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ABSTRACT: Engineering and applied science relies on computational experiments to rigorously study
physical systems. The mathematical models used to probe these systems are highly complex, and
sampling-intensive studies often require prohibitively many simulations for acceptable accuracy.
Surrogate models provide a means of circumventing the high computational expense of sampling such
complex models. In particular, Polynomial chaos expansions (PCEs) have been successful for
uncertainty quantification studies of deterministic models where the dominant source of uncertainty is
parametric. We discuss an extension to conventional PCE surrogate modeling to enable surrogate
construction for stochastic computational models that have intrinsic noise in addition to parametric
uncertainty. We develop a PCE surrogate on a joint space of intrinsic and parametric uncertainty,
enabled by Rosenblatt transformations. We then take advantage of closed-form solutions for computing
PCE Sobol indices to perform a global sensitivity analysis of the model which explicitly quantifies the
intrinsic noise contribution to the overall model output variance. Additionally, the resulting joint PCE is
generative in the sense that it allows generating random realizations at any input parameter setting that
are statistically approximately equivalent to realizations from the underlying stochastic model. The
methodology is demonstrated on a chemical catalysis example model.

1. INTRODUCTION

Uncertainty quantification and model calibration
studies of complex computational models are often
prohibitively expensive. In order to alleviate the ex-
pense, one often constructs a surrogate model or a
response surface approximation of the input-output
map of the underlying model. The surrogates are
constructed using a feasible number of training sim-
ulations spanning a range of input conditions. Poly-
nomial chaos expansions (PCEs) specifically have
been successful for surrogate modeling and uncer-
tainty quantification for a range of engineering ap-
plications [5, 9, 11]. Typically, PCEs are used in
the context of deterministic models with uncertain
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inputs. They serve as a convenient technique for
uncertainty propagation, moment estimation, and
variance decomposition due to the orthogonality
property of polynomial bases [19].

While local/wavelet-based PCE constructions
can be used to represent non-smooth functions,
in most practical applications the effectiveness of
(global) PCEs relies on the smoothness of the input-
output map comprising the model. As such, they
are not well suited for noisy/non-smooth input-
output maps. As a remedy, PCEs constructed for
noisy systems are built for integrated output quan-
tities of interest (Qols), e.g. expectations of model
output. In this work we strive to delay the averag-
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ing and consequent loss of information until after
the surrogate is constructed. That is, we would like
to develop a generative surrogate approximation to
the model at the sample realization level. Genera-
tive models, such as variational autoencoders [8],
generative adversarial networks [6] or normaliz-
ing flows [12], have gained popularity in machine
learning literature. In engineering literature, a sim-
ilar idea for stochastic PCE construction based on
maximum likelihood estimation of the underlying
distributions has been presented albeit with a fo-
cus on intrinsic noise only [20]. Another approach
effectively builds a parameter-space surrogate for
each random realization of the random seed, arriv-
ing at probabilistic description of global sensitivity
indices [7]. In this work, we remain in the PCE
framework by employing the Rosenblatt transfor-
mation [13] to incorporate the generative, stochas-
tic dimensions while keeping the surrogate approx-
imation valid in the parametric dimensions. Conse-
quently, the PCE framework allows immediate ana-
lytical expressions for global sensitivity indices and
consequent variance decomposition into parametric
uncertainty and intrinsic noise. Our joint intrinsic-
parametric PCE construction explicitly decouples
the intrinsic noise from the parametric uncertainty,
allowing model exploration from both a conven-
tional PCE surrogate perspective (averaging over
intrinsic noise) and from the viewpoint of proba-
bility density function (PDF) comparison for fixed
parameter configurations.

The paper is organized as follows. In Sec-
tion 2, we describe the basic building blocks of
the methodology, PCEs and Rosenblatt maps. Sec-
tion 3 describes the joint PCE construction. Next,
Sections 4 and 5 describe the application problem
of interest and results of applying our method to it,
respectively. We close with concluding remarks in
Section 6.

