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Abstract4

Misfolded tau proteins play a critical role in the progression and pathology of Alzheimer’s5

disease. Recent studies suggest that the spatio-temporal pattern of misfolded tau follows a6

reaction-diffusion type equation. However, the precise mathematical model and parameters7

that characterize the progression of misfolded protein across the brain remain incompletely8

understood. Here, we use deep learning and artificial intelligence to discover a mathematical9

model for the progression of Alzheimer’s disease using longitudinal tau positron emission10

tomography from the Alzheimer’s Disease Neuroimaging Initiative database. Specifically, we11

integrate physics informed neural networks (PINNs) and symbolic regression to discover a12

reaction-diffusion type partial differential equation for tau protein misfolding and spreading.13

First, we demonstrate the potential of our model and parameter discovery on synthetic data.14

Then, we apply our method to discover the best model and parameters to explain tau imaging15

data from 46 individuals who are likely to develop Alzheimer’s disease and 30 healthy controls.16

Our symbolic regression discovers different misfolding models f(c) for two groups, with a17

faster misfolding for the Alzheimer’s group, f(c) = 0.23c3−1.34c2+1.11c, than for the healthy18

control group, f(c) = −c3 + 0.62c2 + 0.39c. Our results suggest that PINNs, supplemented19

by symbolic regression, can discover a reaction-diffusion type model to explain misfolded20

tau protein concentrations in Alzheimer’s disease. We expect our study to be the starting21

point for a more holistic analysis to provide image-based technologies for early diagnosis,22

and ideally early treatment of neurodegeneration in Alzheimer’s disease and possibly other23

misfolding-protein based neurodegenerative disorders.24

Keywords: Alzheimer’s disease, misfolded tau protein, model discovery, uncertainty quantification,25

PINNs, symbolic regression26

1 Introduction27

The tau protein plays a critical role in Alzheimer’s disease. In healthy brains, tau helps stabilize mi-28

crotubules to maintain cell structure and transport nutrients. In Alzheimer’s disease, tau undergoes29

abnormal modifications, it misfolds, and forms toxic tangles in the brain. The accumulation of misfolded30
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tau contributes to the spread of pathology throughout the brain and correlates with cognitive decline and31

neurodegeneration. Understanding the spatio-temporal evolution of tau misfolding is vital for developing32

interventions that target tau pathology and potentially slow down the progression of Alzheimer’s disease.33

Until about ten years ago, the only method to diagnose Alzheimer’s disease non-invasively in vivo was34

cognitive testing to confirm memory loss at the very advanced stages of neurodegeneration. Throughout35

the past decade, the ability to trace tau protein through positron emission tomography has drastically36

changed how we can image disease progression across the living brain, non-invasively, at any stage.37

By tracking the accumulation and distribution of misfolded tau over time, these imaging techniques38

provide insights into disease progression and staging. They allow us to correlated alterations in misfolded39

tau concentration to cognitive decline, and hold the potential to evaluate therapeutic interventions and40

monitoring their effectiveness in slowing down disease progression. Towards this goal, the Alzheimer’s41

Disease Neuroimaging Initiative (ADNI) database has become the go-to repository of clinical, imaging,42

and biomarker data from individuals with normal cognition, mild cognitive impairment, and Alzheimer’s43

disease. It contains dozens of freely available, fully annotated, longitudinal scans and enables researchers44

to analyze and correlate data.45

Computational modeling provides a valuable approach to accurately measure the accumulation and46

dissemination of two key proteins, misfolded tau and Amyloid-β, that are instrumental in the pathological47

development of AD. Mathematical models inspired by reaction-diffusion systems hold significant potential48

for personalized predictions of disease progression timelines. Previous studies have used cross-sectional49

positron emission tomography (PET) data to calibrate and validate computational models for tau pathol-50

ogy [1, 2]. A simple but efficient model is the Fisher Kolmogorov model combined with network diffusion51

within the brain’s connectome. Mattia et. al. utilized such framework to study the spread of Amyloid-β52

in the human brain [3]. We have recently shown that this method can be embedded into a hierarchical53

Bayesian analysis to explain tau protein misfolding and spreading across 83 brain regions from longitudi-54

nal neurimaging data of 76 subjects to distinguish amyloid positive patients and healthy controls [4, 5].55

