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ABSTRACT: This paper presents the first converged frequency-
dependent HF polarizability results for general molecules, on a set
of 89 closed-shell atoms and molecules. The solver employs
multiresolution analysis (MRA) in a multiwavelet basis to compute
both ground and response states to a guaranteed precision, which
are validated against independent numerical grid calculations on
atoms and linear molecules. The MRA ground-state energies and
response properties are used to evaluate results in correlation-
consistent basis sets up to 5Z augmented with either single or
double diffuse functions and core-polarization functions. System-
atic trends are revealed through consideration of chemical
composition as well as the use of machine learning to cluster
convergence trends, the latter suggesting the possibility of learning and correcting basis-set error.

1. INTRODUCTION
We present benchmark Hartree−Fock (HF) frequency-depend-
ent polarizabilities for a set of 89 molecules using a new
multiresolution analysis (MRA) solver.1−5

Many quantum chemistry packages, such as Dalton6 and
NWChem7 used herein, have solvers employing the standard
linear combination of atomic orbitals numerical technique for
computing response properties. Although Gaussian bases have
several advantages,8,9 convergence of results can be challenging
since it is difficult to systematically improve the underlying
representation for general molecules without introducing
significant computational expense and, potentially, near
numerical linear dependence. The provided reference-quality
results make it possible to fully quantify the accuracy expected
from a given basis, elemental composition, and bonding pattern
of the molecule.

The frequency-dependent polarizability is a second-order
response property with the quality of results dependent on the
calculation of both ground and response states. MRA guarantees
accuracy by adaptively refining the basis to meet specified
numerical truncation thresholds in the solution,2,10,11 with this
being performed independently in both calculations. In contrast,
despite their possibly different physical characteristics, the same
Gaussian basis set is typically employed to calculate both the
ground and response states, leading to known difficulties with
basis-set imbalance12 in which one or the other is more
accurately described. Similarly, incompleteness in one region of
the molecule (e.g., atomic core or inner valence) can “borrow”
basis functions intended to describe another region (e.g., the tail
of the wave function). These behaviors are discussed further in
the Results section below.

Historically, fully converged numerical results were only
available for atoms and linear molecules for which the use of
symmetry reduces the numerical problem to 1 or 2 dimensions.
To independently establish the accuracy of our MRA results, we
compare with highly accurate results from numerical finite-
difference grid calculations on atoms and linear molecules.13

MRA within a multiwavelet basis14,15 was the first approach
capable of routinely computing converged results for general
polyatomic molecules,2,3,11 and there are now several
independent codes11,16−18 available for general use. MRA allows
for a numerical solution of ground state and response
properties19−21 with guaranteed accuracy and speed. Recent
results22,23 demonstrate that for large molecules the MRA
approach can be faster than Gaussian bases beyond low
precision. Several previous studies have employed MRA to
provide reference-quality quantum chemistry data24−26 includ-
ing evaluation of the aug-pc4 basis set for computation of DFT
static polarizabilities on a set of 124 open and closed-shell
systems.24−26

This paper presents the first converged frequency-dependent
HF polarizability results for general molecules, employing a set
of 89 closed-shell atoms and molecules. We focus upon basis-set
errors in the computation of frequency-dependent HF polar-
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izability since the HF model is semiquantitatively accurate, is
physically correct for large molecules since it does not suffer
from the self-interaction error present in most DFT functionals,
and eliminates numerical issues associated with higher-
derivatives of density functionals and the presence of the kinetic
energy operator in meta-GGA.27

The MRA ground-state energies and response properties are
used to evaluate results in several correlation-consistent basis-set

variants.28−31 We explore basis-set incompleteness in response
calculations by comparing Gaussian basis-set polarizabilities to
MRA results. Specifically, we employ the singly and doubly
augmented (aug/d-aug)-cc-pVnZ bases at the D, T, and Q
valence levels (with limited results at the 5Z level) to explore the
effect of diffuse function augmentation, and their core-polarized
versions (aug/d-aug)-pCVnZ to investigate the impact of core
polarization. Systematic trends are revealed through consid-
eration of chemical composition as well as use of machine
learning to cluster convergence trends, the latter suggesting the
possibility of learning and correcting basis-set error.

