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corrections to extremal charged black holes to increase their charge-to-mass ratio. This
allows decay via emission of a smaller extremal black hole. In this paper, we investigate
if similar constraints hold for extremal rotating black holes. We do so by considering
the leading higher derivative corrections to the four-dimensional Kerr black hole and five-
dimensional Myers-Perry black hole. We use a known mapping of these rotating solutions
to a four-dimensional non-rotating dyonic Kaluza-Klein black hole and impose the WGC on
this charged solution. Going back again to the rotating solutions, this fixes the sign of the
corrections to the rotating extremality bounds. The sign of the corrections is non-universal,
depending on the black hole under consideration. We argue that this is not at odds with
black hole decay, because of the presence of a superradiant instability that persists in the
extremal limit. When this instability is present, the WGC is implied for the four-dimensional
charged black hole.
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1 Introduction

According to the Weak Gravity Conjecture (WGC), black holes should be able to decay even
in the extremal limit where their temperature goes to zero and decay via Hawking radiation
shuts off [1]. Although this motivation is somewhat heuristic and difficult to substantiate,
it provides a useful intuition that is helpful in investigating various swampland conjectures.
Indeed, the instability of gravitational solutions seems to be a key property of quantum
gravity in the absence of stabilizing symmetries such as supersymmetry [2, 3]. Of course,
most rigorous evidence in favor of the WGC comes from string theory compactifications. In
fact, string theory considerations have motivated stronger versions of the WGC [4-6] which
require infinitely many superextremal states. By now, numerous tests of the WGC, including
its strong forms, have been carried out in different string compactifications [7—12]. No single
violation has been found to date substantiating the heuristic black hole decay argument.
Various works have therefore applied this logic to different spacetimes, such as charged
black holes in asymptotically Anti-de Sitter space [13-15] and de Sitter space [16, 17], which
gives new constraints on the particle spectrum of a theory for it to belong to the landscape.
This idea has also been applied to bound the sign of higher derivative corrections to extremal
black holes [18-26]. Satisfying this so-called mild version of the WGC requires the sign of
the Wilson coefficients to increase the charge-to-mass ratio of extremal black holes. Vice



versa, positivity bounds on Wilson coefficients have been used to give derivations of the
WGC [20, 27, 28], and such positivity arguments have been extended to different classes of
black holes [29, 30].

It should be noted that the scattering positivity bounds are weakened by gravity [20,
31, 32], and so their applicability to proving the WGC holds under the assumption that the
gravitational modification is small [20, 33]. Higher derivative corrections to purely rotating
solutions have also been considered [34-36].1

At first sight, requiring black hole decay does not seem to yield any constraints on
rotating black holes. Extremal rotating black holes can lose their angular momentum via
superradiance. This instability allows these black holes to lose their angular momentum
without a constraint on the angular momentum-to-mass ratio that bears resemblance to
the WGC with charge exchanged for angular momentum. Moreover, for pure gravity in six
and higher spacetime dimensions, black holes with a fixed mass may have arbitrarily large
angular momentum [40]. On the other hand, assuming a weakly coupled UV completion,
coupling a tower of higher-spin states to gravity does seem to impose a WGC-like constraint
on the light particle spectrum? for the theory to be causal [41]. Furthermore, it was shown
that for BTZ black holes perturbed by a relevant deformation, a spinning WGC follows
from the holographic c-theorem [42]. Overall, these arguments suggest that the status of a
rotating WGC is unclear.

In this paper, we will further study the rotating WGC by focussing on a particular
class of rotating black hole solutions in four and five dimensions, that can be mapped to
charged and non-rotating four-dimensional Kaluza-Klein black holes. This mapping has the
advantage that, without rotation, the WGC can be unambiguously imposed on the four-
dimensional Kaluza-Klein black hole. By including the leading higher derivative corrections
to these black holes and imposing the WGC, we obtain new positivity bounds that need
to be satisfied by extremal four-dimensional Kerr and five-dimensional Myers-Perry black
holes with two equal rotations. This can be viewed as the total landscaping principle [42] on
steroids: we fix the sign of the Wilson coefficients by imposing the WGC on one black hole
solution and see how this constraint propagates under an intricate chain of dualities. The
logic we apply here is similar to that of [25]. In that paper, black holes with a NUT charge
were constrained by reducing to one dimension lower where this charge becomes magnetic.
What is even more interesting here, as we shall see, is that mapping rotation to charge
allows us to fix the sign of a Wilson coefficient whose positivity bound from scattering is
currently unknown. Similar relations between charged and rotating black holes have been
exploited in [42].

Our main finding is that the sign of the corrections to the extremality bound of rotating
black holes do not seem to fall into a pattern consistent with a rotating WGC bound.

Higher derivative corrections have also been found to decrease the Euclidean action of axionic wormholes
with a fixed charge [37, 38]. Moreover, pure axionic wormholes were recently shown to be perturbatively
stable [39]. These results combined seems to suggest that the axionic WGC is a statement about wormhole
fragmentation dominating the path integral.

