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Abstract 21 

A modified version of the NPZD ecosystem model is used to analytically examine the 22 

effects of predation avoidance, a possible mechanism for triggering harmful algal blooms (HAB). 23 

To resolve HAB development caused by predation avoidance, an additional phytoplankton 24 

functional group is considered, one that has slower nutrient uptake and better predation 25 

avoidance characteristics than the non-harmful phytoplankton group used in traditional NPZD 26 

models. Because the two phytoplankton groups (one non-harmful and one HAB) compete for 27 

only one resource within the same system, steady state (equilibrium) conditions cannot occur 28 

without the presence of zooplankton; only the non-harmful phytoplankton group, which defeats 29 

the HAB group in the resource competition, can survive in the equilibrium. The presence of 30 

sufficient zooplankton effectively acts to replenish the nutrient pool by consuming the non-31 

harmful phytoplankton. When this occurs, two equilibrium states are found: one with both 32 

phytoplankton groups coexisting, and one that only includes the HAB group. The condition 33 

required for equilibrium is that the total nitrogen within the system should be larger than a 34 

threshold determined by model coefficients. The threshold and feasibility of the equilibrium are 35 

sensitive to the relative HAB predation avoidance coefficient. If the coefficient is larger than the 36 

ratio of net growth rates between the HAB and non-harmful phytoplankton group, the threshold 37 

becomes infinite, and an equilibrium is not feasible. The time scale for the system to reach an 38 

equilibrium state that includes a HAB group is determined asymptotically. The dependence of a 39 

threshold condition as a controlling factor may explain the regime shift of dominant species 40 

causing HABs. The ecosystem model is fully implemented into the Regional Ocean Modeling 41 

System and applied to an idealized coastal embayment (with depths and geometry taken from 42 

San Francisco Bay) to show numerically the dominance of prey avoidance dynamics in a natural 43 
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shallow water environment that includes advection and diffusion. The analytical results improve 44 

strategies for HAB modeling and provide guidance for setting model coefficients necessary to 45 

resolve a HAB event. 46 

  47 
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1. Introduction 48 

Harmful algal blooms (HABs), usually referred to as red tides, are excessive blooms of 49 

mono-phytoplanktonic species that can significantly increase fish mortality and cause large 50 

economic loss to fisheries, aquaculture industries, and touristic activities by assimilating toxins 51 

and consuming all dissolved oxygen (Jin et al., 2008; Park et al., 2013). Recently, HABs have 52 

occurred more frequently due to trends in global warming and increased anthropogenic nutrient 53 

input to aquatic systems (Padmakumar et al., 2012; Lee et al., 2013; Griffith and Gobler, 2020). 54 

Although many research directions have been pursued to better understand their dynamics, 55 

collectively they show that HABs are one of the most complex coastal ecosystem processes that 56 

links biogeochemical and hydrodynamical characteristics of the ambient environment (He et al., 57 

2008; Lee, 2008; Li et al., 2009; Kim et al., 2016; Zhou et al., 2017; Baek et al., 2020). 58 

Modeling approaches are frequently used as powerful tools to resolve the complexity of 59 

HABs. In many laboratory culturing experiments, single-equation models are simply regressed 60 

against measured culturing results (Lee et al., 2001; Cho and Cho, 2014; Lim et al., 2014; 61 

Shankar et al., 2014). Adding to the complexity, interactions between HAB groups and other 62 

phytoplankton groups including diatoms are common, and can result in a wide variety of 63 

outcomes (Kwon et al., 2014; Lim et al., 2014; Oh et al., 2015). Several studies experimentally 64 

show that the presence of other phytoplankton groups (e.g., typical non-harmful diatoms) inhibits 65 

the growth of several HAB groups (Mitra and Flynn, 2006; Lim et al., 2014). Furthermore, 66 

nutrient uptake ability by the HAB group, estimated by laboratory experiments, implies that the 67 

HAB group is defeated by the diatoms in the resource competition (Eppley et al., 1969; Lee et al., 68 

2001; Kudela et al., 2010; Cho and Cho, 2014; Oh et al., 2015), and thus plays a primal role in 69 

suppressing growth of one phytoplankton group relative to the other (Tilman, 1977). 70 
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Various mechanisms have been suggested to explain how the HAB group can bloom, 71 

including mixotrophic behavior (Jeong et al., 1999; Jeong et al., 2004), swimming ability (Lim et 72 

al., 2014; Jeong et al., 2017), allelopathy effects (Fistarol et al., 2004; Tang and Gobler, 2010; 73 

Lim et al., 2014), multi-resource competition (Glibert and Burkholder, 2011; Zhou et al., 2017), 74 

and prey avoidance (Solé et al., 2006; Mitra and Flynn, 2006; Flynn, 2008; Harvey and Menden-75 

Deuer, 2011 and 2012). The key mechanism triggering a HAB differs by species, but here we 76 

focus on details of population dynamics in prey avoidance. Mitra and Flynn (2006) developed a 77 

simple ecosystem model that consists of two phytoplankton groups (one HAB and one non-78 

HAB), one nutrient, and one zooplankton species. Their model considered allelopathy, prey 79 

switching, and prey rejection of the HAB group, and through sensitivity experiments concluded 80 

that prey rejection plays the most important role in the formation of HABs.  However, Mitra and 81 

Flynn (2006) did not discuss population dynamics of the prey avoidance. In addition, models 82 

designed to reconstruct laboratory experiments are difficult to extrapolate to the field. Although 83 

previous studies, including Mitra and Flynn (2006), explicitly consider the interactions between 84 

HABs and the ambient system using models, most analyses are focused on how well numerical 85 

solutions reproduce the observations. Analytical studies for the system of governing equations 86 

are generally not considered even though the ecosystem dynamics are determined by the 87 

equations. 88 

It would be expected that turbulence and the Margalef framework would play an 89 

important structuring role in the ecosystem model for pelagic environments (Margalef, 1978; 90 

Cullen et al., 2002). However, the purpose of this study is to examine the dynamics of prey 91 

avoidance that are not resolved by the Margalef framework, and applicable to well-mixed 92 

shallow coastal environments where the water depths are similar in scale to (or shallower than) 93 
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pelagic mixed layer depths and the euphotic layer. Based on the Margalef framework, coastal 94 

environments with high turbulence (due to tidal mixing) and high nutrient concentration are 95 

expected to favor diatom dominance, yet many observations show that non-diatom HABs occur 96 

in these shallow eutrophic environments (Wilkerson et al., 2006; Anderson, 2009; Lee et al., 97 

2013; Kang et al., 2015). This implies the presence of dynamics not resolved by the Margalef 98 

framework, with prey avoidance as a likely candidate (Mitra and Flynn, 2006; Harvey and 99 

Menden-Deuer, 2012; Kang et al., 2015). Our initial model development without consideration 100 

of prey avoidance mechanisms (not shown herein) simulated dominant diatoms consistent with 101 

not only the Margalef framework but also with the Tilman framework (Tilman, 1977; diatoms 102 

having better nutrient uptake ability to defeat HAB groups in resource competition).  In the work 103 

presented here, we focus on the population dynamics caused by prey avoidance rather than the 104 

interaction between phytoplankton growth and turbulence. 105 

In this work, we conduct an analytical analysis of a modified Nutrient-Phytoplankton-106 

Zooplankton-Detritus (NPZD) model that includes a harmful phytoplankton group to study 107 

population dynamics of prey avoidance. It should be noted that the model in this study describes 108 

the HAB group as a phytoplankton functional group having better predation avoidance in the 109 

ecosystem limited by one resource (nitrogen), and thus is designed to highlight the prey 110 

avoidance mechanism of the HAB group. In its present form, the model does not consider HABs 111 

triggered by unresolved mechanisms (e.g., multi-resource competition or mixotrophic behavior) 112 

so cannot be globally applied to HABs problems. 113 

To discuss the dynamics governed by prey-predation interaction between components of 114 

the ecosystem, no physical transport is considered and steady-state is assumed in the analytical 115 

development. The steady-state solutions (equilibriums) of the modified NPZD model under these 116 
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assumptions are found and stability conditions for each equilibrium state are discussed to 117 

determine when the HAB group can be sustained in the ecosystem without extinction. Details of 118 

the resource competition between two different phytoplankton groups and top-down control 119 

mechanisms through prey avoidance are examined and discussed. In addition, the modified 120 

