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Electromagnetic Properties of Aluminum-based
Bilayers for Kinetic Inductance Detectors
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V. G. Yefremenko, and J. Zhang

Abstract—The complex conductivity of a superconducting thin
film is related to the quasiparticle density, which depends on the
physical temperature and can also be modified by external pair
breaking with photons and phonons. This relationship forms the
underlying operating principle of Kinetic Inductance Detectors
(KIDs), where the detection threshold is governed by the su-
perconducting energy gap. We investigate the electromagnetic
properties of thin-film aluminum that is proximitized with either
a normal metal layer of copper or a superconducting layer
with a lower TC , such as iridium, in order to extend the
operating range of KIDs. Using the Usadel equations along with
the Nam expressions for complex conductivity, we calculate the
density of states and the complex conductivity of the resulting
bilayers to understand the dependence of the pair breaking
threshold, surface impedance, and intrinsic quality factor of
superconducting bilayers on the relative film thicknesses. The
calculations and analyses provide theoretical insights in design-
ing aluminum-based bilayer kinetic inductance detectors for
detection of microwave photons and athermal phonons at the
frequencies well below the pair breaking threshold of a pure
aluminum film.

Index Terms—Proximity effect, Usadel equations, density of
states, complex conductivity, surface impedance.

I. INTRODUCTION

SUPERCONDUCTING microwave Kinetic Inductance De-
tectors (KIDs) [1] are an attractive detector technology

owing to the ability to read out a large number of pixels
without the need for ancillary cryogenic multiplexing com-
ponents. KIDs have been developed to measure photons [2]–
[7] in astrophysics, athermal phonons [8]–[11] for dark matter
and neutrinoless double beta decay searches, temperature
changes [12]–[14] caused by deposited energy of X-rays
and long wavelength photon flux, and electric current or
magnetic field [15]–[17]. For optimized performance of KIDs,
superconducting bilayers or trilayers can be used to tune the
pair breaking threshold [18]–[22], to increase the kinetic in-
ductance fraction [18]–[20], to increase photon energy readout
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efficiency [23], and to enhance the current dependence of the
kinetic inductance [24], [25].

In this work, we investigate the electromagnetic properties
of aluminum-based bilayers as a method to tune the pair
breaking threshold for applications including line intensity
mapping of carbon monoxide at high redshift [26], [27], and
searches for dark matter [8], [11] and neutrinoless double
beta decay [10]. In particular, a lower pair breaking threshold
extends the sensitivity of a detector to photons and phonons
at lower frequencies.

We start with the theory of proximity bilayers and meth-
ods to calculate density of states, complex conductivity, and
surface impedance in Section II, present our calculation ap-
proaches and results for thin Cu/Al and Ir/Al bilayers in
Section III, and conclude in Section IV.

II. THEORY OF A PROXIMITY BILAYER

We consider a bilayer, which consists of superconductor, 1,
with a thickness of d1 and a transition temperature of TC1

on the left and a superconductor, 2, with a thickness of d2
and a transition temperature of TC2 on the right. In the dirty
limit, where the electron mean free path is less than coherence
length, the superconducting properties of the bilayer can be
described with the Usadel equations [28]–[33] using a function
θ(x,E) known as the pairing angle, where x is a position
coordinate with x = 0 at the interface. The energy, E, is
given by E = jℏωn with Matsubara frequency of ωn = (2n+
1)πkBT/ℏ (n = 0, 1, 2, . . . ), where ℏ is the reduced Planck
constant, kB is the Boltzmann constant, and T is temperature.
The variable θ(x,E) is complex and ranges in magnitude from
0 to π/2. The Usadel equations [31]–[33] are

ℏD1,2

2

∂2θ1,2
∂x2

− ℏωn sin θ1,2 +∆1,2(x) cos θ1,2 = 0, (1)

where D1,2 = σ1,2/e
2N1,2 are the diffusivity of electrons in

superconductor 1 and 2, σ1,2 are the normal state conductivity,
and e is the electron charge. N1,2 = 3γ1,2/π

2k2B(1 + λ1,2)
are the density of states [34] at Fermi energy, where γ1,2
are electronic specific heat coefficient, and λ1,2 are electron
phonon coupling constant. The pair potentials, ∆1,2(x), are
determined by