2More precisely, the WGC-like constraint applies to higher spin states with mass mj; < AqrT where
Aqrr is the energy scale where QFT breaks down.



We show in detail that this is consistent with the black hole decay argument, because,
as anticipated, these black holes have a superradiant instability. However, satisfying the
charged WGC still constrains the sign of the Wilson coefficients since this instability can
only occur when the charged WGC is satisfied.

The rest of this paper is organized as follows. In section 2 we show how the Kerr
and five-dimensional Myers-Perry black hole can be mapped to a non-rotating dyonic
Kaluza-Klein black hole. Then, in section 3 we compute the leading higher derivative
corrections to the extremality bound of extremal Kerr, Myers-Perry and non-rotating dyonic
Kaluza-Klein black holes. We discuss the relation between superradiance and the WGC in
section 4 and conclude in section 5.

2 Mapping rotation to charge

2.1 Kaluza-Klein black hole

To map extremal rotating Kerr and five-dimensional Myers-Perry black holes to pure charge
solutions, we start with a rotating five-dimensional black hole constructed in [43] that is a
solution to the following five-dimensional action.

1
G /d5$\/—g5R5. (2.1)
5

167
The line element of interest is (following the presentation of [44]) given by
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The explicit expressions appearing in this metric are quite lengthy and given by
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The quantities A and B can be viewed as gauge fields when performing a reduction along

the y and t-direction respectively. The associated electric and magnetic charges are?
Q = dry | 142~ 4m?)
+ 9
bra (2.6)
P g, | PP 4m?)
pP+q

We work with positive charges, such that p,q > 0. After making the y-direction compact
with radius Ry, such that y = y + 27 R5, we perform a Kaluza-Klein reduction (whose
details can be found in appendix A) to obtain a rotating dyonic Kaluza-Klein black hole in
four dimensions. In the Einstein frame, the action is given by

1
I =
167Gy

1 1
/ d*zy/—ga <R4 — Ze“/gq’FabF“b — 2(6(1))2> : (2.7)
where @ is the canonically normalized scalar field. The equations of motion are

Gy — STG4Tp = 0,
—/3% ab\ _
V. (e F ) =0, (2.8)

3
O + {e‘ﬂéFabF“b ~0,
where the stress tensor is given by
_ _—/3% c . 1 cd . 1 2
16mG4T, = € F, . 4gachdF + 0y, PO, P 29&1}(8(1)) . (29)

By reducing the five-dimensional black hole solution we find that the dilaton is given by

_ o3 [He
p=e H, (2.10)

the field strength is defined as F = dA and the metric of the Kaluza-Klein black hole in
the Einstein frame is

2
ds? = _IﬁeH (dt + B)* + /H,H, (dg +do* + AAQ sin’ 6d¢2> : (2.11)
p-q

This metric, dilaton and field strength configuration solves the equations of motion (2.8).
We find that the ADM mass and rotation are given by

+4q
MEK _ P
T (2.12)
JKK _ V/Pa(pg + 4m?)a ‘
! AG4(p + @)m

30ur definition of the charges differs by a factor 87 and a minus sign for the B-field as compared
with [43, 44].



The horizon radii are given by the roots of A(r) which yields
re=m=+vm?—a?. (2.13)

Later, we will be interested in imposing the WGC on purely charged solutions, so with
a = 0. In that case, the extremality bound is given by m > 0 which in terms of the ADM
mass and charges reads

1
KK 2/3 2/33/2 ‘
M} > 71677(?4(@ + P</?) (2.14)

By adding a 7 to the four-dimensional Kaluza-Klein black hole metric these black holes can
be interpreted as solutions of type ITA string theory. They then have a natural microscopic
interpretation as a bound state of DO and D6 branes [43], which give rise to the electric and
magnetic charges. Denoting Ny and Ng as the number of DO and D6 branes, the charges
are naturally quantized in the four-dimensional theory as [44]

167Gy
= N, ,
Q="F (2.15)
P =21 RsNe.

We will now show how this purely charged solution is related to the rotating five-dimensional
Myers-Perry black hole and the four-dimensional Kerr solution.

2.2 Myers-Perry black hole

We will now relate this rotating Kaluza-Klein solution to the Myers-Perry solution, which
is the higher-dimensional generalization of the Kerr black hole [40]. In five dimensions, its
line element is given by

~ 2 ~ ~ ~ ~
ds? = —dt?’ + % <p~d,o2 + d92> + (p* + a*) sin? 0dp* + (p* + b?) cos? Odyp?
A (2.16)
R 2
n % (dt — asin? 6d — beos? 6dy)

with . _ ~
Y =p?+a®cos’ 0+ b?sin? 0,
A=(p"+ad®)(p* +b) — pp*.

Here we put tildes on several quantities and coordinates that could be confused with

(2.17)

similar expressions for the Kaluza-Klein black hole. Note that the angular coordinates obey
(¥, 6,0) = (¥ + 21, ¢ + 21,0 + T).

The parameters (u, a,b) appearing in the line element are related to the ADM mass
MMP and two rotations (J 5> J;) as follows.

