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Flying mirrors with appropriate trajectories have been recognized as an analog system that mimics
black hole Hawking evaporation and have been widely investigated. It has recently been suggested
that the partner mode of the analog Hawking radiation emitted from a moving mirror would manifest
itself through a final burst when the mirror executes a sudden stop. Here we argue the opposite via
the partner formula for the moving mirror model. By expanding the theoretical foundation of the
partner formula and augmenting it with numerical analysis, we demonstrate that the supposed final
burst is induced by a shock that requires the input of external energy, whereas the Hawking radiation
partner mode, which is associated with the zero-point vacuum fluctuations, is not responsible for
the burst.
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I. INTRODUCTION

Approximately five decades have passed since Stephen Hawking first proposed the concept of black hole evaporation
[1, 2]. However, the enduring challenge of the information loss paradox [3, 4] persists in the context of Hawking
radiation. According to Hawking’s model of black hole evolution, these black holes are formed through the gravitational
collapse of massive objects and subsequently undergo evaporation, emitting thermal Hawking radiation. The crux of
the issue lies in the fact that even when the initial state is prepared as a pure state before gravitational collapse, the
final state evolves to a mixed state, thus violating the principle of unitarity when the black hole experiences complete
evaporation. From the perspective of quantum information theory, this violation of unitarity can be understood
as the absence of the purification partner of Hawking radiation in spacetime. One of the most straightforward
conjectures to address the information loss paradox is the burst scenario, which posits that the black hole returns the
partner of Hawking radiation through some quantum gravitational mechanism once the black hole’s mass reaches the
Planck scale. However, this scenario implies the emission of vast amount of information at the Planck energy scale,
a seemingly implausible proposition. Numerous researchers have proposed potential candidates for the partner of
Hawking radiation that do not entail the energy cost. These candidates include black hole remnants [5, 6], Hawking
radiation itself as the partner [7, 8], vacuum fluctuations [9-12], the soft hair of black holes [13-15], and, intriguingly,
some researchers have explored scenarios that accept information loss at the Planck scale [16, 17].

In a recent work by R. Wald [18], the possibility that the vacuum fluctuation scenario is closely associated with the
final burst has been highlighted. The basis for his conclusion may be traced to the utilization of the moving mirror
model [19, 20], which occasionally appears in discussions surrounding the vacuum fluctuation scenario. In moving
mirror models, the evaporation of a black hole is represented as the trajectory of a mirror. This trajectory commences
with inertial motion, undergoes a constant accelerating phase until it closely approaches a null curve, and subsequently
decelerates. During the accelerating phase, the mirror emits thermal radiation, exhibiting similarities to Hawking
radiation from black holes. Black hole evaporation is represented by the mirror’s deceleration phase, and in this phase
a particular issue arises: the radiation flux becomes extraordinarily large when the mirror rapidly decelerates, akin to
a burst emission. This burst-like radiation is actually a consequence of the external force responsible for the mirror’s
deceleration. In actual black hole systems, no such external force exists, and the burst phenomenon is not manifest,
provided that trans-Planckian physics is not important. R.Wald considered that the emission of the burst wave can
be explained from the perspective of the entanglement monogamy relation. His consideration implies that emission of
the burst is an inevitable phenomenon in returning the partner of Hawking radiation during the evaporation process
and led him to the conclusion that the vacuum fluctuation scenario is associated with the burst with a large amount
of energy.

The main purpose of this paper is to verify Wald’s consideration, which is based on the relation between the
partner of Hawking radiation and the burst wave. For this purpose, we have analyzed two types of mirror trajectories.
One is the mirror trajectory, which commences with inertial motion, undergoes an accelerating phase until it closely
approaches the null curve and then subsequently decelerates to stand still. The other is the mirror trajectory, which
initiates in inertial motion, undergoes acceleration, transitions to uniform velocity motion, decelerates, and finally
returns to stand still. In our examination, we employed the partner formula [12] that describes the spatial profile of
the partner. Then we demonstrate that the spatial profile of the partner and its mirror-flipped image at the future null
infinity (this mirror-flipped image is regarded as the origin of the burst in Wald’s paper) are distinctively separated
from the location of the burst. Our result implies that Wald’s description of the burst emission and its relation to
partners is not correct, which leads us to conclude that the burst wave is not required to return the partner of Hawking
radiation. Therefore, we assert that the vacuum fluctuation scenario differs from the burst scenario.

The organization of this paper is as follows. In Sec. II we study the Rindler mode and its partner, and visualize
them as wave packets in the past null infinity. The wavepackets of Hawking radiation and its partner in the moving
mirror model are depicted, and the vacuum fluctuation scenario is reviewed in Sec. III. In Sec. IV we briefly review
and comment on Wald’s consideration. Sec. V is devoted to the conclusion.



II. RINDLER MODE AND ITS PARTNER IN THE FLAT SPACETIME

A. Rindler Mode and Its Partner

FIG. 1. Penrose Diagram of the half of the Minkowski spacetime: solid lines in region I represent & = const. lines and dashed
lines are n =const. lines.