∆1,2 ln
( T

TC1,C2

)
= −2πkBT

∑
n≥0

(∆1,2

ℏωn
− sin θ1,2

)
. (2)

At the open boundaries facing either vacuum or a dielectric,
no current flows [35]–[37], therefore

∂θ1
∂x

=
∂θ2
∂x

= 0. (3)
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At the interface of the two superconductors, the current
across the interface is conserved [35]–[37], therefore

σ1
∂θ1
∂x

= σ2
∂θ2
∂x

=
Gint

A
sin(θ2 − θ1), (4)

where A is the area of the interface between the two super-
conductors. Gint = 2tNchGK is the Landauer conductance
across the interface [38], where t is a free parameter de-
scribing electron transmission coefficient across the interface,
Nch = A/(λf/2)

2 is the number of conductance channels,
and λf is the Fermi wavelength in the superconductor that has
fewer conductance channels. GK = e2/h is the conductance
quantum and h is the Planck constant.

With the solutions of θ(x,E) from Eqs. 1 to 4, we can
calculate the single-spin density of electron states N(x,E) =
N1,2n(x,E), where n(x,E) = Re[cos θ(x,E)] (see Eq. 9),
as well as the pair breaking threshold 2∆g . Since the energy
dependence of n(x,E) is sharp (similar to the BCS density
of states), we define ∆g = E when n(x,E) = 0.001.

The complex conductivity of a superconductor can be
written as σ = σ1 − jσ2. Normalized with the normal state
conductivity σN , the Nam’s formulation of complex conduc-
tivity of strong-coupling and impure superconductors [39] is

σ1

σN
=

1

ℏω

{∫ −∆g

∆g−ℏω
g1(1, 2) tanh

(
ℏω + E

2kBT

)
dE

+

∫ ∞

∆g

g1(1, 2)

[
tanh

(
ℏω + E

2kBT

)
− tanh

(
E

2kBT

)]
dE

}
,

(5)

σ2

σN
=

1

ℏω

{∫ ∆g

[∆g−ℏω,−∆g ]

g2(1, 2) tanh

(
ℏω + E

2kBT

)
dE

+

∫ ∞

∆g

[
g2(1, 2) tanh

(
ℏω + E

2kBT

)
+ g2(2, 1) tanh

(
E

2kBT

)]
dE

}
,

(6)

where ω is the angular frequency of the excitation electromag-
netic wave and [∆g −ℏω,−∆g] denotes that the algebraically
larger of the two numbers is to be used. Here the functions g1
and g2 are coherence factors defined by

g1(1, 2) = n(E)n(E + ℏω) + p(E)p(E + ℏω), (7)

g2(1, 2) = −ñ(E)n(E + ℏω)− p̃(E)p(E + ℏω), (8)

where n(E), ñ(E), p(E), and p̃(E) are defined by

n(E) + jñ(E) = cos θ(x,E), (9)

p(E) + jp̃(E) = −1j ∗ sin θ(x,E), (10)

where θ(x,E) comes from the solution of the Usadel equa-
tions. Both the real and imaginary parts of the complex
conductivity are functions of location and energy. The upper
limit of the integrations in Eqs. 5 and 6 is the Debye energy.

The surface impedance of a multilayer can be estimated by
cascading the transmission matrices of all layers as formulated
by Zhao et al. [33]. In the case of a thin bilayer, we have[

vS
iS

]
=

∏
k

[
1 jωµ0dk

σk(ω)dk 1

] [
v0
i0

]
, (11)

where σk is the averaged complex conductivity of super-
conductor 1 or 2 of the thin bilayer, µ0 is the free space
permeability, and v0/i0 = Z0 is the impedance of free space.
The surface impedance is calculated as ZS = vS/iS . Typically,
the surface impedance can be written as

ZS = RS + jXS , (12)

where RS represents resistive loss, and XS = ωLS is the
reactance, where LS is known as surface inductance. We
introduce a surface impedance quality factor [1], [33] as

QS = XS/RS , (13)

which can be estimated through a measurement of the quality
factor of a planar superconducting resonator [1].

