Figure 3-4: Annual efficiency modifier for the two-stage heliostat with shifted tracking stage. The annual 

efficiency modifier is increased to the south of the tower. The band corresponding to a higher annual 

efficiency modifier is also increased. 

The annual efficiency modifier generated by the unit level model is used by the field level model to 

incorporate the losses due to self-shading into full field simulations. Because the field level model is used 

in the optimization of the two-stage heliostat geometric parameters it is necessary to be able to sample from 

a continuous domain and parameter space. 

4.1 Continuous domain 

To be able to sample locations from a continuous domain and recover an annual efficiency modifier the 

simulation domain detailed earlier is reimagined as being constructed from patches (see Figure 4-1). The 

corners of the patches correspond to the locations at which the unit level model was executed so an annual 

efficiency modifier value is associated with the corners.  

4 Integration with Field Level Model 

Appendix 2



 

Figure 4-1: The simulation domain is reimagined as being composed of patches. At the corners of the 

patches are the simulation points. The patch can be fit to a 3rd order polynomial so that the simulation 

domain may be sampled continuously. 

The annual efficiency modifier values at the corners as well as the surrounding twelve points are accessed 

and used to perform a bicubic spline interpolation. The bicubic spline interpolation fits the patch to a 3rd 

order polynomial: 

𝑓𝑓(𝑥𝑥, 𝑧𝑧) = ��𝑎𝑎𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑧𝑧𝑗𝑗
3

𝑗𝑗=0

3

𝑖𝑖=0
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A system of sixteen equations is solved to recover the coefficients needed to evaluate equation 93. The 

sixteen equations solved are the function values (annual efficiency modifiers) at the corners, the derivate of 

the polynomial with respect to x, the derivate of the polynomial with respect to z and the cross derivative. 

The derivatives are numerically estimated using the twelve surrounding points: 

𝑓𝑓(𝑥𝑥𝑖𝑖 , 𝑧𝑧𝑖𝑖) = 𝜂𝜂𝑎𝑎𝑎𝑎𝑎𝑎,𝑚𝑚𝑚𝑚𝑚𝑚,𝑖𝑖 94 

 𝑑𝑑𝑓𝑓(𝑥𝑥𝑖𝑖,𝑧𝑧𝑖𝑖)
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑥𝑥𝑖𝑖+1,𝑧𝑧𝑖𝑖)−𝑓𝑓(𝑥𝑥𝑖𝑖−1,𝑧𝑧𝑖𝑖)
2𝛥𝛥𝛥𝛥
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 𝑑𝑑𝑓𝑓(𝑥𝑥𝑖𝑖,𝑧𝑧𝑖𝑖)
𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑥𝑥𝑖𝑖,𝑧𝑧𝑖𝑖+1)−𝑓𝑓(𝑥𝑥𝑖𝑖,𝑧𝑧𝑖𝑖−1)
2𝛥𝛥𝛥𝛥
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 𝑑𝑑
2𝑓𝑓(𝑥𝑥𝑖𝑖,𝑧𝑧𝑖𝑖)
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

= 𝑓𝑓(𝑥𝑥𝑖𝑖+1,𝑧𝑧𝑖𝑖+1)+𝑓𝑓(𝑥𝑥𝑖𝑖+1,𝑧𝑧𝑖𝑖−1)−𝑓𝑓(𝑥𝑥𝑖𝑖−1,𝑧𝑧𝑖𝑖+1)−𝑓𝑓(𝑥𝑥𝑖𝑖−1,𝑧𝑧𝑖𝑖−1)
4𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥

  97 

If the edge of a patch happens to fall on the border of the simulation domain the derivatives on that edge 

are set to zero.  
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Each patch is associated to a set of sixteen coefficients. To sample the simulation domain continuously the 

chosen point is mapped to a specific patch and the coefficients associated with that patch are recovered. 

With the coefficients equation 93 can be evaluated to return an annual efficiency modifier for any point that 

falls within that patch. 

4.2 Continuous Parameter Space 
4.2.1 Spacing Parameters 

To sample the parameter space continuously a unique parameter space is associated with every point within 

the simulation domain. The chosen points does not need to be one of the simulation points because of the 

ability to evaluate equation 94. For a continuously sampled pair of spacing parameters (𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎 and 𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜) a 

bounding box within the parameter space is determined. The corners of the bounding box are pairs of 

spacing parameters at which the unit level model was executed and an annual efficiency modifier value 

exists (see Figure 4-2). 