3T
MMP
2
T5= 3 MPy (2.18)
2
g5 = gM%“Pb



The horizon radii are determined by the real and positive roots of A(p) and given by

1
Pi—ﬁ

Five-dimensional Myers-Perry black holes have an extremality bound given by u > a® +
b% + 2|ab| which in terms of the ADM quantities is

2_p2 2 4 p2 2 2p2 V2
p—a“—b :t\/(a + b2 — pu)* — 4a?b . (2.19)

3 1/3
MMP > ( I3+ 3+ 2|75 ) : 2.20
M2 3 (e U3+ 22105050 (2:20)
Extremal black holes have an horizon radius given by p; = y/|ab| which, just as the area,

vanishes when one of the rotations goes to zero. Thus, regular extremal black holes always
have to be rotating in both rotation planes.

To obtain this solution from the Kaluza-Klein black hole we discussed previously, one
can use the following identification of parameters:

_ K
q_4p?
a:gfu (a+b)2(a—b), (2.21)

8p\/u (a+b)?),

and the following coordinate transformation:

41p [p _( — =0 =l = (a+ ) )ﬂ (2.22)
y=py.

It is also convenient to define angular coordinates as
0
5"

J=5w+9), = -6), 0= (223)

Using these relations, in the limit p — oo the five-dimensional form of the Kaluza-Klein black
hole (2.2) reduces to the Myers-Perry black hole (2.16). From the periodicity y = y + 27 R5
and (2.15) we find that in this limit ¢ = v + 47 /Ng, such that ¢) = ¢) + 27 /Ng. This implies
that for Ng > 1 the solution is asymptotically the orbifold R*/Zy,. We are interested in
asymptotically flat solutions so we set Ng = 1.

We can now also relate the different thermodynamic quantities. The mass of the
Kaluza-Klein black hole diverges in the p — oo limit. However, it can be regulated by
subtracting the mass of the Kaluza-Klein monopole [44]. This results in

P 3T
MMP — MEK = ) 2.24
5 pinolo< 4 167TG4> 8G:" (2.24)

The two rotations of the Myers-Perry solution are related to the Kaluza-Klein charges as

PQ  xx
64m2G, 4

sana T TR Ty = : (2.25)



Thus, we can relate the different linear combinations of the angular momenta of the
Myers-Perry black hole to the Kaluza-Klein charge and rotation respectively.

P NoN,
Jj = 72Q+JEK: L
6472Gy 2 (2.26)
J- = PQ _ JKK — N0N6 _ 7KK ‘
64m2G, 4 2 4

We note that the combination %(‘]1/3 +J ¢3> is aligned along the Kaluza-Klein y-direction,
whereas the combination %(Ji -J <;3> is aligned along ¢. Therefore, equal rotations JJ} =J 3
corresponds to vanishing Kaluza-Klein rotation: JEXK = 0.

From the five-dimensional perspective, the Kaluza-Klein black hole can be interpreted
as a black hole that is sitting at the tip of a Taub-NUT space [45]. This description is valid
only when Ng = 1, since the space otherwise has an orbifold singularity. As we showed,
in the limit where the radius of the black hole is much smaller than the compactification
radius, i.e. R5/ry > 1, this black hole becomes the Myers-Perry solution.

2.3 Kerr black hole

Finally, we relate the Kaluza-Klein and Myers-Perry solutions to the rotating Kerr black
hole using the procedure of [46]. We start with the following Kerr metric.

A

A N2 A 72 N
ds2:$(dt—asin29d¢) IESY iy
3 A

) (2.27)
sin?6 /o o s N2
S ((r + &%)de — adt) .

with R ) )
A =7 — 7t 4+ &%,
S a2 AS2 25 (2.28)
Y =7"+a&"cos" 0.
These quantities are related to the mass and angular momentum (Mo JKeT) as

s = 2G4 ML | Go= JSO /M (2.29)

N I " -
=L (s a0, (2:30)

and the extremality bound by 75 > 2&, which in terms of physical quantities reads

MEeT > [ gKer /Gy (2.31)

We now take this metric, add a line to it and boost along that direction. If we now

The horizons are given by

compactify on this boosted direction with radius Rs we obtain a rotating Kaluza-Klein
solution that carries electric charge. Taking the product with a 7® we obtain a solution
of type IIA string theory with DO charge. We will consider solutions with Ny = 1. Using
T-duality along all directions of the 7 (which we assume to be string scale so it does not
change size) we obtain a solution with one unit of D6 charge. Reducing again on the T we



T-duality
DO System ——3 D6 System

(J11;+Jq_>:0) J(;—)—J{z) (J&—Jd;=0)
Kerr x R Lift to TTA Reduce on T® MP Black Hole ——>» MP Black Hole
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iReduce on S* TRS/H >1 Rs/ry < li

Rotating Electric KK Black Hole Rotating Magnetic KK Black Hole = Dyonic KK Black Hole

Figure 1. Duality chain that maps the Kerr solution to a non-rotating dyonic Kaluza-Klein black
hole. The start and endpoint of the chain are indicated in blue.

now obtain a rotating and magnetically charged Kaluza-Klein black hole in four dimensions
with Ng = 1. From our previous discussion, we know that in the limit that this black hole
is small with respect to Rs this becomes the Myers-Perry solution. From the relation (2.26)
we find that because Ny = 0 this results in a Myers-Perry black hole with opposite rotations.