III. CALCULATION APPROACHES AND RESULTS

We numerically solve the Usadel Eqs. (Eqs. 1 and 2) in a
self-consistent procedure. Eq. 1 is linearized in matrix form us-
ing the finite difference method. We start with the trial pair po-
tentials, ∆1,2(x), estimated by assuming BCS superconductors
with the given transition temperatures and find the solutions
for θ1,2(x, ωn). Using these solutions, the new pair potentials
∆1,2(x) are found from Eq. 2. The iterations are repeated until
convergence in ∆1,2(x) (δ∆1,2/∆1,2 < 0.001%) is achieved.
Next, after the pair potentials are determined, we solve Eq. 1
on the energy axis, E, by replacing ℏωn with −jE. This
method provides θ1,2(x,E) for calculating spatial- and energy-
resolved densities of states in both layers. Subsequently, we
calculate the local values of the complex conductivity with
Eqs. 5 and 6, and provide values for the complex impedance
ZS , quality factor QS , and surface inductance LS .

TABLE I
PHYSICAL PARAMETERS FOR CALCULATIONS

Parameter Al Ir Cu
Transition temperature TC 1.52 K a 0.27 K a 1.0 pK b

Electron phonon coupling con-
stant λ c, d, e, f

0.44 0.34 0.08

Electronic specific heat coeffi-
cient γ in JK−2m−3 e, g

135.0 370.0 98.0

Fermi wavelength λf in nm h, i 0.360 0.536 0.455
Resistivity ρ in µΩcm at low
temperatures a

3.15 13.2 2.15

Debye temperature TD in
Kelvin c, e, j, k

428 420 335

Coherence length ξ in nm l 384.2 90.3 451.2
a Averaged values of 20–30 nm thin films fabricated and measured at
Argonne; b Assumed small value. See Fig. 2 for comparison of results
at three Cu transition temperatures; c [40]; d [41]; e [42];
f [43]; g [44]; h [45]; i [46]; j [47]; k [48];
l ξ =

√
(ℏD/2πkBT ), T = 100 mK.

We limit our calculations to thin film Ir/Al and Cu/Al
bilayers on high resistivity silicon wafers deposited using
traditional sputter deposition. The physical input parameters
are summarized in Table I. The only free parameter is the
electron transmission coefficient t at the interface of a bilayer.
It is related to the specific interface resistance, which is given
by RB = A/Gint = λ2

f/8tGK . A small electron transmission
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Fig. 1. Densities of states of a bilayer made of 20 nm Cu (x < 0) and 30
nm Al (x > 0) at three electron transmission coefficients. T = 100 mK.

coefficient corresponds to a large specific interface resistance.
Fig.1 shows the density of states of a thin Cu/Al bilayer at
three electron transmission coefficients. When t = 0.001 or
0.01, the specific interface resistance is large and electrons
have little chance to pass through the interface, therefore,
the proximity effect between Cu and Al is weak. In Cu, the
density of states peaks at a low energy. In Al, the density
of states peaks near ∆Al(T = 0) ≈ 231 µeV and there is
a mini gap aligned with the lower edge of the density of
states in Cu. When t = 0.1, which corresponds to a metallic
contact estimated from experimental TC data of proximity
bilayers [38], [49], the distributions of densities of states in Cu
and Al merge together with only one lower edge. We assume
t = 0.1 in the rest of the paper.
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Fig. 2. Pair breaking threshold of a 30 nm Al-based bilayer as a function of
the thickness of a proximity Ir or Cu layer. t = 0.1. T = 100 mK.

