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ABSTRACT: A definition of partonic jet flavor that is both theoretically well-defined and
experimentally robust would have profound implications for measurements and predictions
especially for heavy flavor applications. Recently, a definition of jet flavor was introduced as
the net flavor flowing along the direction of the Winner-Take-All axis of a jet which is soft safe
to all orders, but not collinear safe. Here, we exploit the lack of collinear safety and propose
a factorization theorem of perturbative flavor fragmentation functions that resum collinear
divergences and describe the evolution of flavor from the short distance of jet production to the
long distance at which hadronization occurs. Collinear flavor evolution is governed by a small
modification of the DGLAP equations. We present a detailed all-orders analysis and identify
exact relations that must hold amongst the various anomalous dimensions by probability
conservation and the existence of fixed points of the renormalization group flow. We explicitly
validate the factorization theorem at one-loop order, and demonstrate its consistency at
two loops in particular flavor channels. Starting at two-loops, constraints on phase space
imposed by flavor measurements potentially allow for non-trivial soft contributions, but we
demonstrate that they are scaleless and so explicitly vanish, ensuring that soft particles are
summed inclusively and all divergences are exclusively collinear in nature. This factorization
theorem opens the door to precision calculations with identified flavor in the infrared.
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1 Introduction

Jets, collimated streams of high-energy particles and a foundational phenomena of quantum
chromodynamics (QCD), provide a proxy for particle production at the shortest distances
in particle collider experiments. In addition to understanding the production of particle
energy and momentum through jets, one would also desire an understanding of how other
quantum numbers, such as electric charge or partonic flavor, are produced and then distributed
throughout the numerous particles observed in experiment. For electric charge, a practically
useful definition of a jet’s charge has been introduced long ago [1], and more recently has been
put on a more firm theoretical foundation [2-4] enabling a richer quantitative interpretation.
Any observable sensitive to a jet’s electric charge necessarily lacks the property of infrared
and collinear (IRC) safety [5, 6] that enables precision predictions exclusively within the
perturbation theory of QCD.

Ascribing a partonic flavor to a jet is similar in many respects to electric charge, however
it has been explicitly demonstrated that a jet’s flavor can be defined in an entirely IRC
safe way [7], as least on theoretical jets that consist exclusively of quarks and gluons, at a
scale after parton showering but before hadronization. Motivated by several recent high-
precision calculations for the production of heavy-flavor jets [8—12], many more jet flavor
definitions have been proposed [13-17]. For maximum utility within a high-precision fixed-
order calculation, the jet flavor prescription must factorize from the kinematics of the jet
and simply provide a label on an otherwise unflavored jet. For applications to measurements
at the Large Hadron Collider (LHC), this means that jet flavor should be a label to jets
found with the anti-k7 algorithm [18].

With this as a goal, we follow the motivation of ref. [13] and actually recommend that
IRC safety not be a strict requirement for a useful jet flavor definition. In particular, relaxing
collinear safety but maintaining safety to exactly collinear emissions means that the jet
flavor can be described by a flavor fragmentation function, whose evolution from high to low
scales is completely governed by perturbatively-calculable differential equations. Ref. [13]
introduced this fragmentation function as defined by the net flavor that lies exactly on the
Winner-Take-All recombination scheme axis of the jet [19-21]. However, in that reference, the
fragmentation function was introduced rather ad-hoc and resummation was only performed
to leading-logarithmic (LL) accuracy, both of which are insufficient for applications to high-
precision calculations. In this paper, we will solve these issues and present a factorization
ansatz for jet flavor in which the flavor fragmentation function is but one part and well-defined



to any perturbative order, as well as present first calculations necessary for next-to-leading
logarithmic resummation and corresponding matching to next-to-next-to-leading fixed order.

This flavor factorization ansatz will be presented within the context of factorization in
soft-collinear effective theory (SCET) [22-25], with calculations performed in dimensional
regularization and formulated as a product of functions each of which is defined at a unique
scale. Resummation is then accomplished by renormalization group evolution between the
disparate scales of the functions in the factorization ansatz. In a factorized form, the pieces
that depend on the hard scattering process are separated from universal collinear functions,
and so flavor fragmentation functions can be recycled from one calculation and used in
numerous other contexts. Within this framework, we reproduce the leading-logarithmic
flavor evolution equations of ref. [13] and extend their accuracy. A central feature of this
factorization ansatz is that it is soft insensitive, as the Winner-Take-All recombination scheme
axis is insensitive to soft particles. This we check explicitly via the zero-bin subtractions [26].
The phase-space constraints are generally non-trivial when expanded in the zero-bin, but
after appropriate rescalings, we can show the contributions are scaleless integrals.

Despite the significant evidence we present for this factorization ansatz, we emphasize
again that we lack a more formal, rigorous proof, of identifying modes, their separation, and
construction of a leading-power jet cross section as a product of matrix elements of SCET
fields, as presented in, e.g., refs. [27-32]. At least as traditionally defined, collinear fields in
SCET, those that are responsible for jet production, have a well-defined net partonic flavor
and are invariant to collinear gauge transformations which requires that they can produce
an arbitrary number of particles. From the perspective of jet flavor advocated here, we
would refer to the well-defined flavor of this SCET field as the ultraviolet (UV) flavor. For
measurements that are inclusive over emitted particles or insensitive to their flavor, this
is preferred, because corresponding measurements that constrain the fields exclusively act
on the distribution of momentum produced by the fields. Requiring exclusive information
about the flavor of particles produced in the jet would seem to modify the structure of and
information carried by the fields. We leave the question of feasibility and construction of
IR flavor sensitive SCET fields to future work.

The outline of this paper is as follows. In section 2, we review the definition of jet flavor
of ref. [13] as the net flavor that flows exactly along the direction of the Winner-Take-All axis.
In section 3, we present our conjecture for the factorization ansatz of Winner-Take-All flavor,
appropriate for jets produced in eTe™ collisions. This is for simplicity here, to illustrate the
structure and consistency of the factorization ansatz, but the extension to jets produced at a
hadron collider is straightforward, as only a new hard function needs to be calculated. In
section 4 we present a general, all-orders analysis of the structure of UV renormalization from
considerations like conservation of total flavor along the flow and the consequences of the
symmetries of (perturbative) QCD. This produces several non-trivial relationships between
anomalous dimensions. Exact, all-orders solutions to the renormalization group equations are
presented in section 5, extending the leading-logarithmic predictions of ref. [13] to whatever
accuracy one is strong enough to calculate anomalous dimensions. In section 6, we present
explicit calculations of the hard and jet flavor functions at one-loop order and demonstrate
consistency of the renormalization structure implied by the factorization ansatz at two-loops
in section 7. In section 8, we use these results to calculate the dependence of the Winner-Take-
All flavor definition on the center-of-mass collision energy, resummed through LL’ accuracy.
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We conclude in section 9 and discuss numerous applications of this factorization ansatz.
Appendices collect and summarize central results of the paper.

2 Definition of WTA jet flavor

In this section, we introduce the definition of the Winner-Take-All (WTA) flavor algorithm
employed throughout the rest of this paper. As our calculations will be restricted to jets
produced in ete™ collisions, we present the definition of WTA flavor for jets exclusively in
the eTe™ collider environment. Nevertheless, we note that the extension to WTA flavor
appropriate for jets in a hadron collider is simply a change of coordinates in the reclustering
metric and recombination scheme. Because we only consider flavor measurements on already-
clustered jets, there is no clustering with the beam, for example, that needs to be considered.
This further means that the algorithm of WTA flavor simply establishes a label for the jet
given the flavors of its constituent partons, and in no way modifies any kinematic quantities
of the jet. As such, the kinematics of WTA flavored jets remains exactly that of the more
familiar and experimentally-measured flavor-inclusive jets.

First, we define our jet sample in eTe™ collisions. We will consider events divided
into two hemisphere jets as defined by the plane transverse to the axis that minimizes
thrust [33, 34]. Then, on both of the hemisphere jets separately, we run the WTA flavor
algorithm, as introduced in ref. [13]:

1. Cluster and find jets in your collision event with any desired jet algorithm; in the case
studied in this paper, defined through thrust hemispheres.

2. On a given jet, recluster its constituents with the kp algorithm [35, 36], using the WTA
recombination scheme [19-21]. Specifically:

(a) For all pairs 4, j of particles in your jet, calculate the pairwise kr metric d;; =
2min[E2, EJQ](I — cos b;;), where E;, E; are the energies of particles ¢, j and 6;; is
the angle between their three-momenta.

(b) For the pair 4, j that corresponds to the smallest d;;, recombine their momenta
into a new massless particle 75 such that ]ﬁ;j\ = |pi| + |Pj|, and the direction of ij

is along the direction of the harder of i and j.!

(c) Replace particles ¢ and j with their combination ij in the collection of particles in
the jet.

(d) Repeat clustering until there is a single, combined particle that remains. The

direction of this particle corresponds to the direction of the WTA axis of the jet.

3. The sum of the flavors of all particles in the jet whose momenta lie exactly along the
WTA axis is defined to be the flavor of the jet. This sum of flavors is defined as follows.

!For massless particles, this prescription is equivalent to setting the energy of particle ’L~j to the sum of
the daughter energies. However, massive particles can be at rest which renders the energy form of the WTA
recombination ambiguous, and so FastJet, for example, only implements the magnitude of three-momentum
recombination rule [37]. Throughout this paper, we only consider massless partons, so the magnitude of the
three-momentum or energy form of the recombination are identical.



Gluons g have 0 or neutral flavor. A quark ¢ and anti-quark ¢ of the same species
have opposite flavor such that the flavor sum of a quark and its anti-quark is neutral
(gluon): ¢+ G = g. The flavor of two quarks of different species, say ¢ and ¢/, sum to a
non-partonic flavor which we denote as ¢ + ¢ = (q¢’).

In this algorithm, we follow the WTA axis all the way to the end of the parton shower,
which is terminated at some physical scale kﬁ ~ 1 GeV?, just before the scale of hadronization
at which QCD becomes strongly coupled. From a leading-order perspective, the WTA axis
necessarily consists of a single parton, but at higher orders, in general, there will be the
effect of unresolved emissions that lie within this cutoff scale, to ensure that the virtual and
real divergences in the splitting functions that govern the parton shower cancel. We will
discuss how this scale arises and what emissions in the jets contribute at leading power to
the WTA flavor in the following section.

As discussed in ref. [13], the WTA flavor algorithm is soft safe because soft particles
cannot affect the location of the WTA axis. However, WTA flavor is not collinear safe,
because the WTA axis may move between different-flavored particles infinitesimally separated
in angle, but is inclusive over ezactly collinear splittings. As we discuss more in section 4.1,
inclusivity over exactly collinear splittings ensures that scale evolution of WTA flavor is
governed by unambiguous parton-to-parton transitions, i.e., u quark to g gluon, which
significantly simplifies the space of solutions. The lack of collinear safety means that the WTA
flavor cannot be calculated in fixed-order perturbation theory, but strictly collinear unsafety
means that divergences can be absorbed and resummed into appropriate fragmentation
functions. These fragmentation functions are defined through the factorization ansatz that
we present in the following section, but are much simpler than fragmentation functions that
describe the transition of a perturbative parton to a non-perturbative hadron. For flavor,
the fragmentation function exclusively describes the evolution of a parton in the UV into
the parton that lies along the WTA axis in the IR and so the WTA flavor fragmentation
function can be completely calculated perturbatively. That is, the anomalous dimensions
of the evolution equations are perturbative as are the boundary conditions imposed on the
flavor fragmentation function and so their solutions are completely perturbative. However,
they are not IRC safe, because there are interesting asymptotic limits in which a Taylor
expansion about ag = 0 breaks down [13], in a similar way to Sudakov safe observables
studied in other contexts [38-41].

However, the perturbativity of the solutions to the evolution equations is a consequence
of imposing a non-zero relative transverse momentum cut on the region about the WTA axis
in which flavors are summed. In the factorization conjecture that follows, we call this scale
k%, and further it is necessarily larger than the QCD scale, k? > A(QQCD. Within the context
of a parton shower, k:gL would be comparable to the termination scale of the shower, before
hadronization. With these caveats, the analysis presented in this paper is the very first step
toward systematic theoretical development of this flavor definition. A practical and more
realistic implementation of jet flavor will require inclusion of quark masses, as for heavy flavor
applications, the mass of quarks is comparable to the scale of the end of the parton shower.
Further, partonic flavors are clearly not experimentally accessible, but augmentation of the
factorization conjecture here with a non-perturbative function that describes evolution of



partonic flavor from scale k2 to hadronic flavor at A(QQCD may accomplish something toward
this end. We discuss these and other future directions more in the conclusions, section 9.

Additionally, throughout this paper, we exclusively consider the measurement of the
WTA flavor label of jets, and no other flavor-sensitive information like the energy fraction
distribution of the WTA axis. A first study of kinematic quantities that are sensitive to
an IR flavor definition was presented in ref. [13], and the analysis there could be extended.
However, we leave a more general analysis to future work, as the factorization of WTA flavor
labels will be interesting and subtle enough.

3 Factorization conjecture

Given the WTA flavor algorithm, we now present the conjecture for the factorization for its
all-orders calculation in the collinear limit. Here, we will apply the WTA flavor algorithm
to both thrust hemisphere jets in eTe™ collisions, as described above. We propose that
the cross section ¢+, 7, for the scattered ete™ to produce hemisphere WTA flavors
foR in the IR is

Octe=—frfr — Z He+e—~>ijR(Q2a M2) ‘]jL—>fL (/'L2, ki) JjR—>fR (,LL2, ki) : (31)

JrsJr
In this expression, Q2 is the squared collision energy or UV scale and kﬁ_ is the scale of
the termination of the parton shower according to the kp jet algorithm, at which the WTA
flavor is measured. This factorization ansatz is valid in the limit in which the IR and
UV scales are hierarchically separated, Q?/ k‘i — 00, with corrections expected as powers
of k7 /Q* < 1 in this limit. Hg+.—,;, ;,(Q* p?) is the hard function that describes the
production of hemisphere WTA flavor from the eTe™ collisions at scale Q? to the factorization
scale 12, at which the WTA flavors of the left and right hemispheres are j1,, jr, respectively.
The jet function Jj, , (u?, k%) describes the evolution of the flavor of the left hemisphere
from j at scale u? down to the measurement scale k2, at which the WTA flavor is fr.
Note that the intermediate parton flavors jr, jr that connect the hard function to the jet

functions are summed over.

Evolution in ;2 between the hard function and either jet function proceeds via modified
DGLAP evolution equations [42-46] that were first derived at leading-logarithmic accuracy in
refs. [13, 47]. The specific evolution equations will be presented in the following and anomalous
dimensions evaluated a one-loop order, but their structure is to just follow the particle that
lies on the WTA axis at every step in the evolution, as opposed to traditional DGLAP which
follows the evolution of all particles produced at every step. Additionally, we only track the
flavor of the particle along the WTA axis, and no other moments of its energy, which renders
the evolution equations especially simple, as coupled, linear differential equations. We also
note the probability-conservation sum rule, which, when all IR flavors are summed over, the
total cross section that the eTe™ collision in the UV produced any pair of flavors is:

Z 0-6+€7—>fo}{ = Otot » (32)
fr, fr

where o is the total hadronic cross section in eTe™ collisions. We will exploit related sum
rules for the hard and jet functions in the general analysis of the renormalization group

equations in the following.



3.1 Soft effects

In the infrared, we naively have contributions from both soft (s) and collinear (c¢) particles,
whose momenta scale as:

ps~ (ki ki k1), (3.3)
Pe ~ (ki Q lu) (3.4)
c Q ) I . .

The scale at which flavor is measured is a transverse momentum relative to the WTA axis of
k1, and so a soft particle is one for which its momentum scales like k| in all components.
That is, the soft momentum p, scales like k| in all lightcone coordinates relative to the
WTA axis (the z-axis) where the first entry denotes the +-component (p* = E — p.), the
second entry is the —-component (p~ = E + p,), and the final entry is the momentum
transverse to the WTA axis. Such a momentum has energy that scales like Fs; ~ k| and
an angle relative to the WTA axis of 5, ~ 1. The collinear scaling implies the particles
carry an order-1 fraction of the collision energy ) and are confined to an angular region
of size 0. ~ k; /@ < 1. These particles set the precise direction of the WTA axis, and are
coherently recoiled by the soft emissions.

