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ABSTRACT
We develop an accurate and numerically efficient non-adiabatic path-integral approach to simulate the non-linear spectroscopy of
exciton–polariton systems. This approach is based on the partial linearized density matrix approach to model the exciton dynamics with
explicit propagation of the phonon bath environment, combined with a stochastic Lindblad dynamics approach to model the cavity loss
dynamics. Through simulating both linear and polariton two-dimensional electronic spectra, we systematically investigate how light–matter
coupling strength and cavity loss rate influence the optical response signal. Our results confirm the polaron decoupling effect, which is
the reduced exciton–phonon coupling among polariton states due to the strong light–matter interactions. We further demonstrate that the
polariton coherence time can be significantly prolonged compared to the electronic coherence outside the cavity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0166188

I. INTRODUCTION

Coupling molecular excitations with a quantized radiation field
inside an optical cavity produces a set of light–matter hybrid states
known as polaritons. These polariton states, which are a hybridiza-
tion of matter excitation and photonic excitation, have shown great
promise in changing the reactivities of molecules.1–5 In partic-
ular, the light–matter interaction has been shown to effectively
reduce the coupling between excitons and phonons, which is com-
monly referred to as the polaron decoupling effect.6,7 This polaron
decoupling effect results in an enhanced charge transfer rate con-
stant,6 a reduction of the homogeneous linewidth of spectra,8,9 and
causes ballistic exciton–polariton transport.10–12 In particular, the
exciton–polariton coherence lifetime should be prolonged due to
reduced coupling with the phonon bath.9

Linear13,14 and non-linear spectroscopy9,15–19 are powerful
measurements that provide a fundamental understanding of the

photophysics of polariton systems. Recent theoretical progress20–22

has focused on simulating the polariton two-dimensional electronic
spectra (2DES), such as an analytic expression based on the non-
Hermitian Hamiltonian,21 based on the Heisenberg–Langevin equa-
tion,22 or a numerically accurate many-body quantum dynamics
approach based on the time-dependent multiple Davydov ansatz.23

Nevertheless, there is a lack of general theoretical approaches that
can accurately simulate exciton–polariton spectra beyond perturba-
tive methods,22 with an accurate description of the non-Markovian
exciton–phonon coupling and the cavity loss dynamics.

In this paper, we combine the partial linearized density matrix
(PLDM) approach24–27 with stochastic Lindblad dynamics to simu-
late polaritonic spectroscopy in lossy cavities. To include the cavity
loss dynamics, we develop stochastic Lindblad dynamics, which
exactly reproduce the Lindblad dynamics when averaged over an
ensemble of trajectories. With this combined approach, we sim-
ulate the linear and non-linear spectra of a monomer and dimer
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coupled to a single-mode cavity. With simulated linear and 2DES
of the polariton, we systematically investigated the influence of the
light–matter coupling strength and cavity loss rate on the optical
signals. In particular, we demonstrate that the polariton coherence
(interpreted from the off-diagonal peak of the 2DES) can be signif-
icantly prolonged by increasing the light–matter coupling strength,
providing a theoretical verification of the polaron decoupling effect.9
The current theoretical approach will significantly complement the
recent 2DES experiments investigating polariton dynamics in optical
cavities.9,15,16

II. THEORY AND METHOD
In this section, we provide a brief overview of linear and non-

linear spectroscopy using the Liouville pathways that contribute
to the response signals. We then briefly review how the PLDM
approach computes response functions for any operator dynamics.
We further use Lindblad dynamics to describe the effect of cavity loss
and develop a new trajectory-based approach to combine Lindblad
dynamics with the PLDM approach in order to provide a systematic
way to incorporate cavity loss in polariton dynamics simulations for
calculating linear and non-linear spectra.

A. Linear and non-linear spectroscopy
The linear absorption can be written as a dipole–dipole auto-

correlation function with the ensemble averaging done over the
ground state density matrix of the ensemble.28 For linear absorption
spectroscopy, the laser strength is much weaker than the internal
interaction energies of the system, such that we can treat it as a per-
turbation. The linear response of a system to the external radiation
field, in the impulsive limit, is expressed as

R(1)(t1) = −i Tr [μ̂(t1)[μ̂(t0), ρ̂ (g)]], (1)

where t0 is the time of interaction between the first laser and the
system, and t1 is the time when the system emits the response sig-
nal. Furthermore, μ̂(t1) is the dipole operator in the interaction
picture, ρ̂ (g) represents the initial density matrix of the system in
the equilibrium ground state at t = −∞, [ρ̂ (g) = ρ̂(−∞)]. The fre-
quency domain spectra can be computed from a smoothed Fourier
transform of R(1)(t) as follows:

R(1)(ω) = ∫
T

0
R(1)(t)eiωt cos( πt

2T
) dt, (2)

where T is the maximum time of the recorded time-domain spec-
tra and cos(πt/2T) is a smoothing function. The linear spectra are
often limited in the amount of information that can be extracted for
a given system, such as their inability to distinguish different broad-
ening mechanisms arising due to homogeneous or inhomogeneous
distributions of frequencies.

Non-linear spectroscopy, on the other hand, provides much
more detailed information that is not available in linear spectra.28–36

More detailed dynamical information can be extracted (compared
to the linear spectra) by perturbing the system multiple times with
consecutive laser pulses. Each additional laser pulse adds a higher-
order non-linear perturbation to the overall density matrix, which

can be interpreted from a specific pathway in the Liouville space.
For a general two-dimensional spectroscopy experiment, three laser
pulses are used with different time delays; thus, in the impulsive
limit, the third order response can be calculated from a four-point
correlation function,

R(3)(t1, t2, t3) = −i Tr [μ̂(t3)[μ̂(t2), [μ̂(t1), [μ̂(t0), ρ̂ (g)]]]]. (3)

Here, the factor of −i comes from (−i)3 in the third order of per-
turbative expansion. Here, t1 and t2 are the times of interaction
between the system and the second and third laser pulses, respec-
tively, whereas t3 is the time at which the system produces the
non-linear response signal. Furthermore, R(3) can be decomposed
into eight different Liouville pathways, each representing a separate
Feynman diagram and giving rise to a non-linear response signal.
Each of the response signals is also accompanied by a phase fac-
tor, which makes it possible to have an independent spatial direction
of detection for each diagram. These Liouville pathways (Feynman
diagrams) can be categorized as either rephasing or non-rephasing
signals based on the phase accumulated by the signal after the
application of the third laser pulse. These signals can be further par-
titioned into three physical processes, namely, stimulated emission
(SE), ground-state bleaching (GSB), and excited-state absorption
(ESA). For notation purposes, we only write the first four Liouville
pathways in Eqs. 4(a)–(d),

R(3)1 (t1, t2, t3) = −i Tr [μ̂(t3)μ̂(t0)ρ̂ (g)μ̂(t1)μ̂(t2)], (4a)

R(3)2 (t1, t2, t3) = −i Tr [μ̂(t3)μ̂(t1)ρ̂ (g)μ̂(t0)μ̂(t2)], (4b)

R(3)3 (t1, t2, t3) = −i Tr [μ̂(t3)μ̂(t2)ρ̂ (g)μ̂(t0)μ̂(t1)], (4c)

R(3)4 (t1, t2, t3) = −i Tr [μ̂(t3)μ̂(t2)μ̂(t1)μ̂(t0)ρ̂ (g)], (4d)

while the remaining four pathways are just the complex conjugates
of the listed four [which can be verified by expanding Eq. (3) and
using the cyclic property of the trace of matrix multiplications].

In purely absorptive 2D experiments, the signal is calculated by
adding the rephasing and non-rephasing signals as follows:

R(3)rep (t1, t2, t3) = R(3)2 + R(3)3 + R(3)∗1 , (5a)

R(3)nrp(t1, t2, t3) = R(3)1 + R(3)4 + R(3)∗2 . (5b)

In Eqs. (5a) and (5b), we arrange the terms on the right-hand
side in the order of SE, GSB, and ESA, respectively. Note that the
formalism we present below can be used to calculate all possible non-
linear spectroscopy experiments and is not limited to just Eqs. (5a)
and (5b). Usually, 2D spectra are represented as the imaginary part
of a t2 varying series of Fourier transformed t1 and t3 axes. Because
of the rephasing and non-rephasing, the signals are generated in dif-
ferent quadrants of the frequency domain. As such, the 2D Fourier
transform is calculated by

R(3)rep (ω1, t2, ω3) = ∫
T1

0
∫

T3

0
R(3)rep eiω3t3−iω1t1 S1S3 dt1dt3, (6a)

R(3)nrp(ω1, t2, ω3) = ∫
T1

0
∫

T3

0
R(3)nrp eiω3t3+iω1t1 S1S3 dt1 dt3, (6b)
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where the smoothing function Si is

Si = cos ( πti

2Ti
).

