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Abstract

This work considers three different applications of environmental spatial statistics. Two of them

relate to integrating data coming from different sources, while the other does the opposite and

instead breaks down an aggregated response into several components of interest. The contributions

of this work are separated by application into three parts.

The first part is motivated by the interest in studying the biotic responses of species during

the Last Glacial Maximum (LGM) due to rapid anthropogenic climate change. During this period,

species retreated to highly spatially restricted geographic regions where survival was possible, known

as glacial micro-refugia, from which they migrated and expanded when conditions became more

suitable. Several distinct sources of evidence have contributed to developing a new understanding of

how these regions might have impacted the sustainability of the natural populations of many species.

Pollen records in Eastern Beringia (EB) have been used to explore the possibility that the region

harbored glacial refugia for several plants from the arctic tundra and/or the boreal forest biomes

common to the region. Our study focuses on Alnus viridis and Picea glauca, two predominant

species of arcto-boreal vegetation. We propose to integrate genomic, SDM, and existing fossil data

in a hierarchical Bayesian modeling (HBM) framework to determine whether multiple refugia existed

in isolated geographic areas. This study demonstrates how the flexibility of HBMs makes the formal

synthesis of such disparate data sources feasible. Our results highlight the regions of plausible

refugia that can guide future investigations into studying the role of glacial refugia during climate

change.

The second part reverses the data integration of the first in hopes of utilizing present technologies

better for the purposes of crop monitoring. The amount of carbon assimilated by plants through

photosynthesis, called Gross Primary Productivity (GPP), is the largest carbon flux between the
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terrestrial biosphere and the atmosphere and, if quantified accurately, can grant insights into

understanding several ecosystem functions as well as the impact of climate change to crop yields,

in particular corn and soy. Recently, satellite-based measurements of solar-induced chlorophyll

fluorescence (SIF) have been used as a strong proxy to measure GPP. SIF values will depend on

the type of vegetation land cover; thus, the observed values can be decomposed into the specific

vegetation type components to obtain its particular SIF yield information. We propose to implement

a spatially varying coefficient regression model where the coefficients represent the specific SIF yields.

For each land type coefficient, we induce spatial smoothness by penalizing the square deviations

among adjacent sites according to some data-driven threshold value. The adjacent sites are chosen

according to a minimum spanning tree (MST) in order to reduce redundancy in site pairing. Special

characteristics of the data impose additional challenges, such as a non-negativity constraint on the

estimations, as well as the presence of deterministic information that changes the structure of the

MST. This study is able to retrieve accurate and fast results for the two main crops of interest when

compared to other similar methods.

Finally, the third part returns to data integration in handling the change of support problem

in spatial statistics. Environmental applications are highly dependent on accurate and complete

datasets of world temperature. However, the recollection of these datasets is limited by technology

and poses additional challenges that must be handled before doing any environmental analysis.

In particular, the change of support problem occurs when trying to combine data that has been

collected at different resolutions. Some data is collected in situ, whereas other can be collected by

satellites that cover wider areas. This study uses INLA to accurately handle data coming from the

Integrated Global Radiosonde Archive (IGRA) and from the TIROS Operational Vertical Sounder

(TOVS), both from the National Oceanic and Atmospheric Administration (NOAA), from 1990

to 1993. Both datasets are considered to measure the same latent process but in different ways

that must be integrated to produce a complete picture of global temperature. This must also be

done close to real-time, so an alternative model is also proposed to speed computations at the

cost of accuracy. We are able to obtain similar results from both approaches as well as provide

accurate uncertainty measurements for both. These results can then be used for future applications

of environmental studies.

iii



To my parents. Thank you for everything.

iv



Acknowledgments

I want to first thank the teachers who made this possible. In particular, I want to thank my advisor,

Bo Li, who contributed tremendous time and effort to guide me throughout this whole process. I

am fortunate to have had Bo push me to become a better statistician in this time.

I would also like to thank all the collaborators with whom I’ve worked in all my different project.

I thank Guillaume de Lafontaine, Joe Napier and Feng Sheng Hu in helping me understand the

details about different paleoecological sources of evidence. I thank Kaiyu Guan and his team in

providing several references that helped understand the relation between SIF and different vegetation

types. I also want to thank Audrey McCombs, Justin Li, Gabriel Huerta and Lyndsay Shand

from Sandia National Laboratories for welcoming me into their time and give me a chance to work

alongside them.

I also thank my parents, Raul and Liliana, for always encouraging and supporting me, and for

being great parents overall. I also thank the friends that have stuck with me since the beginning

and those that I have made along the way, both in Urbana-Champaign and Costa Rica, for their

support. I wouldn’t have made it this far without the good times we had.

v



Table of contents

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter 2 Integrating Different Data Sources Using a Bayesian Hierarchical
Model to Unveil Glacial Refugia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Chapter 3 Estimation of Solar-Induced Chlorophyll Fluorescence Yield of Various
Vegetation Land Types Using a Spatially Varying Coefficient Model . . . . . . . . . . . . . 31

Chapter 4 Data Fusion of Temperature Datasets Using INLA . . . . . . . . . . . . . . . . . . 50

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

vi



Chapter 1

Introduction

In an era of unprecedented environmental challenges and growing concerns about the sustainability of

our planet, the need for reliable data and rigorous analysis has become paramount. Environmental

statistics, as a specialized field within the broader realm of statistics, plays a pivotal role in

providing a systematic framework for understanding and addressing complex environmental issues.

This dissertation aims to delve into the realm of environmental statistics, exploring its inherent

importance, methodologies, and practical applications in addressing contemporary environmental

challenges.

The field of environmental statistics encompasses a diverse range of quantitative techniques

and methodologies that facilitate the collection, analysis, and interpretation of data related to

various environmental phenomena. Its primary objective is to generate meaningful insights and

inform decision-making processes pertaining to environmental management, policy formulation, and

resource allocation.

Furthermore, environmental statistics serves as a crucial tool for decision-making under uncer-

tainty. Environmental systems are inherently complex and subject to numerous interdependencies,

making accurate predictions and risk assessments challenging. By utilizing statistical models and

techniques, practitioners can evaluate the potential impacts of various environmental factors, predict

future trends, and assess the associated uncertainties. Such analyses provide decision-makers with a

clearer understanding of the potential consequences of alternative courses of action and enable them

to make informed choices that minimize negative environmental outcomes.

The first application investigated in this work involves the integration of three distinct sources
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of evidence to identify glacial refugia for two species of arctic shrubs during the Last Glacial

Maximum. Glacial refugia are small pockets of land with sustainable conditions that allowed

certain species to survive in northern regions during the harsh winters and ice sheet expansion.

To identify potential refugia locations, this research combines evidence from pollen fossil records,

genetic history of current vegetation, and mathematical species distribution models. A Bayesian

hierarchical model is employed to relate all data sources to a common latent process. Estimation

is conducted using integrated nested Laplace approximations (INLA), a computationally efficient

alternative to traditional Markov chain Monte Carlo methods. The results provide researchers with

new locations to direct their future studies in the search for additional evidence of glacial refugia.

The second application focuses on improving crop-monitoring methodologies using satellite

spectroscopy and solar induced chlorophyll fluorescence (SIF). SIF, a byproduct of photosynthesis,

can enhance crop yield estimations for a given season. However, the computational time required

for SIF decomposition, which relates total SIF measured by satellites to specific SIF from different

vegetation types, currently poses a challenge. This research builds upon existing methods to optimize

the decomposition process, reducing computation time without sacrificing accuracy. By enhancing

the efficiency of SIF decomposition, this approach contributes to improving food security and

addressing concerns regarding the sustainability of our planet.

The third application addresses the change of support problem, a classical issue in spatial statistics,

which arises when evidence is measured at different resolutions and needs to be combined while

considering varying uncertainties. Specifically, this research aims to interpolate global temperature

in the early 90s using satellite measurements conducted in areal blocks and local observations from

weather balloons. The flexibility offered by INLA is explored to account for the distinct nature

of these data sets. However, due to the computational demands associated with the resolution of

satellite images, an alternative Bayesian hierarchical model is proposed to expedite estimations

while maintaining consideration for the different uncertainties from each data source. Although the

resulting estimation of the field is slightly less accurate, it can be obtained within a more realistic

timeframe, facilitating comprehensive analysis of real-world data and the examination of global

temperature trends over the years.

In conclusion, this dissertation’s exploration of environmental statistics applications involving

multisource data analysis showcases the discipline’s significance in addressing complex environ-
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mental challenges. By integrating diverse sources of evidence and employing advanced statistical

methodologies, researchers can gain valuable insights into glacial refugia, improve crop-monitoring

techniques, and tackle the change of support problem in spatial statistics.

Ultimately, the findings of this research will contribute to a better understanding of environmental

dynamics, inform evidence-based decision-making, and foster sustainable development practices.

Environmental statistics is a discipline that bridges the gap between statistical methodologies and

environmental sciences. By acknowledging the importance of this field and further advancing its

methodologies, we can equip ourselves with the necessary tools to address pressing environmental

challenges and safeguard the future of our planet.
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Chapter 2

Integrating Different Data Sources

Using a Bayesian Hierarchical Model

to Unveil Glacial Refugia

2.1 Introduction

Anthropogenic climate change has become a major concern for the sustainability of the natural

populations of many species. This has renewed interest in understanding the biotic responses to

climate variations in the paleorecord, because such understanding will be essential in anticipating

future changes in biodiversity and informing ecosystem management (e.g., Dawson et al. 2011). To

shed light on this issue, we particularly study the species range shifts within the Quaternary from

the Pleistocene during the Last Glacial Maximum (LGM) (colloquially referred to as the Ice Age) to

the current-day Holocene. During this period, the varying climates had a major impact on altering

the biodiversity patterns of the region, and thus understanding shifts in species distribution during

this period offers much evidence of the species response to climate change (Davis and Shaw 2001;

Lafontaine et al. 2018; Napier, Lafontaine, and Chipman 2020).

During periods of atypical regional climate, species retreated to geographic regions where survival

was possible, known as glacial refugia, from which they migrated and expanded when conditions

became more suitable (Hampe and Jump 2011; Keppel et al. 2012; Gavin et al. 2014). Recent

genetic studies (e.g. Anderson et al. 2006; Parducci et al. 2012; De Lafontaine et al. 2013; Hao
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et al. 2018; Napier et al. 2019; Napier et al. 2020) have demonstrated the possibility that many

arcto-boreal plants survived the LGM in small disjunct populations that later expanded in the

post-glacial period. These “cryptic refugia”, usually undetected using the fossil record (Provan and

Bennett 2008), challenge the traditional understanding regarding the role of low-latitude refugia in

the post-glacial vegetation development (e.g. Petit et al. 2003; McLachlan, Clark, and Manos 2005;

Magri et al. 2006; Stewart et al. 2010; Mosblech, Bush, and Woesik 2011). It was previously believed

that most of the post-glacial colonization came from refugia located in warmer lower latitudes,

but now high-latitude refugia offer another insight into the process of how species flourished into

the Holocene (Feurdean et al. 2013). This is of particular importance since the existence of small

refugial populations might contribute to explaining the “Quartenary conundrum” - there being little

evidence of species extinction during the dramatic climate shifts of the Quaternary, as opposed to

the massive extinctions predicted by our current climate change (Botkin et al. 2007) - thus creating

forecasts that lessen the overestimation of extinction likelihood (Luoto and Heikkinen 2008; Randin

et al. 2009; Mosblech, Bush, and Woesik 2011).

Evidence of the existence of cryptic refugia has risen from many regions in the northern

hemisphere but our study will focus mostly on Eastern Beringia (Alaska and adjacent Canada),

which has been featured extensively in the literature and recognized as a site of possible refugia

(e.g. Shafer et al. 2010). The dense network of fossil pollen records recovered from lake sediments

captured over several decades in the region has been used to examine the possibility that it harbored

glacial refugia for arcto-boreal taxa (Hopkins, Smith, and Matthews 1981; Bigelow et al. 2003;

Brubaker et al. 2005). Additionally, phylogeographic surveys have also contributed to these studies

by analyzing DNA markers of extant populations (e.g., Abbott and Brochmann 2003; Anderson et al.

2006; Anderson, Hu, and Paige 2011; Lafontaine, Turgeon, and Payette 2010; Napier et al. 2019;

Napier et al. 2020). Altogether, the evidence seems to indicate that several arcto-boreal species

managed to persist through the LGM in Eastern Beringia. However, details about the whereabouts

of such refugial populations remain unknown.

Much of the evidence used in uncovering the refugia comes from three data sources: pollen fossil

records, phylogeographic surveys, and species distribution models (SDMs). Fossil pollen is recovered

from lake-sediment cores. If enough pollen that dates back to the LGM is found in the cores, it

would be direct proof of past presence in the vicinity of the coring site. As such it is likely the
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most robust line of evidence, but recovering this information is a resource-intensive procedure thus

we only have limited data collected over various decades. Phylogeography relies on analyzing the

geographical pattern of DNA diversity from modern-day samples to infer the past evolutionary

scenarios that generated the observed modern-day genetic lineages. Since it relies on sampling

present-day individuals, genetic information is easier to obtain than pollen fossil records, at the

expense that the inferences about past refugia are less direct. Finally, SDM is the association

between known modern-day occurrence and climate variables that is projected on past climate

reconstructions to obtain probabilities of suitable climate for a given species over the landscape.

This provides insight into regions where climate conditions might have been suitable for the species

to be present but provides no direct evidence of past presence.