2. METHODOLOGY

Consider a stochastic model y = f(A, @) where the
forward function f depends on a set of input param-
eters A € R and outputs a random vector y € R,
With w we denote an element of the sample space
explicitly indicating the stochasticity of the model.
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to evaluate directly, and therefore it is useful to
identify a simpler model whose input-output behav-
1or closely mimics the underlying forward function.
The simple model acts as a surrogate representation
for f and can be used in its place to perform sample-
intensive studies of the system of interest such as
uncertainty propagation, sensitivity analysis, or pa-
rameter estimation.

2.1.  Polynomial Chaos Expansions

Polynomial chaos expansions are functional rep-
resentations of random variables and provide con-
venient machinery for uncertainty quantification in
computational models. Typically, uncertain inputs
are written as a polynomial expansion

P—1
A~Y a,¥,(§) (1)
p=0

in terms of orthogonal polynomials ¥, of a
vector of i.id. standard random variables &
(&1,...,&L).  Multivariate polynomials in turn
are written as products of univariate polynomials
Wy (&) = ITi=; ¥p, (&), where each scalar index
p = p(pi1,---,pe) accounts for the corresponding
multi-index or multivariate degree (py,...,ps). We
will employ Legendre-Uniform PCEs (Legendre
polynomials as functions of standard uniform ran-
dom variables), as is typical for input parameters
with compact support. Moreover, we will assume
a first-order, independent-component PCE for each
parameter A; = ]# + }%él given a physically
meaningful interval of uncertainty [a;,b;], for i =
1,...,L. This simplifying assumption is made with-
out loss of generality: we largely rely on a corre-
spondence A = A (&) between the physical param-
eter A and the parametric germ & € Unif[—1, 1]%.

Conventionally, for a deterministic model g(4),
one writes a PCE representation

P—1
g(A) ~ Z cp¥p(8) (2)
p=0

with the same germ &, and finds coefficients c),
by regression using a set of N model evaluations

g(A™) at select training inputs A" = A (& (")), for

The underlying assumption is that f is expensive n=1,...,N. Together with the map A (&), the PCE

2
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in Eq. (2) acts as a surrogate representation for the
deterministic model y = g(4) [15].

Representing random variables with PCEs offers
a number of advantages. Importantly for this work,
the first two moments can be extracted from a PCE
via weighted sum-of-squares of the expansion co-
efficients and magnitudes of the basis functions,
namely:

P—1

Ely] = co, =Y BP0

p=1

Furthermore, PCE-based surrogate models en-
able variance-based decomposition and subsequent
extraction of Sobol indices. The Sobol indices de-
compose the output variance into fractional vari-
ance contributions of each parameter or group of
parameters [14]. Here we examine the main-effect
(first-order) sensitivities, which measure the influ-
ence of each parameter in isolation on the output
variance. These indices are defined as

VilEx [g(A4)]
Vy] ’

where V) denotes the variance with respect to the
ith parameter and £, . the expectation with respect
to all remaining parameters. Similar to the first two
moments in Eq. (3), due to orthogonality of PCE
bases, one can extract exact formulae for the sensi-
tivity indices of a PCE surrogate model as weighted
sums of squares of PCE coefficients [3, 15, 19].

Sl' =

4)

2.2.  The Rosenblatt Map and Stochastic PCEs
Underpinning the PCE surrogate construction for
the deterministic forward model described above is
the explicit mapping between uncertain parameters
A — and consequently, model outputs g(A) — and
the PCE germ &. In this work, we refer to these
PCE surrogates as ‘parametric PCEs.’

Now, suppose that our model has intrinsic noise,
i.e. for each fixed value of A* its output is a ran-
dom quantity f(A*). For ease of presentation, al-
though less rigorous, we write the forward func-
tion as f(A,®) to explicitly highlight a sample
space element w. Surrogate construction is not as
straightforward as described in Section 2.1, since
there is no explicit control on @. Having said that,
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one can construct a PCE representation of a ran-
dom Variable y= f (A", ) € RY given M samples
{y" = F(A*,0™)}M_, | relying on the Rosen-
blatt transformatlon [13] and kernel density esti-
mation (KDE) [18]. The Rosenblatt transformation
is the multivariate generalization of the cumulative
distribution function (CDF) theorem, mapping any
random variable to a set of i.i.d. uniform random
variables ({1,...,8;). In fact, the inverse of the
Rosenblatt transformation R~!({) = y essentially
provides a mapping from @ to the germ § (see [16]
for details). In other words, R~ acts as a determin-
istic forward map allowing construction of the PCE
similar to Section 2.1. Consequently, the PCE is
written as

S—1
1)~ Y 2,%,(8) (5)
s=0

This expansion is built purely on samples of the in-
trinsic noise in the model, and consequently we re-
fer to it as a ‘stochastic PCE’.