With Eqs. (6a) and (6b), we can now represent the conventional
purely absorptive 2D spectra as

R(3)(ω1, t2, ω3) = −Im(R(3)rep (ω1, t2, ω3) + R(3)nrp(ω1, t2, ω3)). (7)

B. PLDM approach for dynamics propagation
The diabatic Hamiltonian of a system under the influence of a

nuclear bath can be expressed as

Ĥ = P̂ 2

2M
+

N

∑
a

Vaa(R̂)∣a⟩⟨a∣ +
1
2

N

∑
b≠a

Vab(R̂)∣a⟩⟨b∣, (8)

where R̂ and P̂ are the nuclear position and momenta, respec-
tively, of the bath coordinates, M is the mass of the bath
particles, and {∣a⟩, ∣b⟩} are the quantum degrees of freedom
(DOFs) of the system (e.g., the electronic excitation and pho-
tonic excitation of the molecule-cavity hybrid system). As the
total number of states increases, quantum dynamics simulations
can become expensive due to the exponential scaling24,37–39 of
the calculation with the number of degrees of freedom. Over the
years, there has been an enormous development of many semi-
classical,24,40 mixed quantum–classical,41–43 and quantum master
equation approaches,44–48 each with their own strengths and short-
comings. Quantum master equation approaches are often based
on perturbative approaches, which are restricted to weak system-
bath couplings and often fail to account for non-Markovian effects
from bath feedback to the quantum subsystem DOFs. Semi-classical
approaches, on the other hand, have been shown to accurately treat
non-Markovian feedback from the nuclear bath to the quantum
subsystem and can accurately treat a wide range of system-bath
couplings.24,40

Here, we use the PLDM approach24–27 to compute optical spec-
tra. The time evolution of the matrix element of the operator Ô is
given by

⟨nt , Rt +
Δt

2
∣Ô(t)∣n′t , Rt −

Δt

2
⟩

= ∑
n0 ,n′0
∫ dR0 dP1 dxF dpF dxBdpBOn0n′0

W (R0, P1)eiPt Δt

×GF
0GB

0
1
2
(xF

n0 − ipF
n0)(x

B
n′0
+ ipB

n′0
)

× 1
2
(xF

nt(t) + ipF
nt(t))(x

B
n′t (t) − ipB

n′t (t)). (9)

In the above-mentioned expression, xF
a and pF

a are the
Meyer–Miller–Stock–Thoss (MMST) mapping variables49–51

associated with the state ∣a⟩ for the forward propagation, and xB
a and

pB
a are the corresponding mapping variables for the backward prop-

agation. Furthermore, GF
0 = exp [− 1

2∑a (pF
a

2 + xF
a

2)] is a Gaussian
function of the mapping variables, with an analogous expression24,25

for GB
0 . These Gaussian terms arise due to the coherent state

representation of the mapping variables used in PLDM.24–26,52

Furthermore, R and P denote the mean position of the bath and the
momentum, and Δ is the path difference between the forward and
the backward nuclear paths.

The initial nuclear phase space variables are sampled from the
Wigner distribution,

On0n′0
W (R0, P1) = ∫ dZ0⟨n0, R0 +

Z0

2
∣Ô∣n′0, R0 −

Z0

2
⟩ e−iP1Z0. (10)

The nuclear phase space variables (R, P) evolve according to the
mean force from the forward and backward mapping variables,

F(R) = −1
2
∇R{H(R, xF, pF) + H(R, xB, pB)}. (11)

With the MMST diabatic mapping, the Hamiltonian [Eq. (8)] is
expressed (without the zero-point energy correction) in terms of
mapping variables (x, p),

H(R) = P2

2M
+ 1

2∑a
Vaa(R)(x2

a + p2
a − 1)

+ 1
2∑b≠a

Vab(R)(xaxb + papb). (12)

To summarize, the equation of motion for the coupled electronic
and nuclear DOFs is

∂R
∂t
= P,

∂P
∂t
= F , (13a)

∂xa

∂t
= ∂H
∂pa
= 1

h̵∑b
Vab(R)pb, (13b)

∂pa

∂t
= −∂H

∂xa
= − 1

h̵∑b
Vab(R)xb, (13c)

where the equations of motion for the mapping variables are identi-
cal for both the forward and backward variables, xa = {xF

a , xB
a} and

pa = {pF
a , pB

a}.

C. L-PLDM (Lindblad-PLDM) dynamics
We aim to seamlessly incorporate cavity loss dynamics with

the polariton dynamics simulation using PLDM. We begin with a
general discussion of the Lindblad dynamics and then develop a
new trajectory-based approach that can incorporate Lindblad loss
dynamics with PLDM.

The Hamiltonian Ĥ [Eq. (8)] could interact with an addi-
tional dissipative environment, such as the photonic bath (far field,
non-cavity modes), that causes cavity loss. We denote the total
Hamiltonian as

ĤT = ĤS + ĤE + ĤI, (14)

where ĤE = ∑ j h̵ω j(b̂†
j b̂ j + 1

2) accounts for the environmental DOF
(far field, non-cavity modes), and the interactions between ĤS and
ĤE though the interaction term ĤI = (â† + â)⊗∑ j h̵g j(b̂†

j + b̂ j)
that accounts for the interactions between the cavity mode [see
Eq. (36)] described by {â†, â} and the far-field modes {b̂†

j , b̂ j}. A
detailed discussion of cavity loss (and the expression of ĤE and ĤI)
can be found in Appendix D of Ref. 53. Denoting the total density
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operator ρ̂T associated with the total Hamiltonian ĤT, we can trace
out the environmental DOF and have the system part of the reduced
density operator as

ρ̂S = TrE[ρ̂T], (15)

as well as the reduced density operator for the quantum subsystem

ρ̂ = TrETrR[ρ̂T] = TrR[ρ̂S]. (16)

For simplicity, in the following of the paper, we denote the system
part of the Hamiltonian (which includes excitonic, photonic, and
nuclear DOFs) as

Ĥ ≡ ĤS. (17)

In the Markovian regime of system-environment interactions, the
dynamics of ρ̂ can be described using the Lindblad master equation

∂ρ̂
∂t
= LĤ[ρ̂] + LL̂[ρ̂], (18)

where LĤ[ρ̂] propagates the reduced density matrix dynamics cor-
responding to the system Hamiltonian Ĥ [Eq. (8)]. The dynamics
governed by LĤ[ρ̂], which includes the quantum subsystem, as
well as interactions with non-Markovian phonons, can be simulated
using PLDM using Eq. (9) and the corresponding EOMs in Eq. (13).
The dissipator LL̂ accounts for the cavity loss channel causing the
system to relax,

LL̂[ρ̂] = Γ(L̂ρ̂L̂ † − 1
2
{L̂ †L̂, ρ̂}), (19)

where Γ is the rate of relaxation of the jump operator, which quan-
tifies the coupling strength of the system to the environment, and
{Â, B̂} = ÂB̂ + B̂Â is the anti-commutator. For multiple relaxation
channels, each associated with a decay rate Γφ and jump opera-
tor L̂φ, Eq. (19) needs to be generalized to LL̂[ρ̂] = ∑φ Γφ(L̂φρ̂L̂†

φ

− 1
2{L̂

†
φL̂φ, ρ̂}) for each loss channel φ.

In the context of the present work, we are mainly interested in
jump operators that decay the population from state ∣1⟩ to state ∣0⟩,
of the form

L̂ = ∣0⟩⟨1∣, (20)

where, for multiple decay channels, one should sum the dissipators
of each jump operator. A detailed example of L̂ for describing cavity
loss can be found in Eqs. (43) and (44).

To incorporate Lindblad decay dynamics into the PLDM
method, we develop the following approach, which we refer to as
the L-PLDM method, with a similar procedure documented in the
work of L-MFE (Lindblad mean-field Ehrenfest) in Ref. 53. The
current approach follows the original idea used in Ref. 53 of match-
ing the exact time evolution of the density matrix governed by the
Lindblad dissipator, with a deterministic change of the magnitude
of the electronic expansion coefficients (in terms of mapping vari-
ables), but stochastic changes of the phases for these coefficients.
The primary difference between MFE and PLDM, however, is that
the PLDM method effectively uses the outer product of two sepa-
rate coefficients [for forward and backward mapping variables, see
Eq. (9)] to calculate the estimator of the density matrix instead of a

single set of coefficients in Ehrenfest dynamics. The use of two sepa-
rate coefficients (associated with the forward and backward paths of
mapping DOFs) allows for the possibility of populations being com-
plex instead of purely non-negative and real. The L-MFE approach
does not work correctly for complex populations; thus, a modified
method for PLDM must be used.