Jy=—J5=J". (2.32)
As observed in [46], this leads to the interesting fact that from a five-dimensional perspective,
we can send J 5 —J 3 such that we are now describing a Myers-Perry black hole with
equal rotations. In the four-dimensional theory this exchanges Kaluza-Klein rotation for
electric charge. Microscopically, we now have a D0-D6 system with Ng = 1 and Ny = 2JXK,
We give a schematic overview of this duality chain in figure 1.

Because the flip in angular momentum is a discrete symmetry of the Myers-Perry
solution, the five-dimensional theory in the limit where the compactification radius is large
cannot distinguish between a four-dimensional rotating black hole with one unit of magnetic
charge and a non-rotating dyonic black hole with one unit of magnetic charge. However,
their microscopic descriptions will be very different. To distinguish these two situations,
the embedding of the Myers-Perry black hole in Taub-NUT needs to be known. This
is an important point that will become relevant when we discuss the relation between
superradiance and the WGC.

In summary, we have reviewed how the four-dimensional Kerr black hole and five-
dimensional Myers-Perry black hole can both be mapped to a four-dimensional non-rotating
Kaluza-Klein black hole. Because we can unambiguously impose the WGC on this non-
rotating solution we can investigate how the WGC constrains the rotating solutions.

3 Higher derivative corrections and the weak gravity conjecture

We are now ready to learn how the WGC constrains extremal rotating black hole solutions.
Our focus is on the mild form of the WGC which states that higher derivative corrections
should increase their charge-to-mass ratio [1]. This condition ensures that even if a particle
that satisfies the WGC (such as an electron) is integrated out, the resulting effective theory
still has a way of allowing extremal black holes to decay by emitting smaller higher derivative



corrected black holes. Initial computations of higher derivative corrections to black holes
were performed by explicitly solving the higher derivative corrected equations of motion.
However, by now these derivations have been greatly improved (see section 6.3 of [47] for a
review and relevant references). In particular, in a canonical ensemble (fixed temperature,
electric and magnetic charge) the leading correction to the extremal mass can be related to
the Euclidean action as follows.*

— _ 1 d
M = %linm <T/d x@55E> . (3.1)

As usual, the time direction is periodic with ¢ = ¢t + T~!, where T is the temperature of the
black hole and §Lg is the Euclidean Lagrangian containing the higher derivative corrections.
We evaluate this identify on the two-derivative uncorrected solution. This expression can
be obtained by noting that, in a grand canonical ensemble, the Euclidean action is equal
to the Gibbs free energy: Ig = T 'G(T,¥,, P). Here ¥, is the electric potential and P
the magnetic charge. Using standard thermodynamic relations this can then be related to
the mass correction of an extremal black hole in a canonical ensemble [29]. The WGC is
now satisfied when the correction to the mass is negative, such that the charge-to-mass
ratio increases:

WGC:  lim (T/d x@5£E> >0. (3.2)

Using the Iyer-Wald formalism it can be shown that a necessary condition for this to happen
is a violation of the dominant energy condition [36].

Because we are considering solutions of pure gravity, the leading higher derivative
corrections we have to compute involve just gravitational tensors. In five dimensions, the
leading correction can be written in a basis where it is just given by the Gauss-Bonnet
term. In four-dimensional pure gravity, this term is topological and the leading correction
is a Riemann cubed term. Because we are considering vacuum solutions, the Gauss-Bonnet
term reduces to the Riemann squared term. Thus, in total the corrections we have to study
in five dimensions are

6Ly = %RZ +nLR?, (3.3)
where we used the shorthand
R? = Ropeg R R3 = RadeRcdefRefab' (3.4)
L is a length scale to make the Wilson coefficients (\,7) dimensionless.

3.1 Higher derivative corrections to Myers-Perry black hole

We will first compute how the corrections (3.3) modify the extremality bound of the five-
dimensional Myers-Perry solution. Making use of the relation (3.1) the extremal mass
correction is given by

SMMP = — Jim. {T/d%r\/g?, (2732 - nLR?’)] : (3.5)

4This relation is sometimes also presented as M = +T6Ig. In (3.1) we made explicit the minus sign
that arises from the Wick rotation to Euclidean signature.



Evaluating this on the Myers-Perry solution (2.16) in the extremal limit x4 — a2 + b% + 2|ab|
we find

_47?2)\ a? + b% — 6|ab|

(a? — 14]ab| + b?) (a® — |ab| + b?)
L |ab] '

7]abl3

SMMP = — 167*nL (3.6)
We note that for fixed Wilson coefficients, the sign of the corrections to the extremality
bound depends on the ratio |a/b|. If one of the linear combinations of the rotations vanishes,

i.e. a £b =0, we find that this expression simplifies and reduces to

1672\ 19272nL

MP
oM, atb=0 L Ta?