When practically calculating the jet functions in the factorization ansatz, we must impose
the constraint on the relative transverse momentum of resolved particles. This then defines
the WTA flavor to be the net flavor in a region of size k, , as defined by the kr-algorithm.
While soft particles cannot affect the WTA axis, they can be clustered within the scale k; of
the WTA axis and therefore in principle affect the net flavor, according to this definition.
However, we find that at the scale k| , the soft contributions will be given by scaleless integrals,
so that the collinear calculations will completely describe the UV renormalization of WTA
flavor, through tracking the flavor of collinear particles along the renormalization group flow.
That the soft contribution is scaleless is surprising as the naive zero-bin expansion [26] of the
relevant collinear phase-space appears to be non-trivial, but a more detailed analysis reveals
the integrals to be scaleless. This will be demonstrated explicitly at two-loop order in section 7.

This does not imply that there is no soft contribution to the flavor of the jet. Strictly
speaking, the net flavor of any region of finite size is ambiguous due to the presence of
soft quarks beginning at order-a2 [7]. However, the generation of soft flavor is therefore
described by distinct evolution equations, exclusively at or below the scale k| , which formally
evolve the softs down to the non-perturbative QCD scale Agcp. Another way to describe
the collinear flavor evolution that we study here is as the flavor that would be tracked to
the end of a perturbative parton shower, from the collision scale ) to the scale k|, which
represents the minimum scale that separates all resolved particles produced in the shower.
Because no particles in a parton shower are produced within the relative scale k| of any
other particle, the WTA flavor is unambiguous and has correspondingly no contribution
from soft particles. This understanding of WTA jet flavor could therefore be a relevant
benchmark for high-order parton showers, such as, e.g., refs. [48-51], but we leave more
details of such an analysis to future work.



3.2 Ultraviolet renormalization

As a first step of the analysis of this factorization ansatz, we present UV renormalization of the
hard and jet functions and the definition of the renormalized objects which satisfy evolution
equations. For the hard function, because the WTA axis is insensitive to soft physics, there
are no correlations between the particles that set the flavor in the two hemispheres, and so it
is renormalized with a product of independent renormalization factors:
O (@)= Y HE (@A 2 R 2 i ed). (35)
kr,kr
The bare hard function is on the left which is independent of renormalization scale p?, and
the renormalized hard function is on the right, multiplied by renormalization factors. Note
the sum over intermediate flavors kj,, kr in the renormalization; renormalization of flavor
is necessarily non-diagonal. The jet functions are renormalized in a similar way, with, for
the left hemisphere we have,

bare) J) ren
JJ(L—>fL ZZJ(L—)]{;L (115 >JI£L—>)fL (u? k7). (3.6)

Consistency of the factorization ansatz requires independence of the flavor probabilities to
the renormalization scale p2. Correspondingly, the product of the bare hard and jet functions
is necessarily equal to the product of the renormalized hard and jet functions:

bare bare bare
Z Htg*@ )_UL]R(QQ’M%) J}L%}L(“gvki)JJ(R%f)R(H(Q)ak’i) (3.7)
Jr,JR
= (ren) 2 2 g(ren) (ren) 2 ;9
= > HAS Sinin (@5 H ) T g (2 ) T (2R
JrL,JR

For this to hold, the hard and jet function renormalization factors are matrix inverses of

one another:

Z szL (1 ’MO)ZJ(LLkL(M%7H2) = Oipky, (3.8)

for the left hemisphere, and similar for the right hemisphere. Then, for independence of the
measurable flavor probabilities on the scale p?, we must enforce the renormalization group
evolution equations for the hard and jet functions:

a ren ren ren
M28 HC(+62_>jLJR ZH‘£+C)—>I€L]R ’MZ)WCLH]‘L_ HC(Jr@)—ULkR(Qz’MQ)VkR‘)jR?
kr
8 ren ren
TJ;L")fL S k) Z%LH/@L kLa)fL( k1), (3.9)

I R AR WS I )
The ~y;j_ factors are the UV anomalous dimensions and for which there are numerous
all-orders constraints and relationships that we will review in the next section. Also, while we
have retained the superscript (ren) here to denote that these are the renormalized functions,
we will typically not include the superscript working from the assumption that, unless
otherwise noted, all functions are their renormalized versions.



4 General analysis of renormalization group equations

Here, we will provide several general, all-orders relationships between the functions in the
factorization ansatz and their anomalous dimensions. The matrix structure of the hard and
jet functions’ evolution equations is particularly constraining. We will study the hard and jet
functions separately, and then provide a summary of the identities at the end of this section.

Some relationships between the anomalous dimensions that describe the evolution from
WTA flavor i to j follow directly from symmetries of QCD itself. By charge conjugation sym-
metry, the anomalous dimension from quark ¢ to anti-quark g is equal to the reverse process:

Yg—q = Vg—q - (4.1)

Charge conjugation also relates the transitions between gluons and (anti-)quarks:

Yg—q = Vg—q> Yg—g9 = Vg—g - (4.2)

Further, flavor symmetry between all massless species constrain anomalous dimensions
involving a gluon to a quark, or vice-versa, to be independent of flavor:

Yg—q = VYg—q¢ > Yg—=g = Vg’ —g> (4.3)

for any two (anti-)quarks ¢,q’. Finally, detailed balance requires that the evolution from a
quark g to another quark ¢’ is equivalent to the opposite process:

’yq_>q/ = 7(]’—)(1 . (44)

Flavor symmetry also requires that for ¢’ # ¢, ¢ that all other quark-to-quark transitions are
described by a single anomalous dimension, v, . Therefore, there are only six independent
anomalous dimensions, regardless of the numbers of active quark flavors: v4q, Yg—q, Vg—q's

Yg—gs Vg—q> and Ygg-
4.1 Constraints from the hard function

Suppressing arguments, the hard function H.+.-_,;, ;. describes the evolution of WTA flavor
from the center-of-mass collision scale Q2 to the renormalization scale u?. At every step of
this evolution, the flavor of the WTA axis necessarily changes into some flavor. Further, this
flavor is necessarily and unambiguously partonic, up quark, anti-strange quark, gluon, etc.,
because the WTA flavor in the hard function is determined by the net flavor in a region of 0
angular size about the WTA axis and exactly collinear splittings in QCD conserve partonic
flavor. Therefore, the hard function satisfies a sum rule, that the total probability that the
initial scattered electron-positron pair evolves into any hemisphere WTA flavor pair jrjr

is the total hadronic cross section:
Z HeJre*%ijR = Otot - (45)
JL.JR
The renormalization group equations that govern the evolution of the hard function
are, again,

0
HQWH6+6_‘>ijR == Z H€+€_~>ijR ’YkL—>jL - Z He+e—~>ijR ’ykR_U.R . (46)
k1, kR



This is a set of linear, first-order differential equations and the anomalous dimensions 7y ;
are necessarily real numbers and independent of scale u? (except for implicit dependence
in ay). As such, the late-scale behavior in the limit that u?/Q? — 0 of these equations is
to necessarily flow to a fixed-point at which
0
. 2 .

Mz/lggl_m'u WHE*'FHJ‘LJ'R =0. (4.7)
Because the equilibrium flavor is governed by the limit of collinear evolution, the equilibrium
flavors of the two hemispheres are independent and the hard function reduces to a product
of hemisphere hard functions, where

He‘*’e—%ijR — Otot HjLHjR . (48)

Therefore, in equilibrium, we need only study one hemisphere at a time. With this property
established, the relationship between the fixed-point fractions and the anomalous dimensions
is simply
ZHk Ve—j = 0. (49)
k

Relationships between the anomalous dimensions can be established by considering the
specific final hemisphere flavor states, j. If j = ¢, this equilibrium constraint is
0= Z Hy Ve—qg = HqVgsq + HgYgoqg + Hygvg—q + Z Hyvgq- (4.10)
k q'#q4,q
By the established symmetries of the anomalous dimensions, the equilibrium quark flavor

fractions are independent of quark flavor, and so the hard functions involving only quarks
are all equal:

H,=H;=H,. (4.11)

Additionally, for ny active quark flavors, there are 2(ny — 1) quarks ¢’ and so we find the
relationship

0=H, [’Yq—>q + Ygg + 2(nyg — 1)’Yq%q’] + HgVg—q- (4.12)

Additionally, because of the independence of quark flavor on equilibrium fraction, the sum
rule in equilibrium is simply
1=> Hy+ Hy=2n;H, + Hg, (4.13)
q
where on the right H, is the fraction that a single species of quark is the WTA flavor.
If instead the equilibrium flavor was a gluon, j = g, then the equilibrium constraint is
0= Z Hy Yimg = Z Hqvgsg + Hgvgsg = 2npHyvgsg + Hyvgog - (4.14)
k q
These three constraints, eqgs. (4.12), (4.13), and (4.14), can be used to solve for the equilibrium
flavor fractions where

_ g—g
H - 2 H —_ Jdizg (4.15)
! Yg—g — Vg—g I Yg—g — Vg—g

This further produces the relationship between the anomalous dimensions where

21 Y9—9Yg—g = VYg—g ['Vq—ﬂz + Yg—g + 2(nyg — 1)'Yq—>q’} . (4.16)
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4.2 Constraints from the jet function

The most general form of the 2 evolution equations for the jet function is of a similar form
to that of the hard function, where
5 O

” EN 7 5diof = Z’Yjﬁkjk%fa (4.17)

again suppressing arguments for brevity. Similar to the hard function, the jet function satisfies
a probability-conservation sum rule, where, by summing over all possible WTA flavors,

> Jksp=1. (4.18)
In the renormalization group evolution, summing over all WTA flavors then enforces that
w 3 9.2 Z Jjmp =0= Z%—ﬂw}k—ﬁ = Z%% : (4.19)
and so the sum of the all possible anomalous dimensions for any UV flavor j vanishes:
> Yk =0. (4.20)
k

We can then consider the two cases of UV flavors, ¢ or g, and establish linear constraints
on the anomalous dimensions.
Starting with a quark in the UV, the sum of anomalous dimensions is

0= Z'Vq—ﬂf = Yg—q T Vg—g T 2(nf - 1)7q%q’ + Yg—g s (4'21)
k

where the quark flavor ¢’ # ¢, ¢. For a gluon in the UV, the sum of anomalous dimensions is

0= Z’Yg—>k = Yg—g T 20 Vgq - (4.22)
k
We note that these two constraints, eqs. (4.21) and (4.22), render the constraint from the
hard function, eq. (4.16), a tautology.

4.3 Summary of relationships between anomalous dimensions

We now summarize these general, all-orders relationships amongst the anomalous dimen-
sions and fixed-point flavor fractions. The only independent anomalous dimensions of UV
renormalization are Yg—g, Yg—q'» Yg—g> a0d Ygoq, for any quark flavor ¢ and ¢’ # ¢,q. All
other anomalous dimensions are related by the symmetries of QCD (flavor symmetry, charge
conjugation, detailed balance) and the flavor-conserving anomalous dimensions are related
by the existence of a fixed-point in the deep infrared or flavor-conservation:

Y=g = —Vg—q — 2(nf — D)Vgg — Yaog s Yg—g = 2N fYg—q 5 (4.23)

for ny active quark flavors. The simplest form of the infrared fixed-point flavors fractions
for any quark species ¢ or gluon ¢ are

H, = Tg=a . Hy= Ta—g . (4.24)
2n§Yg9—q + Vg—g 2n§Yg9—q + Vg—g
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These fixed points fractions are, in a general non-Abelian gauge theory, rational functions
of the coupling, as. However, because of asymptotic freedom of QCD, in the limit that
the physical scale Q? — oo for fixed renormalization scale p?, these fixed-point fractions
are independent of «y, where

H, = lim Ng—a(@s)

as—0 2nf’Yg—>q(Oés) + Ygg(as)
li Yg—g(¥s)

=0 2N fYg—q(Qs) + Yg—g(cts)

; (4.25)

H, = (4.26)
As the anomalous dimensions are a Taylor series in ay, the fixed point fractions therefore are
actually exclusively determined by the one-loop anomalous dimensions.

5 All-orders solution of renormalization group evolution

Before presenting explicit calculations for the hard and jet functions at one-loop order, we
will solve the general renormalization group equations to all orders. This will illustrate
their structure and the way in which the fixed points are approached. For simplicity and
compactness, we will only present the complete solution to the evolution equations for
WTA gluon flavor, but more details and the solution for WTA quark flavor is presented
in appendix A.

Again, the evolution equation for the jet function with identified WTA flavor f is

0
MQWJHJ@(MZ, kD) =Y v i (1, k1) (5.1)
k

This can be re-expressed as evolution in the value of the coupling «as through the (-
function, where

da
200s
Then, the renormalization group evolution is
0 1
@Jjﬁf (asﬂs(ki)) = Blaw) Ek Vi (es) Jis g ((as,as(kﬁ)) ; (5.3)

with the boundary condition defined by the value of ay at the scale k2, as(k?).

5.1 Gluon WTA flavor

For gluon WTA flavor, this equation simplifies to a two-dimensional matrix equation

k2 (Jgﬁg (as,as(ki))> _ 1 (%w ZMgaq/) (Jgﬂg (as, as(k )>> . (54)

2
1
Oas \ Jgg (s, 05(K7)) Blas) \Vgsg Xg Vaoa Jgrg (s, as(k1))

where ¢ is any active quark flavor and we have used the relationships between anomalous

dimensions. Then, exploiting the fixed-point restrictions, this further simplifies to

9 (Jg%g (0487048(]‘73))) _ 1 <’Yg—>g _’Yg—>g> <J9—>g (O‘Sv%(ki))> (5.5)
Bos \ Jyosg (s as(k3)) ) Blas) Jgg (s, 05(k1)) ) '

Yg—g9 —Vq—g
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The rate of evolution of the WTA flavor is determined by the eigenvalues of the anomalous
dimension matrix. Because of flavor conservation, this matrix has a 0 eigenvalue, while
the other eigenvalue is

Vg, WTA = Yg—g — Vg—g - (5-6>

Therefore, this single eigenvalue controls the rate of evolution of the gluon WTA jet function
from the scale ki to the scale 2.
This matrix equation can be expanded out in terms of two coupled differential equations:

d Sg—Vg—

Bl [Jg%y (asao‘s(ki)) —Jgog (asvas(k’i)ﬂ = % [Jg%g (amas(ki)) —Jg—g (as,as(kzi))] )
9 — —

f% [Jgﬂg (amas(ki))"'t]q%g (asvas(ki)ﬂ = % [‘]9%9 (a57a5(ki)) _JQ‘)Q (a57a5(ki))] :

(5.7)

The first equation’s solution is

Tgmrg (s s (k) = Tymsg (0s(1a3), 005 (k2) ) exp _ / () ij) (Yo—rg(@) = Ygg(@)) [+ Faxs)

Qg

(5.8)

Tyosg (s s (k1)) = Tymsg (s (13), s (k1) ) exp _ / () gfj) (Yg-r9(0) =Ygrg(@)) | +F(as),

Og

(5.9)

in terms of a natural scale y? of the jet function and for some function F(as). The second
differential equation in terms of F'(«y) can be written as

ai F(as) = Ya—g(Qs) Jg—g (%(M%), O‘S(ki);(a 7)9%9(0‘8) J4—g (O‘s(ﬁ‘?l)v as(kﬁ)) (5.10)

X exp [/O‘S di (Yg—g(a) = ’Yq—)g(a))‘| .

as(ugj) (Oé)

Requiring that F(as) vanishes at the scale y? = ,u?,, the solution can be written as

Fla,) = /as doy 'Yqﬁg(a) Jg—g (0‘5(:“3)a O‘S(ki)) - VQHg(O‘) Jg—g (OZS(/{Q])’ O‘S(k’i))

as(u?) 5(05)
cop | [0 (g 0!) glal)| (5.11)
as(u2) B 99 q—g
Putting it together, the solutions for the jet functions are
s do
Jgg (0637043(ki)) =Jgog (as(ug),as(ki)) exp [/ ) W ('Vg—>g(a)_7q—>g(a))‘|
as(p1y
+/as doy Va9 () Jgsg (s (17), (k1)) —Vgrg(@) Jgmsg (s (1F), s (k1))
s (i?) Bla)
o do’ , ,
X exp / — o')— «a , 5.12
[ () B(a) (Yg—g (@) =7gsq( ))] ( )
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Jg—g (O‘saas(ki)) =Jgg (ozs (M%),as(kﬁ)) exXp [/:t:‘%) CEZ) (79%9(04)_711%9(@))]
e Yg—g(@) Jgg (048(#3)7%(]&)) —Yg—g(@) Jg—g (O‘S(MZJ)vas(ki))
[ 3a)
« da’ n_ o
X €Xp [/as(@) m (Vg—g (@) = g4 ))1 . (5.13)