2. METHODS
Total energies and frequency-dependent dipole polarizabilities
were computed in the MRA basis using MADNESS11 (git-
8c625b7), and inGaussian basis sets using the default parameter
settings for Dalton.6 Some results were reproduced with
NWChem7 for verification. We define the signed basis-set
incompleteness errors (BSIE) in quantities Q, notably the total
energy and polarizability, as

=Q Q Q(basis) (basis) (MRA) (1)

Unless otherwise stated, the term polarizability [α(ω)] is used
to refer to the spherically averaged (or isotropic) quantity
computed at frequency ω

=
+ +

( )
( ) ( ) ( )

3
xx yy zz

(2)

We also examine the anisotropic polarizability [γ(ω)]
following the definition from32

Table 1. Molecules and Atoms in the Test Set Grouped by Subsetsa

aFirst-row elements in blue except for those with fluorine that are colored in orange; those containing second-row elements in green.

Figure 1. Comparison of MRA αzz static polarizability to finite-
difference reference data.13 The calculations are performed at both low
and high accuracy protocols with a convergence criterion for the
residual of each response component equal to 5 × 10−5 and 5 × 10−7

relative error. The orange and green lines signify theMRA error bounds
for low and high accuracy which are used to benchmark basis set
calculations.

Figure 2. Basis set errors in total Hartree−Fock (HF) energy across different atomic systems. The scatter plots display the error in the total HF energy
for the first-row (blue), fluorine (orange), and second-row (green) systems, across various basis sets. Each panel contains the results for a specific basis
set variant. From left to right, these are aug-cc-pVnZ, aug-cc-pCVnZ, d-aug-cc-pVnZ, and d-aug-cc-pCVnZ. The valence basis set level increases from
double-ζ (DZ) to quintuple-zeta (5Z).
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For each rotationally invariant measure of the polarizability,
we examine the percentage error with respect to a reference
value

= ×
f f

f
P. E. 100REF

REF (4)

where f refers to either the isotropic or anisotropic polarizability
and the reference value depends on whether we are comparing
basis set results or MRA values.

To examine the frequency dependence, for each molecule we
estimated the first excitation energy (ω*) using TDHF in an
aug-cc-pVTZ basis. Subsequently, we computed the frequency-
dependent polarizability at 9 frequencies spaced equally from 0
(i.e., static) to halfway to the first excitation energy. Thus, ωi =
iω*/16, with i = 0, ..., 8. In the next section, we establish the
accuracy of the MRA results using reference value finite-
difference results. Subsequently, we evaluate the performance of
basis set results against our MRA reference results.

Table 2. Statistical Summary of Total Energy Errors in Basis Setsa

count mean std min 25% 50% 75% max

aug-cc-pVDZ 89 3.99 × 10−2 2.44 × 10−2 6.43 × 10−4 2.43 × 10−2 3.62 × 10−2 5.36 × 10−2 1.21 × 10−1

aug-cc-pCVDZ 89 3.89 × 10−2 2.38 × 10−2 6.43 × 10−4 2.33 × 10−2 3.51 × 10−2 5.31 × 10−2 1.15 × 10−1

d-aug-cc-pVDZ 89 3.94 × 10−2 2.40 × 10−2 6.36 × 10−4 2.40 × 10−2 3.58 × 10−2 5.32 × 10−2 1.19 × 10−1

d-aug-cc-pCVDZ 89 3.85 × 10−2 2.35 × 10−2 6.36 × 10−4 2.31 × 10−2 3.48 × 10−2 5.26 × 10−2 1.13 × 10−1

aug-cc-pVTZ 89 1.02 × 10−2 6.50 × 10−3 1.47 × 10−4 5.94 × 10−3 9.37 × 10−3 1.37 × 10−2 3.53 × 10−2

aug-cc-pCVTZ 89 8.73 × 10−3 5.44 × 10−3 1.06 × 10−4 4.98 × 10−3 8.15 × 10−3 1.26 × 10−2 2.44 × 10−2

d-aug-cc-pVTZ 89 9.96 × 10−3 6.33 × 10−3 1.46 × 10−4 5.86 × 10−3 9.21 × 10−3 1.35 × 10−2 3.48 × 10−2