However, this method a priori postulate a mathematical model of Fisher-Kolmogorov type for the reaction56

term and does not allow for alternative functional forms to characterize the complex dynamics of protein57

misfolding.58

In our study, we leverage Physics-Informed Neural Networks (PINNs) [6] in conjunction with symbolic59

regression [7, 8] to unravel the complex nonlinear dynamics of Alzheimer’s disease purely from clinical60

data. This methodological approach mirrors the innovative work of Zapf et al., who employed PINNs to61

accurately estimate the diffusion coefficient that governs the long-term spread of molecules in the human62

brain, as evidenced by magnetic resonance images [9]. The increasing adoption of PINNs, as seen in our63

work and that of others [10, 11, 12], highlights the method’s potential in extracting meaningful parameters64

from real-world data to enhance our understanding of various phenomena. To a priori guarantee physical65

constraints such as thermodynamic consistency or polyconvexity, recent studies have proposed to hardwire66

our prior constitutive knowledge into the network input, output, architecture, and activation functions,67

a strategy that has become known as constitutive artificial neural networks (CANN) [13]. This type of68

custom-designed neural networks has been used to discover the model, parameters, and experiment that69

best explain the behavior of human brain [14] and skin [15].70

The rest of this paper is organized as follows: in Section 2, we present the problem formulation and71

the methodology developed for model discovery (see the PINN method in Section 2.1 and the symbolic72

regression method in Section 2.2); in Section 3, details of the experimental setup and results are discussed,73

where our approach is first tested on simulated data in Section 3.1 and then used to discover reaction74

models for amyloid positive and negative patients from real data in Section 3.2; a discussion regarding75

the proposed methodology and results is provided in Section 4.76
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2 Methodology77

In this section, we formulate the problem and describe the machine learning methodology to discover78

models for Alzheimer’s disease. We focus on the discovery of the reaction model in the reaction-diffusion79

system [16], described by the following partial differential equation (PDE):80

∂c

∂t
= ∇ · (D · ∇c) + f(c), (1)

where c is the concentration of misfolded tau protein, D denotes the heteroscedastic diffusion tensor, and81

f : R → R is the reaction model. Different reaction models result in various behaviors of the system, e.g.82

[17, 18, 19, 20] (see also Table 1), and the selection of the appropriate model is governed by the nature of83

the underlying engineering or life sciences problem.84

Physics-informed neural networks (PINNs) have proven to be powerful tools to solve differential85

equations as well as infer unknown quantities from data and physical law; see [21] for a review and86

[6, 22, 23, 24, 25, 26, 27, 28, 29] for recent developments of PINNs. In this work, PINNs are employed to87

learn f(c) from data of c and the physics defined in Eq. (1), followed by symbolic regression to determine88

the analytic expression of f . A similar approach was proposed in [30], in which the PINN and AI Feynman89

[31] methods were used to discover differential operators in equations from data. Instead, in this paper,90

we focus on the topic of model discovery.91

We follow the same setup as in the literature [32, 4, 33] and model the aggregation and propagation of92

pathological tau in the connectome of the brain by the reaction-diffusion system defined by Eq. (1) and93

discretized on a weighted, undirected graph G [34, 35].The nodes of G represent different non-overlapping94

brain regions and the edges of G are the axonal connections between different regions. In this regard, we95

discretize Eq. (1) on G, and we recast the PDE as an ODE system:96

dci
dt

= hiκ(t, c) + f(ci), i = 1, ..., N, (2)

where c := [c1, ..., cN ]T ∈ RN represents the concentration of misfolded tau protein in the N different97

brain regions (see Figs. 4 and 6 for the illustration and Sec. 3 for the description of selected brain regions),98

hiκ : RN+1 → R the diffusion term between different regions, and f : R → R the local reaction/production99

model, which characterizes the collective dynamics of protein production, clearance, and conversion from100

healthy to unhealthy seeds [36]. More details and reasoning of this setup can be found in [32, 4, 33] and101

will be discussed in Section 3. Here the diffusion model, hκ, is assumed to be known and parameterized102

by the diffusion coefficient κ, while the reaction/production model, f , will be discovered. Our approach103

for discovering f is formulated as follows: first infer c, f , and κ from data of c and the physics defined in104

Eq. 2 using PINNs, and then find the analytic expression of f using symbolic regression. We remark that105

in this approach, we use two individual NNs: one for the approximation of c, which takes the time t as106

input, and one for the approximation of f , which takes the misfolded protein concentration ci as input.107

Importantly, the data of c, generated either synthetically from simulations or collected longitudinally108

from medical images, are only used in the first step. A schematic view of the workflow is illustrated in109

Fig. 1, assuming a homogeneous distribution with N = 1 and no diffusion, and provided in Procedure110

1. A pedagogical example on discovering the Kraichanan-Orszag dynamical system [37, 10, 38] and a111

tutorial of this approach can be found in Appendix A for better understanding.112
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Figure 1: A schematic view of the approach for model discovery. The original PINN
framework for inferring the diffusion coefficient κ and the reaction model f (left) is followed by a
symbolic regression step to discover the analytic form of f (right).

Procedure 1 Identify κ and the analytic form of f in Eq. (2)

Step 0 Specify two individual NNs, denoted as cθ and fϕ: cθ approximates the solution to Eq. (2),
which takes as input t and outputs c, while fϕ approximates the local production model, which
takes as input ci, i = 1, ..., N and outputs the local production term for the ith region.
Step 1 Follow the PINN framework [6] and minimize the loss function defined in (3), such that
cθ fits the data and cθ, κ, and fϕ satisfy the equation (2).
Step 2 Regress the analytic form of f using a symbolic regression method [7] from data of ci and
fϕ(ci).