NPZD system is fully coupled with a numerical hydrodynamic model where all terms in the 121 

general ecological-physical coupled model are retained without the assumptions in the analytical 122 

development, and thus temporal rate of change and all transport processes (advection, mixing, 123 

and sinking of detritus) for ecological variables are considered. Using the fully coupled model, 124 

idealized experiments describing HAB development in an idealized coastal embayment (with 125 

depths and geometry taken from San Francisco Bay) are compared with equilibrium states 126 

predicted by the theory. 127 

 128 

2. Method 129 

2.1. Ecosystem models 130 

In the following, the NPZD system is used as the basis of the marine ecosystem model.  131 

The NPZD model consists of four variables (nutrient, phytoplankton, zooplankton, and detritus) 132 

and describes the basic cycle of mass (nitrogen) in the marine ecosystem; nutrient is taken up by 133 

phytoplankton, phytoplankton are grazed by zooplankton, the plankton become detritus through 134 

mortality, and detritus is remineralized. Although there are more sophisticated models, the 135 

simple (and widely used) NPZD model contains sufficient complexity to describe many realistic 136 

marine ecosystems (Onitsuka et al., 2007; Xu et al., 2008; Perruche et al., 2010; Priester et al., 137 

2017; Cruz-Rico and Rivas, 2018). Furthermore, the NPZD system has been theoretically 138 
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scrutinized (Busenberg et al., 1990; Edwards, 2001; Heinle and Slawig, 2013a and 2013b; which 139 

are revisited and further discussed in section 3.1), and can be easily modified and expanded to 140 

resolve additional ecological dynamics (Newberger et al., 2003; Lima and Doney, 2004; Koné et 141 

al., 2005; Fennel et al., 2006; Kishi et al., 2007; Fiechter et al., 2009). Governing equations for 142 

the NPZD system are slightly different in each study; equations suggested by Powell et al. (2006) 143 

are used in this study because their model is coupled with the publicly available Regional Ocean 144 

Modeling System (ROMS; Shchepetkin and McWilliams, 2005) and easily accessible. 145 

To resolve the resource competition and different predation pressure between two 146 

specific phytoplankton groups, we include one additional phytoplankton group representing the 147 

harmful phytoplankton (HAB group). The purpose is to analytically examine population 148 

dynamics of the prey avoidance in the NPZD system by developing an optimal model with 149 

enough complexity to resolve prey avoidance in the NPZD system but simple enough to be 150 

studied by analytical approaches. The governing equations of our modified NPZD system 151 

including a HAB group are given by 152 

𝑑𝑁

𝑑𝑡
= 𝛿𝐷 + 𝛾𝐺𝑍 − 𝑈1𝑃1 − 𝑈2𝑃2 

𝑑𝑃1

𝑑𝑡
= 𝑈1𝑃1 − (1 − 𝛱)𝐺𝑍 − 𝜎1𝑃1 

𝑑𝑃2

𝑑𝑡
= 𝑈2𝑃2 − 𝛱𝐺𝑍 − 𝜎2𝑃2                                                       (1) 

𝑑𝑍

𝑑𝑡
= (1 − 𝛾)𝐺𝑍 − 𝜉𝑍 

𝑑𝐷

𝑑𝑡
−

∂(𝑤𝑑𝐷)

∂𝑧
= 𝜎1𝑃1 + 𝜎2𝑃2 + 𝜉𝑍 − 𝛿𝐷 
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where 𝑡 is time, and 𝑁, 𝑃1, 𝑃2, 𝑍, and 𝐷 indicate nutrient, normal (non-harmful) phytoplankton, 153 

HAB group, zooplankton, and detritus concentrations, respectively. 𝑈1 𝑈2, 𝐺, and 𝛱 are growth 154 

rates of each phytoplankton group, the zooplankton grazing, and predation probability function, 155 

respectively, and defined as 156 

𝑈𝑛(𝑁) = 𝑉𝑛

𝑁

𝑁 + 𝑘𝑛

αn𝐼

√𝑉𝑛
2 + (αn𝐼)2

 

𝐺(𝑃1, 𝑃2) = 𝑅𝑚(1 − 𝑒−𝛬(𝑃1+𝜓𝑃2)) 

𝛱(𝑃1, 𝑃2) =
𝜓𝑃2

𝑃1 + 𝜓𝑃2
 

where subscript n takes on values of 1 or 2. The concept of a predation probability function and 157 

grazing term is described in Fennel and Neumann (2004) but modified here to consider the 158 

different predation pressure induced by each phytoplankton group (Post et al., 2000; Koné et al., 159 

2005; Oguz et al., 2016). The other variables are constant model coefficients (with values given 160 

in Table 1). The coefficients shared with traditional NPZD models are the default values (Powell 161 

et al., 2006; Fiechter et al., 2009). 162 

Key differences between the traditional NPZD model and the modified NPZD model in 163 

this study include the ability to resolve two different phytoplankton groups and the effects of 164 

different predation avoidance ability. In the modified NPZD model, two phytoplankton 165 

functional groups are considered: the HAB group is defined as the phytoplankton having worse 166 

nutrient uptake ability and better predation avoidance ability than the other (non-harmful) 167 

phytoplankton group. The model is designed to elucidate the dynamics of top-down control of 168 

specific HABs triggered by predation avoidance. The maximum growth rate of 𝑃2 is chosen as a 169 
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reasonable value that describes slower nutrient uptake kinetics than that for 𝑃1 (𝑉2 < 𝑉1; Table 1). 170 

In this study, the mass transfer between each state variable is defined by nitrogen, and thus the 171 

model describes the nitrogen cycle of the ecosystem with the units of the variables and half 172 

saturation coefficients given in moles of nitrogen (𝜇𝑀-𝑁). 173 

 174 

Table 1. Model coefficients of the modified NPZD system. 175 

Coefficient name symbol value Unit 

𝑃1 maximum growth rate 𝑉1  1.5 1/day 

𝑃1 nitrate half saturation concentration 𝑘1  1.0 𝜇𝑀-𝑁 

𝑃1 natural mortality rate 𝜎1  0.1 1/day 

𝑃1 initial slope of P-I curve α1  0.025 𝑚2/W/day  

𝑃1 self-shading coefficient 𝑘𝑃1
  0.0095 1/(m 𝜇𝑀-𝑁) 

𝑃2 maximum growth rate 𝑉2   0.4 1/day 

𝑃2 nitrate half saturation concentration 𝑘2  1.0 𝜇𝑀-𝑁 

𝑃2 natural mortality rate 𝜎2  0.1 1/day 

𝑃2 initial slope of P-I curve α2  0.025 𝑚2/W/day 

𝑃2 self-shading coefficient 𝑘𝑃2
  0.0095 1/(m 𝜇𝑀-𝑁) 

𝑃2 relative predation avoidance ability 𝜓  0.075 - 

𝑍 maximum grazing rate 𝑅𝑚  0.52 1/day 

𝑍 Ivlev constant Λ  0.84 1/𝜇𝑀-𝑁 

𝑍 excretion efficiency 𝛾  0.3 - 

𝑍 mortality rate 𝜉  0.145 1/day 

𝐷 remineralization rate 𝛿  1.03 1/day 

𝐷 sinking speed 𝑤𝑑  8.0 m/day 

Water light attenuation coefficient 𝑘  0.067 1/m 

 176 
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The parameter 𝜓 is a non-dimensional number that defines the 𝑃2 predation avoidance 177 

ability relative to that of 𝑃1. When 𝜓 < 1, the zooplankton group prefers to consume 𝑃1 (better 178 

predation avoidance of 𝑃2 than 𝑃1), whereas 𝜓 > 1 indicates more 𝑃2 preference than 𝑃1. For 179 