Similar to the L-MFE approach, the propagation of the forward
and backward variables is split into a PLDM quantum dynamics
propagation step and a Lindblad decay step, which can be evaluated
separately.53 For the Lindblad decay step, the real mapping variables
at time t can be combined into complex mapping variables (coherent
state variables) as follows:

zF
a(t) =

1√
2
(xF

a(t) + ipF
a(t)), (21a)

zB
a (t) =

1√
2
(xB

a(t) + ipB
a(t)). (21b)

The forward and backward coefficients for state ∣a⟩ at time t, ZF
a(t)

and ZB
a (t), based on the PLDM expression in Eq. (9) (see the third

line of the expression), are calculated by weighting the current
complex mapping variables with the initial value of the mapping
variables for the initially focused states n0 and n′0 as follows:

ZF
a(t) = zF

a(t)zF∗
n0 (0), (22a)

ZB
a(t) = zB

a (t)zB∗
n′0
(0). (22b)

Using Eq. (22), the reduced density matrix estimator elements for
the quantum subsystem ρ̂ at time t are given by averaging over the
whole ensemble of trajectories according to the PLDM approach [cf.
Eq. (9)] as follows:

ρab(t) =
1

Ntraj

Ntraj

∑
ξ=1

ZF
a,ξ(t)ZB∗

b,ξ (t), (23)

where Ntraj is the number of trajectories and ξ is the index of a
trajectory. To incorporate Lindblad decay, the time-evolved coeffi-
cients after a time step dt are written as the product of the previous
coefficient times a complex random number,

ZF
a,ξ(t + dt) = ηF

a,ξ Z
F
a,ξ(t),

ZB
a,ξ(t + dt) = ηB

a,ξ Z
B
a,ξ(t),

(24)

where {η} are complex random numbers sampled at each time step.
The time-evolved density matrix estimator can now be written as

ρab(t + dt) = 1
Ntraj

Ntraj

∑
ξ=1

ηF
a,ξ Z

F
a,ξ(t) ⋅ ηB∗

b,ξ Z
B∗
b,ξ (t). (25)

The joint probability distribution of these random variables is cho-
sen such that the expectation value of the propagated density matrix
estimator obeys the exact time evolution of the initial density matrix
estimator as follows:

⟨ρab(t + dt)⟩ = eL L̂ dt[ρ̂(t)]ab, (26)

where ⟨ρab(t + dt)⟩ is the formal expectation value of the density
matrix estimator element, which can be calculated by integrating

J. Chem. Phys. 159, 094102 (2023); doi: 10.1063/5.0166188 159, 094102-4

Published under an exclusive license by AIP Publishing

 26 August 2024 13:58:41

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

over the joint probability distribution of the random variables {η}.
For jump operators of the form in Eq. (20), it can be shown that the
following expressions of the random variables for states ∣1⟩ and ∣0⟩
satisfy Eq. (26):

ηF
1,ξ = ηB

1,ξ = e−Γdt/2, (27a)

ηF
0,ξ = ηB∗

0,ξ = 1 + (2r − 1)
¿
ÁÁÀ3(1 − e−Γdt)

ZF
1,ξ(t)ZB∗

1,ξ (t)
ZF

0,ξ(t)ZB∗
0,ξ (t)

, (27b)

where r ∈ [0, 1] is a random number sampled from the standard
uniform distribution at each time step for each trajectory. A brief
derivation of the approach described in Eqs. (27a) and (27b) is
provided in Appendix A. Note that while Eqs. (27a) and (27b)
preserve the trace of the expectation value of the density matrix
estimator among the ensemble of trajectories, the trace of an indi-
vidual trajectory’s density matrix estimator may not be conserved
due to the nature of the sampling. Furthermore, unlike the L-MFE
approach, which has a fully deterministic change in the coefficient
magnitudes, the change in the magnitude of the ground-state coeffi-
cient in Eq. (27b) is stochastic, which was necessary to deal with the
potential complex population estimators for each individual trajec-
tory [ZF

a,ξ(t)ZB∗
b,ξ (t) in Eq. (23)] that arise in the PLDM method.

The propagated forward mapping variables can be recovered as
follows:

xF
a,ξ(t +dt) =

√
2 Re[

ZF
a,ξ(t +dt)
zF∗

n0 ,ξ(0)
], (28a)

pF
a,ξ(t +dt) =

√
2 Im[

ZF
a,ξ(t +dt)
zF∗

n0 ,ξ(0)
], (28b)

and likewise for the backward mapping variables.
The Lindblad decay procedure described above is combined

with the regular propagation of the mapping variables by PLDM.
The overall propagation of the density matrix estimator during a
time step (similar to the previous work as described in Ref. 53) can
thus be summarized as

ρ̂(t +dt) = L[ρ̂] = eL L̂ dt/2eLĤ dteL L̂ dt/2ρ̂(t), (29)

where eL L̂ is the decay dynamics propagation outlined above [in
Eqs. (25) and (27)], and eLĤ is the PLDM propagation based on the
system Hamiltonian. In the scheme of Eq. (29), we have used the
symmetrized Trotter decomposition to reduce the error of using a
finite dt. This stochastic approach is briefly compared to Lindblad
dynamics in Appendix B.

III. MODEL SYSTEMS
In this work, we investigate an excitonic monomer and an exci-

tonic dimer coupled to a resonant optical cavity. The excitonic part
is described by a Frenkel excitonic Hamiltonian. We perform spec-
troscopy simulations for both monomers and dimers placed outside
and inside the cavity and compare the changes induced by coupling
to the cavity.

The exciton Hamiltonian is given by

Ĥex =∑
m
(ϵ̄ + ϵm)∣m⟩⟨m∣ +∑

mn
Jmn∣m⟩⟨n∣, (30)

where ϵ̄ is the reference exciton energy, ϵm is the onsite excitation
energy for site m, and Jmn is the diabatic coupling between site m
and n. The diabatic states are represented in the exciton basis where
∣m⟩ ≡ ∣g1, g2, . . . , em, gm+1, . . . , gN⟩ represents the exciton localized
on the mth monomer,

∣m⟩ = (⊗
n≠m
∣gn⟩)⊗ ∣em⟩. (31)

Each of the individual sites has its own individual phonon bath,

ĤR =
1
2∑m,ν

(P̂2
m,ν + ω2

m,νR̂2
m,ν), (32)

where the mass for each nuclear mode is set to be Mν = 1. Fur-
thermore, Ĥex and ĤR are coupled through the exciton–phonon
coupling

Ĥex−R =∑
m
∑

ν
cm,νR̂m,ν ⊗ ∣m⟩⟨m∣. (33)

These coupling constants are sampled from the Debye spectral
density

Jm(ω) =
π
2∑ν

c2
m,ν

ωm,ν
δ(ω − ωm,ν) =

2λω0ω
ω2

0 + ω2 , (34)

where λ is the reorganization energy and ω0 is the cutoff frequency
of the bath. Here, we assume that each site m has identical phonon
baths and associated spectral density.

When coupling this exciton system to a cavity, the total
Hamiltonian is described at the Jaynes–Cummings (JC) level of
theory as

Ĥ = Ĥex + Ĥex−R + ĤR + Ĥph + Ĥex−ph, (35)

where the photonic Hamiltonian is expressed as

Ĥph = h̵ωc(â†â + 1
2
), (36)

where â† and â are the creation and annihilation operators, respec-
tively, for the cavity field. The exciton–photon interaction (due to
the coupling between molecules and the cavity mode) is given by

Ĥex−ph =∑
m

h̵gc(m) ⋅ (∣G⟩⟨m∣â† + ∣m⟩⟨G∣â), (37)

under the rotating wave approximation, and the collective ground
state ∣G⟩ is defined as

∣G⟩ =⊗
j
∣g j⟩. (38)

The photon-matter coupling strength is given by

gc(m) = μm

√
h̵ωc

2Vϵ0
, (39)

where V is the cavity volume, ϵ0 is the cavity permittivity, and μm is
the transition dipole moment associated with site m. The total dipole
operator for the matter

μ̂ =∑
m

μm(∣G⟩⟨m∣ + ∣m⟩⟨G∣) (40)
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is responsible for the optical spectra. Here, we assume that the tran-
sition dipole direction always aligns with the cavity field polarization
direction, and we also assume that there are no permanent dipoles.
Furthermore, we introduce the following short-hand notation for
the exciton-Fock state:

∣G, k⟩ ≡ ∣G⟩⊗ ∣k⟩, ∣m, k′⟩ ≡ ∣m⟩⊗ ∣k′⟩, (41)

where ∣k⟩ and ∣k′⟩ are the Fock states [eigenstates of Ĥph in
Eq. (36)]. The light–matter Hamiltonian in Eq. (35) is in the
form of Ĥ in Eq. (8), where the quantum subsystem is {∣a⟩, ∣b⟩}
= {∣G, k⟩, ∣m, k′⟩}. The exciton–photon-nuclear dynamics will be
propagated using the PLDM approach [Eq. (13)], and the cavity
loss dynamics are accounted for by using the algorithm in Eq. (25).
The polariton states of the molecule-cavity hybrid system are
defined as6,7

(Ĥex + Ĥph + Ĥex−ph)∣Φα⟩ = Eα∣Φα⟩, (42)

where the ∣Φα⟩ is the polariton state, with the polariton energy Eα.
Note that here we have not considered any bath degrees of free-
dom (ĤR or Ĥex−R) inside the definition of the polariton state and
polariton energies, as opposed to the previous work that explicitly
considered them inside the polariton definitions.54–56

The lifetime of the cavity mode is finite due to the coupling
between the cavity mode and the far-field photon modes outside
the cavity. The detailed discussions for molecular cavity QED with
cavity loss are provided in Appendix D of Ref. 53. Here, we use the
following Lindblad jump operator53,57 to model this process:

L̂ = â⊗ Îex = [
∞

∑
k=1

√
k∣k − 1⟩⟨k∣]⊗ Îex, (43)

where ∣k⟩ is the cavity mode’s Fock state [eigenvector of Eq. (36)],
and Îex = ∣G⟩⟨G∣ +∑m ∣m⟩⟨m∣ +∑m≠n ∣m, n⟩⟨m, n∣ is the identity
operator for the electronic exciton subspace up to double excitation.
The decay rate associated with L̂ is denoted as Γ. Note that the jump
operator in Eq. (43), in principle, includes all possible transitions
between Fock states ∣k + 1⟩ and ∣k⟩. In a practical simulation, one
can choose to include the physically relevant decay channels. In the
model calculation presented in this paper, we will only consider one
decay channel [see Eq. (44)]. The system Lindblad jump operator in
this subspace of Fock states can be written as

L̂ = ∣G, 0⟩⟨G, 1∣ +
√

2∣G, 1⟩⟨G, 2∣ +∑
m
∣m, 0⟩⟨m, 1∣. (44)

The cavity loss rate from the Fock state ∣k = 1⟩ to the Fock state
∣k = 0⟩ is Γ, and the effective loss rate from the Fock state ∣k = 2⟩ to
the Fock state ∣k = 1⟩ is 2Γ due to

√
k in â [see Eq. (43) and the sec-

ond term in Eq. (44)]. For the L-PLDM implementation [algorithm
in Eqs. (27) and (25)], we treat each of the terms in Eq. (44) as a
separate loss channel as LL̂[ρ̂] = ∑φ Γφ(L̂φρ̂L̂†

φ − 1
2{L̂

†
φL̂φ, ρ̂}), where

L̂φ ∈ {∣G, 0⟩⟨G, 1∣, ∣G, 1⟩⟨G, 2∣, ∣m, 0⟩⟨m, 1∣}. For the ∣G, 0⟩⟨G, 1∣ and
each ∣m, 0⟩⟨m, 1∣ channel, the loss rate is Γ. For the ∣G, 1⟩⟨G, 2∣
channel, the loss rate is 2Γ.

Even with the current simple model system, one can clearly
understand the recently discovered polaron decoupling effect6,7,9

when coupling the molecular system with the photonic DOF. For a

FIG. 1. Schematic illustration of the model system used in this work, with the
energy level diagram for (a) the monomer coupled to the cavity and (b) the dimer
coupled to the cavity.

monomer coupled to a single mode cavity, under the resonant con-
dition, ϵ̄ + ϵm = h̵ωc, the light–matter interaction term in Eq. (37)
causes the light–matter hybridization between the ∣G⟩⊗ ∣1⟩ with
∣m⟩⊗ ∣0⟩, resulting in the following polariton states:

∣±⟩ = 1√
2
[∣G⟩⊗ ∣1⟩ ± ∣m⟩⊗ ∣0⟩]. (45)

Note that since the exciton–phonon coupling is carried only through
Eq. (33), and the phonon DOFs in Eq. (32) do not couple directly to
the photonic DOFs in Eq. (36), the effective phononic coupling to
the polariton state is reduced. For example,

⟨±∣Ĥex−R∣±⟩ = ±
1
2∑ν

cm,νR̂m,ν, (46)

which is only half of the magnitude of ⟨m∣Ĥex−R∣m⟩ = ∑ν cm,νRm,ν.
This effective reduction of the coupling for the phonon inside the
cavity is referred to as the polaron decoupling effect.6,9 A detailed
discussion of the polaron decoupling effect under the collective
coupling regime can be found in Ref. 7.

Figure 1 shows a schematic illustration of the model system
considered in this work. Figure 1(a) shows a model excitonic sys-
tem coupled to cavity excitation, where the matter has an onsite
energy of ϵ̄ and a transition dipole μ. The matter couples to the
cavity mode with coupling strength gc [for monomer m = 1, and
for the dimer, the coupling strength gc(m) depends on the transi-
tion dipole magnitude μm, see Eq. (39)]. The cavity mode has a loss
rate of Γ for the decay of Fock states. Figure 1(b) shows a molec-
ular dimer coupled to a single cavity mode. Individual monomers
in the dimer system have asymmetry in their energies (ϵ1 ≠ ϵ2) and
their transition dipoles (μ1 ≠ μ2). Local excitons (∣e1, g2⟩ and ∣g1, e2⟩)
are coupled with strength J12. In addition, the cavity has been tuned
to the lower exciton. To complete the double excitation manifold
required for the 2DES simulation, we also include the second excited
Fock state, ∣g1, g2, 2⟩. This state couples to ∣g1, e2, 1⟩ and ∣e1, g2, 1⟩
through Eq. (37) with strength

√
2gc(m). The cavity loss will cause

the decay of ∣g1, g2, 2⟩ to ∣g1, g2, 1⟩ according to L̂ in Eq. (44), with a
decay rate of 2Γ.

IV. THE PLDM ALGORITHM FOR POLARITON
2DES SPECTRA

To simulate the 2DES spectra for the polaritonic system, we
follow the previous procedure outlined in Ref. 24. Furthermore,
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we explicitly compute the contribution from individual Liouville
pathways (Feynman diagrams) through Eq. (4a) to Eq. (4d). The
quantum DOFs, which are described as the exciton-Fock states
{∣a⟩, ∣b⟩} ≡ {∣G⟩⊗ ∣k⟩, ∣m⟩⊗ ∣k′⟩}, where ∣k⟩ and ∣k′⟩ are the Fock
states [eigenstates of ĤPh in Eq. (36)]. The nuclear DOFs are sam-
pled from the initial Wigner distribution based on Eq. (10). The total
initial condition for the molecule-cavity hybrid system [the system
reduced density operator, see Eq. (15)] is

ρ̂S(0) = ρ̂ (0) ⊗ ρ̂R = ∣G, 0⟩⟨G, 0∣⊗ 1
Q

e−βĤ R , (47)

where ρ̂ (0) is the initial state for the exciton–photonic subsystem
(the quantum subsystem), and ρ̂R is the thermal initial condition for
the phonon, Q = TrR[e−βĤ R] is the phonon bath partition function,
and β = 1/kBT with T as the temperature and kB as the Boltzmann
factor.

For each of these initial conditions, we generate a trajectory by
following the steps below:

1. For ρ̂ (0) = ∣G, 0⟩⟨G, 0∣, apply the first dipole operator μ̂
[Eq. (40)] to obtain ρ̃ (1) ≡ μ̂(t0)ρ̂ (0). For example, if μ̂(t0)
= μm(∣G⟩⟨m∣ + ∣m⟩⟨G∣), then ρ̃ (1) = μm∣m, 0⟩⟨G, 0∣. Use the
focused initial condition24,52 to assign initial values of the
mapping variables according to the matrix of ρ̃ (1) ≡ μ̂(t0)ρ̂ (0).
For example, if ρ̃ (1) = ∣a⟩⟨b∣, then

xF
a = 1, pF

a = 1, xB
b = 1, pB

b = −1, (48)

and all other mapping variables are set to zero. If ρ̃ (1)
= ∑a,b rab∣a⟩⟨b∣ (which is always real), then one applies the

FIG. 2. Schematic illustration of the 2DES simulation algorithm, with one possible
path [see Eq. (4) for all possible paths]. The color gradients imply the magnitude
of the density matrix elements. L indicates the overall time evolution by the L-
PLDM approach [see Eq. (29)], and μi ρ̃ (i) (or ρ̃ (i)μi ) indicate the dipole operator
acting on the density matrix from the left-hand (right hand) side at time t = ti .

focused initial condition for each pair of {a, b} and weight the
contribution with rab.

2. For each non-zero element in ρ̃ (1), perform the L-PLDM
dynamics propagation using Eq. (29) for a duration of t1.

3. At t = t1, according to each Liouville pathway, R(3)1 (t1, t2, t3)
[Eq. (4a)] to R(3)4 (t1, t2, t3) [Eq. (4d)], apply the second dipole
operator μ̂(t1) on ρ̃ (1)(t1) to get ρ̃ (2)(t2) [note for R(3)1

and R(3)3 , μ̂(t1) act from the right-hand side, and for R(3)2

and R(3)4 , μ̂(t1) act from the left-hand side]. The other four
Liouville pathways are just the complex conjugate (c.c.) of
Eqs. (4a)–(4d) and can be simply obtained by taking the c.c.
of the L-PLDM results of Eqs. (4a)–(4d).

4. Perform Monte-Carlo importance sampling as described in
Ref. 24 to evaluate ρ̃ (2)(t2), with the following procedure:
(a) Expand ρ̃ (2)(t2) as

ρ̃ (2) =∑
ab

rabeiθab ∣a⟩⟨b∣. (49)

(b) Generate the cumulative distribution function (CDF),

dab =
rab

∑i j ri j
. (50)

(c) Sample a uniform random number, ζ ∈ [0, 1].
(d) Find the index, K ≡ ab, for which,

dK−1 < ζ ≤ dK , (51)

where K − 1 is the previous index of K when generating
the CDF. (For example, for a three-level system, the CDF
will be made of [d00, d01, . . . , d22]. If K ≡ 02, the relation
[Eq. (51)] will be d01 < ζ ≤ d02).

(e) With K = ab, set

ρ̃ (2) = ∣a⟩⟨b∣, (52)

and use the focused initial condition to sample the map-
ping variables (as described in step 1). The nuclear DOFs
remain the same at this step.