2.1 Physics-informed neural networks (PINNs)113

The PINNmethod, originally proposed by Raissi et. al. in [6], addresses ODE/PDE problems by deploying114

neural networks (NNs) as surrogate models for quantities of interest, constructing a loss function with115

respect to the ODE/PDE used to describe the physics, and optimizing NN parameters such that the loss116

function is minimized (see [6, 22] for more details). In our case, c and f are approximated with NNs,117

denoted by cθ and fϕ, respectively, where θ and ϕ denote NN parameters, e.g., weights and biases. Let118

TD denote the set of t on which data of c is (partially) available and TR denote the set of t on which119

residuals of the equation are computed. Gradient-descent based methods, e.g., Adam [39] and L-BFGS120

[40], can be employed to minimize the following loss function:121

L(Θ) = Ldata(θ) + Lres(θ, ϕ, κ) + Laux(θ, ϕ, κ) (3)

with respect to Θ := {θ, ϕ, κ}, where122

Ldata(θ) =

∑
t∈TD ||c(t)− cθ(t)||22

|TD|
, (4)
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123

Lres(θ, ϕ, κ) =

∑
t∈TR ||dcθdt (t)− hκ(cθ)− fϕ(cθ)||22

|TR|
, (5)

and Laux is the auxiliary loss that can be seen as additional physical information. More details will be124

discussed in Section 3 and in Eq. (12).125

It is possible to enforce boundary conditions on f or c [22, 41, 42]. For example, for f one can set126

fϕ(c) = G(c) +D(c)⊙ gϕ(c), (6)

where D(c) represents the distance from c to the boundary, G is a function that matches f on the127

boundary, while gϕ is a fully-connected neural network.128

2.2 Symbolic regression129

For symbolic regression, we adopt the open-source software PySR [7], which has a configurable Python130

interface built on the efficient Julia backend SymbolicRegression.jl. The underlying algorithm for PySR131

involves tree search and regularized evolution. In our case of study, we use PySR to distill knowledge132

from fϕ to obtain a symbolic expression fsym.133

Evaluation Metric134

We use score defined in [8] as one of our evaluation metrics for the correctness of an expression,135

score = −∆ log(MAE)/∆C,

where MAE is the mean absolute error between the prediction and the data, C refers to the complexity of136

the expression, and ∆ denotes local change [8]. Higher score means that with a slightly lower complexity,137

MAE of the symbolic regression model becomes much larger. A model with low loss and high score is138

preferred, so we pick the expression with the highest score among those whose loss is lower than 1.5 times139

the loss of the most accurate model as our final candidate.140

When multiple simulations are conducted in the PINN inference stage, one may obtain multiple141

functions fϕ. The score metric can be used to pick one fsym for each fϕ. Then, in order to compare142

fsym obtained from different fϕ, we use the projection error as another evaluation metric. We first solve143

Eq. (2) with the inferred parameter κ from the PINN in step 1 and the discovered model fsym from the144

symbolic regression in step 2 to obtain the solution, denoted by cproj , and then we evaluate cproj on145

t ∈ TD. Specifically, the projection error is defined by146

projection error =

∑
t∈TD ||c(t)− cproj(t)||22

|TD|
. (7)

The candidate with the lowest projection error is the one that fits the data best.147

3 Results148

In this section, we discuss details of the experimental setup and discovery of the reaction model of the149

reaction-diffusion system. We first test the approach with synthetic data in Section 3.1, in which we150

use data from simulations of Eq. (2) with four different reaction models. Then we move to real data in151

Section 3.2, where two models are discovered using our approach with uncertainty. Specifically for real152

data, we assume that all individuals within each group, amyloid positive and amyloid negative, share the153
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same type of reaction model but personalized with different reaction rates. A deep ensemble method for154

PINNs [43, 10, 44] is employed for uncertainty quantification.155

As mentioned in Section 2, to apply the reaction-diffusion equation to our brain-related problems,156

we follow the same setup as in [4] and discretize Eq. (1) on a graph G, which comes from the Budapest157

Reference Connectome v3.0 [45] and the Human Connectome Project [33]; see [4] for details on how to158

construct G. There are in total N = 83 nodes in the graph G, representing 83 considered cortical and159

subcortical brain regions. In this work, we adopt the graph G and discretization from [4] and Eq. (1) is160

discretized as follows:161

dci
dt

= −κ
N∑
j=1

Lijcj + αf(ci), i = 1, ..., N, (8)

where ci is the concentration of tau protein in brain region i, κ determines the transport rate of misfolded162

protein between regions, (Lij) is the graph Laplacian, representing the connectivity of the graph, and α163

denotes the reaction rate; κ and α are assumed to be specific to each individual but shared across all164

regions. We note that this corresponds to Eq. (2) with hiκ(c) = −κ
∑N

j=1 Lijcj .165

Unlike previous studies [36, 4], which assume a single specific reaction model, f(c) = c(1− c), herein166

we aim to identify the analytical form of the function f from tau concentration data of 76 subjects from167

the Alzheimer’s Disease Neuroimaging Initiative (ADNI) database.168

The intuition behind this is as follows: Assuming the same reaction model for all amyloid positive and169

negative subjects might be too constrained and have a negative effect when the fitting of data. However,170

we found empirically that requirements from the Fisher equation [17] and the Kolmogorov-Petrovsky-171