3. JOINT STOCHASTIC-PARAMETRIC PCE
With the parametric and stochastic PCE construc-
tions in mind, we now describe our algorithm to
arrive at a PCE surrogate on a joint space (A, ®) of
parametric and stochastic dimensions.

Suppose we have an ensemble of parameter con-
,N) and, for each fixed

l(”), we obtain M samples of the stochastic model

figurations A" (n=1,...

f ()L("),a)(”’m)). For each parametric sample, we
build a multi-output stochastic PCE according to
Eq. (5) which takes the form

(6)

S—1
n) w)~ Z Zgn)\{;
s=0

The next step in our joint PCE construction is to
build a parametric PCE for the coefﬁcients zs().)

s =0,...,5— 1, where the samples {zs 1 will
serve as training data for the parametric PCE re-
gression. The PCE will then take the form

Z asp'¥

PCE

z(A) ~ (7)
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Replacing the coefficients in Eq. (6) with this
coefficient surrogate Eq. (7), we obtain a joint
parametric-stochastic PCE representation

<Za3p

In other words, we arrive at a joint PCE by build-
ing regression-based stochastic PCEs from inverse-
Rosenblatt maps for each parameter A followed by
another regression with respect to the parameter A
itself. Note that one can rewrite the nested ex-
pansion Eq. (8) as a single joint expansion with a
higher-dimensional multivariate basis

J—1
(D) ~ Z Cj‘P
Jj=0

S—1

)»

s=0

f(A,0) =~ ) (0. ®

9)

where the PCE germs & and § correspond to their
‘physical’ counterparts A and o, respectively.

4. CO OXIDATION ON RUO,
To illustrate the methodology, we consider a chem-
ical catalysis model featuring a set of uncertain rate
coefficients as well as intrinsic noise due to the ran-
domness of chemical reactions. Specifically, con-
sider CO oxidation on a RuO, surface, represented
at atomic scales as a lattice with alternating coor-
dinatively unsaturated (cus) sites and bridge (br)
sites where unimolecular adsorption (desorption) of
CO and dissociative adsorption (desorption) of O,
may occur. The adsorbed species can make diffu-
sive hops to neighboring vacant sites and nearest-
neighbor O and CO can react, producing gaseous
CO,. The system is modeled using 22 permissi-
ble processes, where a ‘process’ on the lattice is
specified by event type, chemical species, and lat-
tice site(s) involved — for example, diffusion of CO
from a cus site to a br site (see [1, 4] for a more
thorough discussion of the mechanism).
Associated with each process is a reaction rate
constant which is treated as an uncertain parame-
ter. The CO, formation processes and species dif-
fusion between identical lattice sites are modeled
as irreversible ‘forward’ processes with associated
forward rate constants k¢, while diffusion between
non-identical lattice sites and adsorption/desorption
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are treated as reversible processes. The reversible
processes have forward and reverse rate constants
ks and k, that are thermodynamically balanced.

The uncertain input parameter vector A consists
of logarithms of 15 reaction rates, specified as uni-
form random variables around some nominal values
with a scale factor vector r:

A .= {k|Ink ~ Unif(Ink,,, —Inr,Ink,,, +1nr)}.

The Qol considered here is the collection of
mean coverage fractions for each species at a fixed
time point, y, (t7) = (2,(tr), Yo (tr)). For nota-
tional convenience, we drop explicit dependence on
the fixed time #;. We also extract any necessary re-
sults for the evolution of vacant sites via a conser-
vation law y¥(t7) = 1 —y2 (t7) — yo(ty).