Let us consider a massless scalar field in the 1 + 1-dimensional Minkowski spacetime. The scalar field ¢ obeys the
Klein-Gordon equation ¢ = 0. The metric is

ds* = —dt* + dx*. (1)
For later use, we introduce null coordinates,
U=t—z, V=t+uz. (2)
The metric can be expressed as
ds? = —dUdV. (3)

As suggested by the equivalence principle, the accelerated observer feels gravitational force, and the spacetime is no
longer Minkowskian for him. Let (1, &) be the comoving coordinates for the accelerating observer (Rindler coordinate)
where 7 is the time coordinate and £ is the spatial coordinate; then the Minkowski coordinates and Rindler coordinates
are related as

1 1
t = —e®sinhan, x=-e*coshan, —oco<n<400, —o0<E<F00. (4)
a a

The metric with the Rindler coordinates is given by
ds® = —e2% (dn? — de?). (5)

The important property of the Rindler coordinates is that these coordinates cover only region I of the Minkowski
spacetime (see Fig. 1). Thus, the accelerating observer can only see part of the spacetime, and the Minkowski vacuum
state is not the vacuum state for the accelerating observer. This property is related to the Unruh effect. We introduce
null coordinates for the Rindler coordinates.

u=n-§ v=n+¢ (6)



The metric can be expressed as

ds? = —€2% du dv. (7)
The null coordinates of the Minkowski spacetime and the Rindler coordinates are related as
1 1
U=——¢e ™ V==e%. (8)
a a

Using the null coordinates, the field equation can be written as dydy ¢(U, V') = 0 in the Minkowski coordinates and
0uO0yd(u,v) = 0 in the Rindler coordinates. In the Rinder coordinates, the left-moving mode function in region I is
defined by

9 (V) = exp(—iwo(V))0(V)
= exp (—iU—J log(aV)) 6(V), w>0, (9)
a
where we multiplied the step function 6(x) to ensure the Rindler coordinates cover only region I and the mode function

#%, has a support only in region I. This plane wave in the Rindler coordinates is the superposition of plane waves in
the Minkowski coordinates with different frequencies:

* do

)= [ @Y +d o) (10)

where &L is the Fourier component of ¢! (V') with respect to V. The Fourier component corresponding to the positive
frequency mode can be calculated as

oL (o) = /_z j;% exp (—i% log(aV)) e V(v

e dv w
= —— exp (—i—logaV ) e™/2%e=V 11
/0 o p( log ) (11)

where we have deformed the integral contour on the real axis V' into the integral contour on the imaginary axis, and
used the relation i = €'™/2. Performing the similar calculation we obtain the Fourier component corresponding to the

negative frequency mode as
~ dV
1 .
o, (—o) = —i ex

= —e /gl (). (12)

Substituting this relation into Eq. (10), we obtain

(—i% log aV) e Tw/2agmoV

*© do (- , - ,
1 _ 1 —ioV —nw/a J1 oV
(V) = —{wae —e w(0)e } 13
= [ Z{de) o) (13)
Since e~™/* < 1 holds for w > 0, ¢L (V) is a positive norm mode (¢L, ¢L) > 0 with respect to the Klein-Gordon
inner product.! Let us consider the analytic continuation of ¢, (V) for V' > 0 to the negative real line V < 0 while
avoiding the singularity at V' = 0 by a small semi-circle in the lower half plane:

PNV = e/ v exp (—z’g log(—aV)) 0(—V)

a

w

= e gL (=V). (15)
This function has support in the region V' < 0. The Fourier decomposition of ¢ 7!(V) is
oL (V) = el / A {e7ml L (e)e ™ — dl(o)eV }. (16)

1 In this article, Klein-Gordon inner product of two functions f, g on a constant U surface is defined by

+o0
(fyi=—i [ avijove" - g ov 1. (14)
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Since e~/ < 1 holds for w > 0, ¢!(V) is a negative norm mode, i.e., (¢L!, ¢l!) < 0 with respect to the Klein-Gordon
inner product. From Egs. (13) and (16), we can see that the following combination of the functions contains purely
positive frequency contribution with respect to the coordinate V:

Dy, (V) 1= oL(V) + oL (V) (17)
= oL (V) +e ™/ gl(V) (18)
= oL(V) +e ™/ (¢, (V)" (19)

where ¢1(V) := e™/e¢I>1(V). &,,(V) is called the Unruh mode function defined throughout the whole Minkowski
spacetime. We use ¢! (V) in the last line, since they are positive norm modes. The mode ¢, is called Rindler mode
and the modee ¢! is called Milne mode. The mode defined by

U_,(V) = (oL, (V)

is orthogonal to the mode @, (V) and has a positive norm with respect to the Klein-Gordon inner product. By nor-
malizing these mode functions, the Bogoliubov transformation between the Rindler/Milne mode functions (gL, ¢™)
and the Unruh mode functions (®,,, ¥_,,) is given by