d-aug-cc-pCVTZ 89 8.56 × 10−3 5.28 × 10−3 1.04 × 10−4 4.91 × 10−3 7.98 × 10−3 1.22 × 10−2 2.37 × 10−2

aug-cc-pVQZ 89 2.56 × 10−3 1.95 × 10−3 5.28 × 10−5 1.31 × 10−3 2.29 × 10−3 3.25 × 10−3 1.32 × 10−2

aug-cc-pCVQZ 89 1.67 × 10−3 1.14 × 10−3 5.28 × 10−5 8.84 × 10−4 1.39 × 10−3 2.36 × 10−3 5.42 × 10−3

d-aug-cc-pVQZ 89 2.50 × 10−3 1.90 × 10−3 5.24 × 10−5 1.29 × 10−3 2.23 × 10−3 3.14 × 10−3 1.29 × 10−2

d-aug-cc-pCVQZ 89 1.62 × 10−3 1.08 × 10−3 5.24 × 10−5 8.77 × 10−4 1.37 × 10−3 2.29 × 10−3 5.11 × 10−3

aug-cc-pV5Z 75 4.63 × 10−4 3.94 × 10−4 1.75 × 10−5 2.22 × 10−4 3.83 × 10−4 5.59 × 10−4 2.68 × 10−3

d-aug-cc-pV5Z 75 4.53 × 10−4 3.89 × 10−4 1.70 × 10−5 2.16 × 10−4 3.70 × 10−4 5.42 × 10−4 2.66 × 10−3

aThe data includes the count of data points and the mean, standard deviation, minimum, quartiles, and maximum error values.

Figure 3. Energy outliers in aug-cc-pVQZ and d-aug-cc-pVQZ basis sets.

Figure 4. Basis set errors in the Hartree−Fock static isotropic polarizability. The scatter plots show the signed percentage error in the isotropic
polarizability for the first-row (blue), fluorine (orange), and second-row (green) systems across various basis sets. In each plot, we use a symmetric-log
scale with a linear threshold set to 0.1% to examine details at order of magnitude. We add red dashed lines at ±0.02% to each subplot, indicating MRA
error bars.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.4c00394
J. Chem. Theory Comput. 2024, 20, 5145−5156

5147

https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig3&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.4c00394?fig=fig4&ref=pdf
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.4c00394?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


2.1. Accuracy of MRA Polarizability Results. The
accuracy of the MRA solver for the polarizability is primarily
controlled by three parameters: the convergence criteria for the
ground and response densities, and the numerical truncation
threshold. To deliver the requested accuracy, MADNESS
adaptively refines the numerical mesh and also adjusts the
order of the polynomial basis to ensure computational efficiency.
Since the ground-state orbitals are square-normalized to unity,
the MADNESS solvers approximately maintain a relative error

in the polarizability proportional to the truncation threshold and
linear in the convergence criteria. To further simplify error
control, in this work we define two MRA accuracy settings.

(1) Low�truncation threshold of 10−6 and a convergence
criterion of 5 × 10−4 in the density. The convergence
criterion for the residual of each response component is 5
× 10−5 relative error.

(2) High�truncation threshold of 10−8 and a convergence
criterion of 5 × 10−6 in the density. The convergence

Figure 5. Basis set errors in the Hartree−Fock static anisotropic polarizability. As described in Figure 4 that examines the isotropic polarizability. In
each plot, we use a symmetric-log scale with a linear threshold set to 1% to examine details at order of magnitude. We add red dashed lines at ±0.2% to
each subplot, indicating MRA error bars.