(f) The trajectory is weighted by the phase eiθab after the
time t2.

5. For each t2, repeat steps 3 and 4 for t3 time units to get
ρ̃ (3)(t3).

6. At t3, apply the final dipole operator and multiply all the pre-
vious three weights. The final third-order response is obtained
by taking a trace and multiplying by −i.

These steps are calculated for each of the Liouville pathways
[Eqs. (4a)–(4d)]. To demonstrate the details of the procedure, we
present a concrete example of the evolution of the density matrix
for R(3)1 [Eq. (4a)] in Fig. 2. The estimator for R(3)1 after step (6) is
expressed as

R(3)1 (t3, t2, t1) = (−i)3TrexTrph[μ̂3ρ̃ (3)(t3)], (53)

where Trex and Trph represent the trace over the excitonic and pho-
tonic DOFs, separately. The above-mentioned procedure can either
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be terminated after acting μ̂(t2) to get the first order non-linear spec-
tra (e.g., transient absorption spectra) or can also be continued with
further perturbations to get the nth order spectra. The advantage
of the PLDM algorithm is its scalability, where (1) each trajec-
tory can be propagated independently, and (2) for each trajectory,
any particular branch (t1, t2, t3) can be propagated independently
of any other branch (t1′ , t2′ , t3′). Thus, the algorithm is highly
parallelizable, and the scaling of the non-linear spectroscopy compu-
tation can be efficiently controlled in high-performance computing
facilities.

V. COMPUTATIONAL DETAILS
A. Model parameters

For the monomer [Fig. 1(a)], we used ϵ̄ = 10 000 cm−1 (which is
1.24 eV). The monomeric site coupled to a phonon bath, discretized
by Nν = 100 independent bath modes, with index ν ∈ [1, 100], has
parameters sampled from Eq. (34) using the procedure outlined in
Ref. 52 (or more generally, Ref. 58),

cν = 2

¿
ÁÁÀλ

tan−1(ωmaxτc)
πNνων

, (54a)

ων =
1
τc

tan( ν
Nν

tan−1(ωmaxτc)), (54b)

where ωmax ≫ ω0 is the maximum frequency while discretizing the
bath frequencies. Here, we choose ωmax = 5ω0. The bath parameters
are ω0 = τ−1

c = 18 cm−1 (which is 2.2 meV) and λ = 50 cm−1 (which
is 6.2 meV). The characteristic phonon frequency ω0 leads to a bath
correlation function decay timescale of τc = 300 fs. The cavity cou-
pling strength, gc, is varied from 50 cm−1 (which is 6.2 meV) to
1000 cm−1 (which is 124 meV) for linear spectra (Fig. 3). For 2DES
in Fig. 5, gc is varied between 100 cm−1 (12 meV) and 500 cm−1

(62 meV). The cavity loss rate Γ is varied between 0 and 500 meV for
linear spectra (Fig. 3) and between 0 and 20 meV (which is 161 cm−1)
for 2DES in Fig. 5. The cavity quality factor is defined as Q = ωc/Γ.
For the resonant case, ωc = ϵ̄, and Q = 62 for Γ = 20 meV.

For the dimer (Figs. 6 and 7), we used the mean onsite energy
ϵ̄ = 10 000 cm−1 (1.24 eV) and ϵ1 − ϵ2 = 100 cm−1. The excitonic
coupling between monomers is taken to be J12 = 100 cm−1. The ratio

of dipoles for individual monomeric sites is taken to be μ1/μ2 = −5,
and so is the light–matter coupling constant gc(1)/gc(2) = −5. We
use 100 discretized bath modes for each site from Eq. (34) with
ω0 = 200 cm−1 (which is 24.8 meV) and λ = 200 cm−1. The charac-
teristic phonon frequency ω0 gives a bath correlation decay timescale
of τc = 50 fs. The coupling strength, gc, is varied between 100 cm−1

(which is 12 meV) and 500 cm−1 (which is 62 meV) for Fig. 6. In
Fig. 7, gc = 500 cm−1 and Γ = 10 meV are used.

The initial nuclear condition ρ̂R [see Eq. (47)] is described by
its Wigner transform for the PLDM approach, with the following
analytic expression:

[ρ̂R]W(R0, P1) =∏
ν

2 tanh(βh̵ων

2
) exp [ − tanh(βh̵ων

2
)

× (ω2
νR2

0

h̵2 +
P2

1

h̵2ω2
ν
)]. (55)

The initial nuclear configurations (R0, P1) are sampled from the
Gaussian random distribution, with width according to Eq. (55).

B. Simulation details
All the simulations are performed at room temperature T = 300

K. For the monomer, the linear spectra in Fig. 3 were computed
using Eq. (2), which is a smoothed Fourier transform of the response
function R(1)(t) in Eq. (1). We obtain R(1)(t) [Eq. (1)] by performing
the L-PLDM simulation using 105 trajectories, with the dynamics
governed in Eq. (29). The initial nuclear configurations are sampled
from Eq. (10), and the initial mapping variables are chosen based on
the focused initial condition [see Eq. (48)]. The total simulation time
is 300 fs for the R(1)(t), which guarantees a converged R(1)(ω).

The 2DES spectra in Figs. 5–7 are calculated with 104 trajec-
tories, although convergence begins to appear with only 103 trajec-
tories. The color bar corresponds to 2DES signal intensities normal-
ized with respect to the maximum peak intensity for the 2DES at t2 =
0 fs for each simulation. The monomer 2DES calculation involves
T1 = T3 = 300 fs with a nuclear time step of 1 fs and 120 elec-
tronic time steps for each nuclear time step. For the 2DES intensity
plot in Fig. 8, we used 103 trajectories. This calculation involved
T1 = T3 = 50 fs with a nuclear time step of 0.5 fs and 60 elec-
tronic steps per nuclear time step. In Fig. 8, all peak intensities are

FIG. 3. Linear absorption spectra of a monomer outside the cavity (black) and inside the cavity (red), with (a) varying the cavity loss rates Γ and a fixed light–matter coupling
strength gc ≈ 456 cm−1, and (b) varying the cavity coupling strength hgc and a fixed cavity loss rate of Γ = 10 meV.
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calculated by selecting a small region Δω = ±10 cm−1 around the off-
diagonal peak location and integrating the intensity of the region,
then normalized with respect to the integrated value at t2 = 0 fs.

VI. RESULTS AND DISCUSSION
We present the computed linear absorption and purely

absorptive-2DES of a monomer and an asymmetric dimer coupled
to a single-mode cavity. We investigate the effect of light–matter
coupling and cavity loss on the photophysical properties of
exciton–polaritons.

A. Linear spectra
Figure 3 shows the linear absorption spectra of a monomer cou-

pled to the cavity by either varying cavity loss rate, Γ [Fig. 3(a)],
or by varying the light–matter coupling strength, gc [Fig. 3(b)].
The black curve in all panels represents the bare monomer molecu-
lar absorption spectra, with the broadening coming from couplings
to collective bath-mode fluctuations. The red curves represent the
spectra of a monomer coupled to a cavity mode.

In Fig. 3(a), we fix the light–matter coupling gc = 57 meV
(≈456 cm−1) while varying the cavity loss Γ. For Γ = 0 meV (top
panel), we observe a Rabi splitting of the monomer peak into upper
and lower polaritons. The two polariton peaks (red curves) have a
reduced linewidth compared to that of the bare monomer, hinting at
the effective decoupling of polariton states from the phonon bath,6,9

due to the fact that the photonic DOF is not directly coupled to
the phonon (nuclear bath), see Eq. (46). Furthermore, as we con-
tinue to increase the cavity loss, we see essentially the same splitting
but with extra broadening relative to the no-loss cavity case. This is
expected as the cavity loss rate adds another relaxation channel, i.e.,
the loss can also be thought of as an additional set of bath modes
now attached to the upper and lower polariton states. At a very high
loss rate (Γ≫ gc), we start to see that two polariton peaks begin to
merge into one, indicating that the strong-coupling condition is no
longer fulfilled.

Figure 3(b) shows the linear spectra for a fixed cavity loss rate
Γ = 10 meV with an increase in coupling strength gc. The Rabi split-
ting of upper and lower polaritons increases. When gc = 50 cm−1 or
100 cm−1, the strong coupling condition that gc ≫ Γ, κ is not ful-
filled, and there is no apparent Rabi splitting. As the gc increases, the
Rabi splitting appears. The broadening of individual polariton peaks
is the same in all the above cases, which is expected from the fixed
cavity loss rate (which is equivalent to fixing the photon loss bath
parameters that couple to the cavity mode qc and, hence, the same
distribution of frequencies).