*

eIl (V) (20)

eﬂ'w/Qa e—‘n’w/Qa

O,(V)= ———— ¢ (V) + ———— (6" (V)" 21
) 2sinh (mu/a)(ZS V) 2sinh (1w/a) (@=(V) (1)
efﬂw/Qa N eﬂ'w/Za
U (V)= (L (V) + —————¢"(V), 22
) 2sinh (rw/a) (4.(V) 2sinh(7rw/a)¢ ) (22)
where we redefined ¢5!! so that they are normalized as
A1 - — i1, (23)
VAam|wl
By inverting this relation, we obtain
I 671'0.)/2(1 e—ﬂ'w/Qa y
¢ (V) = === ®u(V) - === (Y-u(V))", (24)
v/2sinh (7w/a) 2sinh (mw/a)
M) =) (v (29
—w = w + S e ] .
2sinh (1w/a) 2sinh (rw/a)

Now, we introduce annihilation operators by using the Klein-Gordon inner products between field operator QAS and
mode functions:

i, = (0.00),  ay = (6.0, (26)
0= (0,0), 6= (6,7 ). (27)
Using (24) and (25), these annihilation operators can be related as
Tw/2a Tw/2a
AT € - D € N

a,, = a, + a,)', 28
“ 2sinh (rw/a) 2sinh(7rw/a)( ) (28)

Tw/2a Tw/2a
all — e a¥ + € a2t (29)

a
v/2sinh (rw/a) 2sinh (Ww/a)(
From the orthogonality of the mode functions
(6,0 = (oL, (")) =0, (30)
((I)um\p—w) = ((I)wa (\I/—w)*) =0

we can show the independency of the annihilation operators:

laL, 4l = [aL, (@) = o, (32)
a2, a2 = [a2, (@) = o. (33)



The independence of annihilation operators implies the existence of two different particle modes. Since there are two
pairs {al,all} and {a%,aY} of independent annihilation operators, we have two different vacuum states |[00); ;1 and
|00)pw satisfying

0 = a,,|00)1 11 = @, [00)1 11, (34)
0=a2|00)gy = @Y ]00)gy. (35)
These vacuum states are related as
—nww/a

|00)pw = Z %—%w/ﬁ nn I (36)

Tracing out IT degrees of freedom from the vacuum state |00)gpy, we have the mixed density matrix

oo _
e 2nrw/a

pr = Z m\nﬂnh (37)

n=0

In contrast, this mixed state for I can be purified by IT degrees of freedom to produce the pure vacuum state [00) gy .
In this sense, the mode aj; that appears as the counterpart of the Bogoliubov transformation is called the partner
mode of the mode a;. Indeed, Eq. (29) is a one example of the partner formula given by Hotta-Schiitzhold-Unruh
[12]. See Appendix A for a general discussion of the partner formula.

B. Profile of the Rindler Mode and Its Partner
By superposing the Rindler mode function, we can construct the detector mode of the Rindler observer:
(oo}
I
ep(V)i= [ dw FeL(v), (39)
0

where F(w) is a weighting function. Using the representation of the field operator with the left-moving mode
6v) = [ dulaly oL (V) + e, (39)
0

and its canonical conjugate operator H( ) = qg (V'), the annihilation operator associated with the detector mode is
defined by the Klein-Gordon inner product with the field operator

= / h dw F(w)al, (40)
0

where F'(w) should satisfy the normalization condition

1=lap,al] = /OOO dw |F(w)|. (41)

We can relate the superposition of the mode functions to the spatial profile of the detector mode. We define the
canonical pair for the detector mode by

P |
ap —ap [QD, Zf)D] = 4. (42)

= T = p = )
@b D 75



These local operators defined from the quantum field d;(V) can be expressed using spatial profile functions ¢p(y) and
pp(y) as follows:?

Qo= [ avap(v) [ do {a0l(V)al+ bl (43)
—o0 0
Pp = / T av (V) / " dw {9, (V)al + he.) (44)
—00 0
By using Eq. (40) and Eq. (42), profile functions ¢p(y),pp(y) and the weighting function F(w) are related as
I _ M I _ F(w)
Jav aowmelvy = =2 [av ool = 2. (45)
The canonical commutation relation for the left-moving mode is
[60.10)] = [ d {alv) sk (v)” - a0l (v) (6L (v)'}
0
+ [ dw ol v) @) - 0t (v) ()} (46)
0

SV VY.

DO | .

Since the mode functions ¢!, and ¢! are restricted to V > 0 and V < 0, respectively, the following normalization
conditions hold:

SV V) = / o {0l V) 00l (v)) - () (6L v)' ) vV >0, (47)
0
50V =V') = / dw {1, (V) (061,(V))" = 06, (V) (62,(v)} (Vv <0), (48)

0

By using these identities we can express the spatial profile of the detector mode in terms of the weighting function of
the detector mode:

an(V) = Vi [ dw {Fw) (V)" - F(@)ob ()}

o / " o Flw ><¢L<V>)*}, (19)
V2 [ dw {F) (L) + @)k}
— _2\3Re { /O dw F(w) (¢L(v>)*] (50)

The profile for the partner mode ap is slightly complicated in general. However, if the weighting function F'(w) of the
detector mode has a sharp peak at some w, we can approximate the partner mode as

dp / do F(w)all, (51)
0

where ! is an annihilation operator associated with the Rindler mode ¢! . See Appendix B for the derivation of

this approximation. Then the partner mode is expressed using its profile function ¢gp(y) and pp(y) as

Qp /dV qp(V) /0Oo dw {9;¢",(V)al, +h.c.}, (52)
Pp /dV pp(V) /OO dw {0p",(V)al +h.c.}, (53)
0

2 For a chiral scalar field, we use a gauge invariant field operator I1(V) := 8y (V) to define a local operator Qp (V) = [ dVqp(V)IL(V)
where gp(V) is a profile function for the local operator.



with

(V) =280 | [~ do ) (8L 0)) ] (54)

0

pp(V) = —2v2Re [/Ooo dw F(w) (¢Hw(V))*] : (55)

We show the profiles of the Rindler mode and its partner mode in Fig. 2. These profiles correspond to the in-vacuum
state at the past null infinity of the moving mirror model presented in the next section. They are mirror-reversed
images about V' = 0 and they do not have any overlap as expected.