Table 3. Statistical Summary of Isotropic Polarizability Errors in Basis Setsa

count mean std min 25% 50% 75% max

aug-cc-pVDZ 89 −2.89 3.16 −2.29 × 101 −3.80 −2.29 −1.11 9.80 × 10−1

aug-cc-pCVDZ 89 −2.87 3.11 −2.28 × 101 −3.75 −2.27 −1.25 1.00
d-aug-cc-pVDZ 89 −2.45 × 10−1 6.65 × 10−1 −2.50 −6.28 × 10−1 −1.86 × 10−1 6.40 × 10−2 1.83
d-aug-cc-pCVDZ 89 −2.52 × 10−1 5.62 × 10−1 −1.85 −5.75 × 10−1 −2.32 × 10−1 −6.80 × 10−3 1.54
aug-cc-pVTZ 89 −6.84 × 10−1 1.03 −7.69 −9.43 × 10−1 −4.34 × 10−1 −1.97 × 10−1 1.14
aug-cc-pCVTZ 89 −6.24 × 10−1 9.54 × 10−1 −7.59 −8.27 × 10−1 −3.81 × 10−1 −1.62 × 10−1 2.25 × 10−1

d-aug-cc-pVTZ 89 −3.46 × 10−2 3.18 × 10−1 −1.39 −1.69 × 10−1 3.77 × 10−2 7.27 × 10−2 1.45
d-aug-cc-pCVTZ 89 2.48 × 10−2 1.01 × 10−1 −4.07 × 10−1 −1.82 × 10−2 3.45 × 10−2 6.42 × 10−2 4.03 × 10−1

aug-cc-pVQZ 89 −1.58 × 10−1 3.36 × 10−1 −2.01 −2.24 × 10−1 −1.09 × 10−1 −2.55 × 10−2 1.10
aug-cc-pCVQZ 89 −1.14 × 10−1 2.42 × 10−1 −1.99 −1.25 × 10−1 −5.23 × 10−2 −1.79 × 10−2 4.26 × 10−2

d-aug-cc-pVQZ 89 −3.25 × 10−2 2.27 × 10−1 −1.07 −9.34 × 10−2 9.75 × 10−3 2.18 × 10−2 1.11
d-aug-cc-pCVQZ 89 8.90 × 10−3 3.01 × 10−2 −1.11 × 10−1 −1.15 × 10−3 1.13 × 10−2 2.03 × 10−2 1.29 × 10−1

aug-cc-pV5Z 75 −9.15 × 10−2 1.06 × 10−1 −5.69 × 10−1 −1.24 × 10−1 −5.64 × 10−2 −2.07 × 10−2 3.00 × 10−2

d-aug-cc-pV5Z 75 −1.07 × 10−2 2.70 × 10−2 −1.07 × 10−1 −2.46 × 10−2 −5.54 × 10−3 4.83 × 10−3 7.45 × 10−2

aData includes the count of data points and the mean, standard deviation, minimum, quartiles, and maximum error values.

Table 4. Statistical Summary of Anisotropic Polarizability Errors in Basis Setsa

count mean std min 25% 50% 75% max

aug-cc-pVDZ 82 6.62 1.30 × 101 −3.56 × 101 1.43 3.98 7.51 6.58 × 101

aug-cc-pVTZ 82 1.78 6.33 −2.41 × 101 1.41 × 10−1 7.62 × 10−1 1.57 3.90 × 101

aug-cc-pVQZ 82 2.94 × 10−1 2.17 −1.19 × 101 −4.88 × 10−2 1.57 × 10−1 4.69 × 10−1 5.47
aug-cc-pV5Z 70 1.33 × 10−1 6.39 × 10−1 −3.89 6.60 × 10−3 8.80 × 10−2 2.13 × 10−1 1.76
aug-cc-pCVDZ 82 6.79 1.36 × 101 −3.42 × 101 1.43 4.08 7.55 7.55 × 101

aug-cc-pCVTZ 82 1.77 6.12 −2.42 × 101 2.28 × 10−1 6.69 × 10−1 1.50 3.97 × 101

aug-cc-pCVQZ 82 3.27 × 10−1 1.81 −1.02 × 101 −4.76 × 10−2 6.85 × 10−2 3.55 × 10−1 9.24
d-aug-cc-pVDZ 82 1.50 6.43 −2.07 × 101 −2.64 × 10−1 1.90 × 10−1 1.15 3.43 × 101

