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Tensors, or multidimensional arrays of data, are ubiquitous in data science 
applications.  Analysis of tensor data is often facilitated through tensor 
decompositions, akin to matrix factorizations for two-dimensional data, and 
are higher dimensional analogs of techniques such as SVD, PCA, and POD.

In many cases, tensor data has a streaming character where data is 
gradually observed over time.  In some cases the data stream may never 
end (i.e., infinite streaming) or maybe too large to fit in memory.  Thus 
approaches that incrementally update tensor decompositions are needed.

Common tensor decomposition approaches include Canonical Polyadic (CP) 
and Tucker.  In this work, we consider streaming CP decompositions for 
sparse tensors and streaming Tucker decompositions for dense tensors.

Streaming Generalized CP Decompositions1

Streaming Tucker Decompositions6

CP decompositions discover important relationships in data, and are useful for unsupervised tasks such as pattern 
identification and anomaly detection. CP Model
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Streaming Tensor Setup
• Updates are processed in discrete batches indexed by time t = 1,2, …
• At each time 𝑡, a 𝑑-way tensor is observed
• All tensor dimensions are fixed throughout time
• By stacking observed tensors along a new time mode, a 𝑑 + 1-way tensor is 

created with an ever growing time mode

…

…

Challenges & Approach
• Data stream potentially unbounded, so must compute decompositions without revisiting sufficiently old data
• Compute a batch decomposition on initial data
• Update factorization after each new tensor arrives
• Balance reconstruction of old data with new
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Generalized CP (GCP)2 allows for flexible use of data fit functions in defining optimization problem for a 
broader range of statistical models:

min F (X,M) =
X

i

f (Xi ,Mi )

s.t. M = JA1,A2, . . . AdK

Example Loss Functions
Normal (𝑥,𝑚 ∈ ℝ)

Poisson (𝑥 ∈ ℕ,𝑚 > 0)

Bernoulli (𝑥 ∈ 0,1 ,𝑚 > 0)

𝛽-divergence (𝑥 > 0,𝑚 > 0, 𝛽 = !
"
)

Minimization problem solved via derivative-based optimization.  Cost of gradient computation grows 
exponentially with tensor dimensions, so solve using stochastic gradient descent (SGD)3.

Streaming GCP problem solved after receiving each streamed tensor    :

Problem solved using two-step optimization process (each step using SGD):
• Solve for new row of temporal factor holding non-temporal factors fixed (old rows are not updated)
• Solve for updated non-temporal factors holding temporal factor fixed
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Computational Experiments (Sparse Tensors)
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CP Model for time step 𝑡

GCP loss for tensor Y History regularization term

Temporal history window
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M̄
(h)
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CP Model using current factors and historical time step ℎ

CP Model using prior factors and historical time step ℎ

Approach implemented in GenTen4 , for parallel GCP decompositions targeting HPC architectures
• Shared memory parallelism (CPU, GPU) via Kokkos5
• Distributed memory parallelism via MPI
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Tucker decompositions capture high-variance subspaces and are useful for surrogate modeling and data 
compression.
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Tucker decompositions often computed through 
sequence of SVD/eigenvector calculations:
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Algorithm 1 Sequentially truncated higher order SVD (ST-HOSVD)

Require: Data tensor X 2 RN1⇥···⇥Nd , tolerance ⌧ > 0
Ensure: Core C 2 RR1⇥···⇥Rd , bases Ak 2 RNk⇥Rk for 1  k  d
1: Compute truncation: �  ⌧kXkF /

p
d

2: Initialize core: C X
3: for k = 1 to d do
4: Compute Gram matrix: G C(k)C

>
(k)

5: Eigendecompose: �,A eig(G)
6: Determine rank: Rk  min`{` : �`+1 + · · ·+ �Nk  �2}
7: Truncate: Ak  A(:, 1 : Rk)
8: Update core: C C⇥k A>

k

9: end for

2.3 Sequentially truncated higher-order SVD

More often instead of an exact low-rank representation as in eq. (5), we seek
an approximation to the data tensor. We can compute such a low-rank repre-
sentation via a series of truncated singular value decompositions (SVDs). This
algorithm is known as the truncated higher order SVD (T-HOSVD) [27]; it loops
over the modes k = 1, . . . , d of a data tensor X, and computes the principal left
singular vectors Uk of the corresponding unfolding matrices X(k). Then the core
is C is obtained by projecting the data tensor along these singular vector spans:
C = X ⇥1 U

T
1 · · · ⇥ UT

d . The resulting Tucker approximation satisfies

kX � (C ⇥1 U1 · · · ⇥d Ud)kF  ⌧kXkF , (9)

where k·kF denotes the Frobenius norm and ⌧ > 0 is the error tolerance specified
to the algorithm.

It was noted [1, 2] that, since ⌧ is usually larger than the square root of
machine precision, it is computationally more efficient to determine rank Rk from
an eigendecomposition of the Gram matrix (X(k)X

>
(k) which is of size Nk ⇥Nk)

instead of SVD of the much larger unfolding matrix X(k).
Vannieuwenhoven et al. [27] present an important refinement of T-HOSVD,

where the computation is much more efficient and the error guarantee, eq. (9),
is still preserved. This algorithm works with “partial cores”, constructed by se-
quentially projecting the data tensor along already computed principal mode
subspaces:

C⇤
k = X ⇥1 U

>
1 · · · ⇥k U>

k 2 RR1⇥···⇥Rk⇥Nk+1⇥···⇥Nd , (10)

instead of the full tensor in constructing the principal subspace of the next
unprocessed mode. Note that in this sequentially truncated higher-order SVD
(ST-HOSVD) variant, the order in which the modes are processed is important;
this is in contrast with the T-HOSVD algorithm where modes can be processed in
any order. In the following, to avoid introducing additional notations, we assume
the modes are processed in the order k = 1, . . . , d. During the computation, the