 

Figure 4-2: A parameter spaced can be associated with every heliostat location point sampled. The 

parameter space can be interpolated to enable continuous sampling of the spacing parameters. 

To determine the annual efficiency modifier for a continuously sampled domain with a continuously 

sampled parameter space the patch the point resides in is determined. The spacing parameters that 

correspond to the corners of the bounding box are determined and four sets of coefficients corresponding 

to the four corners of the bounding box and the patch are used to evaluate equation 94. This gives four 
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annual efficiency modifier values at the corners of the bounding box. These values are used to perform a 

bilinear interpolation over the bounding box. The bilinear interpolation uses only the annual efficiency 

modifiers to determine the coefficients needed to evaluate the polynomial: 

𝑔𝑔(𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎, 𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜) = 𝑎𝑎0 + 𝑎𝑎1 ⋅ 𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑎𝑎2 ⋅ 𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜 + 𝑎𝑎3 ⋅ 𝑑̃𝑑𝑎𝑎𝑎𝑎𝑎𝑎 ⋅ 𝑑̃𝑑𝑜𝑜𝑜𝑜𝑜𝑜 98 

Evaluating equation 99 returns an annual efficiency modifier value for a continuously sampled position 

with continuously sampled spacing parameters. 

4.2.2 Continuous Tracking Aperture Length 

Finally, to be able to continuously sample the tracking aperture length the above process (section 4.1-4.2) 

is repeated three times at each value of 𝑙𝑙𝑡𝑡𝑡𝑡 the unit level model is executed. A 2nd order polynomial 

interpolation is performed over the three values of 𝑙𝑙𝑡𝑡𝑡𝑡. The interpolation uses only the annual efficiency 

modifiers to determine the coefficients need to evaluate the polynomial: 

ℎ�𝑙𝑙𝑡𝑡𝑡𝑡� = 𝑐𝑐0 + 𝑐𝑐1 ⋅ 𝑙𝑙𝑡𝑡𝑡𝑡 + 𝑐𝑐2 ⋅ 𝑙𝑙𝑡𝑡𝑡𝑡2  99 

Evaluating equation 100 gives an annual efficiency modifier for a continuously sample position with 

continuously sampled spacing parameters and tracking aperture length. 

Methods have been developed to estimate only the self-shading losses of the two-stage heliostat. The model 

built using these methods shows that close to the receiver the effects of self-shading are minimized. The 

area required for a small field corresponding to 500kW falls within an area that experiences <10% of 

efficiency loss due to self-shading. The effects of self-shading can also be reduced with minimum effort by 

adjusting the position of the heliostat stages to move heliostat elements out of suboptimal locations. 

Methods have also been developed to use the results from the unit level model to extend the discrete 

simulation domain and parameter space to a continuous domain and parameter space. Ray tracing over an 

entire field composed of two-stage heliostats and capturing the effects self-shading can be a time consuming 

5 Conclusion 
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and computational expensive process. These methods help to reduce that burden by storing results and 

quickly interpreting them to provide self-shading losses on demand, reducing the time needed to run 

optimization studies and ease the computational effort. 
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Technical Economic Analysis 
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Background 

Our two-stage heliostat concept employs flat fixed secondary mirrors that poten�ally can be smaller than 
1 m2, which is significantly smaller than conven�onal heliostats. However, the addi�onal stage adds op�cal 
error, so its projected image will spread more rapidly as a func�on of distance from the receiver versus a 
conven�onal flat heliostat of the same size. At the same �me, the image size from heliostats close to the 
receiver is less important for large receivers. It follows that poten�al applica�ons for our heliostat concept 
are at a rela�vely small thermal capacity (100 kWt to 1 MWt) where a small receiver size (and 
corresponding small image size from the heliostat) is necessary to maintain a feasible receiver thermal 
efficiency. 

Linear technologies are scalable at the 100s-of-kWt size, so for this analysis we are interested in receiver 
temperatures hoter than conven�onal trough and around or above typical Gen2 tower temperatures (i.e. 
>= 550 C). Dishes are point-focused systems that can reach high temperatures at this scale. In the early 
2010s dishes were coupled with S�rling engines to generate electricity. Dishes are also proposed (and 
some�mes used in prototypes) for high temperature solar fuels and solar chemistry applica�ons. A 
significant drawback of dishes is that the en�re collector and receiver move as the dish tracks the sun. This 
characteris�c makes coupling with TES extremely challenging and requires significant structural support 
to pedestal-mount the system. Dish-S�rling without TES suffers from the same conceptual challenge as 
direct steam power towers: instantaneous electricity genera�on is essen�ally compe�ng with PV, which 
in 2023 has a significantly lower LCOE than CSP. 