,u% is the natural scale of the jet function and is taken to be of the order of k%, but sensitivity
to the specific choice of ,u?] can be used to assess the residual scale dependence from a
calculation truncated at a finite order. We will show later that these expressions agree
exactly with the results resummed at leading-logarithmic order in ref. [13] with one-loop
anomalous dimensions and S-function, and appropriate choices for the boundary conditions,

Jg—g (as(ﬂ?])7 O‘S(kﬁ_)) and Jyq (O‘s(/ﬁ])ﬂ as(ki))
5.2 Quark WTA flavor

The evolution equations for WTA quark flavor are substantially more complicated, as
described by a four-dimensional matrix equation:

Yo—q Vg—q Eq/ Yg—q' Vq—g Jq—>q (a&as(ki))
_ 1 Va—q Vi=d g Viod  Viog Jisq (s, (k7))
Blas) Y¢'—q Va'—aq Zq” Yg'—q" Vg'—g Jg—q (0457 Oés(ki))
Yg—q Vg—q Zq’ Yg—q Vg—g Jg—q (O‘&O‘S(ki))
Yo—g Voo 2(nf — Dgsy Ya—g Jg—q (s, as(kﬁ))
_ 1 Ya—q Va—q 2(nf = 1)Ygq Ya—g Jgq (s, (k7)) (5.14)
Blas) | Ygsa Yoma —Vamg = 2Vg=g Va—g Jg'—q (cts, O‘S(ki)) '
Vg—q Vg—q 2(nf —1)Vgq —2n1Yg-g Jg—q (ats, Oés(ki))

Here, the quark flavor ¢’ is distinct from ¢ and ¢, ¢’ # ¢,q and ¢” is distinct from ¢’. In
writing these expressions, we have used the SU(ns) flavor symmetry and in the second line,
have simplified the anomalous dimension matrix using the fixed-point relationships. In this
form, it is obvious that the anomalous dimension matrix has a 0 eigenvalue for total flavor
conservation, while the three other eigenvalues are:

Vg, WTA1 = Vg—g — Vg—g> (515)
Vg, WTAs = Vg—q — Vg—q > (516)
Yq,WTA3 = _an’Yq—>q’ — Yg—g - (517)

These three eigenvalues then control the rate of collinear evolution of the jet functions from
the scale ki to the scale 2. For brevity here, we present the explicit solutions to these
evolution equations with one-loop running in appendix A.
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6 Fixed-order analysis of UV renormalization

In this section, we present an explicit analysis of the UV evolution equations, evaluating
the hard and jet functions at O(«;) to validate the consistency of the factorization ansatz,
and presenting general expressions for the solution to the renormalization group equations
through O(a?). From these results, the established relationships between various flavor-
changing anomalous dimensions can be verified and will set the stage for the calculation

of new processes that start at O(a?

%) in section 7.

6.1 Solution to UV renormalization equations through order—ag

We begin by presenting the general solution to the renormalization group equations through
O(a?). We will present the result explicitly for the jet function, but the expression for the
hard function is similar. We can expand the jet function in powers of «y as

o) w as w
JJ—>f(M ]ﬁ) = 95f "’ o f]—>f <log L2 ) + (27r) f]—>f <10g ki) o (6.1)

for some functions f](zzf of the logarithm of the ratio of scales at nth order in «ag. The
running coupling satisfies the one-loop S-function

Oa
2 S s
= 6.2
i 5.0 (6.2)
where 3y is the one-loop coefficient,
11 2
=—Cy—= : 6.3
Bo 5 Ca— 3Ty (6.3)

The anomalous dimension can also be expanded in powers of «y as

2
_ % (D) Qs (2)
ik = 5 Yok (27r> Vjok T (6.4)
Then, the renormalization group evolution equation can be expressed through O(ag) as

6 S
/‘QaTLzJjef(M%ki):%de J(Bf( ) + (;ﬂ) [deJ(Z) (L )-ﬁof}l_zf(L)} (6.5)

= Z’Yj%kt]k%f
k
2
_ Qs (1) Qs (1) (1) (2)
= g'Yjﬁf + (277) |‘§’Yj4)k‘fk~>f( )+'Y %f] )

where L = log pi?/ k‘i Matching terms order-by-order, we find

d ) (1)
L j—>f(L) =5 (6.6)
or that
1 1
AU =9, D+ (6.7)
where cgl_)> 7 Is a constant, independent of 2.

— 14 —



With this result, the equation at the next order is

d
dL 250 = Bo i (L) = 2o il () 4412 (6.8)
%
or that
d .o 1 2
Fia ]L)f( ) = ﬁoVJ%fLJrﬁoC +Z [’Y]ak’Y;(glfLﬁL%(lkcl(clf] +7§'lf' (6.9)

The solution is

Zk’Y(-l)k’Y](gl) + BorY
f]—>f() e 2L L2+ { Boc f+273—>kck—)>f+7](—)>f L+c§—)>f’

2
(6.10)
where c( ) s is another constant. Then, through O(« 2), the jet function is
Jjm (12, k1) (6.11)
12
1) 1)
:5jf+7 <7a(—>f log 1o = +C§—>f>
Ek'}/ ik 'Yk_>f‘|‘ﬁ0'y _f 1) ) 2 (2)
+(27r) ( ’ 2 : log BOC]—U‘ Z’yj—%ckef""yj—)f log k:2 j_>f
+0(a?).

6.2 Order-a, calculations: hard function

We now turn to explicit calculations of the jet and hard functions for WTA flavor in eTe™
collision events, starting with the hard function, H.+.-_,;, ;.. At leading-order, the hard
function is diagonal, where

a 1
Heto iy jn = Oqindain + % HQQHW + 0(a?), (6.12)

where ¢ and ¢ are an antiparticle pair of a quark ¢ and anti-quark g. We will calculate

the one-loop corrections to this hard function, the factor He(+)€ ipin?

validate the general results established in previous sections.

and through it will

First, the one-loop virtual contributions to the hard function exclusively contribute to
the flavor-diagonal factors, where

2\ €
(1,V) H 2 3 [
He+e_~>qq C <Q2> <—€2 — E -8 + 67’( N (613)

which is the well-known one-loop virtual result for the ete™ — hadrons total cross section in
dimensional regularization where the dimensionality of spacetime is d = 4 — 2e.
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Real contributions to the hard function can result in flavor changes from the UV to the
IR and can be calculated from the differential cross section for the ete™ — ggg process, where

oo dz1 dza Q?

224+ 23 — (2 — 21 — 22)
(I —21)(1 —x2)

Here, o is the electroweak cross section for ete™ — ¢¢ and the z1, 2o variables are the

1 do® Qg 2 ‘ 1
- s 2 ) o (1)1 =) — 1) 14
27TCF < 1—\(1 — 6) ( 331) ( 1’2) (xl + 1) ) (6 )

2

@(1’1 + 10 — 1).

energy fractions of the quark and anti-quark with

2E, 2E;

A T2 = —(,
Q Q

where () is the center-of-mass collision energy. The energy fraction of the gluon is constrained

(6.15)

r1 =

by energy conservation, x3 = 2 — x1 — x9. The real emission contribution to the total cross
section is well known, where

(LR) 2\“/72 3 19 7
o Qs I 2
=op (B ) (S +2+ 2 - Sa2). 6.16
00 or ¥ <Q2> <€2 + € + 2 6" ) (6.16)

At this order, the only possible final hemisphere WTA flavor combinations are ¢q, qg, and

gq and so the sum of these three corresponding real contributions to the hard functions
is constrained to equal this total:

2 €
Qs (. (1,R) (1,R) (1,R) Qg ! 2 3 19 7,
o (He+e_~>q(j+He+e_—>qg+H€+e_~>gq) C <Q2> <+6+2_6 : (6.17)
(LR) (LR)
Additionally, we note that, by charge conjugation, the hard functions H .’ ~ g =H_ " g
and so we only have to explicitly calculate the hard function H (+6 ) g

The hemisphere WTA flavors are diagonal, ete™ — ¢g, if the gluon is the lowest energy
particle, so that the WTA axes always lie on the quark and anti-quark. The real contribution
to the hard function is thus

2 €
R H 1 —€ —€ —€
He('l*‘e—)aqq*:CF <Q2> F(l_e)/dl‘ldl‘g (1—1‘1) (1—1‘2) (331+£L‘2—1) (6.18)
ri+ad—e(2—x1—12)?
(I—z1)(1—22)

2\ € 5
i 2 3 —g+4log2 119 7 2 7 5
=Cr (55| | G+ o+— 45 — P+ 5 log2—log3+4log”2

F<Q2> <e2+e+ e o1 " tgs 0gs+alog

2
+2log? 344 Liy (3)) ,

where Lis() is the dilogarithm function. Summing this with the virtual contribution identified

@(1‘1 —|—$2—1) @(21‘1 +.’B2—2) @(3}1 —|—2x2—2)

earlier, the one-loop flavor-diagonal hard function is

2\ (=2 +4log2
g =Cp (,u ) (w—;i gl g2—§log3+4log 2+2log? 344 Li, <§>>
€

(6.19)
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Importantly, all soft divergences have been explicitly canceled, and the remaining 1/e diver-
gence is purely collinear and can therefore be removed by collinear renormalization described

. . . 1 1
in section 3.2. The hard functions Hé+)€_ “ag and e(+)e g A€ then
27 g(LR) (1)
(1) _ M _os oo etem—qd
He*e*—)qg - He*e*—{ch - : 9 (620)
2\ € 5
I —g+2log2 109 7 5 (2)
=Cfr| = -8 T " log2+=log3—2log?2—log?3—2Li .
F<Q2> < . +48 4og +80g og og io 3

From these results, we can then extract the one-loop anomalous dimensions ’yégq and véig

Note that v, = 733, and so

0 « o «

2 s g _ s (0) (1) s\~ g© (1)

12 8u2 27T e+e —qq _g ZHe‘Fe_*)ktjfyk—)q - % ; ete— %qk'yk—m (621)
— 1
=-2 o Fyfg—)ﬂl

Qg 5
=2.—Cp|—=+2log2]) .
o F( 8+ og)

The anomalous dimension %(11_19 is extracted from the evolution of the flavor changing process,

for example

8 o o Qa

2 s g _ % (0) s (0)

H© aMQ QWHﬁe*—)g(i 271- Z HeJref_}kq'yk*)g - % Z H€+67—>gk7k‘>q_ (6'22)
k

_ (1)
271' 7q

s 5
= 0r (2 - 210g2) .
27rCF<8 og>

Note that this result establishes that the flavor-preserving and changing anomalous dimensions
are opposite to one another at one-loop, yéﬁg = —’yégq. This is consistent with the general
relationship between these anomalous dimensions from section 4.3 because all quark-flavor

changing anomalous dimensions, ’Yél_)> e where ¢ # ¢, vanish at one-loop order.

6.3 Order-a; calculations: jet function

With the one-loop hard function calculated, we now turn to the one-loop jet function that
describes collinear evolution of the flavor of the WTA axis. We first review the procedure
of renormalization of the jet function through one-loop, as these results will be useful for
extracting two-loop anomalous dimensions and validating the general fixed-order expansion
formula of the jet function in section 7.

6.3.1 Renormalization

From the renormalization prescription, the jet functions are explicitly renormalized as follows:

TPU) = Zo s J D)+ Zy g TSN + Z Zysqr Jq,r,ejq : (6.23)
TP = Zo g JEN) + Zy g IR + Z L O (6.24)
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JEE) g TN 4 7 T 4 Z s Ty (6.25)

q—q a—9Y q—q’ q'—q
Jg(bj;e) = Zgaqjq(ig) + Zgsg girr; + Z Zg—q" Jq’r’eiq ’ (6.26)
Jg(bj;e) - g%qu(‘;%‘;) + Zg—g glf;; Z 9—q" ch’r’eig’ (6.27)

summed over intermediate quarks ¢” # gq. We have suppressed the arguments of these functions
for brevity here as well. At lowest order, !, only the diagonal jet functions are non-zero,
Jisj = 0ij + O(as). Therefore, the only non-zero renormalization factors are also diagonal:

Zfi*}j = 51']‘ + O(Ozs) . (6.28)

Through O(a;), the quark flavor-changing jet functions are still 0: Jyr—, = O(a?), and so
through this order, the renormalized functions are

Jibae) — 1 4 70 4 glen L 0(a?), (6.29)
Jégge) _ J(l ren) + Zgg +0(a?), (6.30)
g O(ag) (6.31)
I = 240, + S+ O, (632
J(bare) 1+Z§gg+JéLr;n) +0(a?). (6.33)

Here, the superscript 1 denotes the order in ag at which these objects are calculated.

6.3.2 q — q jet function flavor transition

We now turn to the explicit calculation of the one-loop jet functions. In this and all following
subsections, we will denote the energy of the jet as E; and the relative transverse momentum
between two particles produced in a splitting to be min[2?, (1 — 2)?]E262, where 2, (1 — 2) are
the energy fractions of the daughter particles and 6 is their relative angle. If the transverse
momentum of the splitting is above some scale k:i, the flavor of the WTA axis is that of
the more energetic particle. If instead the transverse momentum of the splitting is below
k%, then the flavor of the WTA axis is the flavor of the initiating particle, which is also
the sum of the flavors of the daughters.

With this set-up, the dimensionally-regulated, flavor-diagonal bare jet function Jq(}f;e)

through one-loop is

€ 2\ € r1 00
(bare) (2 1.2y _ asCr (471') Ho / / 2
Jo 50 (o, k1) =1+ o T(1—6) —E?] : dz ; do (6.34)
N2
(92) —e —26(1 _ Z)—2e (1 + (1 Z) _ 62)
z

x [6(202E5 — k1)6(1/2 - 2) + O(k? — min[2?, (1 - 2)2)02E3)| + O(a?)

asCr (12\ 1 {5 ( 7 ) )} )
=1 20} 212 —2log2 2 — —log2 — 2log®2 .
+ o (k‘i - |3 0g2+e€ 1108 og + O(a3)
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To evaluate this expression, we have used the ¢ — ¢g collinear splitting function and simplified
the integrand at intermediate steps using the fact that scaleless integrals vanish in dimensional
regularization. Further, note that the zero-bin jet function to this order is scaleless,

€ 2\ € roo 00
(zero,bare) (2 1.2\ _ asCr (47T) Ho / / 2
I (ug, k1) fi—o\£2) Jo dz ; e (6.35)

T
( ) 1- €y —1- 26(1_2)—26

[ 292EJ k) + 00k - 226°E)] + 0(a?)
+

where we take the z ~ k; — 0 limit in the integrand.
To eliminate divergences, we set the renormalization factor at this order to

1 asCp [ ud “1/5
ZM (d 1) = o <2> 6<8—210g2 : (6.36)

u

so that the renormalized WTA jet function is

T (P k) = I (. k) = 238, (5 %) (6.:37)
asCr () 1 [5 ( 7 ) )]
=1 — | —|z—2log2 2——log2—2log”2
T on (kﬁ) 2 R S I

asCr (12\ 1 (5 ) )
- PO) 2 (2 —2l0g2
5 <u2 -l g —2los2) +0(«)

aCF 5 M2 7 2 2
=1+ ‘;F ((8—210g2)10gki+2—410g2—210g2 +0(a3).