𝜓 = 1, the zooplankton group has no preference for either phytoplankton group because both 180 

groups have identical predation avoidance. The sensitivity of the system on given 𝜓 values is 181 

discussed in section 3.2.2. Figure 1 depicts a schematic of the modified NPZD ecosystem model 182 

showing the various nitrogen cycling processes, including uptake of nutrients by phytoplankton, 183 

grazing by zooplankton, excretion of nutrients from phytoplankton, mortality of phytoplankton 184 

and zooplankton, and remineralization of detritus. This model can be considered as a NPPZD 185 

type having two different phytoplankton functional groups, 𝑃1 and 𝑃2. Characteristics of each 186 

phytoplankton group are identical to those used by Mitra and Flynn (2006), where 𝑃1 has better 187 

nutrient uptake ability (represented by 𝑉2 < 𝑉1) but 𝑃2 has better predation avoidance (𝜓 ≪ 1). 188 

 189 

Figure 1. Schematic for the modified NPZD system that resolves an additional phytoplankton 190 

group. The normal (non-harmful) phytoplankton group 𝑃1 is described as having better nutrient 191 
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uptake ability, and the harmful algal group 𝑃2 is described as having better prey avoidance 192 

ability. 193 

 194 

2.2. Equilibrium points 195 

Steady-state solutions, ignoring left hand side terms of system (1), are frequently used to 196 

analyze characteristics and dynamics of ecosystem models (Tilman, 1977; Newberger et al., 197 

2003; Perruche et al., 2010; Heinle and Slawig, 2013a and b). Although the system (1) is 198 

nonlinear, steady-state solutions are easily obtained. Negative or imaginary solutions are non-199 

physical and not discussed further. Because system (1) is closed and conserves mass, the five 200 

equations in (1) with steady-state are undetermined. The last equation needed to reach a solution 201 

can be obtained by summing all equations in (1) that yields 𝑑(𝑁 + 𝑃1 + 𝑃2 + 𝑍 + 𝐷)/𝑑𝑡 = 0, 202 

and can be written as 203 

𝑁 + 𝑃1 + 𝑃2 + 𝑍 + 𝐷 = 𝑁𝑇 

where 𝑁𝑇 indicates the total nitrogen concentration determined by the sum of all the state 204 

variable in initial conditions. The steady-state solutions are expressed as a function of model 205 

coefficients (Table 1) and 𝑁𝑇. To represent the state of the system, state variables are denoted as 206 

a vector 𝐸(𝑚) = (𝑁(𝑚), 𝑃1
(𝑚)

, 𝑃2
(𝑚)

, 𝑍(𝑚), 𝐷(𝑚)), similar to Heinle and Slawig (2013a), where 207 

superscript m represents the index of each steady-state solution. The stability condition for each 208 

steady-state solution can also be found. For any given initial condition that progresses toward a 209 

stable solution, the stability condition will determine the feasibility of that stable solution. The 210 

stability condition can be determined by linearization of the ordinary differential equation system 211 
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(Heinle and Slawig, 2013a); here we focus on the ecological consequences of the stability 212 

condition, similar to Busenberg et al. (1990). 213 

It must be noted that system (1) does not always converge toward a steady-state solution.  214 

When total nitrogen in the system is sufficiently high, the steady-state solution changes from a 215 

stable focal point towards a neutral stability point where the state of the system oscillates around 216 

the steady-state solution (Busenberg et al., 1990). However, the steady-state solution for a 217 

neutral stability point attracts the system away from other unstable solutions and remains close to 218 

the center of oscillation. In this study, the steady-state solution for a neutral stability point is not 219 

discussed further, and the focus is on the transition of stable steady-states from one solution to 220 

another, useful for determining the conditions that result in the presence (or absence) of a 221 

phytoplankton functional group. 222 

 223 

2.3. Numerical experiments 224 

2.3.1. Cross-verification using ordinary differential equation solvers 225 

The equilibriums of the system (1) are cross-verified by numerical solutions based on 226 

ordinary differential equation solvers provided by MATLAB. The temporal change terms on the 227 

left hand side of (1) are retained in the numerical solutions. System (1) with different 𝜓 and 𝑁𝑇 228 

is solved and compared to the theoretical equilibrium. It is worth noting that careful choice of the 229 

solver (numerical scheme) and accurate error tolerances are required to obtain a proper 230 

numerical solution for highly eutrophic conditions (high 𝑁𝑇) which result in stiff nonlinear 231 

oscillations; otherwise, the solvers blow up or reach an equilibrium that disagrees with the 232 

theoretical equilibrium (Appendix A). Herein, we use the ode45 solver with both relative and 233 
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absolute error tolerances set to 10−10. The ode23t (not shown herein) generates identical results 234 

with ode45. 235 

 236 

2.3.2. Idealized experiments using ecosystem model fully coupled with hydrodynamics 237 

model 238 

To test the theory in a more realistic ecosystem influenced by transport mechanisms, we 239 

fully couple system (1) with ROMS and then conduct idealized numerical experiments. Physical 240 

transport of ecological variables and detritus sinking are considered in the numerical experiments 241 

so both advection and diffusion terms are also considered in the fully coupled model. The model 242 

domain for the idealized experiments is chosen based on Heterosigma akashiwo blooms in San 243 

Francisco Bay that are expected to be triggered by a prey avoidance mechanism (Harvey and 244 

Menden-Deuer, 2011). However, it must be noted that the purpose of the idealized experiments 245 

is not to accurately simulate HABs of San Francisco Bay, but instead to test dominance of the 246 

dynamics elucidated by the equilibriums of system (1) in a more realistic coastal environment 247 

that includes physical transport and sinking detritus. The model is designed based on topography 248 

from the ETOPO2 dataset (Figure 2) with 10 vertical sigma levels and 500 m lateral spatial 249 

resolution. For simplicity, the predominant tide is assumed in the shallow coastal environment 250 

and thus the model is forced only by tides (obtained from the TPXO9-atlas tidal dataset available 251 

at https://www.tpxo.net/global/tpxo9-atlas) without consideration of wind stress and river 252 

discharge. For the mixing, vertical diffusion is resolved by the Mellor-Yamada turbulence 253 

closure scheme without lateral diffusion (Mellor and Yamada, 1982). The High-order Spatial 254 

Interpolation at the Middle Temporal level (HSIMT; Wu and Zhu, 2010) scheme is chosen to 255 
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handle advection of tracers. Although this simple model configuration is not expected to simulate 256 

the circulation of the real ocean, we presume that it is sufficiently complex to resolve plausible 257 

effects of circulation and mixing of general tide-dominated shallow coastal environments on 258 

ecological variables. 259 

 For the ecological model configuration, the modified NPZD model is initiated by 260 

constant concentration of state variables inside of the bay (Figure 2): all ecological variables are 261 

set to 0.1 𝜇𝑀-𝑁 except for nutrient concentrations that are set to 1, 4, and 16 𝜇𝑀-𝑁 to assess 262 

sensitivity to 𝑁𝑇. The concentration of all variables in the offshore region is set to 0 𝜇𝑀-𝑁 for 263 

simplicity. The ecological model coefficients listed in Table 1 are used and the light intensity is 264 

fixed to 158 𝑊/𝑚2, identical with Powell et al. (2006). In ROMS, the biological sediment 265 

option is turned on, which describes sediment remineralization processes and returns nitrogen 266 

from the detritus reaching the bottom boundary to the nutrient pool without loss (e.g., 267 

denitrification and permanent sedimentation). To examine the role of physical transport, passive 268 

tracers are distributed with identical initial conditions as the ecological tracers. The concentration 269 

of the passive tracers on the inner shelf is defined as one. 270 
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 271 

Figure 2. Bathymetry (a) and initial condition of ecological variables (b) in the model domain 272 

for the idealized experiments using the ecosystem model fully coupled with ROMS. The initial 273 

nutrient concentration is controlled to study sensitivity to total nitrogen 𝑁𝑇. 274 