A review of the literature in paleoecology has revealed that many different statistical techniques

have been employed to recover refugia from each data source (Gavin et al. 2014). For example,

analysis of fossil data typically consists of comparing, modern-day pollen assemblages with those

observed in the past to infer the composition and location of ancient forests.

Phylogeography relies on analyzing geographical patterns of genetic diversity and structure from

natural populations to infer the historical evolutionary processes that lead the distribution of past

geographical genealogical lineages to the present distributions. Refugia locations can usually be

identified due to their lower intrapopulation genetic diversity and higher interpopulation diversity,

resulting in stronger genetic differentiation but lower spatial genetic structure, than biological

populations located in recolonized areas (Hewitt 2000; De Lafontaine et al. 2013). Population

genetics have employed different approaches to studying genetic variation used for phylogeographic

inferences. For instance, techniques such as AMOVA (Analysis of Molecular Variance; Excoffier

and Smouse 1994) have borrowed statistical methods to provide objective historical inferences.

AMOVA aims to estimate population differences similar to the statistical analysis of variance

(ANOVA) (Meirmans and Liu 2018). The total genetic variance is decomposed into three covariance

components: between-population, between-individuals within a population, and within-individuals,

which are then used to construct the test statistics similar to F-statistics (Meirmans and Liu 2018).

Lemmon and Lemmon 2008 used likelihood methods to both test a prior conjecture regarding

refugia as well as estimate the phylogeographic history of a gene in the absence of such conjecture.

A Bayesian alternative to the estimation methods has also been employed to model the locations of
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taxa along each branch in the phylogeny (e.g. Lemey et al. 2009; Lemey et al. 2010; Manolopoulou

and Emerson 2012; Marske, Leschen, and Buckley 2012). Due to the increasing complexity of the

likelihood models for estimating ancestral refugia, it is common in the field to fit Bayesian models

using Approximate Bayesian Computation methods (Gao et al. 2012; Li et al. 2013; Budde et al.

2013; Tsuda et al. 2016; Wang et al. 2016; Cornejo-Romero et al. 2017; Ren et al. 2017; Aoki et al.

2019).

Each line of evidence provides its own set of strengths and weaknesses. Different data sources

also seem to capture different information regarding refugia and postglacial expansion. For example,

evidence from fossil pollen records (e.g., Anderson and Brubaker 1994) implies that taxa, such

as spruce, resided in one general area and expanded in a single direction during the postglacial.

However, genetic analyses suggested the existence of multiple microrefugia in Eastern Beringia

(Napier et al. 2019), consistent with the prevailing pattern that has also emerged in other regions

around the globe (Hao et al. 2018). It is imperative to develop an integrative method that can

jointly glean information from all lines of evidence. Several attempts have been made and most of

them emphasized the integration of genetic data and SDM information to obtain better estimates of

refugia location (see Section IV of Gavin et al. 2014). These methods typically use SDM as a filter for

identifying plausible refugia locations over which multiple genetic scenarios are then simulated and

compared to the observed genetic data with statistical tests (e.g. MANOVA/ANOVA) to determine

which ones provide the most likely locations (e.g. Knowles and Alvarado-Serrano 2010; Brown and

Knowles 2012; Esṕındola et al. 2012; Aoki et al. 2019; Napier et al. 2019). Bayesian hierarchical

models (BHMs) have also been used for this purpose as a foundation of dynamic geographical

range models. These models combine abundance information (usually obtained from SDMs) with

environmental data and demographic rates to estimate niches and range dynamics, which in turn

inform the presence of refugia (Marion et al. 2012; Pagel and Schurr 2012; Schurr et al. 2012).

BHMs have been a popular approach for data fusion due to their advantage of enabling joint

modeling while being flexible to take into account the unique characteristics of each data type

(Clark 2005). In addition, the posteriors of BHMs naturally provide uncertainty quantification

for the estimates of unknown variables. BHMs have shown great promise in paleoclimate and

paleoecological studies (e.g. Li, Nychka, and Ammann 2010; Urban et al. 2013). Advances in

computation power as well as alternatives to MCMC, such as INLA (Rue, Martino, and Chopin
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2009), have made it possible for the estimation to be timely and efficient. To our knowledge, there is

no systematic and rigorous method to combine all three major data sources to infer refugia locations.

We propose to integrate species-distribution, genomic, and existing fossil data in a BHM framework

to elucidate glacial refugia of green alder (Alnus viridis) and white spruce (Picea glauca) in Eastern

Beringia. Our method allows for the strengths of one data source to compensate for the weaknesses

of others. We hope that the uniqueness and strength of this proposed method make it a useful tool

for paleoecology and enlighten new follow-up studies.

The rest of the chapter is organized as follows: Section 2.2 reviews the three distinct lines

of evidence that are commonly used to locate the most possible arcto-boreal refugia in Eastern

Beringia. Section 2.3 introduces the BHM that integrates all three lines. Section 2.3.2 contains a

brief explanation of how the estimation procedure is implemented using Integrated Nested Laplace

Approximation (INLA). A small simulation study verifying our method is shown in Section 2.4.

Finally, Section 2.5 presents the results for both arcto-boreal species under study.

2.2 Data

Our data comes from three different sources: niche models, genetic lineages, and pollen fossil records.

All three types of data are acquired for green alder (Alnus viridis) and white spruce (Picea glauca),

and are shown in Figure 2.1. The particular type of niche modeling used in this chapter is Species

Distribution Models (SDMs). The pollen and genetic data are much more sparse than the SDM.

2.2.1 Species distribution model

SDMs determine the probability of suitable climates using environmental variables (Franklin 2010)

and have been widely applied due to their simplicity and growing accessibility (e.g., Thuiller et al.

2009). SDMs were developed based on available modern species occurrence and climate data and

then applied to climate simulations to hindcast probabilities of species past occurrence. SDM for

green alder is taken from Napier et al. 2019 whereas for white spruce it was generated using the

same approach. The improved availability of paleoclimate simulations has led to the increasing

application of SDMs to paleoecology (Nogués-Bravo 2009; Svenning et al. 2011), including the

study of historical refugia. As the output of numerical models, SDM can be obtained at a very fine

resolution, with around 334,000 sites in our study region.

However, several assumptions and uncertainties, such as the assumed static species-climate
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(a) (b)

Figure 2.1: Observed data from all sources for (a) green alder and (b) white spruce. The upper
panel in (a) and (b) shows the genetic and pollen data while the lower panel shows the species
distribution model (SDM) data. The pollen and genetic data shown here are already processed
with the interpolations discussed in Sections 2.2 and 2.3. The shaded region corresponds to Eastern
Beringia during the Last Glacial Maximum, with modern-day Alaska superimposed for reference.
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relationships despite changes in the environment, unaccounted putative dispersal limitations, and

biotic interactions, limit the utility of SDMs and complicate their interpretation (Guisan and Thuiller

2005).

Thus SDMs are best viewed as a tool for preliminary analysis regarding the past locations

(e.g., Porto, Carnaval, and Rocha 2013) and dynamics (e.g., Graham et al. 2010) of species that

needs cross-validation with independent evidence such as genomic and other paleoecological data.

Following Allouche, Tsoar, and Kadmon 2006, we consider SDM probabilities greater than a model-

specified threshold τm (maximizing the accuracy of the model based on the True Skill Statistics)

as an indicator for favorable conditions for refugia and otherwise unfavorable. For regions where

SDM probabilities are below τm, it is safe to assume that those regions are not refugia. However,

where SDM probability is above τm, we need complementary lines of evidence to better locate the

exact refugia area. This characteristic of SDM makes SDM more appropriate for playing the role of

classifying whether refugia are present or absent. Therefore, we transform SDM into binary data.

Let Pm(s) represent the SDM probability that site s is a refugia location. We define Ym(s) =

I {Pm(s) ≥ τm}, where I(A) is an indication function with I(A) = 1 if A is true and 0 otherwise.

The threshold τm was chosen to be the True Skill Statistic (TSS) defined in Allouche, Tsoar, and

Kadmon 2006. TSS is defined as TSS = sensitivity + specificity - 1, where the sensitivity and

specificity are obtained by comparing the SDM predictions with a set of validation sites. Napier

et al. 2019 suggest using 0.54 and 0.506 thresholds for green alder and white spruce, respectively.

2.2.2 Pollen data

The fossil data comes from pollen records that have been collected in Beringia since the early 1980s.

The information used represents the effort over multiple decades of several research teams to uncover

evidence of refugia and yet only a few of them can be used to posit our species of interest during the

LGM. Coring sites that actually date back to the LGM are scarce and thus the spatial resolution of

this database is coarse. The observed pollen data measures the proportion of pollen fossil records

belonging to a specific species at a given depth of a sediment core. The greater this proportion, the

stronger the evidence of the site being refugia. Despite this continuous association, the pollen data

was mainly used as a binary indicator by thresholding the records.

We wish to utilize pollen data to a greater extent than as a binary variable indicating pres-
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ence/absence. We will still respect that usually a site s is considered to be refugia of a species with

probability Pp(s) ≥ γp for a large γp, if its composition proportion c(s) ≥ τp for a species-specific

threshold τp. Also, since there are many pollen types in the sediment samples, the composition

percentages are usually small. Due to the small nature of these percentages, we consider Pp(s) = 1

if c(s) = 0.5. In the observed data, no composition percentage reaches this threshold. To use the

pollen data properly, we propose to transform the composition proportions c(s) into probabilities

Pp(s) subject to the above considerations:

pp(s) =


c(s)
τp

γp if c(s) ≤ τp

{2c(s)}log(γp)/ log(2τp) if c(s) > τp.

(2.1)

The transformation (2.1) features a linear interpolation of probabilities when c(s) ≤ τp, and

approaching probability 1 in polynomial when c(s) > τp, as shown in Figure 2.2. The coefficient 2

and the polynomial power are determined by the conditions Pp(s) = γp when c(s) = τp and Pp(s) = 1

when c(s) = 0.5. There is no established literature with regard to the interpolations formula, and

our proposed transformations were simply constructed for being sound choices and conforming to our

prior knowledge. There could be other choices. For example, the linear interpolation for the range

c(s) ≤ τp can be generalized to a polynomial interpolation with power r, i.e. pp(s) =
{

c(s)
τp

}r
γp for

c(s) ≤ τp. Curves for different r are shown in Figure 2.2. We choose r = 1 for its simplicity and

for representing more reasonable probabilities for small c(s) than r > 1. We found our results are

insensitive to other reasonable transformations.

The threshold τp depends on species: green alder uses τp = 2.5% whereas white spruce uses 1%

(Napier et al. 2019; Warren et al. 2016). Likewise, γp differs for both species. These were chosen as

γp = 0.95 for alder and γp = 0.90 for spruce as sensible choices that represent ‘high’ probabilities.

2.2.3 Genetic evidence

We obtain genetic data from genetic surveys that report separate lineages (see Napier et al. 2019

for more detail). Genetic data for green alder consists of evidence from only two lineages, while

white spruce has five different lineages. For a particular site si, the ancestry coefficient ak(si)

is defined as the proportion of site i’s genome that originated from lineage k (Pritchard, Stephens,

and Donnelly 2000). This implies that
∑

k ak(si) = 1, where the summation is taken over all lineages
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Figure 2.2: Different polynomial interpolations for pollen data. The r = 1 curve corresponds to the
choice used in Equation (2.1). The dashed line represents τp and how all interpolations have the
same tail afterward.

represented in the study for a particular species. Similar to pollen data, genetic information was

traditionally used as a binary source of evidence. To use genetic data more efficiently, we likewise

transform each genetic assemblage to a probability of being refugia.

The transformation is based on the relative percentages of different lineages for each species.

Only the dominance of one single lineage indicates the higher chance of this location being a

refugium. The transformation differs depending on species as each one has a different number of

lineages, nevertheless, the underlying principle remains the same.

For both species, let Ã(s) = maxk ak(s) for site s and let Pg(s) represent the probability of site s

being refugia according to genetic data. Since green alder only has two lineages, the transformation

should interpret a site with Ã(s) closer to 0.5 corresponding to a smaller Pg(s), and the probability

should grow larger as Ã(s) increases. To meet those requirements, we propose a transformation as

a polynomial of power r:

Pg(s) =
{
2
(
Ã(s)− 0.5

)}r
. (2.2)

Using this method we obtain a “soft” threshold for the data, where we retain all information in

the data but only a few sites receive high probabilities while the rest are much lower, reflecting

the higher uncertainty of being refugia if the sample at that site is more mixed (See Figure 2.3a).

The value of r can be chosen according to how well the transformed data conforms with expert

knowledge or prior information. A sensitivity analysis for different r values shows that overall as r

increases the higher Pg(s) remain similar, although the bulk of Pg(s) decreases. We choose r = 3
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because this value seems to reach a better balance between keeping the sites with high Ã(s) as high

Pg(s) and decreasing the rest to more conservative levels, according to expert knowledge.