Challenges for streaming Tucker decompositions:
• Update factor matrices and core tensor 

without revisiting prior data
• Allow Tucker ranks to evolve to ensure 

truncation satisfies prescribed error tolerance:

Outline of streaming ST-HOSVD algorithm implemented in TuckerMPI7:
• Assume decomposition                                                                has been computed and new slice     is observed
• Sequentially update factor matrices for non-streaming modes, e.g., for mode-1:

• Can show updated core obtained by row/column augmentation of prior (full) core
(so no need to save prior cores)

• Choose 𝑼 so that

• For streaming mode, compute updated SVD of                                                            , given SVD

• This can be done, without accessing      ,      , using incremental-SVD8 to obtain 
• Updated core:
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Fig. 8 Contour plots of temperature (Kelvin) in the HCCI case from the original data (top), from
data compressed to ✏ = 10�4 (middle), and data compressed to ✏ = 10�2 (bottom). The plots are
shown at two instants: 1 ⇥ 10�3s (left), and 2 ⇥ 10�3s (right).

error, as expected. The histograms also show that for temperature, all elements are
within the largest magnitude bin, 10�2

� 100, while for OH mass fraction a consid-
erable number of elements are in the 10�10

�10�8 bin. For elements with such small
magnitudes, even an absolute error as small as 10�5 translates to a large relative er-
ror ⇠ 105. Since truncated SVD cannot provide control of reconstruction accuracy
for individual elements, this is a peril of Tucker compression, particularly for data
sets with a large spread of element magnitudes. Another consideration, particularly
for combustion DNS data, is that truncated HOSVD is not guaranteed to preserve
fundamental realisability constraints such as ensuring the mass fractions stay posi-
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Table 2: Performance of the batch and streaming ST-HOSVD methods,
when compressing the HCCI combustion data tensor with mode sizes
(N1, N2, N3, N4) = (672, 672, 33, 268), at three ST-HOSVD tolerances. Stream-
ing compressions are initialized with 110, 130, and 150 snapshots. We report
the Tucker ranks, maximum ST-HOSVD memeory usage (in GBs), computation
time (in seconds), and estimated relative reconstruction errors.

Tolerance (⌧) Algorithm Rank Memory Time Relative Error

10�1 Batch (35, 27, 8, 7) 33.68 20.91 9.6⇥ 10�2

Streaming (110) (46, 37, 9, 7) 14.06 20.59 9.4⇥ 10�2

Streaming (130) (44, 36, 9, 8) 16.57 19.55 9.6⇥ 10�2

Streaming (150) (43, 34, 9, 9) 19.09 21.23 1.0⇥ 10�1

10�2 Batch (122, 110, 21, 29) 38.70 22.65 9.6⇥ 10�3

Streaming (110) (139, 126, 24, 28) 16.34 29.24 9.6⇥ 10�3

Streaming (130) (137, 124, 23, 27) 19.24 28.93 9.9⇥ 10�3

Streaming (150) (134, 121, 23, 28) 22.09 28.15 9.6⇥ 10�3

10�3 Batch (231, 213, 29, 67) 46.42 24.43 9.5⇥ 10�4

Streaming (110) (249, 230, 30, 96) 19.64 65.65 9.8⇥ 10�4

Streaming (130) (248, 227, 30, 77) 23.15 56.51 9.9⇥ 10�4

Streaming (150) (245, 225, 30, 64) 26.59 50.90 9.8⇥ 10�4

5.2 HCCI combustion dataset

Following a previous study [10], we consider a simulation of auto-ignition pro-
cesses of a turbulent ethanol-air mixture, under conditions corresponding to a
homogeneous charge compression ignition (HCCI) combustion mode of an inter-
nal combustion engine, to assess the streaming ST-HOSVD algorithm applied
to scientific data. The simulation was performed on a rectangular Cartesian grid
of a 2D spatial domain with 672 ⇥ 672 grid points, which constitute the first
two modes of the tensor. The simulation state comprises 33 variables at each
grid point—the third mode—and 268 time snapshots (the last of a total of 626
timesteps) are considered which constitutes the streaming mode of a fourth-
order tensor. Since this is not a synthetic data set with an exact known low-rank
structure, the results of the streaming and batch ST-HOSVD algorithms are
likely to produce different results due to our lack of knowledge about the exact
truncation criteria; however they should still be comparable for a fixed relative
error tolerance ⌧ .

In table 2, we compare the performance of the batch and streaming Tucker
factorizations. We compress the data tensor with three error tolerances, and ini-
tialize the streaming versions with data from the first 110, 130, and 150 timesteps
of interest. We observe that the target error tolerance is satisfied in all the exper-
iments. Additionally, as we increase the number of initial time steps, the Tucker
ranks from the streaming algorithm approach those computed from the batch
algorithm, while simultaneously lowering the total computational time for the

Computational Experiments (Dense Tensors)
Compression of Homogeneous Charge Compression Ignition (HCCI) simulation data9 provided by S3D DNS code

Original Data
Tucker compression with τ = 10!"

Comparison of batch and streaming algorithm performance in TuckerMPI (1 MPI rank)
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Leverage ADAM SGD optimizer in both steps:
• Temporal factors assumed to change significantly over time, so reset ADAM moments each time step
• Non-temporal factors assumed to change slowly, so don’t reset ADAM moments after each time step
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