d-aug-cc-pVTZ 82 −7.93 × 10−2 2.79 −1.67 × 101 −7.72 × 10−2 1.18 × 10−1 3.49 × 10−1 5.64
d-aug-cc-pVQZ 82 −3.11 × 10−2 1.67 −1.20 × 101 −1.40 × 10−2 4.22 × 10−2 1.59 × 10−1 3.67
d-aug-cc-pV5Z 70 −5.69 × 10−3 2.68 × 10−1 −1.46 −1.96 × 10−2 1.03 × 10−2 4.44 × 10−2 4.71 × 10−1

d-aug-cc-pCVDZ 82 1.61 5.66 −1.57 × 101 −2.55 × 10−1 2.05 × 10−1 1.25 2.86 × 101

d-aug-cc-pCVTZ 82 −7.65 × 10−2 1.32 −9.61 −1.37 × 10−1 6.53 × 10−2 1.89 × 10−1 3.24
d-aug-cc-pCVQZ 82 −9.75 × 10−3 2.11 × 10−1 −1.03 −3.17 × 10−2 1.07 × 10−2 6.41 × 10−2 7.27 × 10−1

aThe data includes the count of data points and the mean, standard deviation, minimum, quartiles, and maximum error values.
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criterion for the residual of each response component is 5
× 10−7 relative error.

We compare against independent results for αzz from very
high-accuracy finite-difference calculations.13 Figure 1, shows
that we systematically obtain high accuracy by tightening
convergence and truncation thresholds. For the routinely
applicable low protocol we obtained for all systems a percent
error approaching 10−2 that amounts to about 4 significant digits
in the polarizability, except for NaCl, which is in error by up to
0.04%. For the high protocol 5 significant digits are obtained for
most systems. For both the low and high protocols it appears
that the convergence threshold on the ground and response

densities is the limiting factor in accuracy as the long as the
truncation threshold is sufficiently small.

The results in themain body of the paper belowwere obtained
with the low protocol for which we adopt error bars of ±0.02% in
the polarizability to guide interpretation. Energies should be
accurate to at least 10−4 Hartree. A few fluorine systems were
recomputed with the high protocol to confirm observed trends
in the polarizability.
2.2. Molecular Test Set. In the Results section below, we

evaluate the performance of the Gaussian basis sets on a set of 89
closed-shell molecules with geometries obtained from.25,33 The
list of molecules is given in Table 1. We computed basis set
results for all molecules in the test set using basis sets provided

Figure 6. Isotropic polarizability outliers in aug-cc-pVQZ and d-aug-cc-pVQZ basis sets.

Figure 7. Percentage errors in the eigenvalues of the polarizability tensor for BeH2, HF, NH3, and H2O molecules across various basis sets. The graph
depicts errors for the xx, yy, and zz components of the tensor using singly augmented (aug-cc-pVnZ) and doubly augmented (d-aug-cc-pVnZ) basis
sets, ranging from DZ to 5Z.
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by default in Dalton.6 The molecular systems containing Li, Be,
Na, or Mg are not available in the 5Z basis.

3. RESULTS
3.1. Errors in the Total Energy. Figure 2 displays the

distributions of signed errors in the Gaussian basis energies,
while Table 2 reports the statistics of these distributions. As
expected from the variational principle, all distributions are
strictly positive and converge smoothly and monotonically as
the basis set increases in the sequence n = D, T, Q, 5. From the
figure and table, it is apparent that double augmentation does
not significantly affect the total energy, as expected. However,
the addition of core polarization functions does affect the
energy, with the most significant effects being noticeable for
outliers in the larger basis sets.

In Figure 3, we identify the molecules with the most
significant errors in the d-aug-cc-pVQZ and d-aug-cc-pCVQZ
basis sets. It is clear that the systems with the largest energy
errors are both second-row systems and fluorine systems. When
we compare the basis sets with and without the core polarization
function, we discover that SO2, SF2, PH3O, SiH3F, andOF2 have
the largest errors in the d-aug-cc-pVQZ basis set (which lacks a
core polarization function). However, when core-polarization
functions are included, the errors in systems with second-row
atoms are significantly reduced by nearly twofold. This is not the
case for fluorine systems, where the largest errors are found in
OF2, SF2, BHF2, F2, FNO.
3.2. Errors in the Static Polarizability. This and

subsequent sections survey the polarizability results, examining
the importance of valence level and augmentation with

additional diffuse functions and core polarization functions.
We begin here with the static results to highlight trends that
remain largely consistent in the dynamic results.