Its anomalous dimension is

asC
Vymsq = ?F (8 —2log 2) +0(a?). (6.38)

This is the same anomalous dimension as calculated from the hard function Hg+.—_ -

6.3.3 q — g jet function flavor transition

The WTA flavor is only a gluon if there is a resolved emission and it is harder than the quark:

T (s k1) (6.39)

a—g

~ s (B) [o=f

X (7)1 21— 2) 2 (”“‘Z) —ez) 0 ((1-2)20°E3— k% ) O(:~1/2)+0(a?)

z

a,Cp [ 61[ 5 ( 7 ) )} )
= 20 ) 2 =S 4+2log2+e€ | —24~log2+2log?2 .
o <kﬁ . 8+ 0g2+e€ +4 og2+2log +0(a3)
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For this jet function, the zero-bin explicitly vanishes because the gluon must be more energetic
than the quark. We set the renormalization factor to this order to

1 2 9y _ asCF M% ‘1 5
Zé—lg(ﬂovﬂ)— o (M2> 6<—8+210g2 ; (6.40)

so the renormalized WTA jet function is

TS (P kL) = I (g, k) — 2o (g, 1) (6.41)
— a‘;:F (}ﬁ)gi [Z +2log2+¢€ <2+ Zlog2+210g22>}
_ a;iF (Zé)i (-Z + 2log2> + 0(a?)
= 0‘2(7’:1“” <(_2 + 210g2) 1ogl’§ —2+4 ZlogQ + 2log? 2) + 0(a?).

Its anomalous dimension is then

sC 5
Ya—g = 0[2% (_8 + 2log 2) + 0(a?). (6.42)

This is the same anomalous dimension as calculated from the hard function H+.-_,g4-

6.3.4 g — g jet function flavor transition

Now, onto an initial gluon. For evolution into a gluon at the WTA flavor scale k2, the
contribution to the one-loop jet function from the Cy collinear splitting channel is 0 because
regardless of how the splitting occurs, there is perfect cancelation between real and virtual
emissions. However, there is a non-zero contribution from the Tz channel if the splitting
is unresolved:

€ 2\ € /1 o]
(bare) (2 g2y _ 1o G TrR (4m)° (g / / 2 4
Jo27 (o, k1) =1+ r T(-o\E2) Jo dz : do (6.43)

2z(1—2)

—€

€ 2\ €
4 QstuTr_(47) <“0> 1[—2+e(—17+4log2)}+0(0f§)-

X (02) 7126 (1—2) 2 (1— ) Ok —220°FE3)0(1/2—2)+0(a?)

2r T'(1—e) E € 18 3

The factor of ny appears because we must sum over all possible unresolved quarks. We set
the renormalization factor to this order to

anTr (p2\ 12
75, (g, 1) = — 2;; (;5) 3 (6.44)
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so the renormalized WTA jet function is

T (2 k1) = Je (12 k) — 2 (1, 1) (6.45)
OésnfTR 1[ 2 ( 17 4 )]
=1 L) I e — = + _log?2
T o k:)e 3Tl g 38

asnfTR 1o 12 2
=] -=+0
+ 27 <,u2> €3 +0(a)

Its anomalous dimension is

2asnilgr
Yooy = —5 e+ 0(3). (6.46)

6.3.5 g — q jet function flavor transition

For a quark from a gluon, this only occurs if the splitting is resolved and the quark takes

away more energy than the anti-quark:

€ 1/2
sy 2 g2y — 25T _(47) (%) / " / 46 (6.47)
0

94 2r T'(1—¢) \ EZ

< () 1) (1 2251__6'2)) (=203 — k%) + O(a?)

asTr (4m)¢ ([ 61[1 <17 2 ﬂ )
= — (20 - |- — — Zlog?2 :
or T(1—e) (lﬁ c 13 Te\36 " 3loe2)| FO()

We can then set the renormalization factor through this order to

2 €
1 _ Tk (pg) 11
Ze = =5 (MQ “3 (6.48)

and the renormalized WTA jet function is

Tgsq(ky) = JP% (k) — 20, (6.49)

9—q

asTr (13\°1 [1 (17 2 )} asTr (p2\ 11 )
- 200 2|z 7_71 - LU I
21 (/ﬁ <137 \36 or \p2) c37 0@

asTr p? 17 2 9
- “lo Zlog2 | + O(a?).
o <3 %61z T35 3% >+ (a5)

Its anomalous dimension is

+ O(a?). (6.50)

T9ma = 379
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6.4 One-loop jet function summary

We now summarize the results from calculating the one-loop jet functions for all possible
flavor transistions. The scaled anomalous dimensions are:

5 5
Vithg = Cr (8 —2log 2> . e =Cr (—8 +2log 2) : (6.51)
1 2
’Y_(gl—)>q = §TR7 ’Y_((]D)g = _gnfTR .

These one-loop anomalous dimensions equal the corresponding results derived and used in
ref. [13] for one-loop evolution of the WTA flavor from the perspective of modifying DGLAP
evolution. The scaled one-loop constants of the jet function are

cégq =Cp (2 - ZlogZ — 21log? 2) , cgllg =Cf (—2 + ZlogQ + 2log? 2) ,  (6.52)
17 2 17 4
1) _ 1) _
cg_)ﬂ]—TR <36310g2> , cé_)m—nfTR <18+310g2> .

These results are also collected in appendix C, along with the explicit expression for the
hard function.

7 Order-o? calculations with ¢ — ¢’q’q matrix element

With results at one-loop order established, we now move to studying the predictions and
consequences of the WTA flavor factorization ansatz at O(a?). In this section, we will focus
on flavor transitions in the jet function, validating that the factorization ansatz and its
renormalization procedure produces identical results to explicit calculation with complete
matrix elements. For all of these analyses, we focus on the collinear splitting of an initial
quark ¢ into quarks of new flavors ¢/, ¢, ¢ — ¢} ¢bqs. What is particularly interesting about
this splitting is that there are multiple WTA flavor channels that are present. This is the
first order at which both quark flavor changes can occur, e.g., ¢ — ¢/, as well as non-partonic
WTA flavor can be produced, e.g., ¢ — (qq’), where the two partons ¢ and ¢’ lie within a
relative transverse momentum of ki of each other. Crucially, we will demonstrate that the
zero-bin is indeed scaleless and the resulting jet functions have no IR divergences, which also
ensures that the non-partonic WTA flavor jet function has no UV divergences at this order.

The bare jet function for transition from the initial quark ¢ to a final flavor f can be
calculated from this splitting via the master formula

2, bare
J¢§—>f (1. K3) :/dq):s\/\/lqﬁqiqéqﬁ OwTa - (7.1)

d®s is differential three-body collinear phase space in d = 4 — 2¢ dimensions. Explicitly,
this is [52, 53]
41—5E4 E2 —2€
d(I)3 — J ( J)
(4m)5—2¢ T'(1—2¢)

AT, d0T5 dpdz1 dz 2> 2y 2 2572 (67,) " (615) “sin > 9,

(7.2)

for phase space coordinates formed from pairwise angles 6%,,6%;, azimuthal angle ¢, and
energy fractions z;, with z; + 29 + 23 = 1 on a jet with total energy E;. By the law of cosines,

— 922 —



the azimuthal angle ¢ is defined in terms of the pairwise angles as
9%3 = 9%2 + 9%3 — 26019613 cos . (7.3)

|Mq—>‘?iq§%’2 is the squared matrix element for this collinear splitting where [54, 55]

2 CpTRr 1
My arara® = (8mpie 7.4
| q—>q1q2q3’ ( THo ) 2E§ 21220%2 (21220%2 + 21230%3 + 22230%3) ( )
2
% _ 21229%2 22:3 9%3 — 9%3 Z1 — k9
21229%2 + 21239%3 + 22239%3 1— 23 9%2 21 + 29
4 — 29)? 2
e R C k) SRR (U 2l —iE
21+ 29 2’12’2912 + 2’12’3913 + 222’3923

Finally, ©Owra is the WTA flavor measurement function of the phase space variables that
depends on the specific WTA flavor f and scale ki

At this order, the WTA flavor constraints are very complicated, so we can’t necessarily
hope to evaluate the jet function in closed, analytic form. Therefore, we will restrict
calculations to leading-logarithmic accuracy, at which splittings are described by strongly-
ordered emissions. In the hierarchical collinear limit of the ¢’¢’ pair, and averaged over their
relative azimuthal angle, the squared matrix element is

2 CFTR 1
M, 10 8
| q—>q1q2q3’ ( THo as) 2E§ 212223(1 - 23)9%29%3

[_ 8212923 4zg + (21 — 2:2)2

(7.5)

1-2¢)(1—2z
(1—23)3 1 — Z3 +( 6)< 3)
We leave a thorough calculation of the jet function to future work, and its consequence on
higher logarithmic accuracy WTA flavor evolution.

7.1 UV to IR quark flavor change

We will start our analysis here by studying contributions to the quark flavor changing jet

function J CE_)) g

dependent on the UV renormalization scale u?.

, with ¢’ # ¢, to validate the structure of the factorization ansatz that is

7.1.1 Calculation from evolution equations

Our first step will be to calculate the jet function J,_,,(u?, k2 ) from the explicit solution
to the evolution equations, eq. (6.11). Because the quark flavors are distinct, ¢ # ¢/, there
are no contributions to the jet function at either O(a?) or O(a}l). The leading contributions
start at O(a?) and can be expressed as

Qg 2 1 1 1 1 ,UQ 9
Jpsg (12,62 = (277) (227§lk7](€_)>q, log? kg S Zﬁikcwﬂé) g -+ 1,
k

+0(a?). (7.6)
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By the structure of the one-loop jet functions, the only possible intermediate particle k that can
connect two quarks of differing flavor is a gluon, and so the jet function to this order reduces to

2 2 2
2 2y [ Qs L 1y 2 M 1 (1) (2) 15 (2)
Jq—ﬂl’(u 7kJ_) - (27T) (2 Q*)gfygﬁq/ log E + (’Yq%gcgaq’ + Vq%q’) log % + anq/
+0(a3). (7.7)

Plugging in the corresponding one-loop results summarized in section 6.4, this jet function is

2 7.2 as)? 5 1 o 11
1L
) 17 2 2
+ (CFTR (—8+2log2> (36—310g2) —l—’yézq,) log%—i—cgqll
+0(a?).

e . . (2) (2)
We are still missing the two-loop anomalous dimension Vo—q' and constant c s

knowledge of the jet function through this order. However, we will next validate that the

¢ for complete

leading-logarithmic term is correctly reproduced with the renormalization prescription which
then correspondingly enables extraction of these values from the explicit calculation of the
bare two-loop jet function.

7.1.2 Calculation from explicit renormalization
Using the general renormalization prescription of the jet function from section 6.3.1, we can
evaluate the two-loop renormalized jet function for the ¢ — ¢’ transition via

J(bare) o J(2,ren) + Z(l) J(l,ren) —|—Z(2) ) +O(O&§) ' (79>

q—q" T “Yq—q 497 g—q q—q

We will focus here on calculation of the leading logarithmic terms at O(a?2) in this jet function,
and so we only need to calculate each term in this relationship to leading logarithmic order.
The leading logarithmic contributions to the product of the one-loop renormalized jet function
and the renormalization factor are

2 2\ € 2\ € 2\ €
(1) yren) o (@s\" Crlr (5 R N R R

Zatgdy g D(Zw) 3 8+2log2 2] 2 |\e 2 (7.10)
as\ 2 1 5 2 w2 5 4 ud P
== Tr|-(—= 4+ Zlog2)log 5 + [ —— + = log2 ) log 2 log -
(277) Crlr e< 21 38 ) ngi+( 23" ) 0827082

5 1 w2

—— 4+ - log2) log? =

~I—( 48—1—30g>0g ki

Next, we need to evaluate the bare jet function as described by the master formula
of eq. (7.1). We have already presented the expression for the differential phase space
and squared matrix element relevant for this transition; now, we need to construct the
measurement function ©wra that establishes the quark ¢’ as the WTA axis. Because there
are no flavorless particles in the ¢ — ¢} ¢5gs final state, there cannot be any particles within a
relative transverse momentum scale k2 of the quark ¢’. The WTA axis is defined through
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pairwise reclustering with the kr algorithm, so, for a jet with three final state particles, we
must consider three possible clustering histories. If ¢’ is initially clustered with either ¢’ or
g, we must require that the ¢’ is more energetic than its cluster partner and together they
carry more than half of the jet’s energy. If instead ¢’ and ¢ are clustered together first, the
¢’ quark alone must carry more than half of the jet’s energy.

These considerations produce the complete measurement function for WTA flavor of
¢ in the ¢ — ¢\ghqs collinear splitting to be

Owra = O (min[z%, 22103, — Z%Q%Q) ) (min[zg, 2202, — 2%9%2> (7.11)
G @ - Z3) O(zy — 21)0 (2393233 - kﬁ)
+© (min[2f, 2310, — 2363;) © (min=?, 23]6%; - 2303;)
x O (; - 21> Oz — 23)0 (2303, E5 — k2 )

. . 1
+0O (2%9%2 — min[2?, z§]0%3> ) (232,9%3 — min[2?, 2:32,]9%3> ) <22 - 2)

X {@(21 — 2’3)@ ((1 — Z2)29%2EL2] — ki) + @(2’3 — 21)@ ((1 — 22)29§3E3 — ki)} .

In these expressions, because we utilize the WTA recombination scheme, the relative transverse
momentum from a reclustered pair of particles is measured with respect to the harder of
the two in the cluster. One thing to note for this measurement function is that its zero-bin
explicitly vanishes in the limit that z1,2z0 ~ k; — 0.

Restricting to validating the leading-logarithms of the jet function, the measurement
function simplifies significantly. At leading logarithmic accuracy, the ¢}¢5 pair are para-
metrically more collinear than their angle to the final-state g3, and so we can expand the
measurement function in the limit where 03, < 075 ~ 63,:

2
Owra — O(#%; — 02,)0 (; — Z3) O(z — 21)0 (9%2 — Zg) : (7.12)
J
Because we require that ¢4 is relatively hard, there are no divergent soft limits for this
flavor configuration, so just to extract the leading logarithms, we can ignore energy fraction
modifications to angles, as they will only vary the argument of the logs by an order-1 amount,
and are therefore subleading.
With these strongly-ordered collinear results, we can then integrate over the angles 6%,
and 62, and extract the leading divergent terms. We find

2,bare
TN = [ dy | MP Owra (7.13)
5 (%)2 CrTg ( pd 2El/dz g | — 8212223 n dzz + (21 — 22)° 1
2 4 \k2) &) 7T =) (1 — 23)2
1
X @(1 —Z1 — ZQ)@ (2 — 23) @(22 — Zl) s
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where we note that z3 = 1 — 29 — 2;. Performing the integral, we find

2 2 2e
(2,bare) Qg CrTgr Ho i (_ ) é >
J g D <27r> 1 <ki> 2\ 12 + 3Iog2 (7.14)
as)? 1 5 4 1 5 2 13
== Tr|— (——= 4+ -log2) + = (—— + =log2 ) log =2
<27r> Crln 4e2< 2 3% )+e( 21 3% > xR

) 2 ul
—— 4+ Zlog2) log? 22| .
+< 24—1—30g>0g ki]

Then, the difference of the bare jet function and the product of one-loop quantities is

J(2;bare) _ Z(l) J(lzren) _ J(2,ren) + Z(2) , (715)

q—q' q—9g—>q" T “q—q q—q

2 2
s 1/ 5 4 ) 1( 5 2 ) 12
(&) CpTr | (=2 + Z10g2) + = (=2 + Zlog2) log X0
<27r> FRLL@( 12 T3082) o Ty tgees)los

2 2

Xs 5 .2 2 Mo

&N OpTr (== + 210g2) (1092 K0

+(55) ot ( 24+3°g>(°g e

All remaining divergences can be absorbed into the two-loop renormalization factor, where

2 2 2

5 4 1 1 W 1 o

72 = (as) CrT <_ 21 2) 4+ —log B0 4 Zpe2 K0 7.16
vt = \gr ) CFIR\ T T 3082 ) {ga T g 08 a T8 o (7.16)

2 2\ %€
Qg 5 4 1 [ pg
= {—) CpTr|——+=log2 | — | = .
<27r) r R( TR R )462 (,ﬂ
Then, the renormalized two-loop jet function for this flavor-changing process is

2 2
(2,ren) g 5 1 > 9 1
; Gs Tr (== + Zlog2) log? £ 1
Jqﬁq D) (27_‘_) CrTg < 13 + 3 og og k?i (7 7)

which agrees exactly with the leading-logarithmic terms in the solution of the renormalization
group equation to this order, eq. (7.8).