White spruce has five different lineages. We first identify the dominant lineage for each site by

finding which lineage corresponds to Ã(s). Denote mj as the total number of sites that have the

j-th lineage as the dominant. Let Ãj(si), i ∈ {1, 2, 3, ...,mj} represent the ancestry coefficient at the

i-th location that is dominated by the j-th lineage. Let ξj = maxi Ãj(si) and δj = mini Ãj(si) be

the maximum and minimum ancestry coefficient for lineage j, respectively. Also, let Amax and Amin

represent the maximum and minimum ancestry coefficients observed among all sites and all lineages,

which for our white spruce data are 0.789 and 0.0001 respectively. We define the probability of

refugia for the genetic data:

Pg(s) =
Amin[ξj − Ãj(s)] +Amax[Ãj(s)− δj ]

ξj − δj
. (2.3)

With this definition, the lowest ancestry coefficient for each lineage will be assigned Amin as its

probability of being refugia, whereas the largest lineage-specific coefficient will be assigned Amax

as its corresponding probability (see Figure 2.3b), meaning that all lineages will have the same

interpolated probability range. Note that the probability Pg(s) can be interpreted as the weighted

average of Amin and Amax, weighing by the distances from Ãj(s) to the extremes ξj and δj . In other

words, the closer Ãj(s) is from its lineage’s highest possible ancestry coefficient (i.e., ξj), the more

the probability will approach Amax. Likewise, the closer Ãj(s) is from its lineage’s lowest possible

ancestry coefficient (i.e., δj), the more the probability will approach Amin. Since the values used in

this interpolation method are the lineage-specific ancestry coefficients, they are naturally bounded

by Amin and Amax, which represent the highest and lowest possible values of Pg(s), respectively.

This guarantees that none of the interpolated probabilities will be less than 0 or greater than 1.

Like pollen fossil data, the interpolations presented here are not unique and there is no established

formula to follow. Other transformations could be considered, but we merely wish to translate the

raw lineage information into more interpretable probabilities that can then be used in our model.

The linear interpolation was chosen for its simplicity in interpretation and reasonable performance.
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(a) (b)

Figure 2.3: Genetic data interpolations: (a) different polynomial curves are shown for green alder
whereas (b) linear interpolations are shown for each genetic lineage of white spruce.

2.3 Bayesian Hierarchical Model

All three lines of evidence contain useful information in unveiling the refugia, though they each have

their strength and weakness. We aim to integrate these complementary data sources to identify the

possible locations of refugia, which is expected to be more efficient and powerful than using a single

line of evidence. As discussed earlier, we have transformed the three data sources into Ym(s), Pp(s),

and Pg(s), according to their characteristics. Our model is constructed based on the transformed

data.

2.3.1 Model specification

Let P (s) denote the probability of location s being a refugium. We attempt to obtain coherent

estimates of P (s), given the binary Ym(s) derived from the SDM and the probabilities Pp(s) and

Pg(s) derived from pollen and genetic respectively. To accomplish this, we need to carefully model

the relationship between P (s) and the three data sources based on the characteristics of each data.

Since all three data are observations from different perspectives given the true refugia, it is natural

to establish the forward model of each data given a common underlying P (s). The SDM has been

mainly used as a preliminary screening tool through the binary Ym(s), hence we will employ a

logistic model for Ym(s). Since the information from pollen and genetics is more quantitatively

related to the probability of refugia, we build a model to reflect this feature. The forward models

should also recognize that, when compared with temporally variable and spatially inconsistent

pollen data, genetic data is often easier to obtain from comprehensive spatial grids.
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Let Sm, Sg, Sp denote the collection of sites for SDM, genetic and pollen data, with sizes nm, ng,

and np respectively. The total sample size is given by n = |S| = |Sm ∪ Sg ∪ Sp| where |S| denotes

the cardinality of S. In our application, all data subsets are disjoint so that n = nm + ng + np.

There is a strong unbalance in the sample sizes, such that nm ≫ ng + np. Furthermore, we define

two subregions for the SDM data: Sm0 and Sm1, where Sm1 is defined as the collection of SDM sites

where SDM is greater than the threshold, i.e. Ym(s) = 1, and Sm0 the rest. To lift the constraint of

modeling probabilities, we first perform an inverse probability integral transform on P (s), Pp(s),

and Pg(s) using a standard normal cumulative distribution function Φ(·) to turn probabilities into

Gaussian random variables. Specifically, we have µ+X(s) = Φ−1(P (s)), where X(s) is assumed to

be a mean zero Gaussian random variable, Yp(s) = Φ−1(Pp(s)) and Yg(s) = Φ−1(Pg(s)). Then we

propose the following forward models as the first level of our BHM:

First level: Data models

logit (P (Ym(s) = 1)) = αm + βm {µ+X(s)}+ Z(s), Z ∼ GP
(
0,Σ(σ2

m(s), ρm)
)
,

Yp(s) = αp + βp {µ+X(s)}+ ϵp, ϵp ∼ N(0, σ2
p),

Yg(s) = µ+X(s) + ϵg, ϵg ∼ N(0, σ2
g),

(2.4)

where Z is the vector consisting of all Z(s) for s ∈ Sm.

Our model respects the fact that all three data are trying to capture the true probability

of refugia in different manners, albeit with uncertainties. Additionally, the model assumes that

Ym(s), Yp(s), and Yg(s) are conditionally independent given the latent process X(s). Since genetics

is considered the more spatially comprehensive quantitative data source, we model the genetic data

as an unbiased source of the true refugia probability. SDM and pollen data are taken as deviations

with both additive and multiplicative biases, in addition to Gaussian errors on the models. This

model specification also ensures the identifiability of unknown parameters.

The Gaussian error process Z(s) models the extra uncertainty in SDM data beyond what a

Bernoulli distribution can capture. Considering different levels of credibility of SDM in showing

whether there are refugia, we employ a non-stationary covariance function with unknown spatially

varying variance, σ2
m(s), and an invariant range parameter, ρm for Z(s). The covariance between
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two sites can be expressed as

cov(Z(si), Z(sj)) = σm(si)σm(sj)C(||si − sj ||),

where C(||si−sj ||) can be any valid correlation function. We choose the Matérn correlation function

for Z(s). Let d = ||si − sj ||, a Matérn correlation function is defined as

C(d) =
21−ν

Γ(ν)

(√
8ν

ρ
d

)ν

Kν

(√
8ν

ρ
d

)
, (2.5)

where ν is the smoothness parameter, ρ represents the range and Kν is the modified Bessel function

of the second kind. The range parameter measures how quickly the spatial correlation decays with

spatial distance and the smoothness parameter determines how smooth the random process is in

terms of mean square differentiability (Stein 1999). We fix the smoothness parameter to ν = 1

in our model due to the limitation of INLA computing algorithm (Bakka et al. 2018). Currently,

R-INLA only allows values of ν ∈ (−1, 1] for spatial applications in two dimensions, where fields

with negative values lack a point-wise interpretation (Lindgren and Rue 2015). Nevertheless, ν = 1

is a reasonable choice for environmental processes and Whittle 1954 has argued that ν = 1 is a more

natural choice for two-dimensional processes than the exponential ν = 1/2 alternative.

The spatially varying variance parameter, σm(s), for Z(s) switches between two regions: Sm0

and Sm1. It is believed that evidence in Sm0 is often more certain to show that this land was not

suitable as refugia (e.g. evidence of ice sheets), compared to evidence in favor of Sm1. This is also

why SDM data is often used as a classifier for refugia. Thus, we model SDM in the region Sm0 with

relatively smaller variance compared to Sm1 as follows:

log(σm(s)) = θ1 + θ2 · I{s ∈ Sm1},

where

I{s ∈ Sm1} =


1 if s ∈ Sm1,

0 otherwise.

In the second level of BHM, we model the unknown latent process X(s) as a spatially correlated

Gaussian process, and then we specify the priors in the third level to close the hierarchy.
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Second level: Latent spatial process

X(s) ∼ GP
(
0,Σ(σ2

x, ρx)
)
. (2.6)

To model the spatial correlation in X(s), we again use a Matérn correlation function as defined

in (2.5), with a range parameter ρx. Since there is no evidence to support that the variance of

X(s) should be spatially varying, we assume X(s) is a stationary random process with a constant

variance σ2
x. We still fix the smoothness parameter to ν = 1 for the reasons elaborated earlier, and

treat the variance and range parameters, σ2
x and ρx, as unknown.

Third level: Priors

µ, αm, αp ∼ N(0, 1000),

βm, βp ∼ N(1, 1000),

log(1/σ2
p) ∼ LogGamma(1, 0.00005),

σg ∼ PC Prior,

(σ2
x, ρx)

T ∼ PC Prior,

(θ1, θ2, log ρm)T ∼ N
(
(0, 1, 0)T , I3

)
.

The penalized complexity (PC) prior was introduced in Simpson et al. 2017 to create a weakly

informative prior that penalizes the complexity of a hierarchical model structure. These priors

assign a non-zero mass to the simplest possible model, thus allowing the data to manifest itself

freely when considering the necessity of including more parameters. Additionally, the PC priors

have the following nice properties: invariant to reparameterizations, having a natural connection

to Jeffreys’ priors, supporting Occam’s Razor, and are robust. They are also easily defined by the

user, who only has to specify the tail probability of the prior, giving them more straightforward

interpretability. The PC prior for σg is an exponential with rate determined by specifying the tail

probability P (σg > 1) = 0.01. This prior form is determined by penalizing the distance (in terms of

Kullback-Leibler divergence) from a simple model with no nugget to that of a more complex model

that includes one. This prior further assists in respecting genetic data as a more spatially consistent

data source than pollen by giving σ2
g a smaller value a priori.

For the Matérn covariance parameters, the joint PC prior is specified by the following marginal

tail probabilities: P (σx > 3) = 0.01 and P (ρx < 1) = 0.01. These tail probabilities are chosen
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to reflect unlikely events so that the prior can be considered weakly informative. Additionally, it

penalizes complexity by shrinking the range toward infinity and the marginal variance toward zero

(Fuglstad et al. 2019). In our particular scenario, the joint prior can be expressed as the product of

a marginal Inverse Weibull density for the range and another Exponential for its standard deviation.

After we obtain posterior samples of X(s) and µ, we apply the probability integral transform

to derive the probability of refugia, P (s) = Φ(µ+X(s)). Then posterior inference is made on the

samples of P (s).

2.3.2 Estimation using INLA

A well-known bottleneck for large spatial data analysis is the computation of its likelihood. The

number of sites in our data and of our interest makes computation a serious issue. This restricts the

usage of traditional Markov chain Monte Carlo (MCMC) sampling methods for our BHM.

To bypass the computational challenge, we resort to the Integrated Nested Laplace Approximation

(INLA) (Rue, Martino, and Chopin 2009) to derive the posterior densities. INLA has been a popular

strategy for Bayesian estimation for large spatial random fields, by employing approximate Bayesian

inference for latent Gaussian models controlled by a small number of hyperparameters. Using

integrated nested Laplace approximations, INLA can obtain fast and accurate posterior estimates

compared to MCMC (Rue, Martino, and Chopin 2009; Lindgren and Rue 2015).

INLA assumes that the latent field follows a Gaussian Markov random field (GMRF) with a

sparse precision matrix, which allows for faster computations of the approximations and integrals.

However, this becomes a limitation when modeling continuously indexed spatial fields.

Nevertheless, Lindgren, Rue, and Lindström 2011 showed that an approximate stochastic weak

solution to a linear stochastic partial differential equation (SPDE) will provide a Gaussian random

field (GRF) with a Matérn covariance function, defined by the parameters of the SPDE. This

means that modeling can be done in continuous space using GRFs, but the inference will gain the

computational speed obtainable from working with sparse precision matrices on GMRFs formulated

on a triangulation of the spatial domain.

R-INLA employs a Delaunay triangulation mesh (see Figure 2.4) where each vertice corresponds

to a point where the GMRF is fitted. Following the approach from Lindgren, Rue, and Lindström

2011, the solution to the SPDE is approximated by a finite sum of basis functions, giving a
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continuously indexed approximation of the Gaussian random field. Any point in a triangle is

approximated by a linear interpolation of the basis functions used at each node. To improve the

mesh construction, the border of the study region is used to delineate small and big triangles, with

the smaller, more regular ones inside. This increases variability near the boundaries which helps

mitigate the boundary effect of the estimations (Lindgren and Rue 2015; Bakka et al. 2018).

Having to define the spatial model in the discrete field means that the special regions for SDM,

Sm0 and Sm1, must also be defined in the triangular mesh. For that purpose, we must identify the

nodes of the mesh that are contained in said regions. This is done by defining a radius around

each node and counting the proportion of SDM sites that belong to Sm1. If the proportion is

above a certain threshold value, then we count the node as being part of Sm1. Both the radius and

threshold are tailored by the user to achieve reasonable results. For both species, a radius of 0.7

and a threshold proportion of 0.25 were used to define the Sm1 mesh nodes (see the red dots in

Figure 2.4).

The R-INLA package, obtained from www.r-inla.org, was used to run the INLA method for the

Bayesian inference (Lindgren and Rue 2015).

(a) (b)

Figure 2.4: Constrained refined Delaunay triangulation mesh for (a) green alder and (b) white
spruce. The black regions represent Sm0 and the red dots represent the node points that correspond
to this region.

2.4 Simulation Study

We conduct a small simulation study to verify that our method recovers the underlying refugia

probability P (s) if the data follow the models outlined in (2.4). We also evaluate the sensitivity of
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our estimates to the number of SDM sites as we will use only a subset of the very dense SDM data

in our real data analysis.