Piskunov (KPP) equation [16] on the reaction term were necessary to provide better and more realistic172

results. As a generalized form of the Fisher equation, the KPP equation requires that the reaction term173

f has the following properties:174

f(0) = f(1) = 0, f(c) > 0, (9a)

f ′(c) < f ′(0),∀c ∈ [0, 1], (9b)

which can be considered as the prior knowledge or constraints of the to-be-discovered model. Eq. (9a)175

implies no creation or depletion of misfolded tau protein when c = 0 (no tau protein) or c = 1 (the region176

is completely occupied by tau protein) and the growth rate of tau protein is always positive. Eq. (9b)177

implies that the reaction process is less intense or ”slower” as c increases from 0 to 1. In other words, the178

reaction process is more significant when tau concentration is close to 0 and becomes less important as c179

approaches 1. To satisfy constraints in Eqs. (9a) and (9b), we first set180

f̃ϕ(c) = c(1− c)egϕ(c) (10)

to enforce (9a), where gϕ is a standard fully-connected NN parameterized by ϕ. Then f̃ϕ is normalized181

by setting182

fϕ(c) =
f̃ϕ(c)

4maxx∈[0,1] f̃ϕ(x)
(11)

as our final parameterization of f to ensure the inferred reaction term does not degenerate to 0. We183

introduce184

Laux =

∑
c∈C ||max(0, αf ′

ϕ(c)− αf ′
ϕ(0))||1

|C|
, (12)

in (3) as the auxiliary loss term to softly enforce condition (9b), which guarantees a travelling wave solution185

to the Fisher-Kolmogorov equation. In this paper we set C = {0, 0.01, 0.02, · · · , 1}. Another reason for186

introducing this additional regularization term is to promote smoothness of the inferred reaction term.187
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Additional types of KPP equations, including the Newell-Whitehead-Segel equation and the Zeldovich-188

Frank-Kamenetskii equation, are summarized in Table 1.189

Group Equation General form Reference Our case
1 Fisher kc(1− c) [17] c(1− c)

2
Newell-Whitehead-Segel kc(1− cq) [18, 19]

3
√
3

8
c(1− c2)

3 22/3

3
c(1− c3)

4 Zeldovich-Frank-Kamenetskii kc(1− c)eβ(c−1) [20]
√
5+2
4

c(1− c)ec−1−
√

5−3
2

Table 1: Reaction term f in KPP equations. We stratify the subjects into 4 groups with
the assumption that subjects in each group share the same reaction term f(c) in Section 3.1.
Diverse reaction terms are associated with distinct KPP equations, which are in turn indicative of
particular biological characteristics. We normalize f to make its maximum value 1

4
in all groups.

3.1 Synthetic data190

Data preparation191

In this study, we conducted a simulation of tau concentration for a sample of 76 subjects with varying192

initial conditions, parameters, and reaction terms, employing Equation (8). The subjects were stratified193

into four groups of equal size, with differing reaction models across groups. As detailed in Table 1,194

the reaction models are chosen from c(1 − c) (the spreading of biological populations [17]), c(1 − c2) (a195

convection in fluid thermodynamics [18, 19]), and c(1 − c)eβ(c−1) (a flame propagation in combustion196

[20]). We note that these reaction models are chosen for the purpose of verifying our approach with197

simulated data. The parameters κ, αi, and αij were assumed to follow probability distributions of198

BoundNormal(1, 0.52), N (0.6, 0.12), and N (αi, 0.2
2), respectively, where αij denotes the j-th subject in199

the i-th group. The initial tau concentration for the i-th node, denoted by ci(0), was sampled from a200

normal distribution with equivalent mean and variance as the real data. The connectivity matrix, denoted201

by L, was set to be identical to the real data. The tau concentrations c(tk) are sampled at tk = k for202

k = 0, 1, 2 years.203

Parameter and function identification204

The initial step in the present study involves the determination of undetermined parameters and remainder205

terms, specifically κ and αf(c), through the application of PINNs. We set α and κ as subject-specific206

learnable parameters and approximate f(c) with a neural network fϕ, which is hard constrained as207

indicated in (10). The training loss is shown in the left portion of Figure 3. The outcomes of the208

identification process are displayed in Figure 2. The left portion of the figure displays the inferred and209

actual distributions of the transport rate, κ, at the global level, utilizing the Gaussian kernel density210

estimator [46]. The congruence between the two distributions signifies that κ can be accurately identified.211