7.2 UV to IR quark-gluon flavor change in Crn;Tr channel

The second WTA flavor configuration we consider is the transition ¢ — ¢ in the color
channel of this squared matrix element. This is especially interesting because this flavor
restriction requires that two collinear emissions ¢'¢q’ are unresolved, and we must sum over
all possible quark flavors:

2 2 2
|Mq—>g12Q3’ = Z ‘Mq—>q’1q’2q3| = nf|Mq—>(ﬁqéq3 ) (718)
q/

for ny massless quark species.

— 26 —



7.2.1 Calculation from evolution equations

To this order and in this color channel, the leading logarithmic terms from the solution of
the evolution equations are expressed as

7@

q—gnsTr

(n 1)
(:U’zaki) S (277) Ya—g 79—>g2+ Bo ’Yq—>g log? 11:2 _ (7.19)

Note the presence of the 3-function coefficient, because of its nyTg term. Plugging in the
values of the anomalous dimensions, we have

2 2
2 (67 ) 4 1%
J;_)>97nfTR (k%) o> — <2;> CrnyTr (—12 + 3 log 2) log? = . (7.20)
7.2.2 Calculation from explicit renormalization

To explicitly calculate this jet function from the collinear splitting matrix elements, we note
that the complete measurement function for the transition ¢ — ¢ here is

OwTta = O (min[zf, 23]9%3 — min[zf, 25]9%2) C) (min[zg, 23]933 — min[zf, 25]9%2) (7.21)
X © ( - 23) ) (ki — min[z3, z%]H%QE?,)
x [0(21 = )0 (30LE3 — k1) + O(25 — 21)0 (363,55 — k2] -

We require that the pair ¢} ¢, are unresolved, and have a relative transverse momentum less
than ki However, their relative transverse momentum to g3 must be larger than k2, to
ensure that they have a flavor distinct from the initiating quark. Focusing on the leading-
logarithmic limit, we take the collinear limit in which ¢} ¢} are strongly-ordered where the
measurement function then becomes

Owra — O (; - zg,> O (k1 - 03,E3) © (0% E3 — k1) . (7.22)

Again, we can ignore overall scalings by the energy fractions because all must be order-1.
This correspondingly means that the zero-bin phase space constraints of eq. (7.21) vanish
as well, taking the scaling z1,2z0 ~ k; — 0.

Using this measurement function, the bare jet function for this flavor transition is

2,bare)
I = [ ds MPOwrs (7.23)
CanTR 8212923 4zg + (Z1 — z2)2
— 1
(271) 2 /dzl e e TR R

x © ( — 23>
2e
g 1 5

The renormalization prescription relates this bare jet function to the renormalized jet func-
tion as

2,bare) __ 2 ren 1,ren 1 A 1 M(2) ‘ 1,ren
JZpare) = j(aren) 4 7(1) | jitren) 4 (zggq + 5 Bo- (M) ) Jibren) 4 7@ o (7.24)
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Note that the color factor of the Zéﬂq.]q(ir;“) term is C%, and so doesn’t contribute to the
case at hand. The explicit S-function term is needed to modify the scale at which the coupling

is evaluated in Jéir;n) from ;2 to p3. Therefore, the renormalized jet function is

2 €
(2,ren) _ 7(2,bare) 1 1,ren as , 1 (g 1,ren (2)
Jq%g,nfTR - Jq%g,nfTR - Ztg—)w‘]g(—me ) - gﬁog <M2> Jq(—>ge ) - Zq%gvnfTR : (7.25)
The difference of the bare and one-loop renormalized factors is
J(Q,bare) Z(l) J(l,ren) as , 1 ,u% 6J(l,ren) 7.96
q—gnfTr~ “9—gYg—g _%Bog E q—g (7.26)
2 2\ 2¢€ 2\ 2e€ 4 €
Qs 5 4 1 Ho Ho Ho
—(Z2) ConsTr(——+-log2) = |[£2] +2(22) -2
- <27r> i R( 2738 )62 [(’ﬁ BV 12k2
2 2 2 2
Qs 5 4 1 Ho o271 2H0 , 2, 2 M 3
=— (271) CrnsTr (—12+3log2) =2 1+2elogp+26 log ﬁ—i-e log E—i—(’)(e )| -

Then, all residual divergences can be absorbed by setting the two-loop renormalization factor to

2 2 2¢
2) __(as 5 4 L (o
Zq—>g7nfTR - (27’[') CanTR <_12 + g log 2) 672 E s (727)
so that the leading-logarithmic terms of the renormalized jet function are
2 2
2,ren) « ) 4 o K
Jé%ge’nfTR D - (2;> CrnsTgr (—12 + 3 log 2) log E’ (7.28)

which agrees exactly with eq. (7.20).

7.3 UV to IR quark flavor conservation in Crn;Tr channel

The final partonic WTA flavor in this splitting is the flavor-diagonal transition, ¢ — ¢. Now,
both resolved and unresolved splittings contribute to this transition and further, the zero-bin
will be non-trivial. As with the transition ¢ — ¢, we will need to sum over all possible
flavors of the pair ¢/¢’ in the matrix element.

7.3.1 Calculation from evolution equations

From the fixed-order expansion of the solution to the evolution equations, the possible leading
logarithmic contributions to ¢ — ¢ transition take the form

J2

qa—q

2 (1) (M) 1 (@ (1) 2
(12, k2) > <§;> Yg—>q Vg—q T 7q—>2g Yo=q + BoVg=2q log? ]% ‘ (7.29)
1

Note that neither ’yf(qu 'yégq nor ’yf(jgg %Qq are proportional to ny; only the By term is.

Therefore, we have

2 (1) 2
2 Qg 607 M
I o074 > (52) P o (7.30)
1
s\ 5 2 ©?
== Tr (-~ + - log2)log® =
(27?) Crny R( 21 T3 ) 8 K2
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7.3.2 Calculation from explicit renormalization

Now, we move to explicit calculation of the renormalized jet function from its bare version.
The measurement function for WTA ¢ flavor is a rather large mess; namely

Owra = O (2703, —min[=}, 23103, ) © (2363; —minl:7, 23)6%, ) (7.31)
1
<O (23—2> (01— 220 (363,53 —k2 ) +0(22—21)0 (563,55 —#2 )|
+0 (min[ef, 2510, ~min(=}, 25]6;) © (min[=3, 23], —min[27, 23101, )
X {@(21 —22)0 (kzﬁ_ —min[z?, z%]@ﬁE?;) +0(22—21)0 (ki —min[z3, z§]9§3E?,ﬂ
+6 (min[23, 23103, —min[=3, 23103, ) © (min[23, 23]03; — min[23, 23]0%;)
1
x 0 (min[zf, zg]H%SE?]—ki) © (21 +2z3— 2) O(z3—21)
+6 (min[27, 23]6%, —min[23, 231035 ) © (min[2?, 23]6%; — min[23, 23]63;)
1
X © (min[z%,z%]@%P,E?]—ki) ) (ZQ+23— 2) O(z3—22).
In the first two lines, the ¢} ¢, pair is clustered first, but resolved from the g3 and relatively
soft; in the third and forth lines, all particles are within &k, of the ¢ and so there is no energy
constraint imposed; on the fifth and sixth (seventh and eighth) lines, ¢} and g3 (g5 and g3)
are clustered first but resolved, separated beyond a relative transverse momentum of k:i

Unlike the previous two flavor transitions considered, there is a non-trivial zero-bin of the
phase space constraints from taking z1,z9 ~ k| — 0, where

0 12 2102 202 202 202 202 12 2
(_)%V)TA = 9 (mln[zl, 22]912 — 21013) @ (Z2923 — 21013> @ (21913EJ — kL) (732)
+© (min[2}, 23]6%, — 2303;) © (2103, — 2303;) © (303,55 — k% ) .
Here, we have ignored constraints that produce manifestly scaleless integrals. While this
zero-bin will not be needed at leading logarithm, it is critical to check that no soft contribution
affects the extraction of the two-loop anomalous dimension of the jet function. We show
in appendix B this contribution is indeed scaleless and therefore vanishes after appropriate

rescalings of the variables.
For our leading-logarithmic calculation, the collinear limit of the measurement function is

OwTta (7.33)
—© (min[2?, 23103 —min[=?, 23103, ) © (min23, 23103, —min[=3, 23103,
1 . .
x O (2 —Zg) [@(zl —29)0O (ki —mln[z%, z%]@%;sE?]) +0(22—21)0 (kf_ —mln[z%, 232)]9%35)3)} ,

where we have ignored scaleless phase space constraints. Note that these constraints then
eliminate the soft divergence 21,22 — 0, and so, for extracting the leading-logarithmic
prediction all energy fractions are order-1, and therefore their specific values only contribute
at next-to-leading logarithmic order. Then, at leading logarithmic accuracy, this phase space
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constraint can be expressed as

Owra = © (01— 03,) © (; - 23) o (k2 - 0%LE3) . (7.34)

Using this measurement function, the bare jet function for this flavor transition is

J(2 bare) /d<1>3|./\/l| Owra (735)

q—qnfTr —
CanTR / 8212923 4z3 + (21 — 22)2
D — dz1 d — 1
(%) 4 R BT " (1 —23)2 "

1
X@(—Zg)
2 2e
Qg wo 1 5 2 >
= T — |-+ =1log2) .
<27r> Crns R<k2> 62( 21 3%

The renormalization prescription relates this bare jet function to the renormalized jet func-
tion as

s 1 ‘
JEpare) — gen) o 7(1) y(lren) | (chgq +5ubor (Z()) ) S A (130

99 g—q a—q

Of the terms involving one-loop renormalization, only the S-function term is proportional
to ny, and its difference with the bare jet function is

2
J(Z,bare) o %,801 <1u0> J(l ren) (737)

q—q 27[. € /1'2 q—q
2 2 2e 2 2e 4 €
Qs 1 5 2 > Mo Mo Mo
=) CpniTr= [ —— + = log?2 Lat) 259} —2
> (5 mme (55502 (1) 2 () (2
2
Qs 5 2 1 2/10
=(=2) Cpn;Tr|—-—— log 2
(27r> F"fR( 24+30g)

All residual divergences can be absorbed by setting the two-loop renormalization factor to

2 2\ 2€
(2) (s 5 1 [ u5
Zq—ﬂ],nfTR - (27_[_> CanTR <24 + gl ) ? ([ﬂ) s (738)

so that the leading-logarithmic terms of the renormalized jet function are

1+ 2e log —|— 2¢? log

—i—e log? k:2 +(9( )]

(2,ren) Qg 2 5 9 N’Q
o g Tr 2 o CrnyTr o4 + log2 log R (7.39)
which agrees exactly with eq. (7.30).

7.4 Non-partonic flavor: ¢ — (qq’)

Finally, with this matrix element, we must also comment on the possibility that net non-
partonic flavor is contained with a region of transverse momentum k% of the WTA axis.
There are two possible configurations, but we will just focus on the transition where ¢ — (¢q’)
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and ¢ # ¢, where (q¢’) means that the quarks ¢ and ¢’ compose the WTA region. The
measurement function for this configuration is

OwTa = © (min[zf, zg]ﬁﬁ — min[z%, 23]953) C) (min[zf, zg)]ﬁfg — min[z%, 23]933) (7.40)

2
X {@(22 — 23)0 (zf@fQE?] - ki) + O(2z3 — 22)0 (259%3&2, - ki)}

1
x © (kﬁ_ — min[23, z§]0§3E3) S) <22 + 23 — >

Note that the quark ¢ must be resolved, so this measurement function forbids the limit in
which the pair ¢} ¢, become collinear, 615 < 613, 653. Thus, only the overall collinear limit,
010 ~ 013 ~ O3 ~ k1 — 0, can possibly contribute.

However, there is a non-trivial soft limit of the phase space, z1,20 ~ k; — 0. The
zero-bin measurement function is

OWra = © (min[=, 3103, — 5303;) © (303, — 2363;) © (k1 — 2303,B3)  (7.41)
x © (203,55 — k1) .

Following the analysis given in appendix B, we actually find this contribution is once
again scaleless.

This is further a strong validation of the factorization ansatz because a non-scaleless
zero-bin would indicate that there would be non-trivial production of non-partonic WTA
flavor from one-loop renormalization. However, the fact that J @

9—(qq")
means that at higher orders, there will be collinear divergences and in general, Jg_,(g4) Will

is non-zero but finite

need renormalization. This is entirely consistent with the factorization ansatz, because jet
functions are only renormalized “on the left”; that is, at the scale p?, evolved up from the
measurement scale ki The jet flavor in the UV as produced from the hard function must be
partonic, but can become non-partonic in the IR because of the finite size of kﬁ_ In particular,
the renormalization group evolution of this non-partonic flavor is identical to that presented
in section 5.2 for WTA quark flavor ¢, with the replacement in the jet functions of j — ¢
to 7 — (qq¢’). The anomalous dimension matrix would be identical.

8 Numerical analysis

In this section, we will use the results derived above and present predictions for the WTA
flavor evolution at leading-logarithmic (LL) and leading-logarithmic prime (LL’) accuracy.
Here, LI/ accuracy means that one-loop low-scale constants are included in the hard and jet
functions, which are formally only needed for next-to-leading logarithmic accuracy (NLL).
This will enable a study of the sensitivity of the scale dependence as well as improved in
precision as higher-orders are included. Nevertheless, a complete study at NLL is necessary,
especially to match to next-to-next-to-leading order predictions.
What we will plot is the cross-section prediction from the factorization ansatz

Octe=—frfr — Z He*e*%ijR(Qa MQ) JjL—>fL (:u27 ki) JjR,—>fR (/UJ27 ki) ’ (81)

JLyJR
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as a function of the center-of-mass collision energy @, with a fixed value for the measurement
scale, k| = 2 GeV. This measurement scale is comparable to the scale of the end of the parton
shower and at which non-perturbative effects begin to become important. However, 2 GeV is
still sufficiently perturbative that we can study the effect of variations of this scale on the
results. By construction, the factorization ansatz is independent of the renormalization scale
1?2, so we can conveniently set it to pu? = Q?, for which the hard function is just evaluated

at its natural scale and does not evolve:
Oete~—frLfr = Z H€+6_—>ijR(Q27 Q2) JjL—>fL (sz ki) JjR%fR(sz ki) . (8'2)
Jr.Jr

While there are numerous possible WTA flavor combinations, here we will restrict ourselves
to just displaying three results for brevity. Nevertheless, all possible flavor configurations
through LL’ accuracy can be predicted with the results summarized in the appendices.

Another thing to note is that, because the hard function is only evaluated at one-loop
and does not evolve, this dramatically reduces the sum over intermediate parton flavors. At
one-loop, the only possible flavor change is of one of the initial quarks into a gluon, and
so the WTA flavor cross section can be expressed as

Oete——frfr — Z [He+e——>qq(Q2v Q2) Jq—>fL (Q27 ki) J§—>fR (Q27 kﬁ_) (83)
flavor ¢
+ He‘*e—%qg(QQv QQ) Jq—>fL (Q2’ ki) Jg—>fR (Q27 ki)
+He+e—%g(j(Q27 Q2) Jg—>fL (Q27 ki) J§—>fR (QQ’ ki)} .

Additionally, for simplicity, we will consider the natural scales of both of the jet functions to
be identical and equal to the scale u?, which is of the order of k2. This scale choice is not
exhaustive nor the most general, but will demonstrate sensitivity to higher-order effects.

We first consider the case of quark flavor conservation, o.+.-_,q, isolating the term
in the sum over intermediate flavors g for which ¢ = f;. This contribution to the WTA
flavor cross section can be expressed as

Octeag 2 Here qq(@% Q%) Jymq(@° K1) Jg-q(Q% K1) (8.4)
+ He+e*—>qg(Q27 QQ) Jq—>q(Q27 ki) Jg—ﬂi(Qza kﬁ_)
+ He+e*—>g¢7(Q2, Q% Jg—>q(Q27 k%) Jti—ﬂi(QZa k).
With the natural scale of the jet functions the same, then we note that this further simplifies,
exploiting charge conjugation,
Oete g D Hot o og( @ Q) [T @ )] (8.5)
+ 2He+e_%qg(Q27 Q%) Jq%q(Q% k1) Jg%q(QQa k1)

Next, we consider the case in which an initial anti-quark, for example, has transformed
into a gluon, o.+.-_,4, but the quark flavor ¢ is conserved. We have

Oete——qg > He+e——>ch(Q2a Q2) JQ—NJ(Q27 ki) Jq_X(](Q27 ki) (86)
+ He*e*%qg(@% Qz) Jq—ﬂI(Qzﬂ ki) J9—>9(Q27 ki)
+ He‘*‘e‘%gq’(@% Q2) J!]_NZ(Q{ ki) <j—>g(Q27 ki) .
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Figure 1. Plots of the cross sections of the WTA flavor in each hemisphere of eTe™ — hadrons
events as a function of center-of-mass collision energy @, for the transitions ete™ — ¢q (upper left),
ete™ — qg (upper right), and eTe™ — ¢¢’ (bottom), inclusive over all ¢’ # ¢, . The measurement
scale is set to k| = 2GeV and the number of active quarks is ny = 5. Uncertainty bands represent
variation of the natural scale in the jet function by a factor of 2 about k.