Poten�al applica�ons for sub-megawat scale towers could be distributed power, heat, or combined heat 
and power applica�ons, as well as processes or receiver technologies that favor smaller scales (e.g. require 
a pressurized window on the aperture). The lack of exis�ng tower systems at this scale and the 
corresponding lack of reported costs for the tower, receiver, and small-image-size receiver prohibits a 
meaningful calcula�on of the total system cost or levelized cost of heat. As such, we focus this analysis on 
comparing the heliostat reflec�ve area required to achieve the target absorbed thermal power at different 
target temperatures. For example, if our proposed heliostat required 75% of the reflec�ve area of a 
conven�onal heliostat to achieve the same absorbed thermal power, then the conven�onal heliostat cost 
would have to be less than 75% the cost of our concept. This approach using rela�ve metrics is similar to 
methodology that HelioCon researchers presented at the 2023 ASME Energy Sustainability conference. 

Methodology / Comparison to conven�onal heliostats 

A flat square heliostat is the simplest and most intui�ve conven�onal heliostat for comparison. We expect 
its surface op�cal errors to be the same as the flat heliostats in our concept. Flat heliostats are also 
conceptually simple to manufacture and deploy. The downside is that the projected image size of a flat 
heliostat is limited by its area. As such, decreasing the area is the only mechanism to reduce image size, 
but it necessitates addi�onal drives and controls for the same total reflec�ve area. We pursued the two-
stage design to avoid this trade-off. However, other more complicated single-stage heliostat designs also 
offer image sizes smaller than the reflec�ve area corresponding to a single tracker. One op�on is a canted, 
faceted heliostat that divides the reflec�ve area into smaller individual flat mirrors with unique orienta�on 
rela�ve to the heliostat’s global normal. Together, the small mirrors combine to approximate a focused 
mirror. Facet posi�oning is a poten�al challenge with this design. Another op�on is a mirror curved in two 
dimensions. Each heliostat can be uniquely focused according to its loca�on in the solar field, but this ideal 
design, by defini�on, adds a one-off design for each heliostat. Alterna�vely, focused heliostats can be 
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designed around a field or sub-field average, such that only a small number of mirror designs are required. 
In the following analysis, we evaluate several sizes of flat heliostats and a field-average focused heliostat. 
In any case, manufacturing and assembly of curved heliostats is a poten�al challenge, especially as the 
focal length decreases in small fields. We found that for our modeling scenarios, this focused design also 
approximates the performance of other focused designs and the flat, canted heliostat with small facets. 

We model the op�cal performance of the two-stage heliostat using the modeling methodology that we 
describe in the previous sec�ons, and we use SolarPILOT to model the performance of the conven�onal 
heliostats. We modified some default SolarPILOT inputs for consistency with the SolTrace inputs we used 
in the two-stage analysis presented in previous sec�ons, as listed in Table 1. Because we are evalua�ng 
many combina�ons of two-stage heliostat sizes, receiver sizes and receiver temperatures, we use fixed 
values for the two-stage geometry based on op�mal values presented in the previous sec�ons rather than 
run the computa�onally expensive op�miza�on rou�ne for each combina�on. As the receiver area and 
temperature in the following analysis dri� from the values used in the op�miza�on, these values may 
become subop�mal. It’s important to note that we fix tower height at 30 meters in this analysis so that we 
can apply the interstage interac�ons modifier. 

Table 1: Changes to SolarPILOT default design-point values for consistency with SolTrace values. 

 Property Value 

Mirror soiling 1.00 

Receiver thermal absorptance 0.96 

Receiver thermal losses Calculated as function of 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟  𝑎𝑎𝑎𝑎𝑎𝑎 𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟 

DNI  1000 W/m2 

Tower height 30 m 

Rec tilt -45° 

 