In the middle of the figure, the inferred and actual distributions of the local production rate, κ, at the212

group level are illustrated. Notably, the PINNs method successfully captures the appropriate distribution213

of the growth rate α in each group, regardless of the corresponding reaction term. The right portion214

of the figure presents the inferred and actual reaction terms for each group, demonstrating that the215

neural network inference result, fϕ, concurs with the ground truth f for all four cases. The effect of216

hard constraining fϕ is discussed in Appendix B, where we found that without the hard constraint, fϕ217

eventually deviates from the ground truth on regions where there is no data for c, which affects the218
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prediction capability of the entire framework. This is illustrated in Figure 7 that we need data up to219

t = 6, meaning medical images for consecutive six years, if there is no constraint on the boundary values.220
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Figure 2: Parameter and function identification results on synthetic data. Inference
results for transport rate (left) and local production rate (middle), as well as the reaction term
for each group (right). PINNs accurately identify the distribution of the transport rate at the
global level and the distribution of α in each group. The neural network inference result, fϕ, as
well as the symbolic regression approximation, fsym agree with the ground truth f for all four
cases.

In the second stage of our analysis, we utilize the symbolic regression package PySR to discover closed-221

form expressions for the four functions fϕ. To achieve this, we minimize the mean squared error (MSE) as222

the target function. Each fϕ undergoes 100 iterations of simulation. The binary operators are chosen to223

be addition, subtraction, and multiplication, the unary operators are exponential and reciprocal, and the224

complexities of unary operators are set to be 3 and 3. PySR generates analytical expressions, evaluates225

their corresponding losses (MSE), and scores at every complexity level. This information is presented226

in the right portion of Figure 3. Subsequently, for each subject, we follow the procedures outlined in227

Section 2.2 to select a final candidate expression fsym as the associated reaction term. We present the228

four chosen expressions along with their respective scores highlighted with a black circle. Notably, the229

discovered fsym aligns with the correct reaction function. Furthermore, a plateau in loss is observed after230

selecting the best candidate, suggesting that increasing the complexity of the discovered function beyond231

this point would only result in a minimal improvement of the loss.232

Projection of tau concentration233

In the last stage of our analysis, after we have identified the unknown parameters κ and α and the234

unknown functions (fϕ and fsym), we substitute them back into the ODE (8) and solve the equation up235

to t = 20 with the built-in Python method scipy.integrate.odeint to examine the predictability of our236

models. The projections of the tau concentration over 20 years after the first PET scan in 36 subjects237

(nine from each group) and three different brain regions, namely entorhinal cortex (EC), middle temporal238

gyrus (MTG), and superior temporal gyrus (STG), are illustrated in Fig. 4. We selected these regions239

due to their significance in Alzheimer’s disease (AD). The entorhinal cortex (EC) is typically the first to240

show AD-related protein misfolding, with changes occurring before symptoms appear. The middle and241

superior temporal gyrus (MTG and STG) are crucial for short-term memory, which is often impacted early242

in AD. Studying these areas will help us understand AD’s early changes and related cognitive deficits.243
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Figure 3: Losses and evaluation metrics for PINNs and symbolic regression on synthetic
data. (Left) Training loss L = Ldata+Lres for PINN. L-BFGS is applied following Adam to ensure
convergence. (right) Loss and score for the symbolic regression model at each complexity level.
The inferred fsym is highlighted. It aligns with the correct reaction function, and the plateau in
loss suggests minimal loss improvement by increasing the expression complexity.

The projection outcome achieved by PINNs, alongside the symbolic regression model, demonstrates a244

high degree of concordance with the ground truth solution. Moreover, we present the deduced values of245

α and κ for the 36 subjects, which are located at the top of every subfigure. These inferred values are246

also in agreement with the preset parameters.247

3.2 Real data248

Data preparation249

We utilize preprocessed tau concentration data directly from the literature [4]. In total 76 subjects250

are classified into two groups: 46 are identified as amyloid positive (Aβ+) meaning their mean amyloid251

concentration exceeds a certain level, and 30 are identified as amyloid negative (Aβ−). For each subject,252

three data points are provided, which are on average one year (1.07± 0.31) apart.253

Parameter and function identification with uncertainty quantification254

Observational noise in the real-life dataset could significantly increase the training difficulty of neural255

network models as well as complicate the optimization landscape. For such highly nonconvex optimization256

problem, the parameter initialization becomes more important. Different neural network initialization257

could lead to drastically different solutions and randomness in the learned parameter set. Even though258

sometimes it is difficult for the model to identify global minima for every initialization, most modern259

optimization techniques can handle local minima and ultimately find a parameter set close to the the260

global minimum [47, 48]. Such uncertainty quantification method is commonly used in machine learning261

due to its simplicity yet effectiveness [43, 10, 44] and often referred to as deep ensemble. The randomness262

in the trained NNs in this way can be interpreted as model uncertainty [29]. In this work, we conduct ten263