Again, exploiting charge conjugation, this simplifies to

Oete——qqg ) HeJre*—)qzj(QQ: Qz) Jq—>q(Q2> ki) Jq—>g(Q2a ki) (8-7)
+Het o g (Q% Q%) [J4ma(Q7 D) Jysg (Q7 KD+ Ty (Q7K2) Ty (Q,42)

The final example we consider is the case in which a single quark transforms into any different
flavor of quark, > . Octe-_qq, such that the WTA flavor in the hard and jet functions
differs, ¢ # q,q. We have

ZaeJre —qq’ 2 Z ete™ —>qq Q2 Q ) q—>q(Q27 ki) ch%q’ (Q27 ki) (88)
+ Z He+e‘%qg(Q23 Q2) Jq%q(Q2a ki) Jg%q’(Qa ki)

q/

+ Z He‘*’e‘%gd(@% Q2) Jg%q(Q2v ki) Jq—>q’(Q2) ki) :
q/

Exploiting flavor symmetry, this simplifies to
Zae+e——>qq’ ) 2(nf_ 1)He+e——>qtj(Q27Q2) Jq%q(QQ’ki) Jq—>q’ (Q27 ki) (89)

q 120~ 1) Hyre g (@Q%) Jasg (@21 [ g (@2 K3+ g (Q2.1)]
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We plot these WTA flavor cross section predictions as a function of the center-of-mass collision
energy in ete~ — hadrons events in figure 1. For the LL prediction, we have multiplied the
predicted flavor cross section by the total cross section oo so that the LL and LL’ predictions
have the same normalization. On these plots, we have included representative scale variation
bands, corresponding to varying the natural scale u; of the jet functions by a factor of 2 around
k, = 2GeV. Going from LL to LL' dramatically reduces the scale sensitivity, which can be
understood from the fixed-order expansion of the jet function in eq. (6.11). Inclusion of the
one-loop constants ¢(!) explicitly eliminates the single-logarithmic terms proportional to ¢(*)
that arise from variation of the scale k% at order-a2. Further, there is a natural hierarchy in the
WTA flavor fractions, Ot g9 ~ QsOcte——qq AN Tt e yqq) ~ QUsOcte—sqq, TEPresentative
of the order in «ay at which the transition is first allowed. Until nearly @@ = 20 GeV, the
Oete——sqq CLOSs section at LL’ accuracy is negative, which is a consequence of missing the
complete low-scale matrix element J,_,, (s (p%), as(k%)) that first contributes at O(a?). At
sufficiently high @, the logarithms dominate, ensuring that the cross section is positive.

9 Conclusions

A theoretically well-defined notion of jet flavor has important consequences for high precision
calculations with exclusive heavy flavor production, for classification and identification of
jets of different origins, and for constraining correlations between the final state and initial
state for improved extractions of parton distribution functions. We have extended the
WTA flavor prescription of ref. [13], establishing a factorization ansatz for jet flavor that is
systematically improvable and can be incorporated with fixed-order results. The evolution
of flavor in the flow from the UV to the IR is governed by a modification to the DGLAP
equations, and zero-bin subtraction is vital for ensuring that IR divergences are eliminated.
We have demonstrated consistency of the factorization ansatz through two-loop order, and
look forward to studies that push the precision boundary.

The calculations and factorization ansatz presented here are just the beginning of the
exploration of the utility of this WTA flavor definition. In most practical use cases, jet
flavor would be applied to production of heavy quarks, charm or bottom, and so quark
masses will be important. Here, all calculations have been presented for massless quarks,
which would implicitly require that the IR scale is parametrically larger than the quark
mass, kf_ > mg. However, relevant quark masses are on the scale of a few GeV, at the same
order as the end of the parton shower, and so this massless flavor theory must match on
to other theories that incorporate masses. For high-energy jets, but assuming the scaling

k:i ~ mg, we would match onto a quasi-collinear theory, for which one-loop jet functions
can be calculated from known results [56, 57]. At even lower cutoffs, k% < mg, we would

match onto a version of (boosted) heavy quark effective theory [58-62], and further may
possibly need to incorporate heavy quark decays.

While the jet flavor is a purely perturbative notion, requiring partons on which to be
defined, to be incorporated into real, experimental measurements would require an interface
with hadronization. Further, the exclusively collinear nature of the WTA flavor factorization
ansatz implies that this can be incorporated by another universal fragmentation function
that would describe the transition of a parton of flavor f at the scale k% into the hadron
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that lies along the measured WTA axis at a scale comparable to the QCD scale, A(QQCD. First
studies into the distribution of hadrons about the WTA axis were presented in ref. [63]. Just
as for the functions in the perturbative factorization ansatz, the scale dependence of this
partonic-to-hadronic flavor transition would be governed by modified DGLAP equations, but
there is a subtlety now with flavor. Partonic flavor would have to be mapped to different
hadron species, which muddies a short-distance interpretation of flavor, but would much more
naturally connect with practical experimental definitions of heavy-flavor tagged jets. In this
way, these hadronic flavor fragmentation functions may have a close relationship with track
functions [3, 64-67], that describe the production of electrically-charged hadrons from partons.

A piece of the two-loop anomalous dimensions will involve next-to-leading order timelike
splitting functions [6, 68-70] separated into distinct flavor channels. Some more recent studies
have developed this further, especially for application in a next-to-next-to-leading logarithmic
parton shower [53, 71, 72]. Splitting functions, however, measure the energy of a single
particle in the splitting and are inclusive over all other particles, but the definition of the
WTA axis requires re-clustering particles and measuring the hardest particle at each stage
of the reconstructed branching history. Thus, part of the two-loop WTA flavor anomalous
dimensions will be the probability that a particle produced in the splitting will have energy
fraction greater than 1/2, but clustering effects will be significant. Nevertheless, a fruitful
way forward to higher precision may be to first extract universal or clustering-independent
anomalous dimensions, especially if clustering effects can be expressed as a purely subleading
logarithmic effect.

Because the WTA flavor evolves due to collinear splittings, the flavor jet functions are
universal. Factorization of WTA flavor at hadron colliders like the LHC then only requires new
calculations for the hard function that establishes the WTA jet flavor in the UV. However,
incorporating WTA flavor in a high-precision fixed-order calculation may be non-trivial
for a couple of reasons. First, the WTA flavor is not IRC safe, so standard subtraction
methods, e.g., refs. [73-81], cannot immediately be employed out of the box. Second, the
flavor information of individual particles must be retained along with reclustering and WTA
recombination throughout the calculation, which is more exclusive and complicates phase
space boundaries. Nevertheless, the factorization ansatz requires that the divergences of
the hard function are universal and exclusively collinear in nature, and so there may be a
flavored subtraction scheme that can be used to isolate the finite contributions of the hard
function. We look forward to these and other applications where the flavor of a jet can be
exploited and improve analyses to one’s own taste.
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A Explicit solutions for quark flavor with one-loop evolution

We first present the jet functions for the gluon WTA flavor with one-loop running, which
we can then take as input to the expressions for quark WTA flavor. From section 5, and
inputing one-loop values, we have

Jg—g (O‘S(:“Q)’O‘S(ki)) (A.1)

= Jyrg (os(13), a0 (k1)) (2982)))

2% Ty (05 (1), 05 (K2)) 420095 Tasg (@ (1), 05 (B2) 1< )\ T

2nf’Y.<§1—)>q +’Yél—)>g

Tyosy (00:04(K2) (A2)

1 1
2n v+t

= Jysg (s (p3), s (k7)) ( %(M? ) BO

as(p3)
(1) (1) 2nf7£(71*>’q+71(11*)>9
4 Ya-rg Jg—rg (s (15), 05 (k1)) +20 79959 Jgmsg (s (1F), s (KT)) 1— < a(p?) > Fo
2m 575 g+ as (13)

Connecting to the leading-logarithmic results of ref. [13], we would set J,_, (cs(p?), as(k?)) =
L and Jyog (as(p%), as(k?2)) = 0, which then agrees exactly with the results established there.
Note also that in this form, there are in general O(as) corrections to the value of the fixed
point as expressed exclusively in terms of ratios of anomalous dimensions, through the
higher-order terms in Jy_, (as(u?), as(k%)), for example.

Only considering one-loop running, the quark evolution equations take a much simpler
form than the all-orders expression:

Oos | Jyoq (s, as

(1)

Yg>q 0 0 Ya—g Jgrq (s, s (k7))
_ 1 0 ’7151—)>q 0 7‘51—19 Ji—q (O‘S’ O‘S(kﬁ)) (A.3)
s 0 0 - éﬂg ’yﬁg Ty —q (s as(k1)) |

7§9>q 'Ys(ll—)w 2(ny — 1)%(71—)>q _Q”f’Yél—)ﬂl g (s, as(k1))

where [y is the one-loop [-function coeflicient and we have set v(gl_)ﬂj = 'yél_)> g = 0in the

anomalous dimension matrix. Now, there are only two distinct non-zero eigenvalues of
the matrix,

1

Yovras =755 — 18, (A4)
1

Y ray =7 (A.5)

— 36 —



Additionally, because the flavor structure is particularly simple through one-loop, we have
the sum rule that

1= Tgsg (0s(0%), 05 (kD)) 37 Jgrsg (00s(05%), s (k) (A.6)

= Ty (s (07, s (k) + 20T 5sq (i), (kD)) -

With the explicit solution for the jet function J,_4 (as(,uQ),as(ki)) from eq. (A.1), the
g — ¢ jet function is then

Jg—q (Ocs(,uQ),as(ki)) (A7)

1 1
2"f'y.t(zﬁ)q+'yt(1ﬂ)g

:L_Jg—w (Ozs(u%),as(ki)) (O‘S<N2)) %o
2ny 2ng as(p)

1 1
2"f"’s<;%)q+7tgﬁ)g

i Ty (0s(83), s () +20576 20 Ty (05 (13), s (k2)) 1_( ) ) 7o

2”f(2”f7§1—)>q +’Y<gl—)>g) as(13)

This relationship between Jy_, (as(?), as(k?)) and Jy—g (as(p?), as(k3)) only holds at
one-loop order, because at higher loops, there are more IR flavors that need to be included
in the sum rule.

With this jet function, it is then easy to determine the other jet functions. For example,
the quark flavor-conserving jet function satisfies the evolution equation

9 24\ _ 7151—)>q 2 ’Ytgl—)w 2

O[sai%g]q_ﬂl (Ozs,ozs(k:l» = —W Jq_>q (as,ozs(k]_)) —W Jg_>q (as,as(kj_)> . (Ag)
The solution is
Joa (05 (%), 05 () (A.9)
(1) (1)
nfrg—q =g
= Vtgl—)m 1— (O‘S(NQ) 7o
2n7(2n752q + Vi) as(17)

1
50Ty (0s(3), 0s(k)) — 20952 0 Ty g (0s(43), 05 (K2))

2 (2075 + 95,)

(1)

Yg—g
2ny — 1 2 2 ag(p?) | %
J, s yas(k
+ on; q—q (a (NJ) as( J_)) (043(,&3)
(1) Q"f”*rgl—)>q+71§1—)>g
+ Ya—g Jg—g (as(,u?]), O‘S(ki)) + Jg—q (QS(N3)7 O‘S(ki)) (O‘S(N2)> fo
2ny 2nf7§1_)>q + 'y(gl_)m as(p3)

For our numerical results, we also need the quark-flavor transition jet function, which satisfies
effectively the same differential equation with one-loop evolution,

0 23) — 'Ytggq 2 ’Yégg 9
o i (s os(k)) == G (s os()) — o Josq (05,5 (k1))

(A.10)
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because at one loop, yéﬂg = —’yégq. Its solution is then

T (@s(%), 0s(K2) (A1)
(1) 9 Q”f'ysg%q'*'ytgl—)m
_ Yg—>g 1— (as(,“ ) 0
2”f(2nf’}’£(/1lq + ’chgg) as(u3)

D Tyrg (s (12), as(k2)) — 207 g Ty sq (s (p2), a5 (k2))

1 1
2n (2075 + 15)

Yg—g
_ J4—q (Ozs(u%),as(ki)) as(p®) ) "
2ny as(u?,)
(1) 2 2 2 2 2 72%%%3[1%529
4 Da—g Jgrg (s (17), @s(kT)) + Jgg (s(pl), s (k7)) <Oés(,u ) 0
2ny an’yf(,gq + 7(529 Qs (M%)

because through O(as), Jyg (as(p?), as(k?)) = 0.

B Two-loop soft contributions

We analyze the matrix element at two-loops for the soft contribution to quark flavor production.
Since the soft emissions do not move the WTA axis, we may identify this axis as one of the
eikonal lines in the soft approximation, n, and we keep in the soft limit the definition of
light-cone fraction as the energy fraction, though this will not affect our conclusions. The
relevant matrix element can be lifted from ref. [82], and is given by:
2(n-k1+n-k2)(ﬁ-k1+ﬁ-k2)(k:1-k:g)—(n-klﬁ-kg—n-kgﬁ-k1)2
(n'lﬂ+n-k2)2(ﬁ-k1+ﬁ-k2)2(k1~k2) '

The momenta ki, k2 are the momenta of the quarks. We have dropped factors of ny, s,

(B.1)

|Mnﬁ—>q§’2 X

and color as these are inessential to our analysis, and let E; = 1, which can be restored via
dimensional analysis. The relevant phase space region is given by:

/ A qq (B.2)

ky-k k2
_ d d = = 2 12 2 2 1h2 1L
_/[d fr) . [d k‘2]+®(n ko —n kzl)(%(k:u kT)@(ku k:u)@ (n'km.@ (n_k1)2> :

d%k;
(27T)d71

This is simply the phase-space constraint eq. (7.32), written in the appropriate soft variables,

(] = OK)3(K?). (B3)

with the additional assumption that z; < z3. Analyzing the case zo > z; results in the same
conclusions. Making use of the on-shell conditions of the final state particles, and rescaling as:

2 =def. T - Ky, (B.4)

k2
gy = ML B.5
wok= (®.5)
29 — 2129, (BG)
kio— kiokiy. (B.7)
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We achieve:

_ dzidky, ky " dzadky ky ™ 2 2\o (2
/ A rgq = Qs / A= 5 5 (g Oz —1)0(k. — )0(k. 1)

X @(k‘%L — 22 — 229ky cos gblg) . (B.8)

The angle ¢ is the relative angle of the momenta projected into the transverse plane, i.e., the
angle between k1| and ko, and df)1o is the appropriate phase space measure. The integral
over zj is now unconstrained by the phase space, and the matrix element takes the form:

23ko) (k3 +25—2(1+22)koy (20+k3 | )cospra+k3 | (1+429+23))
Zlku_(l—i-Z%)(ZQ-f—k%l)Q(k%L +Z%—222k‘2l COS¢12)2

| Miiisqql* o (B.9)
The integral over z; is divergent, but upon appropriate regularization with a rapidity regula-
tor [83], is scaleless. We can repeat the analysis without using the light-cone approximation
to the energy fractions. This leads to a more complicated matrix element, but, the energy
fraction integral over zi, after the appropriate rescalings, is again unconstrained and now
regulated in dimensional regularization, and we conclude it is scaleless. We can repeat this
analysis for the phase space in eq. (7.41), once more finding scaleless integrals.