In order to achieve the target thermal output, we must design the solar field to generate enough flux on 
the receiver to compensate for reflec�ve and thermal losses. As such, we calculate design-point receiver 
thermal losses for both SolarPILOT and SolTrace as gray body radia�on losses, where we set the emissivity 
to 0.8, set the ambient temperature to 0°C, and assume the en�re aperture is at a constant specified 
temperature. As such, in the following analysis, the design-point thermal loses will vary as we adjust the 
aperture area and receiver temperature. Both tools use representa�ve solar posi�ons and DNI values to 
es�mate the annual energy atributable to each heliostat. Then, both tools remove heliostats with the 
lowest annual energy contribu�on un�l the plant achieves the design-point thermal power at the design-
point DNI and solar posi�on (solar noon on the spring equinox). However, due to the differences in 
underlying modeling approach and technology performance, SolarPILOT and SolTrace use different sets 
for the representa�ve solar posi�ons, which makes it difficult to make a one-to-one comparison between 
annual energy es�mates. Instead, we compare design-point performance. While this approach does not 
capture poten�al differences between the two-stage and conven�onal heliostats during morning and 
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a�ernoon solar posi�ons, we think it facilitates intui�ve comparison between modeling results while 
providing a first approxima�on performance comparison. 

Results 

Figure 1 shows the net efficiency a�er each op�cal interac�on in the field of two stage heliostats as a 
func�on of receiver size at a receiver temperature of 500°C. First, the field has a cosine efficiency of less 
than 80%, while conven�onal heliostats north of the tower in the Northern Hemisphere typically have a 
cosine efficiency greater than 90% at the design-point solar posi�on. Next, the two-stage heliostat has two 
stages of reflec�ve losses. The results show that the second stage intercepts almost all of the light reflected 
from the first stage, which is expected because it is cheaper to add marginal area to the sta�onary heliostat 
than it is to add marginal area to both stages. These interac�ons are mostly independent of heliostat 
length, receiver length, and temperature. Then, interstage interac�ons (i.e. blocking, shading, structural) 
reduce net efficiency by around 8 percentage points. This penalty is significant and caused by design 
op�miza�on in the previous sec�on determining that this design generates the lowest-cost target thermal 
power. As the receiver temperature increases and the required field area increases to include worse-
performing heliostats, the interstage interac�ons penalty grows to around 15 percentage points1 at 
1000°C. Finally, the receiver intercept and receiver thermal efficiency show opposing trends as a func�on 
of receiver length. Small receivers have significant intercept losses as the image projected from the 
concentra�ng stage spreads out beyond the receiver dimensions, but thermal losses are reduced with a 
smaller receiver area. In contrast, larger receivers have significantly less intercept losses, but thermal 
losses are increased with a larger receiver area. As expected, the 0.5 meter heliostat shows significantly 
beter intercept efficiency than the 1 meter heliostat. 

1 We note that adjus�ng tower height could help mi�gate this issue, although it would involve a trade-off with 
intercept efficiency. 

 
Figure 1: Two-stage heliostat net efficiency after each interaction, for 1 m and 0.5 m tracking mirror lengths at a 
receiver temperature of 500°C. 
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Figure 2, Figure 3, and Figure 4 compare the intercept efficiency and overall thermal efficiency between 
the two-stage and conven�onal heliostats as a func�on of receiver length and for receiver temperatures 
of 500°C, 750°C, and 1000°C, respec�vely. The layout code was unable to achieve the target thermal power 
for the 1000°C case with the 0.5 meter two-stage heliostat, so we exclude that design from Figure 4. This 
result is somewhat unexpected because the smaller two-stage heliostats have beter op�cal efficiency, so 
it is likely we could improve the layout of smaller two-stage heliostats, poten�ally by increasing the tower 
height. 

Figure 2 shows that the focused heliostat has an intercept efficiency approaching 100% for all receiver 
sizes, while the flat 1x1 meter heliostat has an intercept efficiency of 90% at the smallest receiver size and 
approaches 100% at the next receiver size. The two-stage heliostats both have slightly beter intercept 
efficiency than the flat 2x2 meter heliostat and significantly beter intercept efficiency than the larger flat 
heliostats. The overall efficiency shows that focused and flat 1x1 meter heliostats clearly outperform the 
other designs. As the receiver size increases, the overall efficiency of the flat 2x2 meter heliostat surpasses 
the two-stage as it eliminates most of its intercept losses. Because radia�ve losses are rela�vely low at 
500°C, the system typically wants to reduce intercept losses at the expense of greater thermal losses, so 
the op�mal receiver size is large for every heliostat except the focused and flat 1x1. The two-stage 
heliostats have an upper bound on performance that is lower than the conven�onal heliostats because 
they include extra op�cal losses like the interstage interac�on and second reflec�on stage. 