 275 

3. Theory 276 

3.1. Shared solutions with NPZD system (𝑷𝟐 = 𝟎) 277 

Because system (1) converges to the general NPZD model when 𝑃2 = 0, steady-state 278 

solutions of the general NPZD model are also considered as one of the possible solutions. In this 279 

section, equilibriums of the general NPZD model are revisited to highlight the transition of stable 280 

solutions (given as total nitrogen levels) and the role of zooplankton in the eutrophic range. The 281 

first solution of the general NPZD system requires that all nitrogen in the system exists in 282 

nutrient form and all the other state variables are zero, so 𝐸(1) = (𝑁(1), 0,0,0,0) where 𝑁(1) =283 
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𝑁𝑇. This solution occurs when the initial concentration of phytoplankton groups is zero or when 284 

nutrient concentrations are not enough to sustain the phytoplankton group, 𝑈1(𝑁𝑇) < 𝜎1, which 285 

can be written as 286 

𝑁𝑇 < 𝑈1
−1(𝜎1) =

𝜎1𝑘1

𝑉1 − 𝜎1
                                                      (2) 

where 𝑈𝑛
−1(𝜎𝑛) indicates the nutrient concentration that makes the growth rate of the 287 

phytoplankton balanced by the mortality rate; in other words, the minimum nutrient 288 

concentration needed for the phytoplankton group to be sustained. 289 

A second solution occurs when the zooplankton group does not exist, such that 𝐸(2) =290 

(𝑁(2), 𝑃1
(2)

, 0,0, 𝐷(2)). The components of the second equilibrium 𝐸(2) are given as 291 

𝑁(2) = 𝑈1
−1(𝜎1) 

𝑃1
(2)

=
𝛿

𝛿 + 𝜎1
(𝑁𝑇 − 𝑈1

−1(𝜎1)) 

𝐷(2) =
𝜎1

𝛿 + 𝜎1
(𝑁𝑇 − 𝑈1

−1(𝜎1)). 

This solution is feasible both when zooplankton initially do not exist, or when nutrient 292 

concentrations are high enough to sustain the phytoplankton but the phytoplankton concentration 293 

itself is not enough to maintain a viable zooplankton population, such that 𝜎1 < 𝑈1(𝑁𝑇) and 294 

(1 − 𝛾)𝐺(𝑃1
(2)

, 0) < 𝜉. This condition can be written as 295 

𝑈1
−1(𝜎1) < 𝑁𝑇 < 𝑈1

−1(𝜎1) +
𝛿 + 𝜎1

𝛿
𝑃1

(3)
                                       (3) 
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where 𝑃1
(3)

 indicates the minimum phytoplankton concentration needed to sustain zooplankton, 296 

and corresponds to the phytoplankton concentration that results in a balance between growth and 297 

mortality of the zooplankton, and is defined as 298 

𝑃1
(3)

= 𝐺−1 (
ξ

1 − γ
) =

1

Λ
ln [(1 −

𝜉

𝑅𝑚(1 − γ)
)

−1

]. 

When the steady-state phytoplankton concentration is enough to sustain zooplankton, or 299 

equivalently, the total nitrogen concentration is high enough to sustain both phytoplankton and 300 

zooplankton, a third steady-state solution, 𝐸(3) = (𝑁(3), 𝑃1
(3)

, 0, 𝑍(3), 𝐷(3)), exists with all non-301 

zero state variables except for 𝑃2. Components of 𝐸(3) are determined by 302 

𝑁(3)2
+ (𝑘1 + 𝑉1𝑃1

(3)(1 − γ) (
1

ξ
+

1

𝛿
) + [𝑃1

(3)
(1 −

𝜎1

ξ
(1 − γ) +

𝜎1

𝛿
γ) − 𝑁𝑇]) 𝑁(3)

+ [𝑃1
(3)

(1 −
𝜎1

ξ
(1 − γ) +

𝜎1

𝛿
γ) − 𝑁𝑇] 𝑘1 = 0 

𝑍(3) =
1 − γ

ξ
(𝑈1(𝑁(3)) − σ1)𝑃1

(3)
 

𝐷(3) =
1

δ
((1 − γ)𝑈1(𝑁(3)) + γσ1) 𝑃1

(3)
. 

It is worth noting that the quadratic equation for 𝑁(3) has two solutions, but one is negative and 303 

non-physical.  𝑃1
(3)

 is independent of 𝑁𝑇 and determined by coefficients related to the 304 

zooplankton; all other state variables are dependent on 𝑁𝑇. The condition that allows the 305 

zooplankton group to be present is (1 − 𝛾)𝐺(𝑃1
(2)

, 0) > 𝜉, and can be written as 306 

𝑈1
−1(𝜎1) +

𝛿

𝛿 + 𝜎1
𝑃1

(3)
< 𝑁𝑇 .                                                   (4) 
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Figure 3 shows components of the steady-state solution to the general NPZD system 307 

varying with 𝑁𝑇; that is, feasible steady-state solutions are transited from 𝐸(1) to 𝐸(2), and 𝐸(2) 308 

to 𝐸(3) whenever 𝑁𝑇 becomes higher than the threshold conditions (3) and (4). For 𝐸(3), all state 309 

variables except for phytoplankton increase with increasing 𝑁𝑇. When 𝑁𝑇 is sufficiently high, 310 

nutrient concentration 𝑁(3) linearly increases, whereas 𝑍(3) and 𝐷(3) are saturated and converge 311 

to constant values (Figure 3). The solutions 𝑍(3) and 𝐷(3) are Monod functions with non-zero 312 

intercept.  The slope of 𝑁(3) and saturated concentration of 𝑍(3) and 𝐷(3) can be analytically 313 

determined as 𝑁𝑇 gets large, and are given in the limit by 314 

lim
𝑁𝑇→∞

∂𝑁(3)

∂𝑁𝑇
= 1 

𝑙𝑖𝑚
𝑁𝑇→∞

𝑍(3) =
1 − 𝛾

𝜉
(𝑉𝑚 − 𝜎)𝑃1

(3)
 

𝑙𝑖𝑚
𝑁𝑇→∞

𝐷(3) =
1

δ
((1 − γ)𝑉𝑚 + γσ)𝑃1

(3)
. 

Consequently, in the eutrophic limit, nutrient concentration converges to a linear polynomial 315 

function with slope one, and all the other state variables become constant. This implies that once 316 

the system is sufficiently eutrophic, additional nitrogen will not influence the steady-state values 317 

of phytoplankton, zooplankton, and detritus. Any additional nitrogen is stored in nutrient pools. 318 
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 319 

Figure 3. Steady-state solutions of the general NPZD system varying with 𝑁𝑇. In the eutrophic 320 

limit, all state variables converge to a constant value except for nutrients which linearly increases 321 

with slope one. 322 

 323 

The steady-state solutions of the general NPZD system with only one functional 324 

phytoplankton group were well discussed by Heinle and Slawig (2013a). The governing 325 

equations of NPZD system used by Heinle and Slawig (2013a) were different than those used in 326 

this study. In their model, mortality of zooplankton increased nutrient concentration and the 327 

inefficiency of zooplankton grazing increased detritus. The opposite occurs in our work where 328 

zooplankton mortality increases detritus and the inefficiency of grazing increases nutrient 329 

concentration. Regardless, qualitative characteristics of steady-state solutions are the same 330 
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because detritus acts as an intermediate state between mortality and remineralization in the 331 

closed system, and the presence of a zooplankton group intrinsically plays a role in pumping 332 

nitrogen from the phytoplankton pool to the nutrient pool. 333 

 334 

3.2. HAB group presence solutions (𝑷𝟐 ≠ 𝟎) 335 

3.2.1. Resource competition between two phytoplankton groups without zooplankton 336 

(𝒁 = 𝟎) 337 

The presence of a HAB group, 𝑃2 ≠ 0, induces additional steady-state solutions. 338 

However, it is worth noting first that steady-state solutions do not exist for situations where 𝑃1 339 

and 𝑃2 coexist without zooplankton (𝑍 = 0). This is because system (1) represents two different 340 

phytoplankton groups that compete for only one resource (Tilman, 1977). That is, when 𝑃1 ≠ 0, 341 

𝑃2 ≠ 0, and 𝑍 = 0, each governing equation for the phytoplankton groups drives two different 342 

steady-state nutrient concentrations, 𝑈1
−1(𝜎1) and 𝑈2

−1(𝜎2), and thus has no solution. As a 343 

result, the phytoplankton group that can survive under conditions with lower nutrient 344 

concentration (i.e., lower 𝑈𝑛
−1(𝜎𝑛)) defeats the other phytoplankton group. The winner of the 345 

resource competition is 𝑃1 because of its higher maximum growth rate that contributes to 346 

𝑈1
−1(𝜎1) < 𝑈2

−1(𝜎2) . 347 

There does exist a steady-state solution 𝐸(4) = (𝑁(4), 0, 𝑃2
(4)

, 0, 𝐷(4)) for which 348 

components are given by 349 

𝑁(4) = 𝑈2
−1(𝜎2) 
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𝑃2
(4)

=
𝛿

𝛿 + 𝜎2
(𝑁𝑇 − 𝑈2

−1(𝜎2)) 

𝐷(4) =
𝜎1

𝛿 + 𝜎2
(𝑁𝑇 − 𝑈2

−1(𝜎2)). 