Sampling Scenario nm np ng

S1 500 15 60

S2 1000 15 60

S3 1000 1000 1000

Table 2.1: Different sampling scenarios for SDM (nm), pollen (np) and genetic (ng) data

2.4.1 Setup

To mimic the real data, we adopt Eastern Beringia as our spatial domain and randomly select 60

locations for genetic data and 15 locations for pollen data. We randomly choose 500 SDM locations

which are much sparser than the SDM data we have, for ease of computation. We also consider the

scenario of 1000 SDM locations to evaluate the sensitivity of our estimation to the amount of SDM

data used in the model. Additionally, we consider a third scenario with 1000 locations for each of

the genetic, pollen, and SDM data, to study the effect of the sparsity of genetic and pollen data on

the refugia probability estimation. These three scenarios are summarized in Table 2.1. In addition

to the sites with observations, we also randomly sample 200 locations that do not overlap with the

data sites and will be used for evaluating the probability estimation. For each scenario, we run the

simulation 50 times.

We first simulate the X(s) process by following the latent process model (2.6), and then

generate Yp(s) and Yg(s) following their corresponding models in (2.4). The parameter values in

the simulation were chosen to resemble those obtained in the real data application. The mean of

the latent fields was chosen as µ = −0.5 since overall most of the data indicates low probabilities.

However, since there are still regions of high probability, this had to be reflected in the variance

and range parameter of the Matérn covariance function of X(s), which were chosen as 0.64 and 3,

respectively. Additionally, to respect the signal-to-noise ratio of our data, the variance terms σ2
p and

σ2
g were both set at 0.2. Additionally, pollen’s additive and multiplicative bias were set at αp = −0.8

and βp = 1.4, respectively. This indicates that overall, pollen sites have a lower probability than

genetic but are more linearly related to X(s).
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To simulate the SDM sites, we started by setting the additive bias at αm = −10, meaning

that most of our SDM sites were going to provide evidence of no refugia (i.e. Ym(s) = 0). The

multiplicative bias was left at βm = 1. The range parameter of the covariance function was set at

10, whereas the variance at Sm0 was 100, whereas at Sm1 it was 144. The high variances allowed for

the presence of only a few close areas of high probability to be present in what was mostly a low

probability field, thus resembling the SDM data present in Figure 2.1.

The SDM data generation requires simulating the spatial error Z(s) that has different variances

depending on the region. To accomplish that, we first simulate a Z(s) process with fixed variance

σ2
m(Sm0) for all nm sites, based on which we calculate a preliminary P (Ym(s) = 1) using the logit

model in (2.4). For a given τm, all sites such that P (Ym(s) = 1) > τm have their Z(s) multiplied by

a correction factor to switch their variance to σ2
m(Sm1). We recalculate P (Ym(s) = 1) and finally,

the Ym(s) process is generated based on these updated probabilities and the threshold τm.

2.4.2 Comparing estimated and true probabilities

To obtain estimates of P (s), for a given site s, we generate posterior samples of P (s) = Φ(µ+X(s))

and take the posterior mean as our estimate P̂ (s). We estimate P (s) at all sites with observations

and the extra 200 data-absent locations. We calculate the typical mean squared error (MSE) of

P̂ (s) as one measure of the estimation performance. Since in our data application, identification of

refugia is based on the relative size of the P̂ (s), capturing the spatially varying pattern is the key

to correctly differentiating refugia and non-refugia areas. For this reason, we also use the Pearson

correlation between P̂ (s) and P (s) to measure the performance of P̂ (s).

Figure 2.5 presents the simulation results summarized over all locations. Scenario 1 (S1) and 2

(S2) are comparable in their correlation and MSE, with S2 performing slightly worse in terms of

MSE but slightly better in correlation. This indicates that the probability estimation is insensitive

to the number of SDM sites, due to the binary feature of SDM data. This supports our choice of

using a random subset of all available SDM sites in the real data analysis. However, since genetic

and pollen data are more informative, the abundance of these data can have a significant impact on

the estimation. We observe low correlations between the estimated and true probabilities, around

0.5, for Scenarios S1 and S2, indicating the struggle of estimates with scarce genetic and pollen

data. Results for S3 show that with dense genetic and pollen data, the capacity of our model for

21



(a) (b)

Figure 2.5: Simulation results showing (a) correlation and (b) MSE between the estimated proba-
bilities, P̂ (s), and true probabilities, P (s), for the three distinct sampling scenarios, S1, S2, and
S3.

estimating the refugia probability is much improved.

Figure 2.7 compares the estimated and the true refugia probability of one particular simulation

run for both S2 and S3. The particular run was chosen to correspond to the median correlation

between P̂ (s) and P (s) for their respective scenario. With fewer genetic and pollen data in S2, the

estimation show a blurry version of the true probability. Nevertheless, the estimation still captures

a rough pattern of high and low probabilities. With the ideal situation of S3 that has dense genetic

and pollen data, the estimated refugia probabilities recover considerable amount of details of the

true probabilities. Although it is unclear how to exactly interpret the empirical coverage of credible

intervals, we report the coverage for P (s) in the Figure 2.6. The empirical coverage for S2, which

resembles the real data, is lower than 95% by 10%. This might imply our uncertainty estimate for

the real data could be somewhat lower than it should be. Note that even if our primary interest,

P (s), can be estimated well, we find that the estimation of nuisance parameters of the complex

system, such as some variance parameters, could still carry bias.
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Figure 2.6: Mean coverage (left) and mean interval length (right) of 95% credible intervals for
estimating P (s) for each different sampling scenario.

(a) (b)

Figure 2.7: P̂ (s) and P (s) of the simulation run for which the correlation between P̂ (s) and P (s)
is the median for (a) S2 and (b) S3.
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2.4.3 Simulation results by data source

We also evaluate the estimation performance at genetic, pollen, and SDM sites as well as data-absent

locations separately. This allows us to have a better understanding of how the different sources of

evidence interact with each other and their roles in estimating P (s).

Figure 2.8: Correlation and MSE between P̂ (s) and P (s) for the data-source-specific sites as well
as prediction sites.

As seen in Figure 2.8, pollen data does the best both in terms of correlation and MSE in S1

and S2. As stated in the previous section, pollen has a much stronger linear relationship to X(s)

than genetic (and SDM) and this is reflected in the simulation results for both sampling scenarios.

When increasing SDM sample size it appears that pollen sites perform better, whereas SDM sites

perform slightly worse. Conversely, the performance of genetic sites does not vary much from S1 to

S2. This could be due to having a stronger prior than the other two data sources, which impacts the

estimation of P (s) much more in the presence of a small sample size. However, when having much

more (and equal) sample size, genetic data performs the best out of all three data sources, as a

result of being treated as the unbiased data source. The other two data types behave in expectancy

to their modeling choices with pollen being linearly biased from X(s) and SDM presenting further

departures.
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In all sampling scenarios, the prediction sites have the worst performance. However, the difference

in estimation accuracy between prediction sites and the rest is not too significant indicating that

the model does not suffer much from having too many prediction sites. Additionally, SDM seems to

perform very similarly to genetic sites in S2 as compared to S1, meaning that the inclusion of more

SDM sites does not seem to be biasing the results.

2.5 Refugia for Green Alder and White Spruce

We apply our BHM to the Green Alder and White Spruce data to unveil the refugia of these two

species in Eastern Beringia during the Last Glacial Maximum (LGM, 23-19 thousand years ago)

period.

2.5.1 Green Alder

SDM output for green alder is composed of 334,000 sites that cover the Alaskan peninsula and parts

of adjacent Canada. To ease the computation for this very large and dense data set, a random

sample of 50,000 sites was drawn and used in the analysis. For the other two data sources, there

were 47 genetic and 18 pollen observations, as shown in Figure 2.1a.

The posterior estimates of model parameters and hyperparameters are reported in Table 2.2.

The negative estimate for µ suggests that on average the true probabilities are smaller than 0.5.

This is mostly due to the overall SDM values being zero, but also to a lesser extent to using r = 3

for genetic interpolation which ensures most genetic probabilities are low. Additionally, all sources

of evidence seem to agree amongst themselves since they all have positive β, i.e., if an area has high

observed probabilities among data sources then the common probability of that area being refugia

is also expected to be high. The posterior probability for θ2 > 0 was calculated and was found to be

almost 1. This seems to signal that there is some tangible difference in uncertainty between Sm0

and Sm1, with Sm1 having a greater variability.

Figure 2.9a shows the posterior mean and standard deviation of P (s) on all sites within the study

region. We can see that the areas of low variability coincide with the regions where we have pollen

or genetic data, whereas high uncertainty occurs in places where neither of these two data sources

is present. Reduced variability at the co-occurrence of disparate data suggests that the different

lines of evidence provide unique, complementary information about the true source locations of past

populations (Gavin et al. 2014). Our results broadly match the findings of Napier et al. 2019 who
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(a) (b)

Figure 2.9: Posterior mean and standard deviation of the true probability of being refugia, P (s), of
(a) green alder and (b) white spruce. The shaded region corresponds to Eastern Beringia during the
Last Glacial Maximum, with modern-day Alaska superimposed for reference.
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analyzed the same SDM and genetic dataset but in a framework that did not integrate those two

data sources.

Parameter Mean St. Dev 2.5% Quantile 97.5% Quantile

µ -0.5599 0.307 -1.1433 0.0805

αm -29.5723 8.0242 -48.8235 -17.0337

αp -0.2138 1.0189 -1.9813 2.0104

βm 0.661 1.2104 -1.8335 2.912

βp 1.2099 1.1049 -0.8111 3.5188

σm(Sm0) 19.6507 4.5121 14.5895 27.0541

σm(Sm1) 23.6677 4.7163 17.8428 31.3969

σ2
p 8.1744 3.0616 3.8316 15.7032

σ2
g 0.4164 0.3083 0.0897 1.2436

σx 1.4068 0.3866 0.7915 2.2974

ρm 11.5636 2.9265 8.4688 16.2158

ρx 2.564 0.9674 1.1734 4.9291

Table 2.2: Posterior estimates of Alnus viridis model.

2.5.2 White Spruce

For white spruce, there are also 334,000 sites of SDM information covering the same study region as

green alder. Likewise, we randomly sampled 50,000 sites for our analysis. Additionally, there were

79 genetic and 14 pollen observations, as shown in Figure 2.1b.

The posterior estimates for all model parameters and hyperparameters are shown in Table 2.3.

Notice that the estimate for σ2
p is very small. This is most likely due to the pollen data for white

spruce being almost invariable. Even though this hyperparameter represents the uncertainty of

pollen data, which is expected to be larger than that of genetic information, the small variation of

the pollen data caps the magnitude of the values σ2
p can take. Similar to green alder, the overall

mean is also negative for the white spruce estimation, thus suggesting that indeed the locations of

refugia are sparse. Furthermore, the variance for the z process has a posterior probability of 0.896

of being larger in Sm1 than in Sm0.
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Parameter Mean St. Dev 2.5% Quantile 97.5% Quantile

µ -0.4612 0.247 -0.9454 0.0263

αm -25.6744 6.7762 -39.3970 -12.9561

αp 1.5932 0.1800 1.2677 1.9845

βm 1.2203 0.2027 0.7864 1.6075

βp 1.021 0.192 0.6602 1.4474

σm(Sm0) 15.0940 1.6044 11.4026 17.5576

σm(Sm1) 16.4105 1.7294 13.0457 18.7793

σ2
p 0.0002 0.0003 0 0.0009

σ2
g 0.6045 0.1185 0.4148 0.8778

σx 1.0954 0.0888 0.9424 1.3586

ρm 12.2107 1.4162 9.0695 14.8249

ρx 3.6014 0.5473 2.5171 4.967

Table 2.3: Posterior estimates of Picea glauca model

Figure 2.9b shows the mean and standard deviation of the posterior density of P (s) on all

sites within the study region. Same as with green alder, the regions where there are genetic and

pollen data have lower variability, while the regions lacking those two types of data have increased

uncertainty. This is again evidence of how sites with multiple sources of evidence coincide in the

estimation of P (s). Since our results for white spruce are the first attempt to find the exact locations

of refugia, there is no existing literature to verify our results yet. However, the resulting highlighted

regions, such as a possible refugium in Alaska, seem reasonable from a scientific point of view.

2.6 Conclusions

We propose an innovative Bayesian hierarchical model to utilize the diverse pieces of evidence

collected in paleoecology to uncover cryptic refugia. Specifically, we integrate SDMs, pollen fossil

records, and genetic surveys as three complementary sources of evidence to produce a single unified

map showing the possible refugia locations in Eastern Beringia for the Alnus viridis and Picea

glauca, respectively.

The simplicity of the model plus the computational convenience offered by INLA allow for
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researchers to quickly and efficiently implement the model with their data sources. The flexibility

given by the Bayesian hierarchical modeling also allows researchers to model their specific data

sources in any way they consider best.

Due to the intricate relationship between the raw data and the true probability of being

refugia, we transform the data beforehand to enable a more straightforward relationship to the true

probabilities based on empirical experience and prior knowledge. Alternatively, we could consider

incorporating the data pre-processing process into the hierarchical model and learning all parameters

from the data. However, there are no widely accepted pre-processing models for us to borrow at

this point. We thus only focus on integrating different lines of evidence rather than extensively

exploring pre-processing approaches. Although we consider those transformations sound choices, we

acknowledge that further investigation is needed.

Our models are constructed based on the perceived data quality and where each data source

exhibits credibility. According to their reliability, pollen and genetic data were modeled using linear

biases, whereas SDM used a non-linear bias with a logit transformation. This allows the results to

resemble more accurate data sources while receiving due help from other available evidence. The

high uncertainty of the probability estimates in regions far from pollen and genetic data suggests

that SDM provides only a little information to identify high-plausible refugia. However, SDM helps

identify the areas where refugia can be safely discarded, as evidenced by the reduced variance of

Sm0 in both species. Pollen and genetic data are then responsible for bringing to light some specific

regions of high probability.

