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1 Introduction

Jets, collimated streams of high-energy particles and a foundational phenomena of quantum
chromodynamics (QCD), provide a proxy for particle production at the shortest distances
in particle collider experiments. In addition to understanding the production of particle
energy and momentum through jets, one would also desire an understanding of how other
quantum numbers, such as electric charge or partonic flavor, are produced and then distributed
throughout the numerous particles observed in experiment. For electric charge, a practically
useful definition of a jet’s charge has been introduced long ago [1], and more recently has been
put on a more firm theoretical foundation [2–4] enabling a richer quantitative interpretation.
Any observable sensitive to a jet’s electric charge necessarily lacks the property of infrared
and collinear (IRC) safety [5, 6] that enables precision predictions exclusively within the
perturbation theory of QCD.

Ascribing a partonic flavor to a jet is similar in many respects to electric charge, however
it has been explicitly demonstrated that a jet’s flavor can be defined in an entirely IRC
safe way [7], as least on theoretical jets that consist exclusively of quarks and gluons, at a
scale after parton showering but before hadronization. Motivated by several recent high-
precision calculations for the production of heavy-flavor jets [8–12], many more jet flavor
definitions have been proposed [13–17]. For maximum utility within a high-precision fixed-
order calculation, the jet flavor prescription must factorize from the kinematics of the jet
and simply provide a label on an otherwise unflavored jet. For applications to measurements
at the Large Hadron Collider (LHC), this means that jet flavor should be a label to jets
found with the anti-kT algorithm [18].

With this as a goal, we follow the motivation of ref. [13] and actually recommend that
IRC safety not be a strict requirement for a useful jet flavor definition. In particular, relaxing
collinear safety but maintaining safety to exactly collinear emissions means that the jet
flavor can be described by a flavor fragmentation function, whose evolution from high to low
scales is completely governed by perturbatively-calculable differential equations. Ref. [13]
introduced this fragmentation function as defined by the net flavor that lies exactly on the
Winner-Take-All recombination scheme axis of the jet [19–21]. However, in that reference, the
fragmentation function was introduced rather ad-hoc and resummation was only performed
to leading-logarithmic (LL) accuracy, both of which are insufficient for applications to high-
precision calculations. In this paper, we will solve these issues and present a factorization
ansatz for jet flavor in which the flavor fragmentation function is but one part and well-defined
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to any perturbative order, as well as present first calculations necessary for next-to-leading
logarithmic resummation and corresponding matching to next-to-next-to-leading fixed order.

This flavor factorization ansatz will be presented within the context of factorization in
soft-collinear effective theory (SCET) [22–25], with calculations performed in dimensional
regularization and formulated as a product of functions each of which is defined at a unique
scale. Resummation is then accomplished by renormalization group evolution between the
disparate scales of the functions in the factorization ansatz. In a factorized form, the pieces
that depend on the hard scattering process are separated from universal collinear functions,
and so flavor fragmentation functions can be recycled from one calculation and used in
numerous other contexts. Within this framework, we reproduce the leading-logarithmic
flavor evolution equations of ref. [13] and extend their accuracy. A central feature of this
factorization ansatz is that it is soft insensitive, as the Winner-Take-All recombination scheme
axis is insensitive to soft particles. This we check explicitly via the zero-bin subtractions [26].
The phase-space constraints are generally non-trivial when expanded in the zero-bin, but
after appropriate rescalings, we can show the contributions are scaleless integrals.

Despite the significant evidence we present for this factorization ansatz, we emphasize
again that we lack a more formal, rigorous proof, of identifying modes, their separation, and
construction of a leading-power jet cross section as a product of matrix elements of SCET
fields, as presented in, e.g., refs. [27–32]. At least as traditionally defined, collinear fields in
SCET, those that are responsible for jet production, have a well-defined net partonic flavor
and are invariant to collinear gauge transformations which requires that they can produce
an arbitrary number of particles. From the perspective of jet flavor advocated here, we
would refer to the well-defined flavor of this SCET field as the ultraviolet (UV) flavor. For
measurements that are inclusive over emitted particles or insensitive to their flavor, this
is preferred, because corresponding measurements that constrain the fields exclusively act
on the distribution of momentum produced by the fields. Requiring exclusive information
about the flavor of particles produced in the jet would seem to modify the structure of and
information carried by the fields. We leave the question of feasibility and construction of
IR flavor sensitive SCET fields to future work.