independent simulations in the PINN inference stage to obtain ten different parameter sets of α and κ for264

each subject, as well as ten different functions f+
ϕ and f−

ϕ for the amyloid positive and negative groups.265

The distribution of the personalized parameters κ and α is shown in the left two columns of Fig. 5. Note266

that we only present the distribution for the best of all ten simulations, i.e., the simulation with lowest267
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Figure 4: Prediction of tau concentration. Evolution of misfolded tau protein in entorhinal
cortex (EC), middle temporal gyrus (MTG), and superior temporal gyrus (STG) throughout 20
years based on synthetic data from the first two years.
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projection error, since it is not appropriate to aggregate parameter distributions corresponding to different268

f . On the rightmost column of Fig. 5, we show the ensemble of ten f−
ϕ , f+

ϕ , as well as f−
sym, f+

sym. It269

can be seen that in ten independent simulations, the reaction term clustered into two modes depending270

on whether the subject is from the amyloid positive or negative group. Interestingly, the variation of the271

discovered function fsym appears to be larger for the negative group.272

Table 2 summarizes the discovered reaction terms for each simulation together with their projection273

errors, as defined in Section 2.2. For each group, we highlight the expression with lowest projection274

error. Stricingly, our symbolic regression model discovers different misfolding models f(c) for the two275

groups, with a steeper increase for the Alzheimer’s group, f(c) = 0.23c3 − 1.34c2 + 1.11c, than for the276

healthy control group, f(c) = −c3 + 0.62c2 + 0.39c. We note that although the misfolding model can be277

deterministically chosen based on the lowest projection error, we present results from all experiments to278

quantify the model uncertainty for the purpose of reliable and trustworthy machine learning. The error279

and the uncertainty can be decreased using transfer learning techniques, if an informative prior of the280

brain model is accessible.

Aβ−

κ α fsym Projection error
0.49± 0.51 0.24± 0.41 −0.64c3 + 0.64c 7.19E-04
0.50± 0.57 0.30± 0.48 −c3 + 0.62c2 + 0.39c 4.94E-04
0.52± 0.62 0.30± 0.47 −0.86c2 + 0.86c 2.09E-03
0.60± 1.02 0.28± 0.45 −c3 + 0.59c2 + 0.41c 4.95E-04
0.49± 0.48 0.29± 0.28 −0.65c2 + 0.65c 6.45E-04
0.49± 0.50 0.24± 0.40 −0.66c2 + 0.66c 6.00E-04
0.51± 0.59 0.24± 0.40 −0.64c2 + 0.64c 7.08E-04
0.57± 0.88 0.29± 0.45 −c3 + 0.62c2 + 0.39c 4.80E-04
0.51± 0.62 0.27± 0.45 −c3 + 0.57c2 + 0.43c 5.01E-04
0.52± 0.64 0.22± 0.37 −0.65c3 + 0.65c 6.14E-04

Aβ+

0.30± 0.29 0.16± 0.16 −c2 + c 1.69E-03
0.30± 0.32 0.18± 0.17 −c2 + c 1.74E-03
0.29± 0.28 0.18± 0.17 −c2 + c 1.72E-03
0.31± 0.33 0.16± 0.16 −c2 + c 1.70E-03
0.29± 0.28 0.15± 0.15 −c2 + c 1.70E-03
0.31± 0.33 0.15± 0.15 −c2 + c 1.70E-03
0.30± 0.33 0.17± 0.16 0.11c3 − 1.15c2 + 1.03c 1.71E-03
0.29± 0.28 0.16± 0.16 0.07c3 − 1.08c2 + 1.02c 1.71E-03
0.29± 0.28 0.16± 0.16 −c2 + c 1.69E-03
0.29± 0.28 0.15± 0.14 0.23c3 − 1.34c2 + 1.11c 1.68E-03

Table 2: Identified α, κ, fsym for the negative and positive groups in 10 independent
simulations. The lowest projection errors for each group are highlighted in bold.

281

Projection of tau concentration with uncertainty quantification282

We substitute the parameters inferred by PINN and reaction terms inferred from the symbolic regression283

model back to ODE of Eq.(8) and extrapolate in time up to t = 30 for 36 subjects and three brain284

regions, similar to the synthetic data. Since ten independent simulations are conducted, we can propagate285

the uncertainty in the parameters (α, κ) and functions (f−
sym, f+

sym) to quantify the uncertainty in the286
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solution c. We obtain the extrapolated tau concentrations in each simulation, and plot their minimum287

and maximum values at each time step, as shown in Fig. 6. The predicted concentrations given by the288

model with lowest projection error are plotted in dashed lines.289
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Figure 5: Parameter and function identification results on real data. We present the
inference results for the transport rate κ and local production rate α, alongside the reaction term
for both the positive and negative groups. (Left, Middle) To present the obtained results, we only
visualized the (population-level) distribution of α and κ in the simulation with the lowest projection
error, as it is not appropriate to aggregate the parameter distribution corresponding to different
fs. (Right) We plot the ensemble of inferred fsym and fϕ, with shaded region representing the
minimum and maximum value of fs in all 10 simulations. We highlight the fsym which corresponds
to the simulation with the lowest projection error with stars.