5

(3.7)

In this case, we see that the higher derivative corrections take a definite sign, depending
on the sign of the Wilson coefficients. Interestingly, the limit a = b is precisely the one
where we can map the Myers-Perry black hole to a four-dimensional non-rotating dyonic
Kaluza-Klein black hole. We will make use of this fact to constrain the higher derivative
corrections to the Myers-Perry black hole.

3.2 Higher derivative corrections to Kaluza-Klein black hole

We now perform the same procedure to derive the corrections to the extremality bound
of the four-dimensional Kaluza-Klein solution. However, it is convenient to use the five-
dimensional parent solution to compute them. The correction to the five-dimensional
solution is given by

A
SMER = — Jim [T / d°z\/g5 (LR2 - nLR3)] : (3.8)

where evaluate on the solution (2.2) in the extremal limit m — 0. We will now show how the
four-dimensional correction can be extracted from this. By integrating over the y-direction
we can get the four-dimensional Euclidean action.

Ip = / dPz\/g5 <2R2 + nLR3> = 27 R; / d*z\/gap (2732 + nLR3> . (3.9)

This corresponds to the string frame action, whereas we are typically interested in the
black hole solution in the Einstein frame. To remedy this, we can first perform a Weyl
transformation on the five-dimensional metric. Denoting the “old” metric as g, we
transform ., = ¢~ 'gus. This results in the action

A . A .
Iy = / d°x\/g5 (¢_1/2LR2 + <p+1/277LR3> = 27 Rs / d*z\ /g (LR2 + aanR“)
(3.10)
The form of this Weyl transformation is chosen such that we get the four-dimensional
action in the Einstein frame. We therefore find that the four-dimensional mass correction is
given by

SMKK = — {T/d%\/g? (90‘1/22732 + so“/gnLRgﬂ , (3.11)

lim
T—0
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Figure 2. Plot of the mass corrections (3.13) as a function of the ratio I' = p/q. These are positive
function that asymptote towards a finite positive value in the limit I' — oco. To make this figure we
set Rs =p=1.

where we evaluate on the five-dimensional metric (2.2) with Kaluza-Klein rotation set to
zero (o = 0). Performing the integral and taking the extremal limit m — 0 we obtain the
mass correction induced by the two higher derivative terms.

A
SMPK = —7 Mo+ nLM,. (3.12)

The form of these corrections is quite complicated and can be expressed in a relatively nice
manner in terms of the ratio I' = ¢/p. We then find

. 87T2R5 (1+1)

M
A RN R PN
1
><(37TF2sgn(F—1)+(1—4F)\/F2—1—6F2arctan il )
16m%Rs (I'+1)%/2
M, = mRs (I'+1)

p3  (T'—1)9%2T

><<1057TF4sgn(I‘—1)+(6—32I‘+81F2—160F3)\/F2—1—210F4arctan 1 )

(3.13)
For equal charges p = ¢ these expressions simplify greatly and the mass correction is
322 Rs \ N 51272 RsnL
5qL 2143 '

Importantly, the functions M, ,) are positive along the entire domain of T', see figure 2. In

5M§<K\pzq = (3.14)

the limit I' — oo the corrections asymptote to

4 2
lim My = = 5 5 _g).
e 4Op2R (3.15)
. T Ii5
Fh_)ngo M, = o (21w —64)

- 11 -



In the limit where the compactification radius Rs is much larger than the black hole radius,
the Kaluza-Klein black hole becomes a Myers-Perry black hole. Indeed, if we use the
coordinate transformation (2.21)-(2.23) on the higher derivative corrections of an extremal
and non-rotating Kaluza-Klein black hole and take the limit p — oo, we find that the higher
derivative corrections become

A A 384 (3a® — 10a%p? + 3ap*
lim <R2+77LR3>: (8a” — 10a%p” + 3a7p7)
p—oo \ [, L (aQ +p2)
12288a° (a® — Ta*p? + Ta?p* — p°)
(a2 + p2)°

Then, performing the integral (with the Myers-Perry volume form) to obtain the mass

(3.16)

correction we obtain

A 1672)\  19272nL
T 5 . A2 3)| _
%1111}0 [T/d :c,/g5pll>ngo (LR +nLR )] 7 + o (3.17)

which exactly matches (3.7). Unlike the mass in the two-derivative theory, the correction
does not need to be regulated in this limit, because the correction to the monopole mass
vanishes in this limit.