Figures 4 and 5 show the distributions of the signed
percentage errors in the Gaussian basis-set isotropic and
anisotropic static polarizabilities, respectively, broken down by
atomic composition. Statistics of those distributions are
reported in Tables 3 and 4. Since the anisotropic polarizability
is zero for groups T and higher (e.g., atoms and tetrahedral
molecules), these were omitted from that figure.

The variational property of the polarizability applies to the
individual components and to the isotropic average, but not to
the anisotropic polarizability. Thus, assuming a converged
ground state wave function, the errors in the isotropic
polarizability should be negative, which is seen in the figures
and perhaps most readily in mean error values, especially in the
smaller basis sets, in Table 3. However, basis incompleteness can
manifest itself differently in the ground state and response
function leading to positive errors (i.e., polarizabilities that are
too large) being routinely observed. Rappaport12 demonstrated
that using overly diffuse functions in a Gaussian basis set can
result in non-variational polarizabilities above the complete basis
set limit.25 As explained,12 when a Gaussian basis set lacking in
the core or valence region is augmented with diffuse functions,
the ground state can acquire excited-state character and hence
polarizabilities above the CBS limit. Our data support this
finding, with amore significant fraction of non-variational results
in the doubly augmented data compared to the singly
augmented data. We interpret varying convergence patterns in
the isotropic results as indicating that singly augmented basis

Figure 8. Percentage error in the eigenvalues of the polarizability tensor for select second row systems. The graph depicts errors for the xx, yy, and zz
components of the tensor using correlation-consistent basis set variants, ranging from DZ to 5Z levels.
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sets have polarizability errors primarily in the response. In
contrast, doubly augmented basis sets havemore balanced errors
between the ground and response densities.

The outliers in the isotropic polarizability without core
polarization (left panel in Figure 6) are primarily second-row
systems, just as they were for the total energy. With core
polarization (right panel), an additional significant digit is
recovered and the outliers are now amix of first- and second-row
systems.

In the largest QZ basis, the fluorine results display a small
positive bias, whereas other first-row and the second-row atoms
display larger, but more balanced errors. Since some of these
results are within the nominal MRA error bars, we confirmed
this conclusion by recomputing results at the higher precision
that should yield at least 5 significant figures in the polarizability.
The bias seems to be eliminated at the 5Z level, with the other
systems also clustering more strongly around zero error.

Comparing the isotropic and anisotropic polarizabilities
shown in Figure 4, we note that the error distributions for
anisotropic polarizabilities have different shapes but similar
patterns for the performance of each basis set variant. However,
due to the cancellation of a significant digit when taking the
differences to compute the anisotropic quantity, in any given
basis, the relative errors in the anisotropy are ca. 10× those in the
isotropic polarizability.

The different basis-set dependence of the anisotropic
polarizability indicates a spatial directional bias in convergence.
In molecules with different physics controlling polarization in
different directions, components of the polarizability might

converge at different rates. In Figures 7 and 8, we examine the
convergence of eigenvalues of the polarizability tensor for first-
row (BeH2, HF, NH3, and H2O) and second-row (SiO, NaCl,
LiCl, SH2, and NaH) systems, respectively. We selected
molecules that have an absolute anisotropic polarizability error
greater than 4%. For example, for SiO, αxx converges from below
(i.e., variationally) requiring double-augmentation, core polar-
ization and high valence level for accurate results, whereas αzz
converges rapidly. In contrast, in NaH, it is αzz that converges
most slowly. In SH2, all components require large basis sets,
however, the αxx and αyy converge from above whereas αzz
converges from below.

The results in Figures 7 and 8 demonstrate varying
convergence rates for individual components of the polar-
izability, which complicates simple basis set extrapolations. The
varying convergence rates of different components imply that
the sum and difference of these components, such as isotropic
and anisotropic polarizabilities, may not converge monotoni-
cally. Moreover, for many molecules, the rate of convergence of
individual components varies between basis set variants, further
exacerbating the challenge of obtaining convergence consis-
tently.
3.3. Errors in the Frequency-Dependent Polarizability.