4 Summary and discussion290

Tau protein is a key player in Alzheimer’s disease, and misfolded tau proteins play a crucial role in disease291

progression and pathology. Protein misfolding and spreading across the brain of Alzheimer’s patients292

follows a characteristic stereotypical pattern that we can model with reaction-diffusion type equations.293

There is little controversy about the diffusion term of these equation: Since tau is an intracellular protein,294

the underlying assumption is that it spreads along axons within the brain’s connectome. However, the295

precise nature of the reaction term of these equations remains incompletely understood.296
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Figure 6: Projection of tau concentration in entorhinal cortex (EC), middle temporal
gyrus (MTG) and superior temporal gyrus (STG) in 30 years based on real data in
first three data points. We plot the ensemble of predicted c given by substituting fsym back
to ODE of Eq. (8). The lower and upper bound of the shaded region represents the minimum
and maximum value of c in all 10 simulations. We plot the predicted concentrations given by the
model with lowest projection error in dashed lines.
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Here, we capitalize on the recent developments in physics-informed deep learning and artificial intel-297

ligence to discover a mathematical model for the progression of Alzheimer’s disease from clinical data.298

Specifically, we use longitudinal tau positron emission tomography images from 46 individuals who are299

likely to develop Alzheimer’s disease and from 30 healthy controls. Their brain scans are publicly available300

through the Alzheimer’s Disease Neuroimaging Initiative database. By their very nature, positron emis-301

sion tomography images have a high spatial resolution, while their temporal resolution is low and limited302

to only a few points in time. In essence, this temporal information is too sparse to infer protein misfolding303

dynamics from the medical images alone. This motivates the use of a physics-informed approach.304

Physics-informed neural networks or PINNs are a type of machine learning model that integrates our305

prior physics-based knowledge into the training process of neural networks. By incorporating the reaction-306

diffusion equation of protein misfolding into the loss function, PINNs satisfy the underlying physics307

by design, and improve the network’s accuracy and generalization capabilities. PINNs are particularly308

powerful for solving complex problems, when the underlying training data are sparse. While they seem309

well suited to simulate misfolded protein spreading across the brain from sparse clinical data, they will310

provide no insight into the functional form of the reaction dynamics.311

Here, instead of using a stand-alone PINN simulation, we integrate physics informed neural networks312

and symbolic regression to discover a reaction-diffusion type partial differential equation for tau protein313

misfolding and spreading. Importantly, this is a two-step process in which the first step uses the PINN314

to learn a noninterpretable model from data and the second step uses symbolic regression to discover315

the best model and parameters to explain the reaction term inferred by the PINN. Importantly, our316

library of possible models contains a variety of popular engineering reaction terms and our parameters are317

interpretable by design. The proposed approach is different from previous works studying tau pathology318

in brain in the sense that we learn the reaction term f(c) instead of fixing it as a quadratic term. This319

flexibility means we make fewer assumptions about the governing equation, which can result in a better320

fit to the data, when the underlying equation could be misspecified. However, a potential drawback of321

our “gray-box” modeling approach is that it may lead to higher computational cost.322

We demonstrate the features our two-step approach in terms of synthetic and real data and discover323

the best model and parameters to explain tau imaging data from 46 individuals who are likely to develop324

Alzheimer’s disease and 30 healthy controls. Strikingly, our method discovers different misfolding models325

for the two groups, with a faster protein misfolding in the Alzheimer’s group, f(c) = 0.23c3 − 1.34c2 +326

1.11c, than in the healthy control group, f(c) = −c3 + 0.62c2 + 0.39c. We anticipate that our two-step327

modeling strategy generalizes well to other types of partial differential equations with various engineering328

applications.329

Taken together, our results suggest that PINNs, supplemented by symbolic regression, can discover330

a reaction-diffusion type model to explain misfolded tau protein concentrations in Alzheimer’s disease.331

Understanding the dynamics of tau protein misfolding and its propagation can provide insights into the332

mechanisms underlying Alzheimer’s disease and potentially lead to the development of effective thera-333

peutic interventions. We expect this study to be the starting point for a more comprehensive analysis to334

provide image-based technologies for early diagnosis, and ideally early treatment, of neurodegeneration335

in Alzheimer’s disease and possibly other misfolding-protein based neurodegenerative disorders.336
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Appendix337

A Pedagogical example: Discovering the Kraichnan-Orszag338

system339

For better understanding of the proposed integration of physics-informed neural networks (PINNs) and340

symbolic regression, in this section, we provide a pedagogical example that discovers the Kraichnan-Orszag341

system [37, 10, 38] from data. The system is described by the following ODE system:342

du1
dt

= e−t/10u2u3,

du2
dt

= u1u3,

du3
dt

= −2u1u2,

(13)

with initial conditions that are typically drawn from a Gaussian distribution. Instead, here we fix the343

initial conditions as u1(0) = 1, u2(0) = 0.8, u3(0) = 0.5, and assume partial knowledge of the dynamics.344

