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Motivating Application: Glass to Metal Seals

The connector is uniformly cooled from 600 ℃ to room 
temperature, which causes stresses to build up due to differing 
coefficients of thermal expansion.
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Motivating Application: Glass to Metal Seals

“Interesting” 
phenomena at 
material 
interfaces

Several constitutive models with varying fidelities exist for the glass and metals.

How can we quantify the impact of this modeling choice?



Goal-oriented Error Estimation I

• Classical, a priori FEM error estimates are given in terms of 
solution norms: 

• These are not computable because they require knowing 
the exact solution.

• Typically an analyst is interested in quantity of interest (QoI) 
that is some functional of the solution.



Goal-oriented Error Estimation II

• Goal-oriented error estimation provides computable 
estimates of error in a quantity of interest (QoI) and has 
most often been studied for discretization errors.

https://arxiv.org/pdf/2305.15285.pdf
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Goal-oriented Model Form Error Estimation for 
Constitutive Models

• Key idea: express the two physical models in terms of 
coupled residuals:



Goal-oriented Model Form Error Estimation for 
Constitutive Models



Error Estimate Math I



Error Estimate Math II



Error Estimate Math III



Proof-of-Concept Demonstration



Verification Check

• Code output:



Error Localization and Adaptivity

• Estimate, localize, mark, and refine:

base model (M)
fine model (m)



Motivating Application: Glass to Metal Seals

The connector is uniformly cooled from 600 ℃ to room 
temperature, which causes stresses to build up due to differing 
coefficients of thermal expansion.

Adjoints required:

• Pins and shell: metal 
elastoplasticity — 
https://doi.org/10.1002/nm
e.6843 .

• Glass: thermoviscoelastic.
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Thermoviscoelastic Materials I

• Time-varying, temperature-dependent material response.

• Important for modeling of aging components.

• Linear constitutive model:

• Hereditary integrals:
Lester and Long 2020, SAND2020-4973R .



Thermoviscoelastic Materials II

• Hereditary integral discrete evolution equation:

• Shift factor:



Thermoviscoelastic Materials III

• Shift factor temperature dependence:



Thermoviscoelastic Materials IV
• Prony series:



Thermoviscoelastic Materials V
• Constitutive model:

• Leads to ~ 200 local state variables… not tractable!

• We have a solution.



Thermoviscoelastic Coupled Formulation
• Original coupled approach:

• New coupled approach:

• Hereditary integral discrete evolution equation:



Glass-to-Metal Seal Exemplar

SAND2017-10894



Glass-to-Metal Seal Exemplar

Element blocks Compression from cooling (plastic)



Glass-to-Metal Seal Exemplar



Glass-to-Metal Seal Exemplar I



Glass-to-Metal Seal Exemplar I



Glass-to-Metal Seal Exemplar II



Glass-to-Metal Seal Exemplar II



Glass-to-Metal Seal Exemplar II



Summary and Conclusions

• Goal-oriented constitutive model form error estimation:
• Split equilibrium PDE and constitutive equations.
• Solve coupled adjoint problem and use its solution in the 

error estimate.
• Possibilities for constitutive model adaptivity.

• Adjoints for thermoviscoelasticity:
• Hereditary integrals introduce many new local state 

variables.
• Our formulation introduces new constraints to minimize 

storage costs.

• Application to nonlinear glass-to-metal seal problem:
• Error estimate often close to exact error and costs less to 

obtain than the brute force approach.