We note that in Fig. 3(a), there is a slight contraction of the
Rabi splitting when we increase the cavity loss Γ, for example, when
we increase Γ from 50 to 100 meV. This contraction is caused by
cavity loss. When explicitly considering the cavity loss rate Γ and the
matter loss rate κ, the Jaynes–Cummings model Hamiltonian in the
{∣G, 1⟩, ∣e, 0⟩} subspace is expressed as59–61 (without including the
field zero-point energy hωc/2)

ĤJC =
⎡⎢⎢⎢⎢⎢⎣

EG + h̵ωc − i
κ
2

h̵gc

h̵gc Ee − i
Γ
2

⎤⎥⎥⎥⎥⎥⎦
. (56)

Under the resonant condition that EG + hωc = Ee, and directly diag-
onalizing the above Hamiltonian, one obtains the following complex
eigenvalues:59,60

E± = Ee − i
κ + Γ

4
±
√

h̵2g2
c − (

κ − Γ
4
)

2
, (57)

with the real part corresponding to the eigenenergy and the imag-
inary part corresponding to the loss/broadening. For the model
system investigated here, κ = 175 cm−1 [from directly fitting the
numerical value of R(1)(ω), the black curve in Fig. 3 to a Gaussian],
and for Γ = 100 meV (806 cm−1), the Rabi splitting is reduced [see
Eq. (57)], causing the peak of the upper and lower polariton to shift
from ±456 to ±428 cm−1, which is in semi-quantitative agreement
with our numerical results. In fact, the agreement between the ana-
lytic answer from Eq. (57) and the simulated spectra is incredibly
good across all cavity loss Γ we explored.

In Fig. 4, we show a direct comparison between the simu-
lated linear spectra (red) and the polariton absorption modeled by
the analytic expression (black dashed) composed of adding two
Lorentzian lineshapes for the ∣+⟩ and ∣−⟩ polaritons as follows:

R(1)(ω)∝∑
α=±
∣μαG∣2 ⋅

1
π
⋅ σα

(h̵ω − h̵ωα)2 + σ2
α

, (58)

with the polariton frequency ωα = (Re[Eα] − EG)/h̵ taken from the
real part of Eq. (57), and the width σα = Im[Eα] = (κ + Γ)/4 taken
from the imaginary part of Eq. (57). For a large cavity loss rate Γ, the
term inside the square root becomes negative so that the real solu-
tion no longer exists and the two polariton peaks merge into one.
In addition, the width of the polariton peak, based on Eq. (57), is
(κ + Γ)/4. As the cavity loss rate Γ increases, the width of the polari-
ton peak will also increase. Under the Γ = 0 limit, the polariton peak
has a width of κ/4, two times smaller than the original exciton width

FIG. 4. A comparison between the L-PLDM simulated linear spectra (red solid
lines) with the analytic expression in Eq. (58) (black dotted lines), for the same
model system shown in Fig. 3. The coupling strength gc ≈ 456 cm−1 is fixed,
whereas the cavity loss rate Γ varies. The analytic curve in Eq. (58) is obtained
with peaks from the real part of Eq. (57) and Lorentzian broadening of the width
given by the imaginary part of Eq. (57).
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κ/2, indicating the polaron decoupling effect from the light–matter
interaction7,9 [see Eq. (46) and discussions].

B. Purely absorptive 2D polariton spectra
of monomer in cavity

Figure 5 shows the purely absorptive 2DES polariton spec-
tra (see Sec. IV) of a monomer coupled to a single-mode cavity.
Figure 5(a) represents the polariton 2DES spectra with various cav-
ity loss rates Γ and with a fixed coupling strength of gc = 57 meV.
Figure 5(b) shows the polariton 2DES spectra with various coupling
strengths gc at a fixed cavity loss rate of Γ = 10 meV. For all 2DES
plots, the horizontal and vertical dotted lines indicate the polariton
peak locations ±gc along the emission and excitation axes. Note that
the actual peak position will be shifted with different cavity loss rates,
as indicated by Eq. (57) and Fig. 3.

In Fig. 5(a), panels (a)–(c) provide the 2D spectra of monomers
coupled to a cavity with no cavity loss. We observe the Rabi splitting
of the lower and upper polariton diagonal peaks at t2 = 0 fs. These
peaks are also stretched along the diagonal, indicating the inhomo-
geneous distribution caused by the low-frequency bath modes [see
Eq. (32)] coupled to the exciton [Eq. (33)] and also both upper and
lower polaritons [Eq. (46)]. The characteristic off-diagonal coher-
ence peaks in the 2D spectra are direct indications of the coupling
between the exciton and the cavity, as described in Eq. (37). With
an increase in waiting time t2, the off-diagonal coherence peaks
oscillate, and the diagonals slowly become more homogeneously
broadened (along the anti-diagonal direction) due to spectral
diffusion, which arises mainly due to the decay of bath correla-
tion and the loss of the initial memory of the system (commonly

referred to as the circularization), making the excitation axis ω1
more independent of the emission axis ω3.

With an increase in cavity loss to Γ = 10 meV in panels (d)–(f)
or to Γ = 20 meV in panels (g)–(i), one observes two prominent fea-
tures in the 2D spectra. (1) Both the diagonal and the off-diagonal
peaks become more homogeneous (further broadened along the
anti-diagonal direction), even at t2 = 0 fs. This is purely due to the
effect of the Lindblad treatment for the cavity loss, which adds a
homogeneous dephasing channel for the decay of the coherences in
the reduced system density matrix, thus homogenizing the peaks.
The homogeneous nature of the photonic bath is a direct result
of Markovian treatment via Lindbladian, which is equivalent to a
bath described by a very high cutoff frequency. (2) The second laser
pulse puts most of the ensemble in the population state (see Fig.
S2 in the supplementary material), and so a decay in signal inten-
sity along t2 can be mostly attributed to excited population decay.
Now, the addition of an extra loss channel from the cavity causes the
populations to decay proportional to e−Γdt (Lindblad-type decay).
Therefore, with an increase in the cavity loss rate Γ, one observes a
faster decay of the signal intensity at a given t2. This is obvious when
comparing panel (e) for Γ = 10 meV or panel (h) for Γ = 20 meV to
panel (b) for Γ = 0.

Figure 5(b) shows the polariton 2DES spectra when varying the
light–matter coupling strength gc at a fixed cavity loss rate Γ = 10
meV. With an increase in gc, the separation between the lower
and upper polariton peaks increases, just like those in the linear
spectra as shown in Fig. 3(b). As a result of Rabi splitting, the overlap
between the diagonal and cross peaks decreases, making it easier to
track the behavior of individual peaks.

FIG. 5. Purely absorptive polaritonic 2DES for a monomer coupled to the cavity. (a) The molecule-cavity hybrid system is kept under a fixed light–matter coupling strength
hgc = 57 meV with various cavity loss rates, with (a)–(c) Γ = 0 meV, (d)–(f) Γ = 10 meV, and (g)–(i) Γ = 20 meV. The 2DES spectra are presented at different waiting times t2
for t2 = 0 fs (left column), t2 = 20 fs (middle), and t2 = 80 fs (right column). (b) The hybrid system is kept under a fixed cavity loss of Γ = 10 meV and with various light–matter
coupling strengths of (a)–(c) hgc = 0 meV, (d)–(f) hgc = 10 meV, and (g)–(i) hgc = 20 meV.
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C. Enhancing polariton coherence
through polaron decoupling

In Fig. 6, we present the purely absorptive 2D polariton spectra
[Eq. (7)] of a coupled dimer inside a lossless cavity for various cou-
pling strengths gc, from gc = 100 cm−1 for panels (a)–(c), to gc = 200
cm−1 for panels (d)–(f), and to gc = 500 cm−1 for panels (g)–(i). The
cavity loss rate is set to be Γ = 0 for clarity. The detailed model para-
meters for the phonon bath are provided in Sec. V A. In short, a
very fast phonon bath relaxation time τc = 50 fs combined with a
large reorganization energy λ = 200 cm−1 causes the bath correlation
function to decay before the bath coordinates relax to the excited-
state minima. This causes the system to dephase very quickly, as can
also be confirmed by the coherence dynamics of the reduced density
matrix [and confirmed with Figs. 8(a) and 8(b)]. Furthermore, the
bath parameter regime (ω0 = 200 cm−1) causes homogeneous broad-
ening of the individual polariton peaks. The large reorganization of
the phonon bath also causes a large spread of 2D lineshapes and a
large shift of polariton peaks from the eigenvalue in Eq. (57). For
gc = 500 cm−1 and Γ = 10 meV, the t2 = 0 fs 2DES result is provided
in panel (l) of Fig. 7, which is similar to Fig. 6(g), except with a lower
intensity for the signal. Additional 2DES results for various Γ and t2
are provided in Fig. S5 of the supplementary material.

In Fig. 7, we present the signal decomposition for the case of
gc = 500 cm−1 and Γ = 10 meV with the aim of providing an intuitive
understanding of the origin of the different peaks in Fig. 6. These
pathways can be classified as ground state bleaching (GSB), stim-
ulated emission (SE), and excited state absorption (ES), each with
rephasing and non-rephasing contributions. The contribution for
each term is provided in Eq. (5) and the discussion below. The Feyn-
man diagrams for these Liouville pathways are provided in Fig. S2

FIG. 6. Purely absorptive 2DES of the exciton dimer coupled to the cavity, with
(a)–(c) gc = 100 cm−1, (d)–(f) gc = 200 cm−1, and (g)–(i) gc = 500 cm−1 for a
lossless cavity (Γ = 0 meV).

of the supplementary material. In Fig. 7, we only present the signal
from GSB [panels (a)–(c)] and SE [panels (d)–(f)]. The excited state
absorption (ES) signals are much weaker compared to GSB and SE,
and do not make a significant contribution to the totally absorptive
signal. The ES results are provided in Fig. S4 of the supplementary
material.