The errors in the frequency-dependent isotropic polarizability
are displayed in Figure 9. It is apparent that most molecules
show no or only weak frequency dependence in the error,
though there are a few significant outliers. These outliers can
show errors that both increase and decrease in absolute or signed
error with frequency. Considering the sum-over-states ex-

Figure 9. Errors in the Hartree−Fock frequency-dependent isotropic polarizability. The isotropic polarizability is displayed with increasing frequency
from 0 (static) to 8 (maximum frequency, defined as halfway to the first excited state computed with the aug-cc-pVTZ basis set). Colors as described in
4 that examines the static polarizability.
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pression for the polarizability, the frequency dependence will
arise primarily from errors in the relative position of the ground
and first relevant excited state.

In Figure 10, we examine the impact of both double
augmentation and core polarization on selected first- and
second-row systems. For first-row systems such as Ne, HF, He,
and NH3O, the error becomes more negative with increasing
frequency in the singly augmented basis. This indicates that the
singly augmented excited states are too high in energy, leading to
a negative bias in the polarizability, presumably due to the
excited state being more diffuse than the ground state.

For second-row systems, we observe varying patterns. In the
case of NaCN, NaCl, and NaH, we find that the basis sets
without core-polarization functions have the largest frequency-
dependent errors, which tend to increase positively. Conversely,
Ar and HCl, for example, display frequency-dependent errors
that increase more negatively in all but the largest d-aug-cc-
pCQZ basis. For all such molecules, core-polarization functions
are necessary to reduce the bias in polarizability and maintain
accuracy as frequencies increase. While these molecules only
represent a small subset of the data set, they exemplify the
possible error trends present in frequency-dependent calcu-
lations.

In Figure 11, we examine the frequency-dependent error in
the eigenvalues of the polarizability. In each component of the
polarizability we find similar patterns as shown in the previous
Figure 11 of the isotropic polarizability. However, the figure
illustrates how this error varies among the individual
components of a molecule molecules. For instance, in HF, we
observe a larger frequency dependence in the transverse αxx and

αyy directions compared to the longitudinal αzz direction in
singly augmented basis sets. This suggests that for HF it is the
direction perpendicular to the molecular axis that is most
sensitive to diffuse function augmentation. We notice this
pattern in several other molecules.
3.4. Machine Learning Clustering Analysis of Basis Set

Convergence. We used a Gaussian mixture model34 (GMM)
implemented using the Scikit-learn machine learning library35 to
cluster the convergence trends of the isotropic polarizability
with respect to the basis set errors in each molecule. The GMM
is a probabilistic model that assumes that the data is generated
from a mixture of several Gaussian distributions with unknown
parameters. We employed a spherical covariance type for each
Gaussian distribution. To select the model parameters, i.e., the
number of clusters and the covariance type, we used the
Bayesian Information Criterion (BIC) as described in the
sklearn documentation on model selection.34

From the BIC analysis, we found that the optimal number of
clusters was sensitive to how the data is preprocessed. In the
reported results, we preprocessed the data by first zeroing basis
set errors less than a threshold of ±0.05% (motivated by the
error bars on the MRA calculations) and then using a symmetric
log transformation with a linear threshold of 0.05% followed by
normalization so that each degree of freedom has the same
range. With the preprocessed data, we determined the optimal
model to contain 4 clusters. To evaluate how well our data was
clustered, we used the silhouette score, which gave us a value of
0.36. Reducing the basis set truncation threshold and
corresponding symmetric-log linear thresholding increases the
number of clusters and the silhouette score.

Figure 10. Errors in Hartree−Fock frequency-dependent isotropic polarizability for selected molecules in QZ basis sets. The figures show the effect of
basis set type on the frequency-dependent isotropic polarizability at a given valence level. For each molecule, the frequency-dependent error varies
between the basis sets types.
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The results of our clustering analysis are displayed in Figure
12, and the resulting cluster compositions are shown in Table 5.
We have ordered the 4 clusters by their average basis set error in
the isotropic polarizability across all basis sets, making it clear
that the clusters are grouped by magnitude and pattern of their
basis set convergence.