However, 𝐸(4) is sustained by the defeated functional group and represents an unstable saddle 350 

point (van Opheusden et al., 2015). The presence of 𝑃1 rapidly moves the state of the system 351 

from solution 𝐸(4) to 𝐸(2). As the state of the system approaches solution 𝐸(2), 𝑃2 converges to 352 

zero because the growth rate of 𝑃2 around 𝐸(2) is less than the mortality, 𝑈2(𝑁2) < 𝜎2, 353 

equivalent to 𝑈1
−1(𝜎1) < 𝑈2

−1(𝜎2). In other words, for the solution 𝐸(4) to become viable, the 354 

initial concentration of 𝑃1 must be strictly zero. Otherwise, the presence of a minute amount of 355 

𝑃1 moves the state of the system from solution 𝐸(4) to 𝐸(2). This result is in agreement with 356 

many laboratory experiments (Mitra and Flynn, 2006; Lim et al., 2014; Oh et al., 2015; Sukenik 357 

and Kaplan, 2021) and indicates that the model system (1) in this study incorporates resource 358 

competition dynamics between normal phytoplankton and a HAB group. However, this resource 359 

competition does not explain how a HAB group can bloom in the system because 𝑃1 represents 360 

non-harmful phytoplankton that are ubiquitous and not likely to be absent in the natural ocean. 361 

 362 

3.2.2. Equilibrium with 𝑷𝟐 ≠ 𝟎 363 

As mentioned above, 𝑃2 cannot exist when zooplankton do not exist because nutrient 364 

concentration in the stable steady-state solution contributes to negative net growth rate of the 365 

HAB group. However, the presence of zooplankton increases the nutrient concentration as total 366 

nitrogen level in the system increases (Figure 3). Once nutrient concentration – increased by 367 
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zooplankton – is sufficient to cause larger growth rates than the sum of sink terms (including 368 

mortality and predation rate), a steady-state solution with non-zero 𝑃2, 369 

𝐸(5) = (𝑁(5), 𝑃1
(5)

, 𝑃2
(5)

, 𝑍(5), 𝐷(5)), is feasible. The components of solution 𝐸(5) are determined 370 

by 371 

𝑈2(𝑁(5)) − 𝜎2 = 𝜓(𝑈1(𝑁(5)) − 𝜎1) 

𝑍(5) =
1 − 𝛾

𝜉
(𝑈1(𝑁(5)) − 𝜎1)𝑃1

(3)
 

𝑃1
(5)

=
𝜓(𝛿(𝑁𝑇 − 𝑁(5) − 𝑍(5)) − 𝜉𝑍(5)) − (𝜎2 + 𝛿)𝑃1

(3)

𝜓(𝜎1 + 𝛿) − (𝜎2 + 𝛿)
 

𝑃2
(5)

=
𝛿(𝑁𝑇 − 𝑁(5) − 𝑍(5)) − 𝜉𝑍(5) − (𝜎2 + 𝛿)𝑃1

(3)

(𝜎1 + 𝛿) − 𝜓(𝜎2 + 𝛿)
 

𝐷(5) = 𝑁𝑇 − 𝑁(5) − 𝑃1
(5)

− 𝑃2
(5)

− 𝑍(5). 

It is worth noting that the first equation above for nutrient concentration can be rewritten 372 

in quadratic form with one of the two solutions non-physical, similar to 𝐸(3). The condition 373 

necessary for 𝐸(5) is 𝑈2(𝑁(3)) > 𝜎2 + 𝜓/𝑃1
(3)

𝐺𝑍(3), which can be rewritten as 𝑈2(𝑁(3)) − 𝜎2 >374 

𝜓(𝑈1(𝑁(3)) − 𝜎1) and 𝑁(3) > 𝑁(5). The second form of the condition shows that net growth of 375 

𝑃2 should be larger than that of 𝑃1 weighted by 𝜓. When 𝑃2 cannot gain sufficient advantage 376 

from prey avoidance (sufficiently small 𝜓), 𝐸(5) is unconditionally not possible. Therefore, the 377 

coefficient 𝜓 should be sufficiently small for the model to trigger HABs. The maximum 𝜓 which 378 

can reach equilibrium with 𝑃2 is also analytically determinable; the former form for the stable 379 

condition becomes 𝑉2 − σ2 > 𝜓(𝑉1 − σ1) in the eutrophic limit where 𝑁𝑇 → ∞ and 𝑁(3) → ∞, 380 
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so (𝑉2 − σ2)/(𝑉1 − σ1)> 𝜓 is required. Because 𝑁(3) is a function of 𝑁𝑇, and 𝑁(5) is a constant 381 

determined by coefficients 𝑉𝑛, 𝑘𝑛, and 𝜓, the condition necessary for 𝐸(5), 𝑁(3) > 𝑁(5), can be 382 

rewritten again as 383 

𝑁(3)−1
(𝑁(5)) < 𝑁𝑇                                                              (5) 

showing that 𝑁𝑇 must be larger than a threshold determined by coefficients. Explicit form of the 384 

thresholds is given in Appendix B. If 𝜓 > (𝑉2 − σ2)/(𝑉1 − σ1), conditions for 𝐸(5) can never be 385 

satisfied, even if 𝑁𝑇 → ∞. 386 

When 𝜓 = 0, indicating that 𝑃2 is not subject to predation, the complexity of the 387 

governing equations (1) is significantly reduced because 𝛱 becomes zero, and the steady-state 388 

solution 𝐸(5) is also simplified. Figure 4 shows the steady-state concentration of each state 389 

variable expressed as a function of 𝑁𝑇 with 𝜓 = 0 and 𝜓 = 0.075 < (𝑉2 − σ2)/(𝑉1 − σ1). It is 390 

worth noting that solutions of the general NPZD system occur when 𝑁𝑇 is less than 391 

𝑁(3)−1
(𝑁(5)). Once 𝜓 = 0 and 𝑁𝑇 is larger than 𝑁(3)−1

(𝑁(5)), 𝑃2 and 𝐷 linearly increase with 392 

𝑁𝑇, and the other state variables become independent of 𝑁𝑇 (upper panel of Figure 4). In this 393 

case, the dynamics described by the system are straightforward: 𝑃2 that are not consumed by 394 

zooplankton take up surplus nutrients converted from 𝑃1 by the zooplankton. 395 

When 𝜓 is sufficiently small and positive so that condition (5) is satisfied, 𝑃2 increases as 396 

𝑁𝑇 increases, similar to the case where 𝜓 = 0; however, at the same time 𝑃1 slowly decreases 397 

(lower panel of Figure 4). Eventually, once 𝑁𝑇 is high enough, a steady-state solution occurs 398 

without 𝑃1, 𝐸(6) = (𝑁(6), 0, 𝑃2
(6)

, 𝑍(6), 𝐷(6)). The components of 𝐸(6) are given as 399 
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𝑃2
(6)

=
1

ψΛ
ln [(1 −

𝜉

𝑅𝑚(1 − γ)
)

−1

] 

𝑁(6)2
+ (𝑘2 + 𝑉2𝑃2

(6)(1 − γ) (
1

ξ
+

1

𝛿
) + [𝑃2

(6)
(1 −

𝜎2

ξ
(1 − γ) +

𝜎2

𝛿
γ) − 𝑁𝑇]) 𝑁(6)

+ [𝑃2
(6)

(1 −
𝜎2

ξ
(1 − γ) +

𝜎2

𝛿
γ) − 𝑁𝑇] 𝑘2 = 0 

𝑍(6) =
1 − γ

ξ
(𝑈2(𝑁(6)) − σ2)𝑃2

(6)
 

𝐷(6) =
1

δ
((1 − γ)𝑈2(𝑁(6)) + γσ2) 𝑃2

(6)
. 