Figure 1 demonstrates the evolution of Qol y&(7)
for varying parameter values. Clearly, the cover-
age fraction of the chemical system changes signif-
icantly with time. The effect of the parameters A
is illustrated by the divergence of the sample solu-
tion means to distinct trajectories over time, while
the magnitude of intrinsic noise ® is indicated by
the colored band surrounding each sample mean.
Looking ahead to global sensitivity analysis, the
fractional variance contributions of intrinsic noise
and parametric uncertainty are expected to be dom-
inated by the latter at the final time, since the col-
ored bands seem well-separated.

5. RESULTS

We illustrate the construction of the joint PCE sur-
rogate for the test case described in the previ-
ous section modeling the mean species-coverages
of CO oxidation over time on a 40 x 40 RuO,
lattice. The uncertain parameter vector is a set
of 15 forward (log) reaction rate constants A =
(Inky,...,Ink;s). Here we generate N = 150 pa-
rameter configurations sampled around nominal
values given in [4] with an uncertainty scale fac-
tor of » = 3 for each parameter. For each fixed pa-
rameter configuration, we take M = 500 samples
of the intrinsically stochastic model. We first ex-
amine the quality of the stochastic and parametric
PCEs separately to demonstrate that each step in
the surrogate construction is sufficiently accurate.
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Figure 1: Coverage fraction time evolution for CO.
Each color corresponds to a fixed parameter config-
uration A”. The ensemble means are plotted as thick
lines and the standard deviation represented as a band
around the mean.

It follows that we must consider multiple measures
of error related to the PCE goodness-of-fit, as the
stochastic and parametric PCEs define fundamen-
tally different approximations of the model outputs
and cannot be evaluated in the same way. In either
case, we quantify how well the PCE approximation
agrees with the model results via the relative root
mean-squared error (rRMSE) defined as

N [ O
RMSE ZN v2
n

n=1

(10)

where v, and v;* represent the true and PCE-

predicted values (either point estimates or mo-
ments), respectively.

5.1. Stochastic PCE

We limited the stochastic PCEs to first-order ex-
pansions of the germ data, as higher-order expan-
sions appeared to offer little gain in accuracy while
rapidly increasing the number of parametric surro-
gates needed to construct the joint PCE.

Due to lack of control over @ and §, the train-
ing samples of y_, and the stochastic PCE predic-
tions are only guaranteed to agree in distribution.
Therefore, we assess the overall performance of
the stochastic PCEs by comparing statistics of the
training model simulations and the PCE-predicted
species coverage fractions. For each A, we take ad-
vantage of Eq. (3) to find the analytical means and
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Figure 2: Parity plots of the mean (E,gysp = 2.5 X 1074)
and standard deviation (Egys: = 3.9 X 1072) of species-
coverage fractions predicted by the stochastic PCE

for all A. The statistics are colored by species in the
RuO, synthetic model: bound O (blue) and bound CO
(magenta).

standard deviations for the PCE predictions. We
then plot each component of the predicted means
(standard deviations) against the true sample means
(standard deviations) in a parity plot. Figure 2
demonstrates this comparison, indicating that the
stochastic PCEs predict the sample means with high
accuracy. A similar comparison of the predicted
standard deviations reveals that the stochastic PCEs
generally over-estimate the variance of each distri-
bution (see Figure 2). The choice of bandwidth
used to construct the Rosenblatt maps is a likely
culprit, and we believe that the bandwidth based
on Silverman’s rule-of-thumb [18] is not optimal
for moment approximation and leads to slight but
systematic over-estimation of predicted variances
in the stochastic samples.

5.2.  Parametric PCE

Since the elements of A are distributed uniformly
on [Ink,, — Inr,Ink,, + Inr] and the parametric
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samples are independent, we use Legendre poly-
nomials as the expansion basis and obtain the sim-
ple rescaling relationship as a first-order Legendre-
Uniform PCE,

lizlnknom,,--l—ﬁilnri, fori=1,... L. (11)
As described in Section 2, we then construct a para-
metric PCE for the stochastic PCE coefficients z; as
functions of the rescaled input, or germ, &.