Cluster 1 composes first- and second-row that converge
primarily from above in both singly and doubly augmented basis

sets even with the largest QZ basis sets. The core polarization
functions reduce the polarizability toward the CBS limit for
these systems.

Cluster 2 contains first-row and second-row systems with
basis set errors within about 2% in all basis sets, primarily
converging from below in the singly augmented basis sets and
from above in the doubly augmented basis sets.

Figure 11. Errors in the Hartree−Fock frequency-dependent polarizability eigenvalues for selected molecules in QZ basis sets. The figure shows the
effect of basis set type on the frequency-dependent anisotropic polarizability at a given valence level. For eachmolecule, the frequency-dependent error
in each component of the polarizability tensor varies between the basis sets types.
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Cluster 3 is the largest cluster, containing most first-row and
all fluorine systems. The systems in this cluster have a similar
convergence pattern to cluster 2 but with more significant basis
set errors in the singly augmented basis set and a non-monotonic
convergence pattern in the doubly augmented basis sets going
from negative to positive errors fromDZ to TZ. Consistent with
its chemical composition the errors are largely insensitive to core
polarization.

Cluster 4 has the convergence patterns most sensitive to core
polarization. This cluster only contains mostly second-row
systems and converges from below in both the singly and doubly
augmented basis sets. As we see in the figure, the core-
polarization functions are essential to converge systems in
cluster 4, raising the polarizability toward the CBS limit.

In summary, no chemical information was included in this
clustering and yet the resulting clusters were grouped in a
chemically meaningful way. This is a promising avenue for future
work to improve the accuracy of basis-set extrapolations in the
polarizability and other molecular properties.

4. CONCLUSIONS
As the Gaussian basis set quality improves, both the isotropic
and anisotropic polarizabilities converge toward the MRA
reference limit, as expected. Since the error distributions are
strongly non-normal they cannot be characterized by just the
mean and standard deviation. The tails of the distributions, i.e.,
outliers, dominate the errors.

For the static isotropic polarizability.

• For most first-row systems including fluorine, to attain 1%
error in the total polarizability, a doubly augmented, DZ
basis set usually suffices, with TZ required to guarantee
the error is less than 1%. Single augmentation can have
errors exceeding 10%.

• For second-row systems, double augmentation with core
polarization at the TZ level are all essential to achieve 1%
error.

• For both first- and second-row systems, doubly
augmented QZ with core-polarization for second-row
systems, ensure most errors are less than 0.1%.

• Neither QZ nor 5Z can guarantee errors are less than
0.1%, though it is clear from the figures and the statistics
that the largest basis sets do indeed cause errors to cluster
more strongly near the origin.

• Fluorine systems in the largest QZ basis have a residual
positive bias in the polarizability that was verified with
high accuracy calculations. This is resolved at the 5Z level.

For the static anisotropic polarizability, cancellation of
significant digits exacerbates basis set convergence issues for
both the Gaussian and MRA basis sets.

• For both first- and second-row systems, doubly
augmented TZ, with core-polarization for second row, is
required to ensure most errors are less than 10%, i.e., no
smaller basis can reliably deliver even one significant
decimal digit.

• The corresponding QZ basis sets deliver ca. 1% errors,
with no significant improvement at the 5Z level, except for
fluorine systems.

Figure 12.Gaussian mixture model (GMM) clustering of basis set convergence trends. 89 molecules have been clustered 4 groups their basis set error
in the isotropic polarizability. In each plot the average basis set error is shown for each cluster in all basis sets separated by first-row, second-row and
fluorine systems.
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• For systems such as near linear molecules in which a
variety of physics contributes to the polarizability (e.g.,
valence charge transfer along a bond versus deformation
of the tail of the wave function orthogonal to a bond),
components of the polarizability may converge at
different rates or be sensitive to different elements in
the basis. This results in BSIE not canceling in the
computation of the anisotropic polarizability, and, hence,
larger overall errors.

Errors in the frequency-dependent polarizability largely follow
those of the static quantity. Frequency-dependent errors are
interpreted as primarily arising from the value of the relevant first
excitation energy, which can originate from errors in the position
of either the ground or excited states.

A follow-on study will explore convergence of these properties
in larger molecules, for which less basis-set sensitivity is
anticipated.
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