𝐸(6) has identical mathematical characteristics as 𝐸(3); 𝑍(6) and 𝐷(6) depend on 𝑁𝑇 but are 400 

saturated and converge to constant values in the eutrophic limit. On the other hand, 𝑁(6) linearly 401 

increases with 𝑁𝑇 in the limit. The condition necessary for 𝐸(6) is the absence of 𝑃1 which occurs 402 

when the growth rate of 𝑃1 is less than the sum of sink terms, 𝑈1(𝑁(6)) < 𝜎1 + 1/𝑃1
(3)

𝐺𝑍(6) 403 

(where 𝜓𝑃2
(6)

= 𝑃1
(3)

). This condition, similar to condition (5), is given by 𝜓(𝑈1(𝑁(6)) − 𝜎1) <404 

𝑈2(𝑁(6)) − σ2 and 𝑁(5) < 𝑁(6), which can be written as 405 

𝑁(6)−1
(𝑁(5)) < 𝑁𝑇 .                                                             (6) 

This steady-state solution shows that 𝑃1 cannot survive in environments where 𝑃2 406 

sustains a large enough zooplankton group. It is interesting that both 𝑃1 and 𝑃2 coexist in the 407 

eutrophic limit if 𝑃2 is not subject to predation. Conversely, 𝑃1 is not sustained when predation 408 

for 𝑃2 is allowed. This implies that the niche of a functional group must be provided and present 409 

within the functional group. When 𝑃2 is not consumed by zooplankton, 𝑃1 has a unique niche 410 

that sustains a zooplankton group that is required by 𝑃2. However, once 𝑃2 is available as prey 411 
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for the zooplankton group, 𝑃2 itself can sustain a zooplankton group even without 𝑃1. As a 412 

consequence, the role of 𝑃1 in sustaining a zooplankton group is replaced by 𝑃2 in the eutrophic 413 

limit. 414 

The predation avoidance coefficient 𝜓 plays a crucial role in the behavior of the 415 

equilibrium when 𝑃2 ≠ 0 (Figure 4). Figure 5 shows the sensitivity of analytically determining 416 

thresholds of 𝐸(5) and 𝐸(6) expressed as function of 𝜓. If 𝑃2 is not subject to predation (𝜓 = 0), 417 

the threshold of 𝐸(5), given by 𝑁(3)−1
(𝑁(5)), becomes minimum. On the other hand, the 418 

threshold of 𝐸(6), given by 𝑁(6)−1
(𝑁(5)), increases infinitely as 𝜓 → 0, and thus 𝐸(6) cannot be 419 

feasible if 𝜓 = 0. As before, 𝑃1 is necessary to sustain the zooplankton group that is required by 420 

𝑃2 when 𝜓 = 0. As 𝜓 increases, 𝑁(3)−1
(𝑁(5)) increases and the steady-state concentration of 𝑃2 421 

decreases because the predation for 𝑃2 is allowed and acts as a sink of 𝑃2. At the same time 422 

𝑁(6)−1
(𝑁(5)) decreases because 𝑃2 itself can efficiently sustain zooplankton irrespective of 𝑃1. 423 

There is another singularity at 𝜓 = (𝑉2 − σ2)/(𝑉1 − σ1) where both 𝑁(3)−1
(𝑁(5)) and 424 

𝑁(6)−1
(𝑁(5)) become infinite. In this situation, predation for 𝑃2 is too intense and 𝑃2 cannot gain 425 

an advantage as the functional group with better predation avoidance. As a result, 𝑃2 does not 426 

exist and only 𝐸(3) becomes feasible. 427 

 428 
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 429 

Figure 4. Steady-state solutions of the modified NPZD system with HAB group varying with 𝑁𝑇 430 

for the cases 𝜓 = 0 (upper panel) and 𝜓 ≠ 0 (lower panel). Vertical dashed lines indicate 431 

thresholds of the equilibriums with 𝑃2 ≠ 0.  When 𝑃2 = 0 (before the threshold of 𝑃2 presence), 432 

solutions are identical with general NPZD system. 433 
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 434 

Figure 5. Sensitivity of thresholds for 𝐸(5) and 𝐸(6) to the coefficient 𝜓. When 𝜓 ≈ 0, 𝐸(6) is 435 

not feasible because the threshold increases infinitely. When 𝜓 is sufficiently large, 𝑃2 cannot 436 

survive in the system and only 𝐸(3) is feasible. 437 

 438 

4. Discussion 439 

4.1. Numerical solutions using ordinary differential equation solver and time scale for 𝑷𝟐 440 

bloom 441 

Figure 6 shows numerical solutions obtained by MATLAB’s ordinary differential 442 

equation solver (ode45) for different 𝜓 and 𝑁𝑇. The title in each subplot shows the analytically 443 

determined condition of the system. When 𝑁𝑇 is less than 𝑁(3)−1
(𝑁(5)), numerical solutions 444 
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show that 𝑃2 cannot be sustained in the system and converges to zero, whereas 𝑃2 converges to a 445 

non-zero constant when condition (5) is satisfied (Figure 6). Similarly, 𝑃1 exponentially 446 

decreases and converges to zero when condition (6) is satisfied (Figure 6). When 𝜓 = 0, 𝑃2 447 

always coexists with 𝑃1; on the other hand, 𝑃2 is never sustained by the system when (𝑉2 − 𝜎2)/448 

(𝑉1 − 𝜎2) < 𝜓, regardless of 𝑁𝑇. The sensitivity of the numerical solution on 𝜓 and 𝑁𝑇 matches 449 

the theoretical stability condition for equilibriums discussed in section 3. 450 

The numerical solutions also show several features that are not resolved by the 451 

equilibrium theory: biogeochemical oscillations and temporal transitions between equilibriums.  452 

As mentioned above, equilibriums change from a stable focal point to a neutral stability point 453 

when the system is sufficiently eutrophic. The oscillations become stiffer as 𝑁𝑇 increases, which 454 

cause the system to adjust to the wrong equilibrium that disagrees with the steady-state solution 455 

(Appendix A). Several experiments clearly show that the system is initially attracted by 𝐸(3) and 456 

then slowly moves to equilibriums that include a HAB group, 𝐸(5) or 𝐸(6).  During the initial 457 

phase of transition from 𝐸(3) to the other equilibriums that include 𝑃2 (with concentration 458 

negligible at this stage), the growth rate of 𝑃2  is asymptotically given as 459 

𝜕𝑃2

𝜕𝑡
= (𝑈2(𝑁(3)) −

𝜓

𝑃1
(3)

𝐺𝑍(3) − 𝜎2) 𝑃2.                                     (7) 

which indicates exponential growth of 𝑃2 and the net growth rate of 𝑈2(𝑁(3)) − 𝜓/𝑃1
(3)

𝐺𝑍(3) −460 

𝜎2. The reciprocal of the rate given in (7) yields a time scale for the 𝑃2 bloom. As mentioned in 461 

section 3.2.2, the growth rate should be positive for the system to be attracted by 𝐸(5), and the 462 

positivity condition for the growth rate can be written as 𝑁(3)−1
(𝑁(5)) < 𝑁𝑇. Therefore, the 463 

growth rate converges to zero as 𝑁𝑇 approaches the threshold, so the transition from 𝐸(3) to the 464 
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equilibriums including 𝑃2 can be slow when 𝑁𝑇 is close to the threshold. Figure 7 shows good 465 

correlation between the numerical and theoretical time scales of the 𝑃2 bloom. The numerical 466 

time scales are subjectively defined from Figure 6 and marked as dashed lines. The theoretical 467 

time scales are defined as the reciprocal of the growth rate of 𝑃2 in equation (7).468 



 

31 

 

 

 