Figure 3 and Figure 4 show how receiver temperature influences the comparison between heliostat design 
and op�mal receiver size. At 750°C the 1 meter two-stage intercept efficiency has nearly collapsed onto 
the flat 2x2 intercept efficiency, and at 1000°C the two-stage intercept efficiency is less than the flat 2x2 
case. This trend likely is caused by the hoter cases requiring more mirror area, which in turn increases the 
average distance of the mirror from the tower. Because the two-stage heliostat has worse op�cal 
performance due to its two reflec�on stages, its image size grows faster as a func�on of distance. These 
hoter cases show that the two-stage designs, like the flat 1x1 meter and focused designs, have a clear 
op�mal receiver size that is less than the maximum, as the benefit of reduced intercept efficiency is 
outweighed by the thermal losses. In contrast, the large flat heliostats prefer larger receivers as their 
intercept factor con�nues to significantly improve with receiver size. 
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• Determine influence of increasing maximum deflec�on (further from actuator), as it will not  

 
Figure 2: Isolated intercept and overall efficiencies at 500°C receiver surface temperature.  

 
Figure 3: Isolated intercept and overall efficiencies at 750°C receiver surface temperature. 

 
Figure 4: Isolated intercept and overall efficiencies at 1000°C receiver surface temperature. 
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Overall, and perhaps intui�vely, the focused and flat 1x1 meter heliostats have significantly beter 
performance than the two-stage and larger flat heliostat designs. Figure 5 plots the highest overall 
efficiency for each heliostat design at each receiver temperature. We use the flat 1x1 meter heliostat as a 
surrogate for the focused heliostat because both designs have similar performance. The plot shows that 
both 1x1 meter and 2x2 meter heliostats significantly outperform the two-stage heliostat, while the 3x3 
meter heliostat has similar performance. However, each unique conven�onal design we present has its 
own unique cost per area, which is likely highly dependent on the developer, at our assumed op�cal 
performance. Rather than use es�mated costs with considerable uncertainty, we can calculate the ra�o of 
required reflec�ve area between the 1x1 two stage heliostat and the conven�onal heliostats. Then if the 
cost ra�o between the conven�onal and the 1x1 two stage heliostat is less than this reflec�ve area ra�o, 
it follows that the conven�onal heliostat is preferable. For example, at 750°C, the two-stage heliostat 
requires around 1.75 more reflec�ve area than the flat 1x1 meter heliostat, so the flat heliostat can be up 
to 75% more expensive.  

Conclusions and Future Work 

These results suggest that at 500°C and 1000°C, the two-stage concept has compe��ve op�cal 
performance with a flat 3x3 meter heliostat, while the two-stage heliostat requires about 40% more 
tracking-stage reflec�ve area than the flat 2x2 meter heliostat and around 75% more tracking-stage 
reflec�ve area than the flat 1x1 meter heliostat. The two-stage heliostat becomes less compe��ve at 
higher temperatures where high flux on a small receiver is more important. This result is driven by the 
rela�vely large op�cal error of the two-stage system. 

 
Figure 5: Maximum overall efficiency and ratio of required reflective area at optimal receiver size as a function 
of receiver temperature. 
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We have iden�fied several areas where we could improve the two-stage field op�miza�on and analysis, 
especially for higher temperature and smaller capacity systems. While these improvements will not make 
the two-stage op�cal performance equivalent with the flat 1x1 meter heliostat, they may help 
substan�vely narrow the difference. These areas include: 

• Expanding the interstage interac�ons model to enable variable tower height. 
• Implemen�ng variable spacing between tracking and concentra�ng stages as a func�on of 

distance from tower. Similar to a conven�onal heliostat field, the op�mal distance likely is smaller 
when the heliostat is closer to the tower. Variable dimensions as a func�on of east-west posi�on 
may also help mi�gate interac�on losses as the field size grows. 

• Implemen�ng an apples-to-apples comparison of annual thermal energy delivered would provide 
more fidelity to this analysis by capturing other solar posi�ons where interstage inefficiencies are 
likely reduced. Likewise, inves�ga�ng designs with less interstage inefficiencies would clarify why 
the op�mizer selected them and poten�ally iden�fy pathways to eliminate these inefficiencies 
and improve overall solar field efficiency. 

• Comparing the two-stage heliostat performance to conven�onal heliostat performance on the 
south side of the tower in the Northern Hemisphere would evaluate the poten�al of small-capacity 
surround field where the north side employed conven�onal heliostats with op�mal cosine 
efficiencies and the south side employed two-stage heliostats. 
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