It would be overly optimistic to conclude that these highlighted regions are the sites of glacial

refugia, however, we feel that they can be safely used to inform future field expeditions for the

further study of cryptic refugia in Eastern Beringia. Furthermore, we hope that the method disclosed

in this chapter can turn into a powerful and useful tool for further investigations in paleoecology

for many other species. With the insight gained from such studies, we can better prepare for the

coming challenges brought by rapid climate change.

Even though we try to rigorously integrate three different data sources to provide the refugia

estimates, our method is still an indirect approach to detecting refugia. The results obtained

through our analysis should be treated with caution. To formally confirm some locations to be

refugia of a species, we need to find in situ macrofossils that can prove this species’ past presence.
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Searching for such macrofossils is an extremely difficult task without prior knowledge of where to

target (Lafontaine et al. 2014). The plausible refugia we identified here can effectively guide the

search for actual proof of the species’ past presence.
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Chapter 3

Estimation of Solar-Induced

Chlorophyll Fluorescence Yield of

Various Vegetation Land Types Using

a Spatially Varying Coefficient Model

3.1 Introduction

Large-scale crop monitoring provides numerous benefits for agriculture and related sectors. It

enables farmers and agricultural managers to make informed decisions about crop health, optimizing

yields and reducing resource waste. Early detection of crop stress factors and diseases helps prevent

damage and economic losses. Precision agriculture techniques can be implemented, by utilizing

remote sensing technologies to gather high-resolution data for site-specific interventions.

Historically, these approaches relied on correlations between the reflectance of biomass and

its relation with photosynthesis. Recent advances in satellite spectroscopy have allowed a new

approach to estimating photosynthesis based on the flux of chlorophyll fluorescence emitted by the

canopy (Guanter et al. 2007; Guanter et al. 2014; Guan et al. 2016). One such flux, Solar-induced

fluorescence (SIF), refers to the emission of light by plants and vegetation in response to sunlight.

When plants undergo photosynthesis, they absorb sunlight and convert it into chemical energy. Part
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of the absorbed light is re-emitted as fluorescence, which is emitted at longer wavelengths than the

absorbed light. This means that SIF is a direct by-product of the photosynthesis process. SIF is a

relatively weak signal and occurs in the far-red and near-infrared regions of the electromagnetic

spectrum. The intensity of SIF is influenced by various factors such as vegetation type, leaf

chlorophyll content, plant stress, and environmental conditions.

Guan et al. 2016 have provided a framework that links SIF retrieval and crop yield. It

utilizes SIF retrievals from the Global Ozone Monitoring Experiment-2 satellite to provide better

crop productivity measures than other traditional crop monitoring approaches. Nevertheless, the

information retrieved by the satellites is an aggregate of different vegetation types and must be

decomposed to be useful for specific crop monitoring.

Satellite images contain a multitude of footprints that contains undifferentiated SIF information

for different vegetation types. Let the footprint location be denoted by s, s ∈ D ⊂ IR2. Wang et al.

2020 break down the total SIF value for footprint s as:

SIF(s) ≈
p∑

j=1

πj(s) · PAR(s) · fPARj(s) · SIFyieldj(s), (3.1)

where PAR stands for photosynthetically active radiation (i.e. light that can be used for photosyn-

thesis), fPARj is the fraction of PAR absorbed by the canopy of vegetation j, πj is the proportion of

the footprint that contains vegetation j and SIFyieldj is the specific SIF value coming from vegetation

j. The approximation in the equation is due to only using the p most significant vegetation types in

the footprint.

If we define our known quantities per footprint and land type as xj(s) = πj(s)·PAR(s)·fPARj(s),

rename the SIF yield as βj(s) = SIFyieldj(s) and the total SIF as y(s), then the form of linear

regression with spatially varying coefficients (SVC) becomes much clearer:

y(s) =

p∑
j=1

xj(s)βj(s) + ε(s) (3.2)

where ε(s) is an error term that takes into account all the non-measured land types. We would

expect this error to be small in size, as well as strictly non-negative given that all measurements are

non-negative. Nevertheless, fitting this model requires some sort of penalty or modeling choice to
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Figure 3.1: Number of sites/footprints per day of the year (DOY)

compensate for over-saturation. One approach that permits keeping the structure given by equation

(3.1) is to use a fused penalty, similar to that employed by Li and Sang 2019.

In this chapter, we plan to use the spatial fused penalty structure presented by Li and Sang 2019,

but using an L2 penalty instead of L1, to estimate a continuous field for the SVC in an expedited

manner. Section 3.2 introduces the data that will be used in the application as well as the particular

challenges it provides. Section 3.3 gives some background information on other SVC models as well

as detail the modifications we perform for our particular application and the considerations we have

to take to be able to perform successful tuning of the penalty hyperparameter. Section 3.4 is a

simulation study to assess the accuracy of the coefficient estimations as well as a comparison with

some of the other methods in the literature. Results are presented in Section 3.5 and discussed in

Section 3.6.

3.2 Data

The SIF retrievals come from the Global Ozone Monitoring Experiment-2 (GOME-2) during 2007-

2012, as detailed in Guan et al. 2016. The main area of study relates to Urbana-Champaign, Illinois,

USA, and its surrounding areas (longitude: -88.6 to -87.8, latitude: 39.8 to 40.4). The predominant

vegetation types are corn and soy, with forest and grass present at a much smaller percentage. There

are other vegetation types that influence the total SIF values, but that are not taken into account

directly and instead are deferred to the error term.
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Figure 3.2: Histograms of the covariates for each land type for all DOY in study.

The data is only taken for one year for the months of May through September, which cover the

end of Spring, the whole Summer, and the start of Fall. This is the time of the year when corn and

soy grow and is harvested, so it makes sense to monitor their SIF to measure crop yield. However,

not all days are measured sequentially due to the traversal patterns of the satellite. Furthermore,

some days have less than 4 measurements, making them unusable for our estimation. Taking these

days away from our study, we are left with 112 days of data. The number of sites per day of the

year is shown in Figure 3.1 and as seen there are not many sites per day with the average being

around 55.

A challenge that arises from this data is the scale of the covariates compared to the response

variable. The observed SIF values range between 0 and 5, whereas the values of PAR times fPAR

are between 300 and 2000, depending on the land type. The percentages of footprint that belong to

each land type are mostly dominated by corn and soy, where their mean percentages are around

0.45, whereas for forest and grass, they are much smaller, around 0.05. This heavily unbalances the

relation between SIF and the covariates and gives much more weight to corn and soy compared to

forest and grass. This also changes the shape of how the covariates look, where corn and soy have a

much wider distribution whereas grass and forest have longer tails (see Figure 3.2).

The observed correlations between SIF and corn and soy covariates are around 0.30 on average

for each, whereas the correlations between SIF and forest and grass are closer to 0. However, as

Figure 3.3 shows, the correlation is not always constant and seems to have a temporal effect. Both
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Figure 3.3: Daily correlations between the covariates and SIF for each different type of vegetation

corn and soy covariates seem to correlate more with SIF during the summer whereas grass and

forest have lower correlations. This relationship is reversed for late spring and early fall, where it is

grass and forest that have a higher correlation with SIF than corn and soy. SIF and the corn and

soy covariates also show a similar seasonal trend, where their values increase as spring moves to

summer and decrease as summer gives way to fall.

3.3 Spatially varying regression model for estimating SIF

3.3.1 Fitting the model

To fit the model we will take into consideration adding a penalty similar to that in Li and Sang

2019, where we shrink the differences between adjacent sites according to a minimum spanning tree

(MST) structure following their advice to efficiently find said tree. However, unlike the mentioned

paper, we will use an L2 penalty to induce spatial smoothness in the coefficient estimations.

Let βj be the vector of size n containing all coefficients for the j-th land type. Additionally,

define β =

(
βT
1 · · · βT

p

)T

to be the concatenated vector of size np that contains all coefficients.

Similarly, define the matrix Xj = diag(xj) to be a n×n diagonal matrix whose elements correspond

to the covariates of the j-th land type and let X =

[
X1 · · · Xp

]
be the n × np block matrix

that groups all the previously defined diagonal matrices. Furthermore, let the incidence matrix

defined by the MST be called A. This is a n− 1× n matrix whose columns represent the locations
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and each row represents an edge of the MST, with a 1 and -1 on the columns of the sites that share

that edge, with the remaining values being 0. Furthermore, let A = Ip ⊗A, where ‘⊗’ stands for

the Kronecker product. With this, we can properly define the estimation problem:

β̂ = argmax
β≽0

{
1

2
∥y −Xβ∥22 +

λ

2
∥Aβ∥22

}
(3.3)

where we use β ≽ 0 to refer that all elements of β have to be non-negative. This constraint is

important since β represents a measure of light that is by definition non-negative. Note that we can

expand the equation above to include all the quadratic terms together:

β̂ = argmax
β≽0

{
1

2
βT
[
XTX + λATA

]
β − yTXβ

}
(3.4)

Without the non-negativity constraint we can find a closed-form solution for the problem, however

including the constraint makes the estimation challenging. A natural choice is to reparameterize

β to eθ, θ ∈ IR, however, this requires a different optimization strategy than taking the derivative

of the objective function. One option is to apply a second-order Taylor expansion to eθ, making

the objective function linear with respect to θ and allowing us to take derivatives. This is done

in a similar framework in Sass, Li, and Reich 2021, which also includes a spatially fused penalty.

However, this method is computationally taxing as it requires multiple iterations of estimation to

reach a stable estimate. This must be done for a fixed value of λ, and thus tuning for this parameter

becomes even more computationally expensive. Additionally, using AIC to tune λ is unrealistic,

as it continuously decreases as λ increases, over-penalizing the estimations. Instead, we resort to

optimizing with quadratic programming, using the dual method implemented by Goldfarb and

Idnani (1982; 1983).

The tuning parameter λ can be chosen using a metric such as AIC or the corrected AIC

for small sample sizes. It is important to note that due to the nature of the problem, tuning

λ using cross-validation is unfeasible since removing observations also removes those coefficients

from the model fit. Additionally, for calculating AIC the degrees of freedom are approximated as

trace
(
X
[
XTX + λATA

]
XT

)
, which includes the shrinkage effect of λ and the MST penalty but

doesn’t include the penalty imposed by the non-negativity constraint.

It is possible to generalize the model to include different tuning parameters λj , one for each
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land type if preferred. Let Λ = diag(λ1, · · · , λp) be a p × p diagonal matrix whose elements are

the tuning parameters. Then, in equation (3.4) we can substitute λATA for Λ⊗ATA to achieve

different penalization for each land type. This can be of use when we want different degrees of spatial

smoothness for each land type, but the estimation of the model will increase in time exponentially -

for the purposes of this chapter we opted to only use one value of λ. Nevertheless, we scale the

covariates to alleviate the stress on λ from different variabilities. Note that if we define Λ = λIp

then we get back the original λATA of equation (3.4).

3.3.2 Incorporating zero coefficients into the model

As mentioned before, all the quantities in our model (except the Gaussian error) are non-negative.

This is especially important since there exist footprints where their value of SIF is zero. This adds

some deterministic information to our estimation, as a value of zero for SIF and strictly positive

covariates implies that the coefficients for that particular site must all be zero as well. In other

words, if y(s) = 0, for some site s, then βj(s) = 0,∀j = 1, ..., p.

Let s0 = {i : y(si) = 0, i = 1, ..., n} be the collection of indices whose sites correspond to one

of the deterministic sites previously mentioned - we will refer to these sites as zero coefficients

sites. We know βj(si) = 0, i ∈ s0, ∀j = 1, ..., p so we can use this information when estimating the

remaining coefficients. If we know i ∈ s0 and l corresponds to the index of a site adjacent to si in

the MST, then the penalty term would become (βj(si)− βj(sl))
2 = βj(sl)

2 which reduces from a

fused Ridge penalty to a simple Ridge penalty. This means we don’t need to use the MST edge for

cases that include a deterministic site and instead, we need an extra Ridge penalty for those sites

that are adjacent.

To account for the sites indexed in s0 we need to redefine the MST matrix A and create a new

matrix that encodes the sites that receive a Ridge penalty. Let Ar be a reduced version of A where

we remove the rows that have a 1 or -1 in columns indexed by s0, i.e. we remove from A all rows

that correspond to an edge that includes zero coefficients sites. Furthermore, let Z be a n × n

diagonal matrix whose elements are Zll = 1 if l indexes a site that is adjacent to a zero coefficients

site, or 0 otherwise.

Finally, to deal with the issue of non-positive matrices, we remove the columns in Ar and Z

that corresponds to s0, as well as the rows in X and the entries in y that also correspond to s0.
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We will call these reduced dimensionality objects A′
r,Z

′,X ′, and y′ to distinguish them from the

original ones. This will reduce the number of coefficients to estimate, so let β+ be the vector of

coefficients that do not include those in s0, which would be of length n− |s0|. Let Ar = Ip ⊗A′
r

and Z = Ip ⊗Z ′, then the estimation problem including the deterministic information becomes:

β̂+ = argmax
β≽0

{
1

2
βT
[
X ′TX ′ + λ

(
AT

r Ar + Z
)]

β − y′TX ′β

}
(3.5)

To obtain the original dimension for β̂, the estimation β̂+ is expanded back to the original size

by adding zeroes in the entries that originally corresponded to s0.

3.3.3 Related models

It is common for environmental sciences to focus on the relationship between a response variable and

many explanatory variables while taking into account the spatial dependence of the observations.