3.3 Higher derivative corrections to Kerr black hole

Finally, we consider higher derivative corrections to the Kerr solution. The Kerr solution
is more indirectly related to the Kaluza-Klein solution via the duality chain described in
section 2.3. On the level of the action we can view it as a solution of the five-dimensional
pure gravity action reducted to four dimensions with both the dilaton and electric gauge
field set to zero. In four dimensions, the higher derivative corrections are then simply the
Riemann squared and Riemann cubed terms. Because the Gauss-Bonnet term is topological
in four dimensions, the Riemann squared term does not contribute to the correction to the
extremality bound. Therefore the mass correction is solely given by

SMEeT = — Jim [T / d4:c1ﬁg4nLR3} : (3.18)
where now R? = RW’"’Rpgaﬁ R, 4". Evaluating the integral and taking the extremal limit
we obtain o

Ui
SMET = : 3.19

This matches earlier results [35, 36]. Now that we have computed the four and six-derivative
corrections to the Myers-Perry, Kaluza-Klein and Kerr black hole we can see how the
WGC constrains the rotating solution. Imposing the WGC on the non-rotating, dyonic and
extremal Kaluza-Klein solution fixes A > 0.° If the four-derivative term is zero (which could
be the case in a particular UV-completion), the leading term is the six-derivative term.
Imposing this term to decrease the mass requires 1 < 0. The constraints this places on the
rotating solutions are displayed in table 1. The main takeaway from these results is that

SInterestingly, while there is currently no known scattering positivity bound on the Gauss-Bonnet term,
the sign of A chosen by the WGC is consistent with that of string theory examples [48, 49] that violates the
KSS viscosity bound [50]. It has however been argued that string theory in AdS backgrounds is compatible
with both signs [51].
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2R? | nLR3

SMEK | -2 M\ | nLM,
WGC: | A>0 | n<0

SMMP | 2672 | L2

7a?

Sign: + —

6Mi(err 0 77L 81

T&3

Sign: n.a. —

Table 1. Overview of the four and six-derivative corrections to the extremal mass of the different
black holes studied in this paper. The functions My ,y > 0 are given in (3.13). Imposing that
both higher derivative corrections decrease the mass fixes the sign of the corrections to an extremal
five-dimensional Myers-Perry and four-dimensional Kerr black hole. A + sign indicates an increase
and a — sign a decrease in mass.

the sign of the corrections to the extremality bound of rotating black holes does not seem
to be universal when we impose the WGC. The four-derivative correction increases the
extremal mass of the Myers-Perry solution, whereas the six-derivative correction decreases
the mass of the extremal Myers-Perry and Kerr solutions. We give an interpretation of this
non-universal behavior in terms of the instability of these black holes in the next section.

4 Superradiant instabilities

From the results in table 1 it is clear that the higher derivative terms we considered do not
correct the extremality bound of extremal Kerr and five-dimensional Myers-Perry black
holes with a universal sign. In that sense, there does not seem to be a sharp statement, like
the charged WGC, that requires corrections to extremal rotating black holes to increase
their angular momentum-to-mass ratio.%

At first sight, one might not be surprised by this observation. As discussed in the
introduction, one of the motivations for the charged WGC, extremal black hole decay,
does not hold for rotating black holes due to superradiance. A necessary condition for
superradiance to occur in rotating black holes is the presence of an ergosphere where the
timelike Killing vector flips sign. In the extremal limit, the radius of the ergosphere is

Kerr: re = &(1 +sinf) > ry,
(4.1)

Myers-Perry: Pe = \/a2 sin? @ + b2 cos? 0 + 2|ab| > py .

Because the radius of the ergosphere lies outside of the black hole horizon, this allows the
presence of negative energy states that can be used to extract energy and angular momentum

5As mentioned before, BTZ black holes are an exception. When corrections to the extremality bound
can be viewed as relevant perturbations in the CFT the holographic c-theorem can be used to argue for a
spinning WGC [42].
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by scattering a particle off a black hole. This also implies that, quantum mechanically,
these modes can be spontaneously created. From this perspective, no WGC-like constraint
is expected for rotating black holes. On the other hand, the rotating black holes we study
can be mapped to purely charged solutions. Charged extremal black holes do not have an
ergoregion and are typically stable if we do not impose the WGC. This therefore raises
the question how the superradiant instability of the rotating solutions arises in the charged
solutions. We will now show in detail that, in order for the superradiant instability to exist,
the charged solutions need to satisfy the WGC. A similar observation about the spectrum of
charged states was made in [44], but here we demonstrate the relationship with the WGC.

4.1 Rotational superradiance

The condition for superradiance to occur can be derived in an elegant manner from black
hole thermodynamics [52]. The first law for rotating black holes is

dM = TdS + Q;dJ". (4.2)

Here €; is the angular potential and the index ¢ runs over different possible angular momenta.
The potentials are given by

fo— AR a 0 b

207 ’ (43)

Qy =

Let’s say that we perform a scattering experiment and want to extract energy w and angular
momentum j° from the black hole such that dM/dJ? = w/j*. Using the first law we can
then write

w
dM =TdS ——~. 4.4
w — 'Y (44)

Using the second law (dS > 0) and imposing we extract energy (dM < 0) we then find that
the condition for superradiance to occur is

w <59, (4.5)

The extremal limit should be taken after this condition has been derived and not directly
in the first law. Evaluating the angular potential in the extremal limit for the solutions of
interest we find

1
Kerr: Ay = 2%
1 (4.6)
Myers-Perry: Q(& 5 = pa
’ a

We can now compare the superradiance condition (4.5) against a possible spinning WGC
bound. These conditions can be obtained from the extremality bound and are given by

WGC for Kerr: wy | % <1,
J

WGC for Myers-Perry:
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Comparing this spinning WGC bound with the condition for superradiance, we see that it
is possible to obey (4.5) while not satisfying (4.7). From the perspective of the rotating
black holes, there is thus no clear relationship between the onset of superradiance and the
extremality bound. However, as we will now show this behaviour is different for charged
black holes.

