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Introduction

+ Question: How can we model functions 10 A 10
+ Can we use the functions to classify diseases? 0 05

- Can we use them as predictors in a regression 09 0.0
model? s N

+ Can we find changepoints? » \UJ »
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+ It is the same goal (question) of any area of statistical "~
study

+ One problem occurs when performing these types of analysis is that functional data can
contain variability in time (x-direction) and amplitude (y-direction)

- How do we characterize and utilize this variability in the models that are constructed
from functional data?




Components of Function Variability

Warping Functions: “x-variability”
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Functional Data Analysis

Let f be a real valued-function with the domain [0,1], can be extended to any domain
= Only functions that are absolutely continuous on [0,1] will be considered

Let I be the group of all warping functions

['={y:[0,1] - [0,1]|y(0) =0,y(1) =1, yis a diffeo}

It acts on the function space by composition

(iy)=fey

It is common to use the following objective function for alignment
min ||y ey = f]
yel’

Note: It is not a distance function since it is not symmetric.




Elastic Distance (Fisher-Rao)

Define the Square Root Velocity Function
q:[0,1]1 = R, g(t) = sign(f()/ | fD]
Fisher Rao Distance is L% in SRVF space

d(f1-12) = ilylf 1(q1 oY/ 7 = @l

Distance is a proper distance
= Symmetric, isometric, triangle inequality

Can compute distance on warping functions (how much alignment)

1
d,(y) = arccos <J \/;_’/dt)
0




Functional Changepoint

The standard changepoint problem assumes the data is from the
following model:

fi=pu+01G>Fk*)+e¢
Where k* labels the time of the unknown mean change

This model ignores phase variability and proper metrics, we can utilize
the SRVF framework

(95 7)) = p, + 0l > k*) + ¢




Functional Changepoint

We then wish to test the hypothesis
Amplitude Changepoint

We can utilize the amplitude distance and Karcher Mean computation

k
k : 2
uk = argmin )" d,(¢.9)
qg
=1
Utilize scaled functional cumulative sum test statistic

1 k n
Sn,k - T = (kluq o kﬂq)

n




Amplitude Changepoint

Find the changepoint by using max-point structural break detector
_ 2
T, = max [|S, |
1<k<n
to test the hypothesis.

Under this model 7, is distributed according to
o0

T, 4 sup Z 4B (x)

OSXSl /=1

Where B; are |.1.D. standard Brownian bridges defined on [0,1]




Phase Changepoint

We can utilize the same cumulative test statistics on the tangent space
of Hilbert sphere

(= - (AV* — kv")

n

S

n,

where v is the mean of the shooting vectors on the tangent space of

S, at M, Or the mean of the SRVF of the warping function y

The test statistics is the same with the the same distribution




Simulation Study - Amplitude

Data from the following model with
random phase warping

fit) = ze™ "
7 ~ N (1,(0.05)%) a; ~ #(0,(1.25)%)

There is an amplitude changepoint
inserted after function 30, with a total of
/5 functions

Simulated Data
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Simulation Study - Amplitude

Elastic Method
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ERAS5

Surface temperature from ERAS from 1986-1995 at a location near Mt.
Pinatubo eruption

Functions from location that is spatially averaged

Smoothed Functions at Location
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ERAS5

Only found a amplitude changepoint at 1991

Shift in temperature in later months

Functional Data
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ERAS5

+ Test statistic has clear peak at
1991

+ Possible second sub-peaks,
could look at multiple
changepionts if needed

+ Theory not complete here for
statistical test
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MERRA-2

Aerosol Optical Depth (AOD) from MERRA-2 from 1986-1995 at a
location near Mt. Pinatubo eruption

Functions from location that is spatially averaged

Smoothed Functions at Location
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MERRA-2

Only found a amplitude changepoint at 1991

Shift in temperature in later months

Functional Data
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MERRA-2

+ Repeat analysis at different locations

+ Significant change points at the 0.05
level were found and were
concentrated around 1991

+ Found that AOD decreased quickly to
its pre-pinatubo behavior in 1992 or
1993

- Considering an “epidemic” change
point model may more accurately
identify the change
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Conclusions

- Changepoint methods help inform other modeling strategies where the underlying
statistical assumptions of data has changed

+ Help inform pathways, by identifying regions in inference solutions to evaluate
further

- Integrated elastic functional metrics into elastic changepoint problem to detect both
amplitude and phase change points

+ Demonstrated ability on multiple simulated data sets and ERA-5 global temperature
and MERRA-2 global AOD data sets

« Future Work

+ Expand to full spatial solution

+ Paper at ). D. Tucker and D. Yarger, “Elastic Functional Changepoint Detection”, arXiv:2211.12687 [stat. ME], 2023
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Questions
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