Methods like Gaussian process regression (Cressie 1993) or spatial generalized linear regression

models (Diggle, Tawn, and Moyeed 1998) model spatial dependence by utilizing a spatial random

effect to the linear term of the regression model. However, these methods assume a constant effect

of the explanatory variables throughout the whole spatial domain which limits the extraction of

more interesting relationships between variables.

Allowing for spatially varying effects, the model of interest takes the general form y(s) =

x(s)Tβ(s)+ ε(s), for a given site s ∈ S. Assuming that for a particular problem, we have n samples

and p explanatory variables, that leaves np coefficients to estimate which cannot be done directly

without the use of further modeling choices. Frequentist approaches have done this by modeling the

varying coefficients in a lower dimension or applying some constrained estimation, whereas Bayesian

methods model the coefficients through a hierarchical model.

A simple exploration into allowing spatial flexibility of the regression coefficients was first

presented by Casetti 1972; Casetti 1997 as a spatial expansion method. In this approach, the

spatially varying coefficients (SVC) are represented by polynomials of a certain degree of the spatial

coordinates, e.g. for s ∈ IR2, βj(s) =
∑r

i=0 αis
r
1 + γis

r
2, r > 0. The selection of the polynomial order

r is a key choice in the application. Although drastically reducing the number of coefficients to

estimate and speeding computational time, the polynomial assumption of the underlying spatial

38



effect is too limited when detecting more complex fields.

Among the more popular methods for SVC models is the Geographical Weighted Regression

(GWR; Brunsdon, Fotheringham, and Charlton 1996; Brunsdon, Fotheringham, and Charlton 1998;

Fotheringham, Charlton, and Brunsdon 1998) which estimates β(s) by assigning weights based on a

distance decay kernel, such as the exponential kernel (Wheeler and Calder 2007; Wheeler and Waller

2009). For a given site, the coefficients are estimated as β̂(s) =
[
XTW (s)X

]−1
XTW (s)y, where

W (s) is a diagonal n × n matrix whose j-th element represents the weight assigned to the j-th

sample. Spatial variation is measured with a single kernel bandwidth, which creates a limitation by

fixing the scale of each coefficient to be the same. To overcome this limitation, the bandwidth can

be allowed to vary for each explanatory variable, at the cost of computation time (Fotheringham,

Yang, and Kang 2017).

Another popular approach is the more robust Bayesian alternative to SVC, introduced by

Gelfand et al. 2003. In their approach, they assign a multivariate normal latent process to the vector

of SVC. More specifically, the coefficients are given a multivariate normal prior with mean 1n ⊗ µβ

and covariance matrix given by H(ϕ)⊗ T , where 1n is an n× 1 vector of ones, µβ = (β1, β2, ..., βp)
T

is the vector of fixed means, H(ϕ) is an n× n covariance matrix that models spatial dependency

between locations, with hyperparameters ϕ, and T is a p× p matrix that models the correlation

between coefficients. The terms in H(ϕ) can be specified through the user’s choice of a stationary

covariance function. Furthermore, estimation is typically done using MCMC with a slice Gibbs

sampler, which is computationally heavy when n or p is large.

Another method that does not require using dimension reduction methods prior to fitting the

model is the spatially clustered coefficient (SCC) regression from Li and Sang 2019. Similar to

clustered Lasso (She 2010), SCC uses a clustered L1 penalty on the coefficients that are sufficiently

near each other. This is done computationally efficiently by using the edge set of the minimum

spanning tree defined on the spatial sites. The method is very fast with large data sets but is limited

by only being able to estimate clustered spatial fields for the coefficient, which is not ideal if the

underlying fields are assumed to be smooth.
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3.4 Simulation Study

The simulation study serves two purposes: to evaluate how well the coefficients of different land

types are estimated relative to each other when the true coefficients are modeled with different

amounts of noise and to compare the estimation results of this method against other methods in

the literature. For this, 1000 simulations will be done where each time 100 random locations are

sampled within [0, 1]2.

For each simulation, we generate the covariates so that they resemble the magnitudes of those

in the real data. To then achieve a good simulation of SIF, the coefficients are simulated according

to what their magnitudes would be so that when multiplied by the covariates and added together

would give SIF values similar to the real ones. Coefficients and covariates are multiplied together

and added with an extra Gaussian noise error term to create the simulated SIF; this noise is very

small to help maintain the linear relation between the simulates SIF and covariates similar to the

correlations with the real data. All quantities are resampled until everything, except the Gaussian

noise, is strictly positive. Details are in the following paragraphs.

To simulate the magnitudes of the covariates observed in the real data, x1 and x2 are simulated

from Gaussian Processes with a mean of µ = 650 and utilizing the Matérn covariance function.

Both covariance functions utilize a range of ρ = 0.2 and smoothness of ν = 1, but x1 utilizes a

standard deviation of 100 while x2 uses 50. This simulates the magnitudes of the observed data

appropriately while giving some spatial correlation to the covariates. x1 has a higher variance since

it does show higher and lower values than x2 in the dataset.

The remaining covariates x3 and x4 have to have much smaller magnitudes and also present a

heavily asymmetrical shape. For that reason, they are both simulated using Exponential distributions

with means of 45 and 20, respectively.

The coefficients are all simulated from Gaussian processes with Matérn covariance functions and

their magnitudes are so such that the resulting simulated SIF has the same range as the empirical

one. β1 and β2 are both simulated from a GP with a mean of 0.002, range of 0.2, smoothness of 5,

and standard deviation of 0.0004. The last two remaining coefficient fields, β3 and β4, have a much

smaller mean of 0.0005, a standard deviation of 0.00002, the same smoothness at 5 and different

ranges with 0.33 for β3 and 0.4 for β4.
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Figure 3.4: RMSE between the true and estimated β,, divided by the true standard deviation, for
each simulated land type

Lastly, we simulate SIF as SIF =
∑p

j=1 xjβj + ε where ε ∼ N(0, 0.01). If all quantities, except

ε, are positive then those become the simulated data for the simulation, otherwise, everything is

resampled until all the quantities of interest are non-negative.

3.4.1 Coefficient Estimation

The first simulation study assesses how the model estimates each land type coefficient relative to

each other. For this, we calculate the root mean square error (RMSE) between the real βj and the

estimated β̂j and divide it by the standard deviation used for that respective coefficient. As seen in

Figure 3.4, the coefficients for the first two land types are estimated much better than those for the

last two. This is not surprising given that there is more information about the first two coefficients

on the simulated SIF than there is about the last two. Furthermore, the last coefficient shows a

much higher standardized error than all the other three possibly due to its respective covariate

being much smaller than all the rest.

3.4.2 Method Comparison

We compare our method against other common methods in order to evaluate how well they compare

in terms of estimation error and correlation between the true and estimated β. The methods chosen

to compare against are the Spatial Expansion Method (SEM), Geographically Weighted Regression
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(GWR), Bayesian Spatially Varying Coefficient Model (Bayes), and Spatially Clustered Coefficients

(SCC). Since none of these methods allow for the addition of a non-negativity constraint, as allowed

by their respective R packages, we will compare them against our method without the constraint

(Ridge) and with the constraint (Ridge.QP). The quantities that will be used for the comparison

are the RMSE between β̂j and βj as well as the correlation between those two. We also consider

Multiple Linear Regression (MLR) as an additional method when comparing RMSE.

For SEM the coefficients are defined as a quadratic polynomial with respect to latitude, s1, and

longitude, s2: βj(s) = α0,j + α1,js1 + α2,js2 + α3,js
2
1 + α4,js

2
2 + α5,js1s2. This way, each land type

would have 6 coefficients associated with it, for a total of 24 coefficients to estimate which is much

lower than before. For GWR we utilize a Gaussian kernel for the distance decay and a single global

bandwidth was estimated through cross-validation. This is all implemented in the R package ‘spgwr’

(Bivand and Yu 2022).

For the Bayesian alternative, we define the spatially varying coefficients as a mixture of a fixed

effect and a spatial random effect, i.e. β̃j(s) = βj + βj(s). Let β̃ be the np× 1 vector of spatially

varying coefficients as previously defined, and let X be the same n×np matrix defined in Section 3.3,

then we can write our model as y = Xβ̃ + ε, where ε ∼ N(0, σ2). Let µβ =

(
β1 β2 · · · βp

)T

be the p × 1 vector that holds all the fixed effects. Then, for some covariance matrix H(ϕ) that

models spatial dependency between locations, with hyperparameters ϕ, and another matrix T that

models the correlation between coefficients, we have:

β̃ ∼ N (1n ⊗ µβ, H(ϕ)⊗ T )

For this simulation study, H(ϕ) follows a Matérn covariance function with spatial decay parameter

ρ and smoothness ν. A uniform prior from 1% to 120% of the maximum distance is used for ρ,

whereas ν is fixed at 1 to ease computations. For the covariance matrix T , we define an inverse

Wishart prior for it, with p degrees of freedom and a p×p identity matrix as the scale matrix. Finally,

the precision τ = 1
σ2 is given an inverse Gamma prior with shape 4 and scale 1 as a non-informative

prior.

To fit the model we use the built-in functions from the package ‘spBayes’ (Finley, Banerjee, and

Carlin 2007; Finley, Banerjee, and E.Gelfand 2015). This consists of utilizing MCMC to obtain the
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(a)
(b)

Figure 3.5: RMSEs for (a) each βj and (b) overall, for each method.

posterior densities for the random fields of the coefficients of each land type. For this, we obtain

55,000 posterior samples with a burn-in of 5000 and thinning every 150 samples. Afterward, β̂ is

obtained as the posterior mean, out of 334 posterior samples. Unlike the rest of the methods which

are repeated 1000 times, the Bayesian method is done only 100 times due to its excessive runtime.

When applying SCC we follow the steps taken by Li and Sang 2019. This consists of augmenting

the matrix A by p rows, each one which consists of 1
n repeated n times in the p-th position block-wise

and the remaining entries as zeroes. This new matrix, called Ã, is a np× np invertible matrix and

so we re-parametrize the model using θ = Ãβ. This reduces the lasso penalty to just ∥θ∥1 on all

entries except the last p. This model can then be fit by making use of the ‘glmnet’ package in R

(Friedman, Hastie, and Tibshirani 2010) and then transforming back the results to obtain β = Ã−1θ.

Tuning for the shrinkage parameter λ is done using the corrected AIC.

The RMSE for all methods (except SCC) is presented in Figure 3.5. SCC is excluded because

due to clustering estimations, RMSE is much higher than all other methods and impacts the scale of

the plots. These simulations show that clearly, SCC is not able to predict enough different clusters

to be similar to other methods that are able to estimate a smooth process. This is especially true

for the two coefficients with the stronger signal, β1 and β2. However, for the other two coefficient

fields, β3 and β4, it does similar to other methods. However, this happens because it is estimating

much of those fields as 0 (in fact, out of 1000 simulations only one did not have all β4 be estimated

as 0). Since all the methods except Ridge.QP has negative estimates when the true values are all

non-negative, the fact that they are all estimated as 0 will indeed reduce the error. However, when
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Figure 3.6: Correlations for each βj

all estimates are set to 0, these will fail to capture the underlying spatial pattern of interest.

Furthermore, we can see that our method (Ridge.QP) is far better than the rest. The only

exception seems to be MLR, which performs slightly better than Ridge.QP for β1 and β2. However,

when looking at β3 and β4, as well as the overall RMSE, our method is superior to all the others.

Of course, our interest lies mainly in the estimation of β1 and β2, which represent the crops of

interest, and so the results we get are still promising, especially considering that MLR is unable to

provide spatially varying coefficients estimate.

Finally, Figure 3.6 shows the correlations between β̂j and βj for all considered methods.

Surprisingly, most methods have correlations around 0 and thus seem unable to pick out a consistent

direction in the estimation. The exceptions are Ridge.QP and to a lesser extent the Bayesian

method, but only for β1 and β2, where they seem to consistently have a positive correlation between

the estimates and true values.

Overall, this simulation study would suggest that Ridge.QP is able to perform the best when

estimating all coefficients, both in terms of prediction error and correlation. The estimations for β3

and β4 are not very good overall for any method, but this is fine as both of them represent land

types that are not of major interest.

If we take a look at just one simulation result (Figure 3.7), we can see that our method lies very

close to the identity line between the estimates and true values, meaning that we create a faithful

reconstruction of the field. The only other method that seems similar is the Bayesian method. We
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Figure 3.7: Scatterplot for one simulation between βj and β̂j , for each land type, showing the
results from all methods except SCC. The dashed line represents the identity line.

can also see how the correlations between estimates and true values are also low, in particular with

β3 and β4. For similar reasons to those discussed above, SCC is removed from the plots to be able

to appreciate the differences among all other methods.

3.5 Estimation of Solar Induced Fluorescence yield

There are 112 days of measurements taken, ranging from May to September. The number of

footprints per day ranges from just 1 observation to 110. Before doing any analysis, all days with

3 or fewer observations were also excluded from the analysis. This reduced the number of days

with data to analyze to 102. The days are modeled independently of each other. Some of the days

analyzed had a lot of sites where y(s) = 0, making it so that the MST was not used for inducing

similarities and instead, the coefficients left to estimate were estimated with just a Ridge penalty.

The penalty parameter λ was tuned using a sequence of 1000 values from e−3 to e25. To further

ease the tuning, each covariate was scaled by its standard deviation, and the resulting coefficients

were then transformed back to the original scale.

To efficiently find the MST, we first obtain a Delaunay triangulation of the sites for a given day.