7 N A

Milne Rindler Rindler

Ty —V —V

FIG. 2. Left panel: Profiles of the Rindler mode gp (V') and its partner gp (V) (we call it the Milne mode). They are symmetric
about the vertical axis. Right panel: Profiles of Rindler mode pp (V) and its partner pp(V). They are symmetric about the

origin. We have chosen the Gaussian weighting function F(w) o e 10D for this plot.

III. PARTNER IN MOVING MIRROR MODEL AND VACUUM FLUCTUATION SCENARIO

The moving mirror model involves a massless scalar field in the 14-1-dimensional Minkowski spacetime. The scalar
field is subject to a Dirichlet boundary at the perfectly reflecting mirror. We define the worldline of the mirror as
x = z(t). Therefore, we consider the scalar field with the boundary condition ¢(¢, z(t)) = 0. Using the null coordinates
(U, V), the general solution of the scalar field is

¢(U7 V) = f(U) + g(V)7 (56)

where f,g are arbitrary functions. Note that the right-moving solution and the left-moving solution decouple. To
ensure that our solution satisfies the boundary condition, we express the boundary in the null coordinates. A constant
U line intersects with the worldline of the mirror at a single point, which can be represented as (7, z(7y)) satisfying
T7u — 2(17y) = U. Thus, the V coordinate of the intersection point for a given U is given by

Vo =1uv + z(v) = p(U), (57)

and we refer to p(U) as the ray tracing function. The boundary condition can then be rewritten as ¢(U, p(U)) = 0.
Consequently, arbitrary functions in Eq. (56) must be related by means of equation f(U) = —g (p(U)). Thus, the
solution of the wave equation with the required boundary condition is

(U, V) = —g(pU)) + 9(V). (58)

The left-moving wave g(V') is reflected in the right-moving wave g(p(U)) at the moving boundary V = p(U).
For a mirror trajectory which asymptotically approaches the null line V' = 0, the ray-tracing function is given by

pU) ===V, (59)



where a is the proper acceleration of the mirror. By reflection at the moving mirror, the left-moving Milne mode
#" (V) becomes the following right-moving wave:

U = G (p(U)). (60)

Therefore, Milne particles appear if we measure the plane wave-type Minkowski mode at the future null infinity

T/ — A~ acenimine that tha mirrar traioactarv hace tha nartinan that annrnachoac a null lina acvmntatically (Rie )

superposition of
plane wave qﬁljw(l)(br>)

*
., V=V
‘0

*
*

superposition
of ¢Z.(V)

FIG. 3. Relation between modes at the future null infinity and at the past null infinity.

For a suddenly stopping moving mirror trajectory, considered by R.Wald [18], the trajectory is given by

0 (t<0)
2(t) =< —t—e 2% /25 +1/2K (0<t<t,—e¢) (61)
z(tx) (t>te+e).

Here, we determine the values of z(t.) and 2/(t.) based on the behavior of z when z < z,. € is a small parameter,
and when we perform numerical simulations, z(¢) in ¢t < t. — e and z(¢) in t > ¢, + ¢ are smoothly connected by
interpolation. The ray tracing function p(U) for this trajectory is given by

U (U<0)
p(U) =1 W(—e*U=12/2)/k+1/2 (0<U <t, —2(t,) —¢) , (62)
U+2z(t.) (U=t —2z(ts) +¢).

where W (x) is the Lambert W function defined as the solution y to the equation ye¥ = x. This trajectory has an
asymptotic null line V' = 1/2x for U >> 1 and the ray tracing function is approximated by p(U) ~ e™*Y /2x + 1/2k in
this region. Since this type of mirror trajectory experiences a large deceleration for t, — z(t,) —€ < u < t, — z(t.) +¢,
a huge amount of energy flux (burst) is emitted in this region. Following the discussion in the previous sections
(Eq. (51) of Sec. IIB), we know that the partner mode for the superposition of ¢ is the superposition of ¢!, with
the same superposition coefficients. To obtain the partner mode at the future null infinity, all we have to consider is
the image of modes reflected by the moving mirror.



