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1. Introduction 

Non-smooth and discontinuous nonlinearities occur in a wide variety of engineering applications. 

The most common environments include dynamical systems subject to contact or friction effects. The 

accurate modeling and simulation of such systems, namely accurate resolution near the times of non-

smoothness or discontinuity, are critical because these types of systems feature discontinuous 

bifurcations, which are not found in smooth systems and which can lead to significant changes in 

system dynamics [1]. Grazing bifurcations, for example, occur when a system comes into contact with 

a soft or rigid wall, and a simple periodic motion may be transformed into multi-harmonic, 

quasiperiodic, or even chaotic motion with no warning. Common simulation approaches involve time-

stepping a differential equation solver with or without a sub-routine to detect and locate events, but 

these can often be slow or inefficient due to increased overhead or requirements tailored to a specific 

type of system. In this work, we describe a method for event detection in ordinary differential equation 

(ODE) initial value problem (IVP) solvers using neural networks. The approach herein differs from 

that of [2], where the authors compute entire solutions of IVPs with an artificial neural network, since 

our approach uses neural networks to help reconstruct the IVP solution only at points of 

nonsmoothness. To the best of the authors’ knowledge, the application of neural networks in this way 

and for this purpose is novel. Simple 1-dimensional systems with contact or friction are used in this 

work, but successful implementation can serve as a foundation to solve more complex systems in 

higher dimensions or with many points of contact or friction. 

 

2. Neural network formulation 

The following exemplar problem of a ball bouncing inelastically on a flat surface is used to 

illustrate our methods. The vector (𝑢, 𝑣), where 𝑢 is the ball’s position and 𝑣 is the ball’s velocity, are 

defined by: 

(𝑢̇
𝑣̇

) = ( 𝑣
−𝑔

)  𝑖𝑓 𝑢 > 0

𝑣+ = −𝑅𝑣− 𝑖𝑓 𝑢 = 0
(1) 

where 𝑔 is the gravitational constant and 𝑅 is the coefficient of restitution. We define the following 

event function for the bouncing ball problem: 

𝐸(𝑢, 𝑣) = 𝑢 (2) 
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and let Σ denote the event surface, such that 𝛴 = {(𝑢, 𝑣): 𝑢 = 0}. Let 𝜑 = 𝜑(𝑢, ℎ) denote a one-

step IVP solver of order 𝑝 for integrating smooth initial value problems (IVPs) in the following sense: 

𝜑(𝑥0, ℎ) = 𝑥(𝑡0 + ℎ; 𝑡0, 𝑢0) +  𝑂(ℎ𝑝+1),     ℎ ≪ 1 (3) 

where 𝑥 = 𝑥(𝑡; 𝑡0, 𝑥0) denotes the solution to a smooth IVP 𝑥̇ = 𝑓(𝑥, 𝑡), 𝑥(𝑡0) = 𝑥0. We use a 

fixed time-step Δ𝑡 for integrating the bouncing ball, except at points where this time-step causes the 

numerical solution to cross the event surface. However, our method can be extended to an adaptive 

stepsize for improved efficiency. We construct a neural network model 𝑀 = 𝑀(𝑢, 𝑣) for detecting 

events in time-integration of the bouncing ball problem, where: 

𝑀(𝑢, 𝑣) = {
1 𝑖𝑓 𝐸 (𝜑((𝑢, 𝑣), 𝛥𝑡)) ≤ 0

0 𝑒𝑙𝑠𝑒 
 (4) 

The model 𝑀 is 1 if an event has occurred and 0 otherwise. To train the model, we sample the 

event surface 𝛴𝑁 = {𝜎𝑗: 𝑗 = 1, … , 𝑁} and let 𝛥𝑇𝐾 = {𝛥𝑡𝑗: 𝑗 = 1, … , 𝐾} denote sample time-steps where 

𝛥𝑡1 < 𝛥𝑡2 < ⋯ < 𝛥𝑡𝐾. We then define the input training set 𝑋 for our neural network model as 

follows: 