Then we find the MST (with Euclidean distance as the edge weight) within this triangulation rather

than using the whole connected graph. This allows for a much more efficient and quicker calculation

of the MST. To solve the quadratic programming problem we used the package ‘quadprog’ in R
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Figure 3.8: Estimated SIF yields for each land type, per month

(Cleve Moler dpodi/LINPACK) 2019), which utilizes the dual method from Goldfarb and Idnani

1982; Goldfarb and Idnani 1983.

The estimated SIF yields for each land type, for each month, are presented in Figure 3.8. The

results in this plot are difficult to observe due to the presence of some high estimations of SIF

yield for grass and forest lands during the months of Summer, especially in July. Nonetheless, we

can observe that the areas of high SIF yield for grass and forest correspond to the center of the

region which is mostly urban. This makes sense given that only near the urban areas of Urbana and

Champaign can we find parks with this kind of foliage, the remaining surrounding areas mostly

consist of farmlands.

The results are truncated in Figure 3.9 to show only estimations less than 0.002 (a range

comparable to the results obtained in Wang et al. 2020). With this reduced range it is easier to

perceive a seasonal trend in the estimation where SIF yield increases from the end of spring to

summer and then decreases as summer transitions into fall. A spatial trend can be seen with grass

and forest where during May and September there is a concentration of high yields near the urban

areas. However, the yield estimations for corn and soy do not seem to possess a clear spatial trend,

possibly due to most of the area containing farmland.

The temporal trend can be seen more clearly in Figure 3.10, where all land types share the same

pattern previously discussed. The effect seems stronger for grass and forest, but this is primarily

due to the high estimations during the summer months (hence why the shaded region representing
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Figure 3.9: Estimated SIF yields for each land type, per month - truncated only to small values

Figure 3.10: Median SIF yield, in red, for each land type, per month. The shaded area represents
one standard deviation
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one standard deviation is also much larger). Conversely, the shaded region for corn and soy looks

much more uniform, suggesting that there are no major spatial areas where corn and soy produce

higher or lower SIF yields.

3.6 Conclusions

Using the decomposition of SIF proposed by Wang et al. 2020 and the relationship to crop yield

given by Guan et al. 2016, we are able to use satellite spectrometry for large-scale crop monitoring.

However, the means to decompose SIF into vegetation-specific SIF yields that then link to crop

yield have been very time-consuming. For this, we have proposed an alternative method to the

ones currently used that is fast while also producing accurate estimates that respect the SIF

decomposition. This leads to a spatially varying coefficient model where said coefficients represent

vegetation-specific SIF yields of interest.

Our method is an alternative to Li and Sang 2019, where we use a fused Ridge penalty instead

of a fused Lasso penalty to induce spatial smoothness in the estimations. Furthermore, estimates

have to be strictly non-negative given their interpretation, which adds a further constraint to

our estimation problem. Since the fused Ridge penalty adds a penalty parameter that must be

tuned, this is done using AIC with an approximation to calculate the degrees of freedom under the

additional non-negativity constraint.

Simulations show that our method is suitable when recovering information about the coefficients

relating to corn and soy, the two most important coefficients considered. This is also true when

comparing against other spatially varying coefficient models. Nonetheless, as the simulations show,

the underlying data has a very weak signal, and thus estimation overall is particularly difficult.

However, the simulated data faithfully tried recreating the relationships of the actual observed data,

and even under these conditions, our method is able to retrieve information about corn and soy

fields.

Results show that SIF yield increases from spring to summer and then decreases from summer

to fall for all four vegetation types. This is concurrent with expectations on how vegetation works

during the summer. Results for forest and grass are particularly noisy, but this is not unexpected

given how low their signal is compared to corn and soy. The latter two vegetation land types
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produce results comparable to previous studies. Nonetheless, there doesn’t seem to be a strong

spatial relationship among any of the four land types. However, this could possibly be due to the

region of study, since Champaign-Urbana is known for consisting mostly of farmlands dedicated to

corn and soy.

Overall, the method proposed in this chapter produces good estimations for the SIF yields of

the two vegetation types of interest. Nevertheless, it would be interesting to observe how this model

behaves in areas that have more representation of forest and grass and are not mostly dedicated to

farmlands. Additionally, results show that the temporal trend in the estimations is respected, but it

would be of future interest to include a temporal component in the model that respects the SIF

decomposition and also produces results in real time.

49



Chapter 4

Data Fusion of Temperature Datasets

Using INLA

4.1 Introduction

A very classic problem in spatial statistics is combining information that is gathered at differing

spatial resolutions. this happens due to the advances in remote sensing and satellite imagery which

allows for data to be gathered at different resolutions. This is normally referred to as ‘areal’ data,

since the information retrieved is aggregated over a particular area given by the resolution of the

measuring instrument.

Opposed to this is another classical type of spatial data, referred to as geostatistical data. This is

considered a spatial process indexed over a continuous space. This information is typically gathered

by instruments that are fixed in a particular known location for a given time, like weather stations,

weather balloons, etc. For the remainder of this work we will refer to this data as ‘point’ data, in

contrast to areal data. Nonetheless, this does not mean that we are talking about point data in the

classical spatial statistics sense, where the location is random.

When there is a mismatch or inconsistency between the spatial units at which data are observed

or measured and the spatial units at which the analysis or inference is desired, we are presented

with what is known as the change of support problem. This problem is particularly relevant in the

field of geostatistics, where spatial data are commonly collected at one set of locations or spatial
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resolutions but are needed or desired at a different set of locations or spatial resolutions for modeling,

prediction, or decision-making purposes.

One particular case of the change of support problem that is very common to environmental

sciences is trying to combine information from different resolutions. Typically, we are interested in

using both areal and point data to estimate a process at a smaller resolution. This is the main goal

of this project, where we try to combine the areal data concerning surface temperatures obtained

from several instruments on board of NOAA satellites and the point data from a collection of

historical and near-real-time radiosonde and pilot balloon observations.

The main goal of combining these data sets is to produce a more complete temperature map of

the entire world. The point data is mostly in land and in the northern hemisphere. Areal data is

collected throughout the globe, but with a great quantity of missing areas due to cloud coverage

and other issues that arise from satellite imaging. This leaves an incomplete picture of global

temperature that we hope to complete by combining both data sets in a modeling framework.

This work is part of a bigger project that seeks to create a complete data set of world surface

temperature from 1990-1993 for use in other research projects. Typically, reanalysis data is used to

fulfill this need, but it either lacks uncertainty calculations or they take too much time to compute.

The goal of this project is to find a method that is able to interpolate the observed data to the

entire globe in a time-efficient manner and that also takes into account the differences in handling

areal and point data. This project intends to do that by looking at how INLA is able to treat areal

and point data differently.

The following project is divided into several sections. Section 4.2 introduces where the observed

areal and point data comes from, as well as the sampling limitations that are present in them that

challenge inference. Section 4.3 discusses how areal and point data are modeled differently and how

INLA respects this distinction, as well as an alternative hierarchical model approach that is faster

to fit but loses accuracy. Section 4.4 shows the results of several simulations to study how different

sampling scenarios affect the predictions, as well as how much the prediction is affected by using the

alternative model. Finally, results are shown in Section 4.5 with a discussion made in Section 4.6.

51



Figure 4.1: Point temperature data obtained from NOAA’s Integrated Global Radiosonode Archive
(IGRA) for January 1st, 1990.

4.2 Data

Point and areal world surface temperature data are collected daily from 1990 to 1993. For this

particular project, we will be mostly focusing on January 1st, 1990. Point data is obtained from

the Integrated Global Radiosonde Archive (IGRA), which is provided by the National Oceanic and

Atmospheric Administration (NOAA) (Durre et al. 2016). This data consists of radiosonde and

pilot balloon observations from more than 2,800 globally distributed stations that date back to

1905. As seen in one example for January 1st, 1990 in Figure 4.1, most of the data is located in

land and in the northern hemisphere. This holds true for the remaining days in the study, which

posses an interesting question in how well the data will mix in those regions where we have less or

no observations.

Areal data is recovered from NOAA’s TIROS Operational Vertical Sounder (TOVS), which

is a suite of three instruments that were flown on the NOAA-6 through NOAA-14 Polar-orbiting

Operational Environmental Satellites. These instruments were primarily designed for atmospheric

sounding are sensitive to surface temperatures (Anyamba and Susskind 1998). Data is recovered in

blocks of 1◦ by 1◦, meaning that it creates a grid of size 180× 360.

Figure 4.2 displays the areal temperature data retrieved by TOVS. The gray blocks are those

were cloud cover made it impossible for the instruments to obtain a reasonable temperature reading.

For this particular day, the amount of missing data represented 52.28% of the grid. However, this

percentage is variable for other days and is not always as high. Nonetheless, this is the main reason

why we must find a way to combine this data with point data to produce a more complete snapshot
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Figure 4.2: Areal temperature data obtained from NOAA’s TIROS Operational Vertical Sounder
(TOVS) for January 1st, 1990. The gray areas correspond to missing data due to cloud cover.

of daily surface temperature.

4.3 Models and Estimation

We suppose we are studying an underlying spatial process from which we observe continuous

observations with some measuring error. Let the underlying spatial process be S(x), x ∈ D ⊂ IR2

where we assume that S(x) is a mean-zero Gaussian process with some covariance function. For a

finite set of sites, say xi ∈ D, i = 1, 2, ..., np, we model the point data as:

y(xi) = µ(xi) + S(xi) + ε(xi) (4.1)

where ε(xi) ∼ N(0, σ2) independently for each i = 1, 2, ..., np.

Areal data is defined as averages in a block Aj ⊂ D, j = 1, 2, ..., na, such that

y(Aj) =
1

|Aj |

∫
Aj

(µ(x) + S(x))dx (4.2)

where |Aj | > 0 denotes the area of block Aj . For this project, we will assume that all blocks are

observed on a regular grid, and thus have the same shape and area.

4.3.1 Estimation with INLA

The models are fit using the INLA approach (Rue, Martino, and Chopin 2009) with the SPDE

approach (Lindgren, Rue, and Lindström 2011), following the handling of the change of support
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problem portrayed in Moraga et al. 2017. All of this can be easily applied using the R package

R-INLA (Lindgren and Rue 2015).

As mentioned in Chapter 2, INLA uses a combination of analytical approximations and numerical

integration to do Bayesian inference in models that have a latent Gaussian process. Furthermore,

using the SPDE approach, modeling can be done in continuous space, but the inference uses the

sparse precision matrices of the GMRF defined on the triangular mesh of the spatial domain. The

representation of the continuously indexed field, S(x), through the discretely indexed GMRF is

done by means of a finite basis function defined on the mesh:

S(x) =

M∑
m=1

ϕm(x)Sm (4.3)

where Sm are mean-zero Gaussian weights, ϕm(·) denotes a piecewise polynomial basis function

on each triangle, and M is the number of vertices in the mesh.

The way R-INLA approximates S(x) for point data is by calculating the weighted mean of

the GMRF estimates in the vertices of the triangle that includes x. The weights are given by the

barycentric coordinates, i.e. they are proportional to the areas of each of the three subtriangles

defined by the point x and the vertices of the triangles. Areal data, S(A) is estimated by taking

the average of all the GMRF values in block A. This makes it necessary for each areal block to

include at least one vertex of the mesh.

Since INLA uses the SPDE approach, this means that the only stationary covariance function

available to fit models is the Matérn covariance function, as defined in Chapter 1. However, this

approach allows for a more flexible class of non-stationary models. The details of this can be found in

Lindgren, Rue, and Lindström 2011, which explains how it is possible to define the non-stationarity

in the SPDE instead of in the covariance function itself. For this model we allow the variance to

vary with latitude, such that the variance increases in a polynomial way as we move farther away

from the equator.

Another advantage of using the SPDE approach is the gain in computation time by using a

sparse precision matrix but also thanks to the dimension reduction obtained by only having to

do the estimation in the triangle vertices. Normally, we would expect to have fewer nodes in the

triangulation than data. However, this is not always the case when working with areal data. Since
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we must consider that each block must have at least one vertex in the triangulation, this means

that there is actually a dimension increase when fitting the GMRF. This is typically not an issue as

we are still working with sparse precision matrices, unless the resolution is very large (i.e. small

areal block) in which case computation time will be affected.

4.3.2 Alternative model

To handle the larger computation times encountered by having to create a very dense mesh we have

to handle the model differently to be able to use a sparse mesh. A very simple alternative is to

just use the areal data as if it were point data, but obviously this doesn’t account for the change of

support. This would mean that the uncertainty specific to areal data would be underestimated.

One way to respect the different uncertainties for point and areal data but also create a

computationally faster method is to suppose a hierarchical model structure where both areal and

point data are treated as observations from a common latent field, but with different uncertainty

structures.

The first level consists of modeling both data sets as realizations of the same common latent

field, µ(x) + S(x), but with independent and different error structures:

Yp(x) = µ(x) + S(x) + ϵp, ϵp ∼ N(0, σ2
p),

Ya(x) = µ(x) + S(x) + ϵa, ϵa ∼ N(0, σ2
a),

(4.4)

In comparison to equations (4.1) and (4.2), point data is modeled the same way but areal data

is now modeled as point data but with a different error structure that hopefully is able to capture

the different uncertainty that is characteristic of this type of data.

For simplicity, we will model µ(x) as a constant µ, but it could be interesting in the future to

include some more information that depends on x. However, as for now, we do not have any more

insight into how this mean structure could look like.