Partner Formula in Wald’s Setting

Partner

Hawking !\

Radiation .
11 Hawking Partner

00 % /\ U

Burst
appears here

FIG. 4. Mode structures for the suddenly stopping mirror case. Schematic picture of Hawking particles and partner particles
(left panel). Shape of the partner mode qp(U)(red) for a given Hawking mode ¢p (U)(blue)(right panel). The green line denotes

the location where the burst appears. We have chosen the weighting function F'(w) e 10017

A schematic diagram of Hawking mode, its partner and the burst is depicted in the left panel of Fig. 4. The
profiles of the Hawking mode and partner mode (smearing functions ¢p(U) and ¢gp(U)) at the future null infinity
are also plotted in the right panel of Fig. 4. At the past null infinity, the partner mode and the Hawking mode
appear on opposite sides of the past Rindler horizon. At the future null infinity, they appear on opposite sides of
the null line U = 1/2k — 2z(¢,) that intersects at the point where the horizon and the mirror trajectory cross. It is
worth noting that the burst appears on the Hawking mode sides (i.e. U < 1/2k — 2z(t,)) at the future null infinity
and it can be regarded as late-time Hawking radiation. This is because the horizon and the worldline of the mirror
intersect after the mirror stops. We can estimate the energy of the emitted partner mode by the expectation value
Ep = {(aplap + 1/2)in, and this can be evaluated as (see Appendix C) for a detailed calculation)

pr =g [ava’ {duhe, + s } @ ©)an () + pp@)pr(U) + 5. (63)

.
U —U —ic)

The first term in the curly bracket is the expectation value of the renormalized energy-momentum tensor, which
corresponds to the energy flux radiated from the mirror, and the other terms correspond to the contributions of
vacuum fluctuations. As we have obsereved in the left panel in Fig. 4, the energy momentum tensor (Tyy)ren takes
non-zero value only on the Hawking mode side (U < 1/2x — 2z(¢,)). Thus the renormalized energy momentum tensor
does not contribute to Ep. Therefore, the cost of energy to emit the partner can only be contribution from the
vacuum fluctuations.

IV. WALD’S ARGUMENT AND ITS DEFICIENCY
A. Consideration by Wald

In this section, we briefly review the argument of R. Wald on Hawking particles and their partners [18]. He considered
that the emission of the burst can be explained by entanglement of Hawking radiation and vacuum fluctuations. If we
accept his statement, to recover information, the emission of the burst is necessary to return the partner of Hawking
radiation, and the energy of the burst should be regarded as an indirect energy cost of purification.
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FIG. 5. Schematic picture of modes of the suddenly stopping mirror

Let us focus on the mirror trajectory Eq. (61) described in the previous section for a moment. We prepare a
wave packet h, which consists of plane waves at the future null infinity that correspond to Hawking radiation. By
propagating the wave packet backward in time, it is reflected off by the mirror during the mirror’s accelerating phase,
and then further propagating it backward, we obtain the wave packet h, which consists of Milne waves at the past
null infinity. As discussed in Sec. II, the partner of this Milne wave packet h is the Rindler wave packet f;, which is
the flipped image of h with respect to the asymptotic line V' = Vy. Taking into account the evolution of the wave
packet f1, we obtain the partner wave packet fi of Hawking radiation A at the future null infinity.

Up to this point, there is no deviation from the standard vacuum fluctuation scenario discussed in the previous
sections. Wald’s consideration is as follows: the partner wave packet fi consists of Milne waves, since it is obtained
by reflection off the mirror at rest. Since the Milne wave packet can be purified by the Rindler wave packet, the
Rindler wave packet fo also purifies the Milne wave packet fi. The Rindler wave packet fy is obtained by flipping
f1 at U = Uy, corresponding to the coordinate U of the intersecting point of V' = Vi and the mirror’s worldline.
However, since the vacuum fluctuation f; is already entangled with Hawking radiation h, fo cannot be in a state that
is also entangled with f; according to the monogamy property of quantum entanglement. Therefore, we conclude
that f; should not be in the state of vacuum fluctuation entangled with fi, but rather be real particles. The energy
cost of these real particles can be estimated by the typical Milne frequency of the Milne wave packet f; or fo. The
Milne wave packet f; or fs is strongly blueshifted compared to the wave packet h, with an extremely high Milne
frequency compared to the typical frequency of Hawking radiation and with a point-like support. Therefore, the
radiation is burst wavelike, with energy that easily exceeds the Planckian mass scale. Since the emission of the burst
is necessary to return the partner of Hawking radiation, the energy of the burst should be considered as the indirect
cost of purification.

The natural extension of Wald’s consideration is what happens if we consider a long-propagating mirror, which
is analogous to the remnant scenario [21, 22]. By considering a mirror trajectory with a mild deceleration phase,
or a mirror trajectory without a deceleration phase, we will obtain a long propagating mirror trajectory. For this
long-propagating mirror trajectory, the partner wave packet f; is not strongly blue-shifted compared to Hawking
radiation h. Therefore, the real particle radiation is not burst-like, and its energy does not exceed the Planckian
mass energy. Wald has already prepared the answer to this question. For a long-propagating mirror trajectory, the
width of the partner wave packet is much larger than the Planck mass scale, due to the strong redshift by the mirror
reflection. However, if we consider a real black hole in the semiclassical evaporation scenario, the returned partner
wave packet must have a width which is smaller than the Planck mass scale because of causality. Consequently, the
long-propagating mirror trajectory would not adequately describe the real black hole evaporation process. Thus, the
mirror trajectory should be of sudden stopping type. However, for this trajectory, we encounter the problem of an
indirect energy cost for purification. Consequently, the vacuum fluctuation scenario should be associated with the
burst with a huge amount of energy.
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B. Critiques on Wald’s consideration