Figure 6.  Numerical solutions of system (1) with different total nitrogen concentration 𝑁𝑇 and relative predation avoidance 𝜓. The 

title of each panel indicates the analytically determined condition of each solution. If 𝑁𝑇 < 𝑁(3)−1
(𝑁(5)), 𝑃2 is defeated by 𝑃1 in 

resource competition. If  𝑁(3)−1
(𝑁(5)) < 𝑁𝑇 < 𝑁(6)−1

(𝑁(5)), both 𝑃1 and 𝑃2 coexist. If 𝑁(6)−1
(𝑁(5)) < 𝑁𝑇, 𝑃1 cannot survive due 
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to too strong predation pressure. If 𝜓 = 0, 𝑃1 always coexists with 𝑃2. If (𝑉2 − σ2)/(𝑉1 − σ1) < 𝜓, 𝑃2 cannot survive regardless of 

𝑁𝑇. Black dashed lines indicate time scales for the 𝑃2 bloom subjectively determined.
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 1 

Figure 7. Relation between theoretical time scales for 𝑃2 bloom, defined as the reciprocal of the 2 

growth rate in equation (7), and those from the numerical solutions estimated from Figure 6. 3 

 4 

4.2. Sensitivity experiments using fully coupled ecosystem model with hydrodynamics 5 

model 6 

Figure 8 shows results from the idealized experiments that use the fully coupled 7 

ecosystem model with ROMS initiated from nutrient concentration 𝑁=1, 4, and 16 𝜇𝑀-𝑁. The 8 

theoretical stability condition for equilibrium predicts that the experiment using 𝑁=1 𝜇𝑀-𝑁 9 
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(upper panels of Figure 8) simulates 𝐸(3) where 𝑃1 wins, 𝑁=4 𝜇𝑀-𝑁 (middle panels of Figure 8) 10 

simulates 𝐸(5) where both 𝑃1 and 𝑃2 coexist, and 𝑁=16 𝜇𝑀-𝑁 (lower panels of Figure 8) 11 

simulates 𝐸(6) where 𝑃2 wins. These results match the numerical simulation results even though 12 

the theory does not consider temporal changes of ecological variables, physical transport, and 13 

sinking detritus. Figure 9 shows that the concentration of each simulated phytoplankton group is 14 

in good agreement with the analytically predicted phytoplankton concentration (red lines in 15 

Figure 9) based on the simulated total nitrogen and the steady state solutions found in previous 16 

sections. 17 

Figure 10 shows the surface passive tracer and total nitrogen concentration (which have 18 

different initial values) of each simulation after 90 days. The distribution of total nitrogen 19 

concentration is almost identical to that of a passive tracer that is transported by purely ocean 20 

currents and mixed without influence from the biogeochemical processes considered in the 21 

ecosystem model. This suggests that total nitrogen is predominantly determined by the physical 22 

transport in the coastal and bay regions (which in this case is determined by the tides). The 23 

passive tracer concentration in the shallow marginal region of the inner bay is almost identical to 24 

the initial condition of the tracer, implying a long residence time. On the other hand, the tracer 25 

concentration away from the margins of the inner bay is considerably reduced and transported to 26 

the offshore region, indicating a much shorter residence time there. Similarly, total nitrogen 27 

concentration is nearly the same as the initial condition in the shallow margins of the bay 28 

(yellowish markers in Figure 9) but reduced in regions toward the inlet and coast owing to rapid 29 

transport seaward (blueish markers in Figure 9). Therefore, the shallow margins maintain enough 30 

total nitrogen to exceed the thresholds for HAB group presence, but the other regions away from 31 

the margin cannot (Figures 8 and 9). This behavior of the fully coupled model matches well with 32 
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the conceptual model proposed by Smayda (2008). Consequently, physical transport in the 33 

shallow tide-dominated coastal bay plays a strong role in determining total nitrogen 34 

concentration (Figure 8), after which the response of the ecosystem (in terms of phytoplankton 35 

concentration of each group; Figure 9) follows the dynamics described by the equilibriums of the 36 

model. 37 

It is worth noting that the idealized experiments are simplified and several physical 38 

dynamics that occur in real coastal systems are not resolved (e.g., temporal changes of light 39 

intensity, subtidal forcing, wind-driven circulations, river discharges). However, the experiments 40 

imply that the dynamics described by the equilibriums can be dominant in complex semi-closed 41 

coastal regions with predominant tidal currents, and can be valid when the time scale of the 𝑃2 42 

bloom is shorter than the other unresolved processes. 43 

 44 

 45 
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 46 

Figure 8. The idealized numerical experiment results where total nitrogen concentration at the 47 

inner bay is set to 𝑁𝑇=1.4 (upper panels), 4.4 (middle panels), and 16.4 𝜇𝑀-𝑁(lower panels). 48 

Each in turn satisfies 𝑁(3)−1
(𝑁(5)) where 𝑃2 is not sustained, 𝑁(3)−1

(𝑁(5)) < 𝑁𝑇 <49 

𝑁(6)−1
(𝑁(5)) where both 𝑃1 and 𝑃2 coexist, and 𝑁(6)−1

(𝑁(5)) < 𝑁  where 𝑃1 cannot survive. 50 

The spatial distribution of the tracers indicates the surface concentration after 90 days. The time 51 

series show the spatially averaged phytoplankton concentration at the inner shelf region. 52 

 53 



 

37 

 

 54 

Figure 9. Relation between surface total nitrogen and each phytoplankton group, 𝑃1 (upper panel) 55 

and 𝑃2 (lower panel), simulated in the idealized experiments after 90 days at the inner shelf 56 

region. Color indicates passive tracer concentration. Red lines indicate analytically calculated 57 

phytoplankton concentration using the steady-state solutions and the simulated total nitrogen 58 

concentration. Square, triangle, and circle markers indicate each experiment initiated by 𝑁𝑇 =59 

 1.4, 4.4, and 16.4 𝜇𝑀-𝑁, respectively. 60 

 61 
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 62 

Figure 10. Simulated surface total nitrogen in the numerical experiments initiated by 𝑁𝑇 = 1.4 63 

(a), 4.4 (b), and 16.4 𝜇𝑀-𝑁 (c), and passive tracer concentration (d) after 90 days. The total 64 

nitrogen concentration has almost identical distribution as the passive tracers, and implies that 65 

total nitrogen is determined by physical transport. 66 

 67 

Recently, the importance of resource competition and prey avoidance in HAB dynamics 68 

has been suggested by many studies. In particular, prey avoidance is pointed out as a key HAB 69 

mechanism for Heterosigma akashiwo blooms and also for other cases such as Isochrysis 70 

galbana (Mitra and Flynn, 2006) and Aureoumbra lagunensis (Kang et al., 2015) blooms where 71 

the dynamics discussed in this study and the fully coupled model are applicable. The systematic 72 
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(mathematical) population dynamics of resource competition was analytically examined by 73 

Tilman (1977) and is providing surprising insight to problems involving resource competition 74 

and coexistence. Although previous field and laboratory studies suggested that prey avoidance 75 

can be key mechanism in many HABs cases (Mitra and Flynn, 2006; Harvey and Menden-Deuer, 76 

2011 and 2012; Kang et al., 2015), the population dynamics of prey avoidance was not 77 

analytically resolved. Here, the analytical development suggests that the system must be 78 

sufficiently eutrophic (enough total nitrogen in the system to exceed a threshold) for HABs to be 79 

triggered by prey avoidance. This finding supports modern conceptual models for HABs that 80 

show a positive relation between eutrophication and HABs (Smayda, 2008; Gilbert and 81 

Burkholder, 2011 and 2018; Griffith and Gobler, 2020). The numerical experiments using the 82 

fully coupled model demonstrate that the dynamics discussed by the equilibriums is predominant 83 

for a realistic coastal environment governed by strong tides. The relationship between residence 84 

time and HABs resolved here matches well with conceptual models for HABs (Smayda, 2008).  85 

The feasible steady-state solutions are transitioned from one to another whenever total 86 

nitrogen level 𝑁𝑇 in the system is higher than the thresholds determined by model coefficients 87 

(Figures 4 and 6).  If the ecosystem is not sufficiently eutrophic to sustain enough zooplankton, 88 