4.2 Charged superradiance

Charged black holes have no ergosphere, so in a strict sense they do not superradiate.
However, they can lose mass and charge when a similar condition as (4.5) is satisfied and
we will refer to this as charged superradiance. We will see that in this case there is a clear
relation between the WGC and the condition for superradiance to occur. This was observed
earlier in [53]. The first law for dyonic black holes is given by

AM = TdS + U,dQ + ¥, dP . (4.8)

Here ¥, , are the electric and magnetic potentials and (@, P) the electric and magnetic
charges. In the extremal limit the potentials are

167Gl = A= = ,/p;rq, 167Gy 0, = ,/p;q, (4.9)

where we obtained the magnetic potential from the electric one by sending g <> p. Let us
consider extracting energy w and electric and magnetic charge (kq, k,) > 0. This results in
the following change in black hole parameters
dM . 167rG4w dM . 167TG4w
aQ  k, APk,

We normalized the charges £, in such a way that k, corresponds to the integer quantized

(4.10)

electric charge in units of R5. Following the same steps as before (imposing the second law
and requiring dM < 0) we can derive the following condition for charged superradiance:

167Gaw < kgVUy + kp¥), . (4.11)
We find that the conditions for superradiance and the WGC are given by
1
Superradiance: brGaw <1,
1+ (P/Q)* + kypy/1+ (Q/P)*/?
160G (4.12)
WGC: Tt

2/3 2/3 =
(K3 + 102
It is straightforward to check that when the superradiance condition is satisfied, this implies
the WGC condition (but not the other way around).

167TG4w 167rG4w

< .
kg /1 + (P/Q)2/3 + k1 + (Q/P)2/3 — (ki® + k)32

The superradiance mass-to-charge ratio is maximized when k,/k, = P/(Q, where it equals

(4.13)

the WGC condition. We note that if we were to consider a solution that is purely electric
or magnetic, the superradiance and WGC condition are always equivalent.
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4.3 Superradiance vs. Weak Gravity Conjecture

Although for the rotating black holes we considered in this paper there is no obvious
relation between the condition for superradiant emission and the extremality bound, the
situation is qualitatively different for charged solutions. Whenever the extremal Kaluza-
Klein black hole has a charged superradiant instability, the superradiant states also satisfy
the WGC. This gives an interesting perspective on the superradiant instability for the
extremal rotating solutions we considered in this paper. As discussed previously, from
the perspective of the five-dimensional Myers-Perry black hole with equal rotations, it is
not clear if in four-dimensions this is described by a rotating black hole with one unit of
magnetic charge or a non-rotating dyonic black hole. The former solution naturally has a
superradiant instability without a strong constraint on the particle spectrum, whereas the
second solution can only have a superradiant instability when the WGC is satsified. Thus,
whenever the five-dimensional Myers-Perry black hole is described in four-dimensions by a
dyonic solution, its superradiant instability implies the WGC in four dimensions.

With this knowledge, it is perhaps not unexpected that the signs of the higher derivative
corrections in table 1 do not conform to a spinning WGC. The rotating extremal black
holes are already unstable without the need of having superextremal rotating particles.
When we can map these rotating solutions to pure charge black holes, this instability
manifests itself as the ordinary charged WGC. What is interesting, is that the WGC can
still be used to constrain the Wilson coefficients of higher derivative operators correcting
the extremality bound.

5 Conclusions

In this paper, we computed the leading higher derivative corrections to extremal rotating
black holes. We focused on the four-dimensional Kerr and five-dimensional Myers-Perry
black hole, both of which can be mapped to a four-dimensional non-rotating dyonic Kaluza-
Klein black hole. By imposing the WGC on this purely charged solution we fixed the sign of
the Wilson coefficients and, with that, the sign of the corrections to the extremality bound
of the rotating solutions. This way, the WGC leads to new bounds that extremal rotating
black holes must satisfy to belong to the landscape.

The sign of the corrections, however, does not seem to be universal. While the extremal
mass of the Kerr solution decreases, the mass of the Myers-Perry solution increases. We
gave an interpretation of this non-universality in terms of the instability of rotating black
holes: unlike charged extremal solutions, rotating black holes have a superradiant instability
that allows them to shed their angular momentum without a constraint on the spectrum
that is directly related to the extremality bound. Nonetheless, the mapping of rotating to
charged black holes shows that this superradiant instability can only be satisfied when the
charged WGC is satisfied.