In the previous section, we discussed Wald’s examination on the vacuum fluctuation scenario. The central aspect of
Wald’s analysis is the connection between the burst and the entanglement among vacuum fluctuations. Consequently,
the burst must be viewed as an indirect energy cost of the purification process because of this relation. By examining
the outcome illustrated in Fig. 4 of Sec. III, an overlap is evident between the burst’s location and the profile of the
wave packet linked to fy from Sec. IV, thereby supporting Wald’s argument. To further investigate the relationship
between the burst and the entanglement among vacuum fluctuations, we examined the following example of a long-
propagating mirror trajectory:

0

—t—e 22k +1/2K
Z(te)(t = ta) + 2(t)
2(tax)

t)

t< t**)

tes),

For this trajectory, we calculate z(t.) and z'(¢.) according to the behavior of z when ¢ < ¢,, and we ascertain z(t.)
based on the behavior of z when ¢, <t < t,,.. Without the final static phase, it is nothing but a long-propagating
mirror that ends with uniform motion. According to causality, we cannot distinguish them from the behavior of
Hawking radiation and its partner, as long as the mirror undergoes a sufficiently long period of uniform motion. The
only difference lies in the emission of the burst during the transition from uniform to static motion. The ray tracing
function for this trajectory is as follows

z(t) = (64)

[

|v I/\ m I/\

(t
(0
(
(t

U

w
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FIG. 6. Mode structures for the long-propagating mirror. Schematic picture of the Hawking particle and the partner particle(left
panel). Shape of the partner mode gp(U)(red) for given Hawking mode gp(U)(blue)(right panel). The green line corresponds

to the location of the burst. We have chosen the weighting function F(w) o e~ 10(w=1)?,

In the left panel of Fig. 6, we present a schematic representation of Hawking radiation, its partner, and the burst.
Additionally, the right panel of Fig. 6 presents profiles of the Hawking mode and the partner mode (smearing functions
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gp(U) and ¢p(U)) at the future null infinity. At past null infinity, the partner mode and the Hawking mode lie on
opposite sides of the horizon, and at the future null infinity, they also lie on opposite sides of U = Uy = 1/2k — 22(t.)
where the horizon and mirror trajectory cross. Note that the burst emerges on the side of the partner mode at the
future null infinity. This happens because the horizon and worldline of the mirror intersect during the mirror’s uniform
motion phase. It should be noted that there is no overlap between the profile of the flipped image of the partner of
Hawking radiation at © = uy and the location of burst. Furthermore, assuming that the mirror trajectory undergoes
a sufficiently long period of uniform motion, the overlap between the profile of the partner of Hawking radiation and
the burst becomes negligible. If the burst originates from vacuum fluctuation fs, which is entangled with the partner
of Hawking radiation as proposed by Wald, there should be an overlap between the location of the burst wave and
the profile of vacuum fluctuation fs. However, our example demonstrates that, in general, there is no overlap between
the location of the burst and the support of the vacuum fluctuation fo. Thus, the relationship between the burst and
vacuum fluctuations is not as Wald described, and there is no need to consider the energy of the burst as an indirect
energy cost of purification. Before concluding this section, let us briefly explore the entanglement monogamy between
Hawking radiation h, its partner f1, and the flipped image fo of fi. It is not always possible to uniquely determine
the purification partner for some mixed quantum states. In the case of the moving mirror, purifying f; with A results
in the in-vacuum state, whereas purifying f; with fo results in the out-vacuum state. If the in-vacuum state and the
out-vacuum state coincide, then h and fo must be identical, or one of them must abandon quantum entanglement
with fi; due to the monogamy relation. However, this is not the case for the moving mirror with an accelerating phase,
and fo is still in the state of the vacuum fluctuation.

V. CONCLUSION

We have reconsidered Wald’s critique on the vacuum fluctuation scenario for black hole evaporation, particularly
focused on his argument relating to the burst scenario. Wald argues that the emission of the burst at the final stage
of black hole evaporation can be explained from the viewpoint of monogamy, suggesting that the burst emission is
inevitable for the purification of Hawking radiation with vacuum fluctuations. We have shown that there is no overlap
between the location of the flipped profile of the partner mode and that of the burst in the long propagating mirror
trajectory given by Eq. (64). Since such an overlap is necessary for Wald’s argument, our result implies that the
explanation of the burst emission as a result of the monogamy of entanglement is incorrect.

In the moving mirror model, the mirror’s velocity increases as long as the acceleration continues. Therefore,
numerous particles must be emitted from the mirror in order to bring it to a complete stop. However, this burst
emission is associated with the deceleration to stop the moving mirror, which does not mimic any phenomenon of the
evaporation of a real black hole. Since we have shown that the partner mode of Hawking radiation is not responsible
for this burst, the vacuum fluctuation scenario remains a promising framework.