C Summary of one-loop results

In this appendix, we summarize the one-loop calculations presented in section 6 for both
the hard function for jet production in e*e™ collisions, and the jet function that describes
collinear flavor transitions. In these expressions, the coupling is evaluated at the scale 2,
as(u?), and satisfies the one-loop S-function evolution

Oa a?
where the one-loop coefficient is
11 2
The solution to the A-function is
Qs (mZZ)

as(1?) = ) : (C.3)

- 2
1+ —; ﬁologr’;—QZ

where myz = 91.18 GeV and we use as(m%) = 0.118.
C.1 Hard function

The general form of the hard function Het.—_,;, jR(Q2, ©2) through one-loop accuracy is

2
2,2 @ 1 K 1 2
Hetejijn Q% p7) = 5QJ'L5§J'R+§ <_fyé+)e—%ijR log 622+h£'*‘)e_*>ijR> +0(es).

(C.4)
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The relevant anomalous dimensions through this order are

5 5
f)é?e‘—)qq = CF < - 410g 2) ’)/(E-l‘r)e——)qg = véi)e—%gq = CF <_8 + 210g 2) . (05)

The low-scale constants are

(1) _ _73 7 _ 5 9 9 (2
h(#e,%q67 =Cp ( 21 + - 5 log 2 Zlog3 + 4log” 2 + 2log” 3 + 4 Lis 3))
(C.6)
1 1 109 7 . (2
hijeqqg . hé}quq — Cp (48 — Jlog2+ 2 10g3 —2log22 —log? 3 — 2Liy <3>> .
(C.7)
C.2 Jet function
The general form of the jet function J;_,r(u?, k%) through one-loop accuracy is
W 100 W 2
i (@ k3) =60 + — o= <7J_>f log — K2 —I—c]_>f> + O0(a3). (C.8)
The relevant anomalous dimensions through this order are
5
D, =Cp (8 —2log 2) B, =Cp <—8 +2log 2) : (C.9)
1 2
1Be = STR, 7, = _gnfTR-
The low-scale constants are
7 7
cgllq =Cp (2 1 log 2 — 2log? 2) , cggg =Cp <—2 + 1 log 2 + 2log? 2) ,  (C.10)
17 2 17
1) _ 1) _
Cé—)>q =1Tg <36 —3 log2> , cé_)m =nslTR (18 + = 10g2> .

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] R.D. Field and R.P. Feynman, A Parametrization of the Properties of Quark Jets, Nucl. Phys. B
136 (1978) 1 [INSPIRE].

[2] W.J. Waalewijn, Calculating the Charge of a Jet, Phys. Rev. D 86 (2012) 094030
[arXiv:1209.3019] INSPIRE].

[3] H.-M. Chang, M. Procura, J. Thaler and W.J. Waalewijn, Calculating Track-Based Observables
for the LHC, Phys. Rev. Lett. 111 (2013) 102002 [arXiv:1303.6637] [INSPIRE].

[4] Z.-B. Kang, A.J. Larkoski and J. Yang, Towards a Nonperturbative Formulation of the Jet
Charge, Phys. Rev. Lett. 130 (2023) 151901 [arXiv:2301.09649] [INSPIRE].

[6] G.F. Sterman and S. Weinberg, Jets from Quantum Chromodynamics, Phys. Rev. Lett. 39 (1977)
1436 [INSPIRE].

— 40 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0550-3213(78)90015-9
https://doi.org/10.1016/0550-3213(78)90015-9
https://inspirehep.net/literature/5957
https://doi.org/10.1103/PhysRevD.86.094030
https://arxiv.org/abs/1209.3019
https://inspirehep.net/literature/1185579
https://doi.org/10.1103/PhysRevLett.111.102002
https://arxiv.org/abs/1303.6637
https://inspirehep.net/literature/1225657
https://doi.org/10.1103/PhysRevLett.130.151901
https://arxiv.org/abs/2301.09649
https://inspirehep.net/literature/2626031
https://doi.org/10.1103/PhysRevLett.39.1436
https://doi.org/10.1103/PhysRevLett.39.1436
https://inspirehep.net/literature/120612

[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[22]

[23]

[24]

[25]

[26]

R.K. Ellis and W.J. Stirling and B.R. Webber, QCD and collider physics, Cambridge University
Press (2011) [D0I:10.1017/cbo9780511628788].

A. Banfi, G.P. Salam and G. Zanderighi, Infrared safe definition of jet flavor, Fur. Phys. J. C 47
(2006) 113 [hep-ph/0601139] [INSPIRE].

M. Czakon, A. Mitov, M. Pellen and R. Poncelet, NNLO QCD predictions for W + ¢ — jet
production at the LHC, JHEP 06 (2021) 100 [arXiv:2011.01011] [INSPIRE].

R. Gauld et al., Predictions for Z -Boson Production in Association with a b-Jet at O(a3), Phys.
Rev. Lett. 125 (2020) 222002 [arXiv:2005.03016] [INSPIRE].

S. Catani et al., Bottom-quark production at hadron colliders: fully differential predictions in
NNLO QCD, JHEP 03 (2021) 029 [arXiv:2010.11906] [INSPIRE].

H.B. Hartanto, R. Poncelet, A. Popescu and S. Zoia, Flavour anti-kp algorithm applied to Wbb
production at the LHC, arXiv:2209.03280 [INSPIRE].

R. Gauld et al., NNLO QCD predictions for Z-boson production in association with a charm jet
within the LHCY fiducial region, Eur. Phys. J. C' 83 (2023) 336 [arXiv:2302.12844] [InSPIRE].

S. Caletti, A.J. Larkoski, S. Marzani and D. Reichelt, A fragmentation approach to jet flavor,
JHEP 10 (2022) 158 [arXiv:2205.01117] [INSPIRE].

S. Caletti, A.J. Larkoski, S. Marzani and D. Reichelt, Practical jet flavour through NNLO, Eur.
Phys. J. C 82 (2022) 632 [arXiv:2205.01109] [INSPIRE].

M. Czakon, A. Mitov and R. Poncelet, Infrared-safe flavoured anti-kr jets, JHEP 04 (2023) 138
[arXiv:2205.11879] [INSPIRE].

R. Gauld, A. Huss and G. Stagnitto, Flavor Identification of Reconstructed Hadronic Jets, Phys.
Rev. Lett. 130 (2023) 161901 [arXiv:2208.11138] [iNSPIRE].

F. Caola et al., Flavoured jets with exact anti-k; kinematics and tests of infrared and collinear
safety, Phys. Rev. D 108 (2023) 094010 [arXiv:2306.07314| [INSPIRE].

M. Cacciari, G.P. Salam and G. Soyez, The anti-k; jet clustering algorithm, JHEP 04 (2008) 063
[arXiv:0802.1189] [INSPIRE].

G. Salam, E*° Scheme, unpublished.

D. Bertolini, T. Chan and J. Thaler, Jet Observables Without Jet Algorithms, JHEP 04 (2014)
013 [arXiv:1310.7584] [INSPIRE].

A.J. Larkoski, D. Neill and J. Thaler, Jet Shapes with the Broadening Axis, JHEP 04 (2014) 017
[arXiv:1401.2158] INSPIRE].

C.W. Bauer, S. Fleming, D. Pirjol and I.W. Stewart, An effective field theory for collinear and
soft gluons: Heavy to light decays, Phys. Rev. D 63 (2001) 114020 [hep-ph/0011336] [INSPIRE].

C.W. Bauer and I.LW. Stewart, Invariant operators in collinear effective theory, Phys. Lett. B
516 (2001) 134 [hep-ph/0107001] [INSPIRE].

C.W. Bauer, D. Pirjol and I.W. Stewart, Soft collinear factorization in effective field theory,
Phys. Rev. D 65 (2002) 054022 [hep-ph/0109045] [INSPIRE].

C.W. Bauer et al., Hard scattering factorization from effective field theory, Phys. Rev. D 66
(2002) 014017 [hep-ph/0202088] [NSPIRE].

A.V. Manohar and I.W. Stewart, The Zero-Bin and Mode Factorization in Quantum Field
Theory, Phys. Rev. D 76 (2007) 074002 [hep-ph/0605001] [INSPIRE].

— 41 —


https://doi.org/10.1017/cbo9780511628788
https://doi.org/10.1140/epjc/s2006-02552-4
https://doi.org/10.1140/epjc/s2006-02552-4
https://arxiv.org/abs/hep-ph/0601139
https://inspirehep.net/literature/708784
https://doi.org/10.1007/JHEP06(2021)100
https://arxiv.org/abs/2011.01011
https://inspirehep.net/literature/1827928
https://doi.org/10.1103/PhysRevLett.125.222002
https://doi.org/10.1103/PhysRevLett.125.222002
https://arxiv.org/abs/2005.03016
https://inspirehep.net/literature/1794712
https://doi.org/10.1007/JHEP03(2021)029
https://arxiv.org/abs/2010.11906
https://inspirehep.net/literature/1824426
https://arxiv.org/abs/2209.03280
https://inspirehep.net/literature/2148214
https://doi.org/10.1140/epjc/s10052-023-11530-x
https://arxiv.org/abs/2302.12844
https://inspirehep.net/literature/2636774
https://doi.org/10.1007/JHEP10(2022)158
https://arxiv.org/abs/2205.01117
https://inspirehep.net/literature/2075904
https://doi.org/10.1140/epjc/s10052-022-10568-7
https://doi.org/10.1140/epjc/s10052-022-10568-7
https://arxiv.org/abs/2205.01109
https://inspirehep.net/literature/2075911
https://doi.org/10.1007/JHEP04(2023)138
https://arxiv.org/abs/2205.11879
https://inspirehep.net/literature/2087130
https://doi.org/10.1103/PhysRevLett.130.161901
https://doi.org/10.1103/PhysRevLett.130.161901
https://arxiv.org/abs/2208.11138
https://inspirehep.net/literature/2141281
https://doi.org/10.1103/PhysRevD.108.094010
https://arxiv.org/abs/2306.07314
https://inspirehep.net/literature/2668331
https://doi.org/10.1088/1126-6708/2008/04/063
https://arxiv.org/abs/0802.1189
https://inspirehep.net/literature/779080
https://doi.org/10.1007/JHEP04(2014)013
https://doi.org/10.1007/JHEP04(2014)013
https://arxiv.org/abs/1310.7584
https://inspirehep.net/literature/1262516
https://doi.org/10.1007/JHEP04(2014)017
https://arxiv.org/abs/1401.2158
https://inspirehep.net/literature/1276724
https://doi.org/10.1103/PhysRevD.63.114020
https://arxiv.org/abs/hep-ph/0011336
https://inspirehep.net/literature/537516
https://doi.org/10.1016/S0370-2693(01)00902-9
https://doi.org/10.1016/S0370-2693(01)00902-9
https://arxiv.org/abs/hep-ph/0107001
https://inspirehep.net/literature/559421
https://doi.org/10.1103/PhysRevD.65.054022
https://arxiv.org/abs/hep-ph/0109045
https://inspirehep.net/literature/562452
https://doi.org/10.1103/PhysRevD.66.014017
https://doi.org/10.1103/PhysRevD.66.014017
https://arxiv.org/abs/hep-ph/0202088
https://inspirehep.net/literature/582803
https://doi.org/10.1103/PhysRevD.76.074002
https://arxiv.org/abs/hep-ph/0605001
https://inspirehep.net/literature/715628

[27]

[28]

[29]

[30]

[31]

[32]

[39]

[40]

[41]

[42]

[46]

[47]

I.W. Stewart, F.J. Tackmann and W.J. Waalewijn, N-Jettiness: An Inclusive Event Shape to
Veto Jets, Phys. Rev. Lett. 105 (2010) 092002 [arXiv:1004.2489] [INSPIRE].

S.D. Ellis et al., Jet Shapes and Jet Algorithms in SCET, JHEP 11 (2010) 101
[arXiv:1001.0014] INSPIRE].

C.W. Bauer, F.J. Tackmann, J.R. Walsh and S. Zuberi, Factorization and Resummation for
Dijet Invariant Mass Spectra, Phys. Rev. D 85 (2012) 074006 [arXiv:1106.6047] [INSPIRE].

T. Becher, M. Neubert, L. Rothen and D.Y. Shao, Effective Field Theory for Jet Processes, Phys.
Rev. Lett. 116 (2016) 192001 [arXiv:1508.06645] [INSPIRE].

C. Frye, A.J. Larkoski, M.D. Schwartz and K. Yan, Factorization for groomed jet substructure
beyond the next-to-leading logarithm, JHEP 07 (2016) 064 [arXiv:1603.09338] [INSPIRE].

Z.-B. Kang, F. Ringer and I. Vitev, The semi-inclusive jet function in SCET and small radius
resummation for inclusive jet production, JHEP 10 (2016) 125 [arXiv:1606.06732] [INSPIRE].

S. Brandt, C. Peyrou, R. Sosnowski and A. Wroblewski, The principal axis of jets. An attempt to
analyze high-energy collisions as two-body processes, Phys. Lett. 12 (1964) 57 [INSPIRE].

E. Farhi, A QCD Test for Jets, Phys. Rev. Lett. 39 (1977) 1587 [INSPIRE].

S. Catani, Y.L. Dokshitzer, M.H. Seymour and B.R. Webber, Longitudinally invariant K;
clustering algorithms for hadron hadron collisions, Nucl. Phys. B 406 (1993) 187 [INSPIRE].

S.D. Ellis and D.E. Soper, Successive combination jet algorithm for hadron collisions, Phys. Rev.
D 48 (1993) 3160 [hep-ph/9305266] [INSPIRE].

M. Cacciari, G.P. Salam and G. Soyez, FastJet User Manual, Eur. Phys. J. C 72 (2012) 1896
[arXiv:1111.6097] [NSPIRE].

A.J. Larkoski and J. Thaler, Unsafe but Calculable: Ratios of Angularities in Perturbative QCD,
JHEP 09 (2013) 137 [arXiv:1307.1699] [INSPIRE].

A.J. Larkoski, S. Marzani, G. Soyez and J. Thaler, Soft Drop, JHEP 05 (2014) 146
[arXiv:1402.2657] [NSPIRE].

A.J. Larkoski and J. Thaler, Aspects of jets at 100 TeV, Phys. Rev. D 90 (2014) 034010
[arXiv:1406.7011] [INSPIRE].

A.J. Larkoski, S. Marzani and J. Thaler, Sudakov Safety in Perturbative QCD, Phys. Rev. D 91
(2015) 111501 [arXiv:1502.01719] [INSPIRE].

V.N. Gribov and L.N. Lipatov, Deep inelastic e p scattering in perturbation theory, Sov. J. Nucl.
Phys. 15 (1972) 438 [NSPIRE].

V.N. Gribov and L.N. Lipatov, ete™ pair annihilation and deep inelastic e p scattering in
perturbation theory, Sov. J. Nucl. Phys. 15 (1972) 675 [INSPIRE].

L.N. Lipatov, The parton model and perturbation theory, Yad. Fiz. 20 (1974) 181 [INSPIRE].

Y.L. Dokshitzer, Calculation of the Structure Functions for Deep Inelastic Scattering and eTe™
Annihilation by Perturbation Theory in Quantum Chromodynamics, Sov. Phys. JETP 46 (1977)
641 [INSPIRE].

G. Altarelli and G. Parisi, Asymptotic Freedom in Parton Language, Nucl. Phys. B 126 (1977)
298 [INSPIRE].

A. Lifson, G.P. Salam and G. Soyez, Calculating the primary Lund Jet Plane density, JHEP 10
(2020) 170 [arXiv:2007.06578] INSPIRE].