Decomposing the purely absorptive signal into individual con-
tributions allows us to estimate the contributions of individual
energy transfer processes in the molecule-cavity hybrid system.
Because we have two exciton states for the system, hybridizing with
the photonic excitation results in three polariton states, which we
denote as ∣+⟩ (upper polariton), ∣D⟩ (middle polariton), and ∣−⟩
(lower polariton) states. The detailed expressions of these three
polaritons are provided in Sec. I of the supplementary material,
where the middle polariton state has a relatively small contribu-
tion of the photonic excitatio and, hence is denoted as the “dark”
state ∣D⟩. The molecular transition dipoles between ∣G⟩ and these
polariton states are also provided in the supplementary material,
Sec. I.

For the GSB [panels (a)–(c)] and SE pathways [(d)–(f)], we
only observe peaks at upper and lower polariton frequencies and
also at the coherence position between upper and lower polaritons.
This can be directly understood by looking at the dipole matrix
elements of this particular system (see supplementary material,
Sec. I), where there are large transition dipoles from the ground state
to ∣±⟩ polaritons. The middle polariton (dark state ∣D⟩) is not visi-
ble in the 2D signal because the transition dipole from the ground

FIG. 7. Signal decomposition of the purely absorptive 2DES spectra of the exci-
ton dimer coupled to the cavity, with the cavity loss rate Γ = 10 meV and the
light–matter coupling strength h gc = 500 cm−1. The signal is decomposed into
the GSB (a)–(c) and SE (d)–(f) contributions with their rephasing [(a), (d), and (g)]
and non rephasing [(b), (e), and (f)] components for t2 = 0 fs. The excited state
absorption signal (see Fig. S4 of the supplementary material) is much weaker
compared to the GSB and SE components.
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FIG. 8. (a) and (b) show the time-dependent 2DES signal intensity (along t2) in the upper diagonal peak and upper off-diagonal cross-peak of an exciton dimer coupled to the
cavity at different light–matter coupling strengths hgc for a lossless cavity (Γ = 0 meV). (c) and (d) show the time-dependent 2DES signal intensity in the upper diagonal peak
and the upper off-diagonal cross-peak intensity of a dimer coupled to the cavity with different cavity loss rates Γ for a fixed light–matter coupling strength hgc = 500 cm−1.

state to the middle polariton is very small. In fact, μGD = ⟨D∣μ̂∣G⟩ is
≈35 times smaller than the corresponding transition dipoles to the
upper polariton μ

+G or the lower polariton μ
−G. Since the GSB and

SE pathways are only involved in transitions between the ground
and first excitation manifold, we do not observe the signatures
of the dark state due to its very low transition amplitude (∣μGD∣

2

∝ (1/35)2 = 0.0008). In Fig. S3 of the supplementary material,
we further show the contribution of different polariton states to
the GSB and SE peaks, based on the magnitude of ∣μαG∣

2 (where
∣α⟩ ∈ {∣+⟩, ∣D⟩, ∣−⟩}). The full results of t2 > 0 spectra are shown
in Fig. S5 of the supplementary material. With a finite cavity loss
(Γ = 10 meV), one can expect a similar trend as shown in Fig. 5(a).
The 2DES peaks will be more homogeneously broadened, and the
peak intensity will be lost at a faster rate, with an increased loss rate,
as shown in Fig. S5 of the supplementary material.

Figures 8(a) and 8(b) show intensities of the lower diagonal
and upper cross-peaks as a function of t2, with Γ = 0 meV, and
various light–matter coupling strengths gc. The orange curve corre-
sponds to the 2DES peak intensities of a molecular system outside
the cavity (or gc = 0). As we can see, there is no apparent coher-
ent oscillation in the system due to the large reorganization of
the phonon bath that causes fast decoherence. When coupling to
the cavity, we see that with an increase in the light–matter cou-
pling, the coherence oscillations become more prominent and last
for more than 200 fs at room temperature. This is caused by the
polaron decoupling mechanism,7,9 as explained by Eq. (46). This is
because, by coupling to the photonic DOFs, the effective coupling
between the polariton state and the phonon (nuclei) is reduced.6,7,9

Therefore, coupling molecules to an optical cavity can provide a
way to prolong the coherence of the hybrid system compared to
the bare molecules. Similar enhanced electronic coherence has been
experimentally observed by collectively coupling organic molecules
with the optical cavity.9 Again, the characteristic phonon frequency
ω0 = 200 cm−1 used in this model is much smaller than the Rabi
splitting created in this case, so the oscillation observed in Fig. 8(b)
is less likely due to the vibrational coherence as often observed in
natural light-harvesting systems.62–64

Figures 8(c) and 8(d) show the intensities of the lower diag-
onal and upper cross peaks, respectively, as a function of t2 with

the light–matter coupling strength of h gc = 500 cm−1 (62 meV) for
various cavity loss rates. As can be suspected, adding cavity loss
causes an equivalent effect to adding a dissipative bath for the cav-
ity mode. Thus, with increased cavity loss, one observes an increase
in the decoherence among polariton states. It should be noted that
even for an experimentally accessible cavity loss rate of Γ = 10 meV
and Rabi splitting ΩR = 2hc ≈ 124 meV, we still observe a long-lived
polaritonic coherence (for t > 200 fs) at room temperature, much
longer than the typical electronic decoherence of the molecule (see
the orange curve in Fig. 8), whose exciton–phonon re-organization
energy is λ = 24.8 meV (200 cm−1). Similar experimental conditions
for the λ, Γ and ΩR have been recently achieved when coupling CdSe
nanoplatelets to a dielectric optical cavity.54

VII. CONCLUSION
We developed a new theoretical approach to simulate polari-

ton linear and non-linear spectra that fully accounts for the non-
Markovian exciton–phonon couplings and the effect of cavity loss.
This approach is based on combining the partial linearized den-
sity matrix (PLDM) approach,24–27 which is a non-adiabatic path-
integral formalism, and a new Lindblad method that exactly maps
the Lindblad dynamics with a stochastic evolution of the mapping
variables. We refer to this approach as the L-PLDM method. Using
this approach, we simulated the linear and third-order response
functions and, upon Fourier transform, obtained the corresponding
optical spectra.

Using the Jaynes–Cummings (JC) type model Hamiltonian,
we further investigated the optical spectra influenced by the
light–matter coupling strength h gc and the cavity loss rate Γ. In
this work, we focused on two particular model systems, an exci-
ton monomer coupled to a single-mode cavity and an exciton dimer
coupled to a single-mode cavity. For an exciton monomer coupled to
the cavity, the linear spectra obtained from the L-PLDM approach
are in excellent agreement with the analytic answer [Eq. (57)], at
various light–matter coupling strengths and cavity loss rates. In par-
ticular, with an increasing cavity loss rate, we observe a decrease
in Rabi splitting, which can be attributed to an effective decrease
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in light–matter coupling strength due to the difference between the
cavity and matter line widths.

We then present the results of the pure absorptive 2D spec-
tra for the monomer coupling to the cavity at varying cavity loss
rates and light–matter coupling strengths. In the off-diagonal peaks
(cross peaks) of the polariton 2D spectra, we observe the coher-
ent energy exchange between the upper and lower polariton states,
with the frequency corresponding to the Rabi splitting. Further-
more, the cavity loss acts as a homogeneous broadening (width
along the anti-diagonal direction of the diagonal peaks in Fig. 5)
that dampens the polaritonic energy transfer and signal intensities.
The increase in light–matter coupling strength causes a larger split-
ting of polaritonic peaks. Finally, we present the 2D spectra of an
exciton dimer coupled to a cavity. We present the total signal for
the 2D spectra as well as individual contributions from different
Liouville pathways, including ground state bleaching (GSB), stim-
ulated emission (SE), and excited state absorption (ES), for both
rephasing and non-rephasing pathways. These pathways are then
interpreted based on how different polariton eigenstates contribute
to each of the signals on the basis of the dipole matrix in the polariton
eigenbasis.