Specifically, we assume we know the right-hand side of the third equation to be a linear transformation345

of u1u2, and have zero information of the first two equations. Then we can rewrite the ODE system as346

follows:347

du1
dt

= f1(t, u1, u2, u3),

du2
dt

= f2(t, u1, u2, u3),

du3
dt

= au1u2 + b,

(14)

where a, b are unknown constants to be inferred and f1, f2 are unknown functions, whose analytic regres-348

sions we seek to discover. Here, we choose to use neural networks (NNs) with two hidden layers, each of349

which equipped with 50 neurons, and hyperbolic tangent activation. Following the proposed method, we350

use one NN as the surrogate of u, which has 1-dimensional input and 3-dimensional output, and one NN351

to approximate concatenation of f1 and f2, which has 4-dimensional input and 2-dimensional output. The352

results are shown in Tables 3 and 4. As we can see, both steps of our approach yield accurate inferences353

of a, b and f1, f2.354

a b
Inference -1.9975 0.0002
Exact -2 0

Table 3: Inference of unknown constants using PINNs.

We reiterate that a and b are jointly inferred in the PINNs step while the identification of f1 and f2 is355

done separately in the symbolic regression step. We also note that results from symbolic regression may356

be sensitive to the metrics of model selection, to the candidates of unary and binary operators, and to357

the complexities of the operators. In this example, the metric is the score defined in [8] and described in358

Section 2.2, the binary operators are chosen to be addition and multiplication, the unary operators are359

identity, sin, cos, exponential and reciprocal, and the complexities of unary operators are set to 1, 3, 3,360

3, 3, respectively.361
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f1 u2u3e
−0.0986t 0.6694u2u3 u2u3

Score 3.8855 0.6695 0.5910

f2 u1u3 u1u3 +
0.0014

t+0.0314 u1u3 − 0.0020 + 0.0017
t+0.0379

Scores 2.9805 0.5552 0.0617

Table 4: Identifications of the dynamics of u1 and u2 using PINNs and symbolic regression. Top
3 identifications, in terms of the score defined in Section 2.2, are shown.

B Effect of sample size on inference quality362

In the simulated dataset, we are provided with training data c(t) at t = 0, 1, · · · , T . In the primary363

exposition, we have determined that a value of T = 2 suffices for the purpose of training, inference, and364

projection. This conclusion is, in part, attributable to the additional physical constraint that we have365

imposed, namely, f(0) = f(1) = 0. In the absence of these constraints, our investigation has revealed that366

a greater amount of data is required to optimize the model effectively. To illustrate this finding, we have367

conducted three simulations with T = 2, 4, 6 and have plotted the inference results obtained using PINNs368

and the symbolic model, as depicted in Figure 7. It is noteworthy that in all cases, the parameters κ and369

α are inferred correctly; yet, the parametric function fϕ does not match f in areas where no data for c is370

available. This is particularly pronounced for larger concentration c values, which correspond to subjects371

with tau concentration levels close to 0 in the initial stages. The rightmost column of Figure 7 shows that372

the inferred f(c) does not agree well with the ground truth. Interestingly, when T = 4 and T = 6, the373

symbolic regression model fsym discovered from the neural network fϕ outperforms fϕ in approximating374

the underlying target. One possible explanation for this phenomenon is that fsym is trained with the375

concentration c from the training set of fϕ, which means that the region that corresponds to the incorrect376

inference by fϕ is not fed into the symbolic regression model. As a result, the underlying inductive bias377

directs fsym towards the correct solution automatically. Finally, we note that Table 5 demonstrates that,378

to obtain the correct symbolic model when there are no constraints on the boundary conditions of f , data379

up to T = 6 is required.380

Group 1 Group 2 Group 3 Group 4

T = 2 2.88ce−1.05ec c(−1 + 2e−0.55c2) c2(1.76− 0.78ec) 0.37ce−0.71c2

T = 4 c(−1.16c+ 0.12ec + 0.9) c(1− c2) c2(1− c) c(0.51c− 0.49ec + 0.86)
T = 6 c(1− c) c(1− c2) c2(1− c) c(0.37− 0.37c)ec

Table 5: Inferred reaction terms when T = 2, 4, 6, without fixed boundary conditions
for f . When boundary conditions for f are not fixed, more data are required to guarantee the
correct inference result by symbolic regression model. The more data we are provided, the better
inference quality will be achieved. To get fsym correct in 4 groups, we need data up to T = 6.
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Figure 7: PINN inference results when T = 2, 4, 6, without fixed boundary conditions
for f . While the learned parameters κ and α perform well in all instances, the parametric function
fϕ fails to align with f in regions where there is no available data for c.
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