The parametric PCEs are chosen to have at most
third-order expansions of the coefficient data zj,
and the optimal orders for each s are selected via
model evidence which is analytically available for
this regression step [15]. We reduce the number
of expansion terms in the parametric PCE by esti-
mating the coefficients with Bayesian Compressive
Sensing (BCS), which adaptively finds a sparse, op-
timal basis set for the PCE [2, 10, 17]. We exam-
ined the accuracy of the parametric PCEs using ran-
domized 80%:20% training/testing splits of the data
with the rRMSE metric on coefficient approxima-
tion, followed by a final training of the parametric
surrogate using all samples.

Unlike the stochastic PCEs, the parametric
PCE preserves pointwise mappings between the
PCE germ &, parametric inputs A, and z3(A) =
(z9(A4),z5°(A)) coefficient values, hence we do not
need to resort to moment comparisons and can ex-
amine pointwise parity plots of the true and PCE-
predicted outputs.

In Figure 3, we group the parametric PCE coef-
ficients according to species and examine the ap-
proximation quality of each coefficient. The close
fit of the models to the training data for each coeffi-
cient is supported by the computed rRMSE, where
we find Egyee = 3.0x 1073 and Egyee = 3.1 x 1073
for z{ and z5°, respectively.

5.3.  Joint PCE and Global Sensitivity Analysis

As discussed in Sections 1 and 2, the joint surro-
gate is generative in nature, and its quality must
be assessed in distribution, requiring sampling of
the joint PCE (9). We analyze the joint PCE surro-
gate predictions by comparing the means and stan-
dard deviations of the training data and the PCE-
predicted samples. As seen in Figure 4, the ten-
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Figure 3: Parity plots of parametric PCE predicted
coefficients zZE““(A) constructed in Eq. (7) vs true coeffi-

cients zy(A) found in Eq. (6) for all ensemble members.
The coefficients are grouped by species.

dency of the stochastic PCE to overestimate the pre-
dicted variance that was observed above appears to
propagate through the joint PCE surrogate, result-
ing in predicted variance that is also slightly skewed
toward larger values.

Finally, Figure 5 illustrates the PDFs of the full
set of training data, with both parametric variation
and intrinsic stochasticity, compared to samples ob-
tained from the joint PCE surrogate. It is evident
that the joint PCE model serves as an accurate gen-
erative approximation to the model.

As a bi-product of the joint PCE construction (9),
one can extract global sensitivity indices and distin-
guish the contribution of intrinsic noise from para-
metric uncertainty. As illustrated in Figure 6, we
find the adsorption rates to be the largest contribu-
tors to the output variance. The Sobol index from
the intrinsic model noise is essentially a group sen-
sitivity that is found by summing the effects of all
§. The parametric uncertainties overall seem to
dominate the intrinsic noise as one would expect
intuitively based on Figure 1.
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Figure 4: Parity plots of the mean (E,zysz = 1.9 X 1073)
and standard deviation (Ezys: = 5.8 x 1072) of

the species coverage fractions predicted by the joint
PCE surrogate for all A. The statistics are colored by
species in the RuO; synthetic model: bound O (blue)
and bound CO (magenta).

6. CONCLUSIONS

We developed a joint PCE model for representing
both parametric uncertainty and intrinsic noise of a
stochastic model in a compact surrogate form. The
construction combines the conventional parametric
PCE with a stochastic PCE component constructed
with the help of the inverse Rosenblatt transforma-
tion. The joint PCE surrogate is generative as the
underlying stochastic germ is represented in a way
that can be resampled to generate new realizations
of the underlying stochastic model.

The joint PCE construction enables analytical ex-
traction of global sensitivity indices via variance
decomposition. This allows separating the two
sources of uncertainty: intrinsic noise and paramet-
ric uncertainty. Decomposing the output variance
in this way allows us to assess the impact that in-
trinsic noise has on the model predictions and can
be used to inform the size and quality of the data
set used to construct the surrogate. The parametric
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Figure 5: Comparison of probability density functions
for each output species. Samples of the training data
(blue) are overlayed with samples taken from the joint
PCE surrogate (red).

PCE component of the algorithm, while relatively
routine, also includes model selection and basis se-
lection strategies to address the factorial growth of
the basis set with the model order and input dimen-
sion. We demonstrated the results on a heteroge-
neous catalysis model example. Extending the joint
PCE construction to spatio-temporal random field
realizations is the subject of ongoing work.
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