𝑁𝑇 < 𝑁(3)−1
(𝑁(5)), the predation of zooplankton is not considerable, and steady-state solutions 89 

shared with the traditional NPZD model without a HAB group (i.e., 𝑃2 = 0) appear as a 90 

consequence of resource competition, with the non-harmful phytoplankton defeating the HAB 91 

group. When the ecosystem is sufficiently eutrophic to sustain a large enough zooplankton group, 92 

𝑁(3)−1
(𝑁(5)) < 𝑁𝑇 < 𝑁(6)−1

(𝑁(3)), zooplankton can sufficiently pump nitrogen from the non-93 

harmful phytoplankton to the nutrient pool, and an equilibrium condition is satisfied resulting in 94 

two coexisting phytoplankton groups (𝐸(5)). When the ecosystem is excessively eutrophic and a 95 
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large zooplankton group can be sustained by the HAB group, 𝑁(6)−1
(𝑁(3)) < 𝑁𝑇, the HAB 96 

group itself can sustain the zooplankton group without 𝑃1 and the predation pressure for 𝑃1 97 

becomes too intense, resulting in a steady-state solution without normal phytoplankton (𝐸(6)). 98 

The feasibility of steady-state solutions resulting in HABs is sensitive to the relative 99 

HAB group predation avoidance parameter 𝜓 (Figure 5). When 𝜓 = 0, a steady-state solution in 100 

which the HAB group outperforms the non-harmful phytoplankton group is not feasible because 101 

the HAB group cannot sustain the zooplankton group. As 𝜓 increases, the threshold for the 102 

solution without non-harmful phytoplankton decreases because the HAB group efficiently 103 

sustains the zooplankton, yet the steady-state concentration of the HAB group also decreases 104 

with increasing predation. When 𝜓 > (𝑉2 − σ2)/(𝑉1 − σ1), both equilibrium conditions 105 

supporting HAB growth are not feasible because the HAB group cannot gain an advantage 106 

through better predation avoidance. The time scale for the system to move from equilibrium 107 

without 𝑃2 to that with 𝑃1 is asymptotically determined and is in good agreement with numerical 108 

solutions. 109 

 110 

5. Conclusion 111 

In this study, a modified NPZD system that highlights different predation pressure for 112 

two phytoplankton functional groups (one harmful and one non-harmful) is described and the 113 

possible steady-state solutions are discussed. Analytical solutions show theoretically that 114 

increased nitrogen levels from anthropogenic nutrient loading can alter the coastal ecosystem 115 

from conditions that cannot trigger HABs to conditions that can (that is, steady state solutions 116 

move from one equilibrium state to another). The thresholds may explain the dynamics of regime 117 
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shift which alter the dominant species in an ecosystem by favoring the HAB group. Steady state 118 

solutions to the coupled ecosystem model reveal details of the top-down control dynamics. 119 

Results show that (1) HABs can be suppressed because of resource competition with non-120 

harmful phytoplankton, and (2) HABs having better predation avoidance can be triggered when 121 

total nitrogen exceeds a threshold by using nutrients pumped by zooplankton from non-harmful 122 

phytoplankton pools. 123 

We expect that the population dynamics of the prey avoidance elucidated by this study 124 

(e.g., presence of total nitrogen thresholds for HAB groups having better prey avoidance to 125 

overcome defeat in resource competition) can provide insight to better understand field 126 

observations, laboratory experiments, and numerical models. The analytical study describes 127 

population dynamics between two primal producers that compete for one resource and are 128 

influenced by different predation pressure from one zooplankton group. The dynamics are 129 

applicable to not only the HABs problem but also any other system with top-down control. The 130 

structure of the model (different phytoplankton groups influenced by different predation pressure 131 

from one zooplankton group) has frequently been included in various complex ecosystem models. 132 

However, the role of the dynamics in the ecosystem and the sensitivity of the parameters 133 

controlling relative predation pressure were not considered. This study shows how the different 134 

predation pressures on each phytoplankton group change the population of each group, what 135 

conditions are required for the plankton group impacted less by predation to be sustained in the 136 

ecosystem, and how the ecosystem is influenced by changes to parameters controlling relative 137 

predation pressure. 138 

 139 
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Appendix A: Problem of numerical solutions 140 

Figure A1 shows that the numerical solution using 𝑁𝑇 = 32.4 𝜇𝑀-𝑁 and 𝜓 = 0.15 141 

satisfies condition (6) where 𝑃1 cannot survive. In this case, equilibrium is not a stable focal 142 

point but rather a neutral stability point which causes a stiff biogeochemical oscillation centered 143 

on 𝐸(6) where there is no 𝑃1. However, numerical solutions show different results which depend 144 

on the choice of solvers and error tolerances (Figure A1). We presumed that the solutions that do 145 

not sustain 𝑃1 are correct results because theoretically the system must be attracted by 𝐸(6) where 146 

there is no 𝑃1, and solutions having better accuracy (smaller error tolerance) simulate oscillations 147 

without 𝑃2. This result shows that the wrong equilibrium can be reached by the numerical 148 

solutions when using low accuracy. 149 

The modified NPZD model fully coupled with ROMS uses a scheme consistent with 150 

other ecosystem models already implemented in ROMS: a first order explicit Euler scheme for 151 

the processes that increase concentration of state variables, and an implicit Euler scheme for the 152 

processes that decrease the concentration. However, it must be noted that this scheme may not be 153 

sufficiently accurate to properly simulate highly eutrophic environments attracted by 𝐸(6) with 154 

stiff oscillations. 155 

 156 
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 157 

Figure A1. Numerical solution of system (1) with 𝑁𝑇 = 32.4 𝜇𝑀-𝑁 and 𝜓 = 0.15 that is 158 

theoretically attracted by 𝐸(6) where there is no 𝑃1. Less accurate solutions, large error tolerances, 159 

and ode23t relative to ode45 tend to simulate oscillations where  𝑃1 is dominant. 160 

 161 

Appendix B: Explicit forms of the thresholds for 𝑃2 ≠ 0 equilibriums 162 

Explicit forms of the thresholds of 𝑃2 ≠ 0 steady-state solutions are given as 163 

𝑁(3)−1
(𝑁(5)) =

(𝑘1 + 𝜖1 + 𝜖2 − 𝜖3)2 − (𝑘1 + 𝜖2 − 𝜖3)2 + 4𝑘1𝜖2

4𝑘1 + 2𝜖1
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𝑁(6)−1
(𝑁(3)) =

(𝑘2 + 𝜖1 + 𝜖2′ − 𝜖3′)2 − (𝑘2 + 𝜖2′ − 𝜖3′)2 + 4𝑘1𝜖2′

4𝑘2 + 2𝜖1
 

where 164 

𝜖1 =
√((𝜎2 − 𝜎1𝜓)(𝑘1 + 𝑘2) − 𝑉2𝑘1 + 𝜓𝑉1𝑘2)

2
− 4𝑘1𝑘2(𝜎2 − 𝜓𝜎1)(𝜎2 − 𝑉2 − 𝜓(𝑉1 − 𝜎1)) − 𝑉2𝑘1 + (𝜎2 − 𝜓𝜎1)(𝑘1 + 𝑘2) + 𝜓𝑉1𝑘2

𝑉2 − 𝜎2 − (𝑉1 − 𝜎1)
 

𝜖2 =
1

Λ
ln [(1 +

𝜉

𝑅𝑚(𝛾 − 1)
)

−1

𝜓] (
𝜎1(𝛾 − 1)

𝜉
+

𝛾𝜎1

𝛿
+ 1) 

𝜖2
′ =

1

𝜓Λ
ln [(1 +

𝜉

𝑅𝑚(𝛾 − 1)
)

−1

] (
𝜎2(𝛾 − 1)

𝜉
+

𝛾𝜎2

𝛿
+ 1) 

𝜖3 =
1

Λ
ln [(1 +

𝜉

𝑅𝑚(𝛾 − 1)
)

−1

] 𝑉1(𝛾 − 1) (
1

𝛿
+

1

𝜉
) 

𝜖3
′ =

1

𝜓Λ
ln [(1 +

𝜉

𝑅𝑚(𝛾 − 1)
)

−1

] 𝑉2(𝛾 − 1) (
1

𝛿
+

1

𝜉
). 
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