We investigate the pair breaking threshold tuning of an
Al film proximitized with an Ir or Cu film as shown in
Fig. 2. The TC of Ir is listed in Table I. Though there is
no measured TC for Cu yet, we cannot use TC = 0 K for the
calculations with Eq. 2. TC ≈ 1.5 mK is extracted based on a
BCS superconductor [50] with an electron phonon coupling
constant λ = 0.08 [43] by using TC = 1.134TDe−1/λ,
where TD is the Debye temperature of Cu. TC = 1.0 nK
and TC = 1.0 pK are also used for comparison. When
TC < 1.0 nK, the calculation should have little difference if
the TC of Cu is vanishingly small. Fig. 2 demonstrates that the

10
-1

10
0

10
1

10
2

Frequency in GHz

10
-4

10
-2

10
0

10
2

1
/

N
 (

2
/

N
)

1
, Ir x=-20 nm

1
, Al x=20 nm

2
, Ir x=-20 nm

2
, Al x=20 nm

Fig. 3. Complex conductivities at the outer edges of a bilayer made of 20
nm Ir (x < 0) and 20 nm Al (x > 0). t = 0.1. T = 100 mK.

10
-1

10
0

10
1

10
2

Frequency in GHZ

0

0.5

1

1.5

R
S
 (

X
S
) 

in
 

R
S

, Ir 20 nm / Al 20 nm

X
S

, Ir 20 nm / Al 20 nm

R
S

, Cu 20 nm / Al 20 nm

X
S

, Cu 20 nm / Al 20 nm

10
-1

10
0

10
1

10
2

Frequency in GHZ

10
0

10
2

10
4

S
u

rf
a

c
e

 I
m

p
e

d
a

n
c
e

 Q
u

a
lit

y
 F

a
c
to

r 
Q

S

Ir 20 nm / Al 20 nm, 50 mK

Ir 20 nm / Al 20 nm, 100 mK

Cu 20 nm / Al 20 nm, 20 mK

Cu 20 nn / Al 20 nm, 50 mK

Cu 20 nm / Al 20 nm, 100 mK

Fig. 4. Complex impedances of two thin bilayers (top). t = 0.1. T =
100 mK. The frequency dependence of surface impedance quality factors of
the two thin bilayers at several temperatures (bottom). t = 0.1.

pair breaking threshold (2∆g) of an Al film can be effectively
tuned downward with the deposition of an Ir or Cu film. The
dependence of 2∆g of a Cu/Al bilayer on Cu thickness is very
similar to that of TC of an Ir/Pt bilayer on Pt thickness [51].
It can approach zero at a large Cu film thickness. However,
the lower bound of 2∆g is limited to above the energy gap of
the Ir film for an Ir/Al bilayer.

Fig. 3 shows the real and imaginary parts of complex
conductivities at the outer edges of a 20 nm Ir and 20 nm Al
bilayer. In both layers, the small real part σ1/σN decreases
as a function of electromagnetic wave frequency until the
pair breaking threshold fg = 2∆g/h is approached. Then
it rises sharply at fg and rapidly reaches the normal state
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conductivity. The frequency, fg , is the pair breaking frequency
above which radiation is energetic enough to break Cooper
pairs. The imaginary part σ2/σN also decreases as a function
of frequency, however, it decreases even faster above fg .
Overall, σ2/σN ≫ σ1/σN when f < fg .

With complex conductivities, the surface impedance of a
bilayer can be calculated with Eqs. 11 and 12. The upper panel
of Fig. 4 shows the real and imaginary parts of the surface
impedance for two bilayer configurations: 1) 20 nm Ir and
20 nm Al, and 2) 20 nm Cu and 20 nm Al. Above the pair
breaking threshold fg , the Ir/Al bilayer has a larger surface
impedance relative to the Cu/Al bilayer because the resistivity
of Ir is larger than that of Cu. Below the pair breaking
threshold fg , the imaginary part depends exponentially on
frequency and it is much larger than the dissipative part, which
decreases exponentially with decreasing frequency and is very
close to zero. In general, the frequency dependence of the
surface impedance of the bilayers is similar to that of the
Al/Ti/Al trilayers [33].

The ratio of the imaginary part to the dissipative part of
surface impedance, which is defined as surface impedance
quality factor QS in Eq. 13, is a useful parameter to understand
the resistive loss of a resonator [1]. In the lower panel of Fig. 4,
the blue dashed line and solid line are for the Ir/Al bilayer,
which has a pair breaking threshold of about 35.6 GHz. The
red dashed line, dash-dotted line and solid line are for the
thin Cu/Al bilayer, which has a pair breaking threshold of
about 13.7 GHz. The surface impedance quality factor strongly
depends on pair breaking threshold, excitation electromagnetic
wave frequency, and operational temperature. When the pair
breaking threshold is small, the surface impedance quality
factor is small at 100 mK. To have a larger quality factor,
a resonator with such as a small pair breaking threshold needs
to be operated at a lower frequency and a lower temperature.
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Ir or Cu increases from 5 to 30 nm with a step of 5 nm. t = 0.1. T = 100 mK.