The second level of this hierarchical model describes the latent field, S(x), as mean zero Gaussian

process with some covariance function:

S(x) ∼ GP (0,Σ) (4.5)
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The covariance function is modeled using a fixed smoothness parameter, ν = 1, and two unknown

parameters for the spatially varying variance, σ2(x), and stationary range parameter, ρ. The variance

is modeled as log(σ(x)) = θ1 + θ2 · scale(x2)2, where x2 refers to latitude and the scale(·) function

centers the latitude around it’s mean and scales it to have a variance of 1.

Finally, the third level of the model would be given by the prior distributions on the parameters:

µ ∼ N(0, 1000),

log(1/σ2
p), log(1/σ

2
a) ∼ LogGamma(1, 0.00005),

(θ1, θ2, log ρ)
T ∼ N

(
(0, 0, log(142))T , 100 · I3

)
.

The log range parameter of the latent field is centered at log(142) since it represents about a

third of the maximum distance of the spatial domain. Nonetheless, the variance is kept high to still

be considered a mostly uninformative prior like all the others used.

4.4 Simulation Study

The simulation study is divided into two sections. The first one plans to evaluate how well INLA

is able to combine point and areal data under different sampling scenarios and with two different

cases for areal and point sample sizes.

The second part studies how much prediction error is incurred when using the alternative

hierarchical model instead of the original formulation. Recall that this model is preferred for

computation purposes, even though it is known that areal data is not being handled appropriately.

We know that a very fine triangulation of the region will produce better results, but at a higher

computational cost. To be able to use a more sparse mesh we need to forgo the requirement that

each areal block must include at least one vertex, and that’s why we use the hierarchical model

formulation instead.

4.4.1 Sampling Scenarios

The main objective of this simulation study is to assess how well INLA is able to combine both point

and areal data under different data sampling scenarios and with different sample sizes. For this,

100 ‘true’ fields are simulated from mean-zero Gaussian process with Matérn covariance function.
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The covariance function uses ν = 1, σ2 = 1 and ρ = 142. For simplicity in the simulation, the mean

function is taken to be fixed at µ = 0. Each field is generated on a 100× 200 regular grid, producing

20,000 true points.

This model will eventually be fitted for measuring global temperatures, which are values vastly

different from what we’re simulating, but for this simulation study we are more interested in seeing

the effects of how the data is sampled, as this is the most important characteristic of the real data.

We will study five different sampling scenarios under two different ways of splitting the point

and areal sample sizes; the sampling scenarios are summarized in Table 4.1. Point data is sampled

at random from the original field in one of two cases: either fully at random over the entire domain

or constrained inside land masses. When sampled inside land masses, they are further sampled

such that the northern latitudes have more points than the southern ones. This replicates the

pattern observed in the real data where the point data is mostly in land and with more prevalence in

Northern America and Europe. In either case, point data is also sampled with an added measurement

error as seen in Equation (4.1).

Scenario Areal Data Point Data

1 All data Sampled at random
2 All data Sampled in land
3 Missing data at random Sampled at random
4 Missing data in stripes Sampled at random
5 Missing data in stripes Sampled in land

Table 4.1: Different sampling scenarios for the areal and point data. Areal data can either be
fully present, or some cells might be missing at random or in stripped patterns. Point data can
either be sampled at random over the entire domain, or constrained to only land masses, with more
prevalence in northern latitudes.

In the case of areal data, we generate a 90× 180 grid, where each block averages 1,2 or 4 points

from the original field, following the form of (4.2). When ‘sampling’ areal data we’re actually

considering how we’re sampling blocks to be considered as missing data. Scenarios 1 and 2 use the

whole grid of areal data. Scenario 3 samples the missing blocks at random over the entire spatial

domain. Scenarios 4 and 5 sample the missing blocks inside ‘stripes’. These stripes are generated

using a sinusoidal function on longitude and latitude that is tuned to produce diagonal vertical

stripes (as seen in Figure 4.3). The blocks that are removed correspond to the highest values of the

sine wave, according to another user-tuned threshold. All the scenarios that have missing data have
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Figure 4.3: Example of a simulated areal dataset with missing blocks in a vertically diagonal stripe
pattern.

the same amount of removed data.

The sample sizes are considered in two different splits of how much point data we want to have

in comparison to areal data. Areal data is always kept fixed at 16,200 blocks (without missing data).

As for point data, one case considers having the same number of point data as areal data, whereas

the other case is more similar to the real data and considers that point data represents about 5% of

the total data; these splits are referred to as the ‘50-50’ and ‘95-05’ splits, respectively. Figure 4.4

shows an example of point data sampled in land under both sample size splits.

The sampling scenario that resembles the most the real data is Scenario 5 under the 95-05 split.

All other Scenarios are considered as they represent ‘better’ versions of what we observe in the real

data and we wish to compare how the predictions under Scenario 5 compare to the rest. Similarly,

the 50-50 split also represents a more optimistic situation where we have equal amounts of data

from both sources.

The model that properly treats areal data as such was fitted for each combination of sampling

scenario and sample size split. The metrics observed for prediction accuracy were the root mean

square error and the correlation between predicted values and true values at the original 100× 200

resolution. The predicted values consist of the posterior means of the fitted value. RMSE results

are shown in Figure 4.6, whereas the correlation results are presented in Figure 4.6.
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(a) (b)

Figure 4.4: Point data sampled in land, with more data in northern latitudes, under the (a) 50-50
split and the (b) 95-05 split of areal to point data sample sizes.

Figure 4.5: Root mean square error between the true and predicted values of S(x) for each of the
five different sampling scenarios and the two sample size splits.
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Figure 4.6: Correlation between the true and predicted values of S(x) for each of the five different
sampling scenarios and the two sample size splits.

From both plots we can observe that high correlations relate to low RMSEs and vice-versa.

In general, we observe that results in the 95-05 split are better than in the 50-50 split, which at

first seems counter-intuitive as one would expect more data to be better for the analysis, but we

must consider that the only source of noise in these simulations come from point data. Further

simulations with reduced error in the point data (not shown) indeed show under the presence of

missing areal data, predictions are better for the 50-50 split than the 95-05 split. Furthermore,

under the presence of all the areal data, both splits coincide that having point data throughout the

entire region is better than clustered in land.

When introducing missing blocks in areal data, it is clear that having them be missing at random

(i.e. Scenario 3) is better than having them missing in the striped pattern (Scenarios 4 and 5). As for

the sampling of point data with striped areal missing data, the results show an interesting reversal

between the different splits. Under the 50-50 split, having points sampled in the whole domain is

better than just sampling them in land, but the reverse is true for the 95-05 split. This once again

seems to be due to noise being present only in point data, since when this noise is removed (not

shown), the trend of the 50-50 split is also observed in the 95-05 split.

Overall, the simulation study seems that suggest that under the presence of noisy point data

(or at least noisier than areal data), having less point data is better, irregardless of whether these

60



(a) (b)

Figure 4.7: Delaunay triangulation of the study region (inside the blue polygon) using a (a) dense
mesh and a (b) sparse mesh. The dense mesh has 18066 vertices, whereas the sparse mesh consists
of only 708, much less than the total sample size (16302).

points are sampled in the whole domain or just in land. Nevertheless, it is clear from both splits

that the best case scenario would be having a full areal data set, but in practice this is not feasible.

4.4.2 Using the hierarchical model

This study aims to quantify the loss in prediction accuracy when using the hierarchical model

(4.4), as opposed to the original formulation in (4.1) and (4.2). Recall that the hierarchical model

is known to not be correct, but can be fitted using a much sparser mesh and thus will be much

faster to compute. Other simulations done (not shown) revealed that as the number of areal blocks

increased, it didn’t matter if they were treated as areal or point data, as long as the mesh was kept

the same. This study hopes to asses how a sparser mesh would affect the predictions, with using

the alternative method as a counterbalance to just treating areal observations as simple point data.

For this simulation we use only one of the simulated fields and sample point and areal data in a

manner equivalent to Scenario 2 under the 95-05 sample size split. We then proceed to fit the model

using both formulations, with the second formulation using a much sparser mesh. Both meshes

can be seen in Figure 4.7, where it is very difficult to observe the small triangles inside the study

domain (delineated by the blue line) for the dense mesh.

The estimated fields are shown in Figure 4.8. Visually, there is almost no difference between
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Figure 4.8: Estimated fields for the original model formulation that accurately treats areal data
and for the hierarchical model formulation that treats areal as point data with a different error
structure. The true field and the prediction errors (RMSE) are also included for reference.

both estimated fields and the truth, except for some smoothing in the results. However, the root

mean square error between the true values and the estimated ones are almost three times as high

when treating areal data as point data in the alternative model, than when treating it appropriately

in the original formulation. Nonetheless, the error is still relatively low.

In terms of correlation, the correlation between the estimation and the true field for the original

formulation was 0.999, whereas the correlation with the alternative model was 0.995, which is not a

terrible loss. Nonetheless, the computation time for the original method was around 35 minutes,

whereas the alternative model took about 8 seconds, which is a drastic difference.

Figure 4.9 shows the posterior standard deviations for the fitted values under the two different

modeling approaches. As seen in the hierarchical model plot, there are spots scattered around the

domain that correspond to higher standard deviations. These lie close to the vertices of the sparse

mesh. Overall, the mean standard deviation for the original formulation is about 0.002, whereas for

the alternative model it is 0.014.
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Figure 4.9: Posterior standard deviations for each fitted value for the original model formulation as
well as the alternative hierarchical model.

4.5 Interpolation of global temperature

We will only present the results pertaining to January 1st, 1990 here. The data is fitted using both

the original formulation in equations (4.1) and (4.2), as well as the modified hierarchical model

(4.4). The original formulation uses a dense mesh, similar to the one in Figure 4.7a, whereas the

alternative model uses the same sparse mesh in Figure 4.7b.

Results for the model that uses the dense mesh are presented in Figure 4.10. The estimates of

the field are the posterior means of the fitted values at the centroids of each areal block and they are

given in Kelvin. This model took approximately 45 minutes to run. Figure 4.11 shows the results

for the alternative model with the sparse mesh. These results were obtained in about 30 seconds.

Both estimated fields look very similar in general terms. They seem to do well appropriately

capturing the regions of cold and hot climate for this particular time of the year. Interestingly, the

original model seems to estimate a small region of hot temperatures in Antarctica that is unexpected.

The difference in meshes is more noticeable when looking at the posterior standard deviations.

Standard deviations in Figure 4.10b are overall smaller than those in 4.11b. Nevertheless, there is

higher uncertainty in regions where areal data was missing (although, due to the presence of high

values in the border, this is difficult to see in the results for the original model). Figure 4.11b also
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(a) (b)

Figure 4.10: Results obtained by treating point and areal data accordingly. The field estimate
(a) correspond to the posterior means and the standard deviation (b) to the posterior standard
deviations at each location.

(a) (b)

Figure 4.11: Results obtained by treating point and areal data as point data but with different error
structures. The field estimate (a) correspond to the posterior means and the standard deviation (b)
to the posterior standard deviations at each location.
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shows small regions of high uncertainty scattered around the map that correspond to the vertices of

the sparse mesh.

Both results show higher uncertainty around the border. This is a common problem with the

SPDE approach that is mitigated by having larger triangles outside the study region. However, this

is still difficult to mitigate when the inner triangles are very small, as the outer triangles grow in

size starting from the size of the inner ones. This means that the triangles that are closest to the

mesh are still very small (as seen in Figure 4.7a) and thus produce higher border uncertainties.

4.6 Conclusion

INLA is capable of accurately combining areal and point data through the SPDE approach. However,

this is heavily dependent on the mesh, as areal data requires at least one mesh vertex inside of

each areal block. This becomes a issue when areal blocks become smaller as computations take

much longer. We propose an alternative hierarchical model that relates areal and point data to the

same latent process but allows flexibility in modeling the error of each type of data. This allows the

GMRF to be fit in a more sparse network of vertices and drastically reduce computation times.

This project presents an interesting question moving forward. Are we more interested in the

higher accuracy by treating areal and point data accordingly, at the cost of longer computation

times, or can we sacrifice some of that accuracy to have the results out faster? Simulations show

that there is a loss in accuracy by using the faster method, but this loss is decreased as the number

of areal blocks become larger.

Through a simulation study that changes the way areal and point data are obtained we have

seen that our results would be benefited from having less missing areas coming from TOVS. They

also seem to suggest that point data is not as essential as areal data, but this is only true if point

data is particularly noisy. As radiosonde and weather balloons become better measuring instruments

we can assume that measurement error would be decreased and their presence would help with the

final predictions much more.

There is one major problem when using this method to interpolate world data, being that

the mesh is constructed in a 2D surface, as opposed to a sphere. Lindgren, Rue, and Lindström

2011 shows that it is possible to create a mesh in a sphere, but as far as we know this is still not
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implemented into R-INLA. This means that the estimated covariance structure is dependent on the

projection of the world we use. This is most likely the reason why regions near each of the poles

seem to have higher temperatures than expected, as the covariance structure identifies these regions

to be farther away than what they should be.

As previously mentioned, this is part of a bigger project that is trying to find the best way to

handle the change of support problem in terms of both accuracy and computation time when it

comes to integrating observed datasets. Additionally, these methods should also be able to provide

some quantification of prediction error, which in this case can be handled by the posterior standard

deviations. So far, the results for world temperature are promising and sensible. In the future, we

would like to apply a similar methodology to aerosol data, which pose an extra set of challenges

with how that data was recovered in the early 90s.
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