— 42 —


https://doi.org/10.1103/PhysRevLett.105.092002
https://arxiv.org/abs/1004.2489
https://inspirehep.net/literature/852080
https://doi.org/10.1007/JHEP11(2010)101
https://arxiv.org/abs/1001.0014
https://inspirehep.net/literature/841588
https://doi.org/10.1103/PhysRevD.85.074006
https://arxiv.org/abs/1106.6047
https://inspirehep.net/literature/916635
https://doi.org/10.1103/PhysRevLett.116.192001
https://doi.org/10.1103/PhysRevLett.116.192001
https://arxiv.org/abs/1508.06645
https://inspirehep.net/literature/1390123
https://doi.org/10.1007/JHEP07(2016)064
https://arxiv.org/abs/1603.09338
https://inspirehep.net/literature/1437957
https://doi.org/10.1007/JHEP10(2016)125
https://arxiv.org/abs/1606.06732
https://inspirehep.net/literature/1471716
https://doi.org/10.1016/0031-9163(64)91176-X
https://inspirehep.net/literature/8782
https://doi.org/10.1103/PhysRevLett.39.1587
https://inspirehep.net/literature/120966
https://doi.org/10.1016/0550-3213(93)90166-M
https://inspirehep.net/literature/354686
https://doi.org/10.1103/PhysRevD.48.3160
https://doi.org/10.1103/PhysRevD.48.3160
https://arxiv.org/abs/hep-ph/9305266
https://inspirehep.net/literature/34969
https://doi.org/10.1140/epjc/s10052-012-1896-2
https://arxiv.org/abs/1111.6097
https://inspirehep.net/literature/955176
https://doi.org/10.1007/JHEP09(2013)137
https://arxiv.org/abs/1307.1699
https://inspirehep.net/literature/1241827
https://doi.org/10.1007/JHEP05(2014)146
https://arxiv.org/abs/1402.2657
https://inspirehep.net/literature/1281068
https://doi.org/10.1103/PhysRevD.90.034010
https://arxiv.org/abs/1406.7011
https://inspirehep.net/literature/1303537
https://doi.org/10.1103/PhysRevD.91.111501
https://doi.org/10.1103/PhysRevD.91.111501
https://arxiv.org/abs/1502.01719
https://inspirehep.net/literature/1343327
https://inspirehep.net/literature/73449
https://inspirehep.net/literature/73450
https://inspirehep.net/literature/91556
https://inspirehep.net/literature/126153
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/0550-3213(77)90384-4
https://inspirehep.net/literature/119585
https://doi.org/10.1007/JHEP10(2020)170
https://doi.org/10.1007/JHEP10(2020)170
https://arxiv.org/abs/2007.06578
https://inspirehep.net/literature/1806891

[48] K. Hamilton et al., Colour and logarithmic accuracy in final-state parton showers, JHEP 03
(2021) 041 [arXiv:2011.10054] INSPIRE].

[49] J.R. Forshaw, J. Holguin and S. Plitzer, Building a consistent parton shower, JHEP 09 (2020)
014 [arXiv:2003.06400] [NSPIRE].

[50] Z. Nagy and D.E. Soper, Summations of large logarithms by parton showers, Phys. Rev. D 104
(2021) 054049 [arXiv:2011.04773] [INSPIRE].

[61] F. Herren et al., A new approach to color-coherent parton evolution, JHEP 10 (2023) 091
[arXiv:2208.06057] [INSPIRE].

[52] A. Gehrmann-De Ridder and E.-W.N. Glover, A Complete O(aw) calculation of the photon + 1
jet rate in eTe” annihilation, Nucl. Phys. B 517 (1998) 269 [hep-ph/9707224] [INSPIRE].

[53] M. Ritzmann and W.J. Waalewijn, Fragmentation in Jets at NNLO, Phys. Rev. D 90 (2014)
054029 [arXiv:1407.3272] [INSPIRE].

[54] J.M. Campbell and E.-W.N. Glover, Double unresolved approzimations to multiparton scattering
amplitudes, Nucl. Phys. B 527 (1998) 264 [hep-ph/9710255] [INSPIRE].

[55] S. Catani and M. Grazzini, Collinear factorization and splitting functions for
next-to-next-to-leading order QCD calculations, Phys. Lett. B 446 (1999) 143 [hep-ph/9810389]
[NSPIRE].

[56] S. Catani, S. Dittmaier and Z. Trécsdnyi, One loop singular behavior of QCD and SUSY QCD
amplitudes with massive partons, Phys. Lett. B 500 (2001) 149 [hep-ph/0011222] [INSPIRE].

[57] A.K. Leibovich, Z. Ligeti and M.B. Wise, Comment on quark masses in SCET, Phys. Lett. B
564 (2003) 231 [hep-ph/0303099] [INSPIRE].

[58] E. Eichten and B.R. Hill, An Effective Field Theory for the Calculation of Matriz Elements
Involving Heavy Quarks, Phys. Lett. B 234 (1990) 511 [INSPIRE].

[59] H. Georgi, An Effective Field Theory for Heavy Quarks at Low-energies, Phys. Lett. B 240
(1990) 447 [INSPIRE].

[60] B. Grinstein, The Static Quark Effective Theory, Nucl. Phys. B 339 (1990) 253 [INSPIRE].

[61] T. Mannel, W. Roberts and Z. Ryzak, A derivation of the heavy quark effective Lagrangian from
QCD, Nucl. Phys. B 368 (1992) 204 [InSPIRE].

[62] S. Fleming, A.H. Hoang, S. Mantry and IL.W. Stewart, Jets from massive unstable particles:
Top-mass determination, Phys. Rev. D 77 (2008) 074010 [hep-ph/0703207] [INSPIRE].

[63] D. Neill, I. Scimemi and W.J. Waalewijn, Jet azes and universal transverse-momentum-dependent
fragmentation, JHEP 04 (2017) 020 [arXiv:1612.04817] INSPIRE].

[64] H.-M. Chang, M. Procura, J. Thaler and W.J. Waalewijn, Calculating Track Thrust with Track
Functions, Phys. Rev. D 88 (2013) 034030 [arXiv:1306.6630] [INSPIRE].

[65] Y. Li et al., Extending Precision Perturbative QCD with Track Functions, Phys. Rev. Lett. 128
(2022) 182001 [arXiv:2108.01674] [NSPIRE].

[66] M. Jaarsma et al., Renormalization group flows for track function moments, JHEP 06 (2022)
139 [arXiv:2201.05166] [INSPIRE].

[67] H. Chen et al., Multi-collinear splitting kernels for track function evolution, JHEP 07 (2023) 185
[arXiv:2210.10058] [INSPIRE].

[68] G. Curci, W. Furmanski and R. Petronzio, Evolution of Parton Densities Beyond Leading Order:
The Nonsinglet Case, Nucl. Phys. B 175 (1980) 27 [inSPIRE].

— 43 —


https://doi.org/10.1007/JHEP03(2021)041
https://doi.org/10.1007/JHEP03(2021)041
https://arxiv.org/abs/2011.10054
https://inspirehep.net/literature/1831912
https://doi.org/10.1007/JHEP09(2020)014
https://doi.org/10.1007/JHEP09(2020)014
https://arxiv.org/abs/2003.06400
https://inspirehep.net/literature/1785339
https://doi.org/10.1103/PhysRevD.104.054049
https://doi.org/10.1103/PhysRevD.104.054049
https://arxiv.org/abs/2011.04773
https://inspirehep.net/literature/1829280
https://doi.org/10.1007/JHEP10(2023)091
https://arxiv.org/abs/2208.06057
https://inspirehep.net/literature/2135530
https://doi.org/10.1016/S0550-3213(97)00818-3
https://arxiv.org/abs/hep-ph/9707224
https://inspirehep.net/literature/445129
https://doi.org/10.1103/PhysRevD.90.054029
https://doi.org/10.1103/PhysRevD.90.054029
https://arxiv.org/abs/1407.3272
https://inspirehep.net/literature/1306304
https://doi.org/10.1016/S0550-3213(98)00295-8
https://arxiv.org/abs/hep-ph/9710255
https://inspirehep.net/literature/449368
https://doi.org/10.1016/S0370-2693(98)01513-5
https://arxiv.org/abs/hep-ph/9810389
https://inspirehep.net/literature/478043
https://doi.org/10.1016/S0370-2693(01)00065-X
https://arxiv.org/abs/hep-ph/0011222
https://inspirehep.net/literature/537093
https://doi.org/10.1016/S0370-2693(03)00565-3
https://doi.org/10.1016/S0370-2693(03)00565-3
https://arxiv.org/abs/hep-ph/0303099
https://inspirehep.net/literature/614967
https://doi.org/10.1016/0370-2693(90)92049-O
https://inspirehep.net/literature/282581
https://doi.org/10.1016/0370-2693(90)91128-X
https://doi.org/10.1016/0370-2693(90)91128-X
https://inspirehep.net/literature/294733
https://doi.org/10.1016/0550-3213(90)90349-I
https://inspirehep.net/literature/294416
https://doi.org/10.1016/0550-3213(92)90204-O
https://inspirehep.net/literature/316639
https://doi.org/10.1103/PhysRevD.77.074010
https://arxiv.org/abs/hep-ph/0703207
https://inspirehep.net/literature/746844
https://doi.org/10.1007/JHEP04(2017)020
https://arxiv.org/abs/1612.04817
https://inspirehep.net/literature/1504067
https://doi.org/10.1103/PhysRevD.88.034030
https://arxiv.org/abs/1306.6630
https://inspirehep.net/literature/1240494
https://doi.org/10.1103/PhysRevLett.128.182001
https://doi.org/10.1103/PhysRevLett.128.182001
https://arxiv.org/abs/2108.01674
https://inspirehep.net/literature/1898830
https://doi.org/10.1007/JHEP06(2022)139
https://doi.org/10.1007/JHEP06(2022)139
https://arxiv.org/abs/2201.05166
https://inspirehep.net/literature/2011025
https://doi.org/10.1007/JHEP07(2023)185
https://arxiv.org/abs/2210.10058
https://inspirehep.net/literature/2167295
https://doi.org/10.1016/0550-3213(80)90003-6
https://inspirehep.net/literature/152873

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

E.G. Floratos, C. Kounnas and R. Lacaze, Higher Order QCD Effects in Inclusive Annihilation
and Deep Inelastic Scattering, Nucl. Phys. B 192 (1981) 417 [INSPIRE].

W. Furmanski and R. Petronzio, Singlet Parton Densities Beyond Leading Order, Phys. Lett. B
97 (1980) 437 [INSPIRE].

S. Hoche and S. Prestel, Triple collinear emissions in parton showers, Phys. Rev. D 96 (2017)
074017 [arXiv:1705.00742] [INSPIRE].

S. Hoche, F. Krauss and S. Prestel, Implementing NLO DGLAP evolution in Parton Showers,
JHEP 10 (2017) 093 [arXiv:1705.00982] [NSPIRE].

S. Catani and M.H. Seymour, A general algorithm for calculating jet cross-sections in NLO
QCD, Nucl. Phys. B 485 (1997) 291 [hep-ph/9605323] INSPIRE].

S. Frixione, Z. Kunszt and A. Signer, Three jet cross-sections to next-to-leading order, Nucl.
Phys. B 467 (1996) 399 [hep-ph/9512328] [INSPIRE].

Z. Nagy and D.E. Soper, General subtraction method for numerical calculation of one loop QCD
matriz elements, JHEP 09 (2003) 055 [hep-ph/0308127] [INSPIRE].

A. Gehrmann-De Ridder, T. Gehrmann and E.W.N. Glover, Antenna subtraction at NNLO,
JHEP 09 (2005) 056 [hep-ph/0505111] [iINSPIRE].

S. Catani and M. Grazzini, An NNLO subtraction formalism in hadron collisions and its
application to Higgs boson production at the LHC, Phys. Rev. Lett. 98 (2007) 222002
[hep-ph/0703012] [INSPIRE].

J. Gaunt, M. Stahlhofen, F.J. Tackmann and J.R. Walsh, N-jettiness Subtractions for NNLO
QCD Calculations, JHEP 09 (2015) 058 [arXiv:1505.04794] [INSPIRE].

R. Boughezal, C. Focke, X. Liu and F. Petriello, W -boson production in association with a jet at
next-to-next-to-leading order in perturbative QCD, Phys. Rev. Lett. 115 (2015) 062002
[arXiv:1504.02131] INSPIRE].

M. Cacciari et al., Fully Differential Vector-Boson-Fusion Higgs Production at
Nezt-to-Next-to-Leading Order, Phys. Rev. Lett. 115 (2015) 082002 [Erratum ibid. 120 (2018)
139901] [arXiv:1506.02660] [INSPIRE].

V. Del Duca et al., Three-Jet Production in Electron-Positron Collisions at
Nezxt-to-Neat-to-Leading Order Accuracy, Phys. Rev. Lett. 117 (2016) 152004
[arXiv:1603.08927] [INSPIRE].

S. Catani and M. Grazzini, Infrared factorization of tree level QCD amplitudes at the
next-to-next-to-leading order and beyond, Nucl. Phys. B 570 (2000) 287 [hep-ph/9908523]
[INSPIRE].

J.-Y. Chiu, A. Jain, D. Neill and I.Z. Rothstein, A formalism for the Systematic Treatment of
Rapidity Logarithms in Quantum Field Theory, JHEP 05 (2012) 084 [arXiv:1202.0814]
[INSPIRE].

— 44 —


https://doi.org/10.1016/0550-3213(81)90434-X
https://inspirehep.net/literature/164958
https://doi.org/10.1016/0370-2693(80)90636-X
https://doi.org/10.1016/0370-2693(80)90636-X
https://inspirehep.net/literature/155291
https://doi.org/10.1103/PhysRevD.96.074017
https://doi.org/10.1103/PhysRevD.96.074017
https://arxiv.org/abs/1705.00742
https://inspirehep.net/literature/1597573
https://doi.org/10.1007/JHEP10(2017)093
https://arxiv.org/abs/1705.00982
https://inspirehep.net/literature/1597584
https://doi.org/10.1016/S0550-3213(96)00589-5
https://arxiv.org/abs/hep-ph/9605323
https://inspirehep.net/literature/418649
https://doi.org/10.1016/0550-3213(96)00110-1
https://doi.org/10.1016/0550-3213(96)00110-1
https://arxiv.org/abs/hep-ph/9512328
https://inspirehep.net/literature/403695
https://doi.org/10.1088/1126-6708/2003/09/055
https://arxiv.org/abs/hep-ph/0308127
https://inspirehep.net/literature/625796
https://doi.org/10.1088/1126-6708/2005/09/056
https://arxiv.org/abs/hep-ph/0505111
https://inspirehep.net/literature/682504
https://doi.org/10.1103/PhysRevLett.98.222002
https://arxiv.org/abs/hep-ph/0703012
https://inspirehep.net/literature/745577
https://doi.org/10.1007/JHEP09(2015)058
https://arxiv.org/abs/1505.04794
https://inspirehep.net/literature/1371723
https://doi.org/10.1103/PhysRevLett.115.062002
https://arxiv.org/abs/1504.02131
https://inspirehep.net/literature/1358633
https://doi.org/10.1103/PhysRevLett.115.082002
https://arxiv.org/abs/1506.02660
https://inspirehep.net/literature/1375305
https://doi.org/10.1103/PhysRevLett.117.152004
https://arxiv.org/abs/1603.08927
https://inspirehep.net/literature/1436499
https://doi.org/10.1016/S0550-3213(99)00778-6
https://arxiv.org/abs/hep-ph/9908523
https://inspirehep.net/literature/506347
https://doi.org/10.1007/JHEP05(2012)084
https://arxiv.org/abs/1202.0814
https://inspirehep.net/literature/1087437

	Introduction
	Definition of WTA jet flavor
	Factorization conjecture
	Soft effects
	Ultraviolet renormalization

	General analysis of renormalization group equations
	Constraints from the hard function
	Constraints from the jet function
	Summary of relationships between anomalous dimensions

	All-orders solution of renormalization group evolution
	Gluon WTA flavor
	Quark WTA flavor

	Fixed-order analysis of UV renormalization
	Solution to UV renormalization equations through order-alpha(s)**(2)
	Order-alpha(s) calculations: hard function
	Order-alpha(s) calculations: jet function
	Renormalization
	q –> q jet function flavor transition
	q –> g jet function flavor transition
	g –> g jet function flavor transition
	g –> q jet function flavor transition

	One-loop jet function summary

	Order-alpha(s)**(2) calculations with q –> bar-q'q' q matrix element
	UV to IR quark flavor change
	Calculation from evolution equations
	Calculation from explicit renormalization

	UV to IR quark-gluon flavor change in C(F)n(f) T(R) channel
	Calculation from evolution equations
	Calculation from explicit renormalization

	UV to IR quark flavor conservation in C(F)n(f) T(R) channel
	Calculation from evolution equations
	Calculation from explicit renormalization

	Non-partonic flavor: q –> (qq')

	Numerical analysis
	Conclusions
	Explicit solutions for quark flavor with one-loop evolution
	Two-loop soft contributions
	Summary of one-loop results
	Hard function
	Jet function