Four calculated data sets of surface impedance quality factor
QS of Ir/Al and Cu/Al bilayers at 0.5 GHz and at 100 mK are
summarized in Fig. 5. There are several conclusions we can
draw. First, when the pair breaking threshold 2∆g is small,
the QS of an Al-based bilayer depends on 2∆g exponentially.
This dependence is similar to that of QS on 2∆g for a single
layer superconductor film [1]. The decrease of calculated QS
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Fig. 6. Surface inductance dependence on Al film thickness (top) and on Ir
or Cu film thickness (bottom). t = 0.1. T = 100 mK.

with an increasing thickness of an Ir or Cu proximity film
qualitatively agrees the measured surface resistance of Nb/Cu
bilayers [54], which increases many orders of magnitude with
Cu layer increasing from ten to a few tens of nm. Next, for
bilayers with the same Al film thickness regardless of whether
they are Ir/Al or Cu/Al, the surface impedance quality factor
decreases monotonically with decreasing 2∆g . In addition, at
the same 2∆g , a bilayer with 30 nm Al film has a larger QS

than a bilayer with 20 nm Al film does.
The upper panel of Fig. 6 shows the dependence of surface

inductance LS , estimated at 0.5 GHz, of a Cu/Al bilayer and
an Ir/Al bilayer on Al film thickness for a given Ir or Cu
film thickness of 20 nm. The dash-dotted line is for a single
Al film estimated with Eq. 6 in Ref. [52] for comparison.
The LS of an Al-based bilayer is enhanced with additional
Ir or Cu proximity layer. These results are consistent with
the measured magnetic penetration depth enhancement of an
Nb film proximitized with an Al or Cu film [53]–[55]. In
addition, the LS of the bilayers is inversely proportional to
the thickness of Al film. The lower panel of Fig. 6 shows a
monotonic increase of LS with thickness of an Ir or Cu film
at a given Al film thickness of 30 nm. This is consistent with
the measured dependence of magnetic penetration depth of
Nb-based bilayers on the thickness of an Al or Cu film [53]–
[55]. However, the LS of a Cu/Al bilayer is much larger than
that of an Ir/Al bilayer at the same large thickness of Ir and
Cu films. This could indicate that the LS is strongly correlated
to the 2∆g , whose dependence on the thickness of an Ir or Cu
film is shown in Fig 2.
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IV. CONCLUSION

By numerically solving the Usadel equations, we have
calculated the pair breaking threshold, 2∆g , of Ir/Al and Cu/Al
thin-film bilayers. Across a thin bilayer in metallic contact,
there is only a single 2∆g defined by the density of states.
The value of 2∆g can be monotonically tuned by changing the
relative thicknesses of Al and Ir (or Cu) films. Utilizing the
Nam’s expressions for complex conductivity, we have studied
the electromagnetic properties of these bilayers. The surface
inductance, LS , of an Al-based bilayer is larger than that of
the bare Al film only. To further enhance LS , a bilayer should
have a thin Al film and/or a thick Ir (or Cu) film. In general,
the surface impedance quality factor QS of an Al-based bilayer
depends on 2∆g in the similar way as the QS of a single layer
Al film does. However, for two bilayers with the same 2∆g ,
the bilayer with thicker Al film is expected to have a larger
QS . Moreover, the QS of an Ir/Al bilayer can be larger than
that of a Cu/Al bilayer with the same thicknesses because the
Ir/Al has a larger 2∆g . In the case of a small 2∆g for a low
threshold (10-20 GHz) detection, a KID made of an Al-based
bilayer needs to be operated at a low temperature (10 mK) and
with a low readout frequency (<2.0 GHz) for a large quality
factor. The results of this work can be used to aid in the design
and experiment of Al-based bilayer KIDs.
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