Although we did not address in this paper, we are interested in the following two issues; the first is the single-mode
approximation adopted to obtain Eq. (51). In general, the partner is characterized by the general partner formula
[23, 24], which is the relation between different modes of wave number and is nonlinear. This approximation becomes
invalid when the weighting function F'(w) is not well localized. In such a case, there is an overlap between the profile
of Hawking mode and the profile of the partner mode, and we would not be able to discard Wald’s argument based
solely on the behavior of the profile of involved modes. The second is the behavior of the renormalized entropy [11]
in the vacuum fluctuation scenario. For the long-propagating mirror trajectory followed by a uniform motion, the
partner particle is returned as the vacuum fluctuation without energy gain from the mirror. However, following the
Bianchi-Smerlak formula for entanglement entropy [25],

S(U) = —% Inp/ (U), (66)
wee see that the entanglement entropy does not decrease during the period of the inertial motion of the mirror. Some
researchers have also suggested improved definitions to recover unitarity by adding a constant to the renormalized
entropy [21]. However, it is difficult to achieve the recovery of unitarity using these formulas. This is because the
renormalization of the entropy involves the subtraction of the entanglement entropy associated with the static mirror
trajectory, but this operation may also eliminate the contribution of vacuum fluctuations. Other approaches to
renormalizing the entanglement entropy may be required to tackle this problem.

Last but not least, it would be interesting to make contact of our notions with experimentation. In particular, the
international AnaBHEL (Analog Black Hole Evaporation via Lasers) Collaboration [26] based on the Chen-Mourou
proposal [27] intends to generate a relativistic flying mirror through laser-plasma interaction. In this pursuit, the
mirror’s trajectory is determined by the variation of the background plasma density. A mirror trajectory that enables
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the emission of analog Hawking radiation can be designed via a proper density profile [28]. However, due to the
complex nature of laser-plasma interaction, only a flying mirror with low and nontrivial reflectivity, in the sense of
time and frequency dependence, can be feasibly generated, which deviates from the standard setup of a perfectly
reflecting moving point mirror in (14+1) dimensions. For a given trajectory, such a low reflectivity setup results in the
deviation of the particle number spectrum in comparison with that of a perfectly reflecting mirror [29-32]. In addition,
the energy flux emitted by the low-reflectivity moving mirror also deviates from that of the standard Fulling-Davies
formula for two reasons: One is due to the nontrivial reflectivity effect for a given mode, and the other is due to
the mixing of the reflected mode and the transmitted mode. Nevertheless, the total system can still be described in
terms of a pure two-mode squeezed vacuum state [32]. Therefore, the formal construction of the detector/partner
modes and their corresponding spatial profiles introduced in this paper should still be applicable to the setup in the
AnaBHEL experiment.

While more detailed investigations are left for future work, it may be intuitively fair at this point to expect that,
in the case of a suddenly stopping low-reflectivity mirror, the burst wave should exist. However, since the mirror
has a low reflectivity, and since the partner mode of the Hawking mode is more energetic than the Hawking mode,
it is highly possible that the partner mode will penetrate to the other side of the moving mirror. The AnaBHEL
experiment may serve as a demonstration of the separate identity between the burst wave and the partner mode of the
Hawking mode, since the burst and the partner are now on opposite sides of the moving mirror. Furthermore, since
the partner mode is on the other side of the mirror, its flipped profile should also be on the other side of the burst
wave, which again invalidates the entanglement monogamy viewpoint for the origin of the burst wave. To conclude,
from either the viewpoints of the partner formula or the scenario of a low-reflective mirror, the final burst of the
moving mirror seems to be disentangled from both the Hawking mode’s partner mode and the partner mode’s flipped
mode, therefore saving the vacuum fluctuation purification scenario from the extreme energy cost, i.e., quantum purity
at a small price is secured.
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Appendix A: Purification Partner of the Quantum Field

In the standard approach to quantum field theory in Minkowski spacetime [33], we typically expand the field
operator in terms of plane wave modes. The choice of the plane-wave mode function is motivated by maintaining
Lorentz invariance in the quantum field. However, when acceleration is invoked, a plane-wave mode with respect to
an inertial observer is no longer a plane-wave mode with respect to an accelerated observer since there is no Lorentz
transformation relating these two frames. In this case, the mode functions with respect to an accelerating observer
{¥q} and those with respect to an inertial observer {¢,} are related through the Bogoliubov transformation:

Yo = / deo by 0 — Bow 01} (A1)

The coefficients agq,, and B, are the Bogoliubov coefficients satisfying the following relation for each Q:

/dw {aawag/w — 6Qw/851w} = (599/. (AQ)

Recall the expansion of the field operator

6@ = [ a0 {Anva() + A v @)} = [dofa e +ales@), (A3)
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where Ag and ., are annihilation operator with respect to {¢q} and {¢p,, }, respectively, we can rewrite the Bogoliubov
transformation by using creation and annihilation operators:

AQ::]/dw{agwaw-FﬁQw*awT}. (A4)
Because the Bogoliubov transformation forms a group, we can also consider transformations between different accel-

erating observers. Let us consider the case where the Bogoliubov transformation mixes only two different modes for
simplicity; that is, we assume that agq, and B, have narrow peaks about w = w; and w = wsy, respectively. Then

A = 04&1 +B* &QT (A5)
where «, 3 satisfy |a|? —|B|> = 1. Since @; and ay are independent [ay, ds] = [a1,a2] = 0, the following commutation
relation holds:

[A,AT] = 1. (A6)

General Bogoliubov transformations can be transformed into this form using mode transformations that do not alter
the vacuum state and by redefining the local mode [12]. The following discussion does not lose generality under this
assumption. Since the Bogoliubov transformation does not change the number of modes, we have another counterpart
to the Bogoliubov transformation:

B::ad2+ﬁ* dj{, (A7)
and this operator satisfies the commutation relation
(B, B =1. (A8)
From their construction, two operators A and B are independent.
[A,B] = 1[4, BT] =0, (A9)

and these operators A, B annihilate different particle modes. Since there are two pairs of the annihilation operators,
we have two different vacuum states |00)12 and |00) 45 satisfying

0 = a1]00)12 = @2]00)12, (A10)
0 = A|00) 45 = B|00) 45. (A11)
These vacuum states are related as
oo )
(tanh r)™e™?
00 = - A12
100)12 nz:% el OV Y (A12)

where the parameters r, ¢ are introduced by tanhr = |8/al, ¢ = arg(*/a). Tracing out B degrees of freedom from
the vacuum state |00)12, we have the mixed density matrix

) > (tanh?r)"
= ——|n)(n|a. A13
pa= 3 (o s (A13)

On the contrary, this mixed state for A can be purified by B degrees of freedom to produce the pure vacuum state
|00)12. In this sense, the mode B that appears as the counterpart of the Bogoliubov transformation is called the
partner mode of the mode A, and Eq. (A7) is called the partner formula.

Appendix B: Nonlinearlity of the Partner Formula and the Single Mode Approximation

For a mode defined by independent annihilation operators aq, as,

Ay i=ajan + Brab, =612 =1, (B1)
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its partner is given by
Alp = g + 7 &11- (B2)

A set of annihilation operators (Al7 A1 p) constitutes a two mode pure state. Now let us consider another set of modes
defined by the following Bogoliubov transformation using independent annihilation operators by, by:

Ay = o b + 8305, Jaol> —[Ba)? = 1. (B3)
Then the partner mode for this mode is given by
Agp = Q9 BQ + ﬂ; BI (B4)

We assume that (a1, do) and (I;l, 132) are independent of each other. From two annihilation operators A, and AQ, we
can define a new annihilation operator by

A = cosfA; +sinfA,. (B5)

The annihilation operator A can be rewritten as

A=aay+pal, (B6)
where
Q= \/c052 Olon |2 + sin” Olas |2, B = \/cos2 0|31]2 + sin® 0] 8o |2, (B7)
a == é ((cos 0)arar + (sin@)agi)l) , G = % ((cos 0)B1a2 + (sin 9)52132) , (B8)
and its partner is given by
Ap=aa, + 8" q. (BY)

Since the square of cos#, and sin 6 appear in the formula of A p, the relationship between these partners is generally
nonlinear:

Ap = cos 914113 + Sinez‘igp. (BlO)

However, if the two modes A, and A, share almost the same Bogoliubov coefficients (i.e. 81 ~ 33), that is applicable
for the single mode approximation, we obtain the following linear relationship between partners:

Ap = COSQAlP"’SinHAQP. (Bll)

For a mode defined by the linear combination of more than three independent annihilation operators,
A= ik YOIRE =1, (B12)
i i
by repeating the above procedure within the single mode approximation, we obtain the partner mode,

AP = ZfiAiP- (Blg)

For the case of Rindler mode, the Bogoliubov coefficients are given as functions of frequency w, and if the weighting
function F'(w) has a sharp peak at some frequency, the relationship between partners becomes a linear one. Recalling
that the partner mode of the Rindler mode @, is the Milne mode a!!, the partner mode of the Eq. (40) can be
approximated as

ap = /dw flw)all. (B14)

This is the meaning of the single mode approximation adopted in Eq. (51).
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Appendix C: Energy of the Partner Mode

Let us consider the energy of the partner particles. We can estimate the energy of the partner particles by
I 1
Ep = apap + 5 . (Cl)
in

Rewriting this formula using canonical modes,

Qb+ PR\ 1
Ep=(XP""P\_
P < 2 *3

- %/dUdU’ (ap(U)qp(U") + pp(U)pp(U")) (T (U)ITF(U)) s +%

_1 , V(P U)(ap(W)arU") +pp(@pp(U") | 1

- 5/ i (p(l;f)—z];(U’)—igl)D? - T3

S KWU? (‘UP)?U( ’[>]—) S >) T } (ar(@)ar(U") + pp(U)pp(U) + 5.

The first term in the curly bracket equals to the Fulling-Davies flux formula and this corresponds to the renormalized
energy flux (Tyy)ren radiated from moving mirror, and the second term corresponds to the contribution from vacuum
fluctuation of the quantum field. The energy flux radiated from the mirror is zero during the inertial motion of the
mirror, and we can choose detector mode so that the profile of the partner mode is approximately compactified in the
region where the energy flux of the mirror vanishes for suddenly stopping and long-propagating mirror trajectories.
Therefore, the energy of the partner mode is nothing more than the energy of the vacuum fluctuation, as we have
expected.
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