𝑋 = 𝜑(𝛴𝑁 , −𝛥𝑇𝐾) = {𝑋𝑗,𝑘: 𝑋𝑗,𝑘 = 𝜑(𝜎𝑗 , 𝛥𝑡𝑘), 𝑗 = 1, … , 𝑁, 𝑘 = 1, … 𝐾} (5) 

The output training set 𝑌 for our neural network model is then defined as follows: 

𝑌 = {𝑌𝑗,𝑘: 𝑌𝑗,𝑘 =  {
1 𝑖𝑓 𝐸 (𝜑(𝑋𝑗,𝑘 , ℎ)) ≤ 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 ℎ ∈ 𝛥𝑇

0 𝑒𝑙𝑠𝑒
, 𝑗 = 1, . . , 𝑁, 𝑘 = 1, … 𝐾} (6) 

The input data sets are divided into subsets 𝑋 = 𝑋𝑇𝑟𝑎𝑖𝑛 ∪ 𝑋𝑇𝑒𝑠𝑡 and 𝑌 = 𝑌𝑇𝑟𝑎𝑖𝑛 ∪ 𝑌𝑇𝑒𝑠𝑡, 

where 𝑋𝑇𝑒𝑠𝑡, 𝑌𝑇𝑒𝑠𝑡 are the testing data sets that contain 10% of the elements of 𝑋, 𝑌 with the 

remaining 90% of the elements being in training data sets 𝑋𝑇𝑟𝑎𝑖𝑛, 𝑌𝑇𝑟𝑎𝑖𝑛. We implement a neural 

network classifier using the Julia Flux library. The network has 5 densely connected hidden layers with 

relu activation functions and we use the logitbinarycrossentropy loss function. The network is trained 

using the ADAM method for 106 iterations, at which point the trained network is 100% accurate on 

the testing data sets, i.e., 𝑀(𝑥) = 𝑦 is correct for all (𝑥, 𝑦) ∈ 𝑋𝑇𝑒𝑠𝑡 × 𝑌𝑇𝑒𝑠𝑡. 

 

3. Results 

To test our method, we integrate the bouncing ball IVP using the trained event detection neural 

network 𝑀 “neural network approach” and compare to results using a “simple approach”, where a trial 

solution is computed at each time-step and an event is detected if the first component of the trial 

solution is nonpositive. In the neural network methods when an event is detected, the bisection method 

with absolute and relative tolerance of 10−10 is used to approximate the exact time when the event 
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occurs and the velocity is instantaneously updated as 𝑣 ← −𝑅𝑣 at these times. In the simple approach, 

MATLAB ode45 with its event location feature is used. We use 𝑅 = 0.9, 𝑢0 = 10.0, and 𝑔 = 9.81 for 

the constant values. In Figure 1 and Table 1, the event times and solution values for both the neural 

network approach and simple approach were effectively identical. 

 

  
Fig 1. 𝑢 𝑣𝑠. 𝑡𝑖𝑚𝑒 (left) and 𝑣 𝑣𝑠. 𝑡𝑖𝑚𝑒 (right) for a solution computed using a neural network or a simple 

approach to determine event times. 

 

Table 1: Comparison of event times between the two simulation approaches. 

Neural network Simple approach 

1.427843122926641 1.427843122927093 

3.997960744196168 3.997960744195887 

6.311066603338677 6.311066603337761 

8.392861876565325 8.392861876565391 

10.266477622465255 10.266477622470353 

11.952731793775415 11.952731793784908 

13.470360547954783 13.470360547967886 

14.836226426716886 14.836226426732534 

16.065505717603227 16.065505717620926 

17.171857079401377 17.171857079420576 

18.167573305020159 18.167573305040214 

19.063717908075276 19.063717908097843 

19.870248050826223 19.870248050849643 
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4. Conclusions 

Preliminary results indicate the neural network can accurately predict the event times for the 

bouncing ball problem. In the conference presentation, additional results will be presented for more 

complex 1D dynamical systems. These results indicate the neural network approach can be extended 

to more complex system with higher dimensions or multiple points of contact and friction. 
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