It would therefore be interesting to understand if there are extremal rotating black
holes that do not exhibit superradiance. If the heuristic argument that extremal black
holes should be able to decay is correct, we expect a stronger constraint on the spectrum of
spinning states when considering such black holes. Indeed, there are extremal rotating (and
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charged) solutions such as the BMPV black hole that are stable because they saturate a BPS
bound [54]. However, precisely because of their BPS-ness, corrections to the extremality
bound vanish [55] saturating a possible WGC-like constraint. One is therefore led to the
question if there exist non-BPS solutions that do not exhibit superradiance.

Furthermore, recently there has been a sharpened understanding of the constraints that
Wilson coefficients of higher derivative corrections to pure gravity, like the ones considered
in this paper, need to satisfy (see e.g. [56-60]). Here, we assumed the WGC to obtain
constraints on rotating black holes but it would be interesting to see if such techniques
can provide an independent way of determining the sign of the Wilson coefficients of
gravitational operators. Turning the argument around, if certain swampland constraints are
established, we can use them in combination with duality (as we have done in this paper)
to obtain new positivity bounds that would otherwise be difficult to prove directly with
amplitude techniques. Hopefully, these diverse efforts will lead to a sharper understanding
of the physical principles that separate the landscape from the swampland.
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A Details on Kaluza-Klein reduction

We want to take the action of pure five-dimensional gravity perturbed by higher derivative
corrections up to six derivatives and perform a Kaluza-Klein reduction. The relevant action

is given by
I:/d% —g ( Rs | Apey LR3) (A1)
"\16nG; "L ‘ ‘
We use the following short-hand notation for the higher derivative corrections.
R? = RapeaRY, R =RyMR IR (A.2)

Here Rj5 is the five-dimensional Ricci scalar Rgpeq is the five-dimensional Riemann tensor.
To perform the Kaluza-Klein reduction, we assume the standard ansatz

ds® = g, dotda” + ¢?(Audat + dy)?, (A.3)
where g, is the four-dimensional metric and y = y + 27 R5. Note that roman indices run as
a=(0,...,4) and greek indices as = (0,...,3). In order to derive the various expressions
for the geometric tensors in the four-dimensional theory, it is useful to first go to a flat
basis using the vielbeins e, such that

gab = €415 (A4)

where 7.; is the Minkowski metric.
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In this flat basis, the different components of the five-dimensional Riemann tensor are
given by [61]

X . 1 PN PN PN
R,uzzpo' = Rgly)po— - 1902 <2F,uqua + FupFI/U - F,LLO'FZ/p) )
N 1 . -
Rajwp = §QOV#FVP +
A TN 1 PN
Ruava = —¢ 1Vﬂ(8z/90) - Z‘PQFM)F'OV-

Here we used the hat to indicate these expressions are valid in the flat basis. From these
expressions, the components of the five-dimensional Ricci tensor can also be constructed.

1 o

R . 1 oa ~ R IO
RMV = Rfjlz/) - 5@2FupFI/p - 590 QVM(aV(Pz) + 2(({9”@)(8”@) )

~ 1 PPN 3. JA

Rus = 5@*VoF," + SF, O, (A.6)

. 1 oge a1 . o
Rag = 1¢2FWF“”—§¢ O + ¢ 1 (0up) (") -

We can transform these expressions back to the non-flat basis using the vielbeins. Explicitly,
in the directions we compactify over they are

eﬂ4 =0, €4u = pAu, 644 =@ (A7)

Then, by appropriately contracting the expressions (A.5) we can obtain four-dimensional
expressions for the higher derivative corrections R? and R3. For our purposes, it will be
enough to leave them in their five-dimensional form. The four-dimensional expression for
the Ricci scalar is

1 _ .
Rs = Ra = 3@ Fu " — 070" + 207%(0,0) (9") - (A.8)
Integrating over the y direction, the four-dimensional action becomes
! Aoy “gip (Ri — 22 F b ) 42nR [ diay/—gip (2R? +nLR?) (A9
g1 ( Ra = 79" Fu +2m oV =gap TR+ (A.9)

167Gy
The four-dimensional Newton constant is G4 = G5/(2mR5). This is the action in the string

frame. Performing a Weyl transformation we can bring it to the Einstein frame. Under a
transformation of the form §o, = €?*gqp the relevant quantities transform as

V _gd:edw\/—g )
Ry= e (Ry—2(d— 1)0w — (d - 2)(d - 1)(0aw)(0"w)) , (A.10)
Wabcd = Wabcd :
Here W4, is the Weyl tensor, which is invariant under Weyl transformations. Because we
are interested in vacuum solution in five dimensions, the five-dimensional Riemann tensor

is equal to the five-dimensional Weyl tensor. This implies that the higher derivative terms
transform covariantly under Weyl transformations as

52 — w2
R =e "“R~,

20 g (A.11)
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Identifying g,, as the string frame metric and taking e?”p = 1 puts the action in the
Einstein frame. Finally, introducing a canonically normalized scalar field w = ®/v/12 we
obtain the final form of the action

_ 1 4 — _ 1 “w _ 1 -3 /ﬂ/)
= 167TG4/d e <R4 L (0u2)(2'®) — e VI F

+27R5 /d4x\/—g4 (26_¢/¢§R2 + nLe_w/\/gR‘g) .

(A.12)
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