In the 2D spectra of the dimer coupled to the cavity, we
further observe a significant increase in polariton coherence time
with increased cavity coupling strength, compared to the exci-
tonic coherence time for the system outside the cavity. At room
temperature with a cavity loss rate of Γ = 10 meV, the coherence
lifetime of a molecular dimer can be significantly prolonged up
to 200 fs (from <50 fs outside the cavity), with a light–matter
coupling strength of ΩR ≈ 124 meV. The prolonged off-diagonal
oscillations are the direct consequence of the polaron decoupling
effect,6,7,9 where the light–matter coupling effectively decreases the
exciton–phonon coupling of the system [see Eq. (46)], leading
to a longer polariton coherence time. This is a clear theoreti-
cal demonstration of the polaron decoupling effect by simulat-
ing the polariton 2DES spectra. Similar experimental conditions
for Γ and ΩR have been recently achieved when coupling CdSe
nanoplatelets to a dielectric optical cavity,54 and we envision observ-
ing such an effect from direct experimental measurements in the
future.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional Information on
the Feynman Diagrams and Liouville pathways; Eigenspectrum of
the Exciton Dimer Coupled to the Cavity; Dipole matrix for the
dimer coupled to the cavity; and The ESA contributions of the 2DES
Spectra for the exciton Dimer coupled to the cavity.
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APPENDIX A: DERIVATION OF THE L-PLDM
APPROACH

We provide a brief derivation of the L-PLDM method
[Eq. (27)] described in Sec. II C (see similar discussions for the
Ehrenfest dynamics in Ref. 53 for details). The decay dynamics of
the reduced density matrix elements in the subspace of {∣0⟩, ∣1⟩},
governed by the jump operator L̂ = ∣0⟩⟨1∣ are expressed [based on
Eq. (19)] as follows

ρ11(t + dt) = e−Γdtρ11(t), (A1a)

ρ00(t + dt) = ρ00(t) + (1 − e−Γdt)ρ11(t), (A1b)

ρ01(t + dt) = e−Γdt/2ρ01(t), (A1c)

ρ10(t + dt) = e−Γdt/2ρ10(t). (A1d)

Furthermore, for the coherences that involve states ∣j⟩ ∉ {∣0⟩, ∣1⟩}
due to the influence of the jump operator L̂, the following equations
hold
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ρ j1(t + dt) = e−Γdt/2ρ j1(t), (A2a)

ρ1 j(t + dt) = e−Γdt/2ρ1 j(t), (A2b)

ρ j0(t + dt) = ρ j0(t), (A2c)

ρ0 j(t + dt) = ρ0 j(t). (A2d)

The joint probability distribution of complex random variables
that update the PLDM coefficients must satisfy Eq. (26). For the vari-
ables ηF

1,ξ and ηB
1,ξ in Eq. (24), the following expectation values must

hold

⟨ηF
1,ξηB∗

1,ξ ⟩ = e−Γdt , (A3)

in order to satisfy Eq. (A1a). Furthermore, to satisfy Eqs. (A2a) and
(A2b), the following relation is required:

⟨ηF
1,ξ⟩ = ⟨ηB

1,ξ⟩ = e−Γdt/2. (A4)

The simple choice of ηF
1,ξ = ηB

1,ξ = e−Γdt/2 satisfies Eqs. (A3) and (A4).
Note that this is just one possible choice of many possible choices.
The variables ηF

0,ξ and ηB
0,ξ must satisfy a different set of expectation

values. In particular, to satisfy Eqs. (A2c) and (A2d), we have

⟨ηF
0,ξ⟩ = ⟨ηB

0,ξ⟩ = 1, (A5)

and to satisfy Eq. (A1b), we have

⟨ηF
0,ξηB∗

0,ξ ⟩ = 1 + (1 − e−Γdt)
ZF

1,ξ(t)ZB∗
1,ξ (t)

ZF
0,ξ(t)ZB∗

0,ξ (t)
. (A6)

Note that the assumption that ηF
0,ξ = ηB

0,ξ will not work because the
left-hand side of Eq. (A6) would be a purely real number (which
corresponds to the population of state ∣0⟩) while the right-hand side
of Eq. (A6) is complex in the general case. Similarly, ηF

0,ξ and ηB
0,ξ

cannot be independent random variables since this would imply
⟨ηF

0,ξηB∗
0,ξ ⟩ = ⟨ηF

0,ξ⟩⟨ηB∗
0,ξ ⟩ = 1, which cannot satisfy the right-hand side

of Eq. (A6). Instead, we make the ansatz that ηF
0,ξ = ηB∗

0,ξ , which when
applied to Eqs. (A5) and (A6) leads to the following expectation
value equations:

⟨ηF
0,ξ⟩ = 1, (A7a)

⟨(ηF
0,ξ)2⟩ = 1 + (1 − e−Γdt)

ZF
1,ξ(t)ZB∗

1,ξ (t)
ZF

0,ξ(t)ZB∗
0,ξ (t)

. (A7b)

Equations (A7a) and (A7b) describe the first and second moments,
respectively, of the probability distribution of ηF

0,ξ . These can be
used to describe the pseudo-variance, PVar, of the probability dis-
tribution (note that the variance of a complex number is always a
non-negative real number while the pseudo-variance is complex in
general). The pseudo-variance of ηF

0,ξ is

PVar(ηF
0,ξ) = ⟨(ηF

0,ξ)2⟩ − ⟨ηF
0,ξ⟩2,

= (1 − e−Γdt)
ZF

1,ξ(t)ZB∗
1,ξ (t)

ZF
0,ξ(t)ZB∗

0,ξ (t)
. (A8)

Note that (ηF
0,ξ)2 is a complex number (not to be confused with

∣ηF
0,ξ ∣2 = ηF

0,ξηF∗
0,ξ , which is a real number). The probability distribu-

tion of ηF
0,ξ can thus be chosen as any distribution with mean 1 [see

Eq. (A7a)] and pseudo-variance given in Eq. (A8). We choose a uni-
form distribution corresponding to a line segment in the complex
plane with mean 1 and complex boundaries that give the correct
pseudo-variance. For convenience, a complex random number z
with a uniform distribution on a line segment in the complex plane
can be written in terms of a standard uniform random variable
r ∈ [0, 1] as z = ⟨z⟩ + (2r − 1)

√
3 ⋅ PVar(z). Thus, ηF

0,ξ can be
written as

ηF
0,ξ = 1 + (2r − 1)

¿
ÁÁÀ3(1 − e−Γdt)

ZF
1,ξ(t)ZB∗

1,ξ (t)
ZF

0,ξ(t)ZB∗
0,ξ (t)

, (A9)

with a uniform real random number r ∈ [0, 1]. Furthermore,
ηB

0,ξ = ηF∗
0,ξ due to the ansatz.

Note that the random variables ηF
1,ξ and ηF

0,ξ must also satisfy
Eqs. (A1c) and (A1d), which correspond to

⟨ηF
1,ξηB∗

0,ξ ⟩ = e−Γdt/2. (A10)

The above-mentioned relations are automatically satisfied by the
chosen distributions of ηF

1,ξ and ηF
0,ξ since ⟨ηF

1,ξηB∗
0,ξ ⟩ = e−Γdt/2⟨ηB∗

0,ξ ⟩
= e−Γdt/2.

APPENDIX B: DIRECT COMPARISON BETWEEN
THE LINDBLAD AND THE L-PLDM APPROACH

Here, we present a direct comparison of the original Lind-
blad dynamics [Eq. (18)] and the stochastic method [Eq. (27)]. The
model used in Fig. 9 includes the monomer-cavity Hamiltonian with
ĤR = Ĥex−R = 0, a cavity loss rate of Γ = 10 meV, and a coupling
strength of h gc = 456 cm−1. Figure 9(a) shows the population
dynamics of the exciton–photon basis with the initial state ∣g1⟩⟨g1∣.
The results obtained from the exact Lindblad dynamics simula-
tion [Eq. (18)] are depicted by solid lines. The L-PLDM dynamics

FIG. 9. Density matrix dynamics comparison of Lindblad (solid line) with L-PLDM
(dotted) dynamics.
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FIG. 10. 2DES spectra of an exciton monomer coupled to the cavity by setting
exciton–phonon coupling to be zero ĤR + Ĥex−R = 0. The light–matter coupling
strength is h gc = 500 cm−1, and the cavity loss rate is Γ = 10 meV. The spectra
are calculated with (a)–(e) the original Lindblad approach [Eq. (19)] and (d)–(f)
L-PLDM dynamics [Eq. (25)].

(dotted lines) exactly reproduce the Lindblad simulations with 104

trajectories.
Figure 9(b) shows the dynamics with the initial condition

starting from a non-Hermitian density matrix ∣g1⟩⟨e0∣, which is
the necessary component for simulating optical response functions.
Because of the asymmetry of the coherence elements in the initial
density matrix, we see the rise of imaginary populations. Here, we
can see the coherent transfer between the ∣g1⟩, ∣e0⟩, and ∣g0⟩ states
and the decay of all magnitudes due to loss.

Figure 9(c) shows the dynamics of coherence matrix elements
between ∣g1⟩ and ∣e0⟩ states when we started with ∣g1⟩⟨g1∣. With
time, we see the decay of coherence exchange between the states.
Figure 9(d) shows the evolution of coherence elements when the

FIG. 11. 2DES spectra of a monomer coupled to the cavity. The same model para-
meters are used as in Fig. 10, except for the cavity loss rate Γ = 50 meV. The
spectra are calculated with (a)–(e) Lindblad and (d)–(f) L-PLDM dynamics.

dynamics start with ∣g1⟩⟨e0∣. This represents the decoherence pro-
cess due to cavity loss. In all the cases presented in Fig. 9, one can
clearly see that the L-PLDM dynamics (dotted lines) quantitatively
reproduce the original Lindblad results.

Having compared the density matrix dynamics, we now focus
on comparing the purely absorptive 2DES results (without the
phonon dynamics by setting ĤR = Ĥex−R = 0). We use the same
model as in Fig. 9 and compare the 2DES for two different cavity
loss rates in Fig. 10 (Γ = 10 meV) and Fig. 11 (Γ = 50 meV), both
generated with 105 trajectories. The L-PLDM generates 2DES with
visually identical results compared to the Lindblad dynamics.
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