The outline of this paper is as follows. In section 2, we review the definition of jet flavor
of ref. [13] as the net flavor that flows exactly along the direction of the Winner-Take-All axis.
In section 3, we present our conjecture for the factorization ansatz of Winner-Take-All flavor,
appropriate for jets produced in e+e− collisions. This is for simplicity here, to illustrate the
structure and consistency of the factorization ansatz, but the extension to jets produced at a
hadron collider is straightforward, as only a new hard function needs to be calculated. In
section 4 we present a general, all-orders analysis of the structure of UV renormalization from
considerations like conservation of total flavor along the flow and the consequences of the
symmetries of (perturbative) QCD. This produces several non-trivial relationships between
anomalous dimensions. Exact, all-orders solutions to the renormalization group equations are
presented in section 5, extending the leading-logarithmic predictions of ref. [13] to whatever
accuracy one is strong enough to calculate anomalous dimensions. In section 6, we present
explicit calculations of the hard and jet flavor functions at one-loop order and demonstrate
consistency of the renormalization structure implied by the factorization ansatz at two-loops
in section 7. In section 8, we use these results to calculate the dependence of the Winner-Take-
All flavor definition on the center-of-mass collision energy, resummed through LL′ accuracy.

– 2 –
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We conclude in section 9 and discuss numerous applications of this factorization ansatz.
Appendices collect and summarize central results of the paper.

2 Definition of WTA jet flavor

In this section, we introduce the definition of the Winner-Take-All (WTA) flavor algorithm
employed throughout the rest of this paper. As our calculations will be restricted to jets
produced in e+e− collisions, we present the definition of WTA flavor for jets exclusively in
the e+e− collider environment. Nevertheless, we note that the extension to WTA flavor
appropriate for jets in a hadron collider is simply a change of coordinates in the reclustering
metric and recombination scheme. Because we only consider flavor measurements on already-
clustered jets, there is no clustering with the beam, for example, that needs to be considered.
This further means that the algorithm of WTA flavor simply establishes a label for the jet
given the flavors of its constituent partons, and in no way modifies any kinematic quantities
of the jet. As such, the kinematics of WTA flavored jets remains exactly that of the more
familiar and experimentally-measured flavor-inclusive jets.

First, we define our jet sample in e+e− collisions. We will consider events divided
into two hemisphere jets as defined by the plane transverse to the axis that minimizes
thrust [33, 34]. Then, on both of the hemisphere jets separately, we run the WTA flavor
algorithm, as introduced in ref. [13]:

1. Cluster and find jets in your collision event with any desired jet algorithm; in the case
studied in this paper, defined through thrust hemispheres.

2. On a given jet, recluster its constituents with the kT algorithm [35, 36], using the WTA
recombination scheme [19–21]. Specifically:

(a) For all pairs i, j of particles in your jet, calculate the pairwise kT metric dij =
2min[E2

i , E2
j ](1− cos θij), where Ei, Ej are the energies of particles i, j and θij is

the angle between their three-momenta.
(b) For the pair i, j that corresponds to the smallest dij , recombine their momenta

into a new massless particle ĩj such that |p⃗
ĩj
| = |p⃗i|+ |p⃗j |, and the direction of ĩj

is along the direction of the harder of i and j.1

(c) Replace particles i and j with their combination ĩj in the collection of particles in
the jet.

(d) Repeat clustering until there is a single, combined particle that remains. The
direction of this particle corresponds to the direction of the WTA axis of the jet.

3. The sum of the flavors of all particles in the jet whose momenta lie exactly along the
WTA axis is defined to be the flavor of the jet. This sum of flavors is defined as follows.

1For massless particles, this prescription is equivalent to setting the energy of particle ĩj to the sum of
the daughter energies. However, massive particles can be at rest which renders the energy form of the WTA
recombination ambiguous, and so FastJet, for example, only implements the magnitude of three-momentum
recombination rule [37]. Throughout this paper, we only consider massless partons, so the magnitude of the
three-momentum or energy form of the recombination are identical.
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Gluons g have 0 or neutral flavor. A quark q and anti-quark q̄ of the same species
have opposite flavor such that the flavor sum of a quark and its anti-quark is neutral
(gluon): q + q̄ = g. The flavor of two quarks of different species, say q and q′, sum to a
non-partonic flavor which we denote as q + q′ = (qq′).

In this algorithm, we follow the WTA axis all the way to the end of the parton shower,
which is terminated at some physical scale k2

⊥ ∼ 1 GeV2, just before the scale of hadronization
at which QCD becomes strongly coupled. From a leading-order perspective, the WTA axis
necessarily consists of a single parton, but at higher orders, in general, there will be the
effect of unresolved emissions that lie within this cutoff scale, to ensure that the virtual and
real divergences in the splitting functions that govern the parton shower cancel. We will
discuss how this scale arises and what emissions in the jets contribute at leading power to
the WTA flavor in the following section.

As discussed in ref. [13], the WTA flavor algorithm is soft safe because soft particles
cannot affect the location of the WTA axis. However, WTA flavor is not collinear safe,
because the WTA axis may move between different-flavored particles infinitesimally separated
in angle, but is inclusive over exactly collinear splittings. As we discuss more in section 4.1,
inclusivity over exactly collinear splittings ensures that scale evolution of WTA flavor is
governed by unambiguous parton-to-parton transitions, i.e., u quark to g gluon, which
significantly simplifies the space of solutions. The lack of collinear safety means that the WTA
flavor cannot be calculated in fixed-order perturbation theory, but strictly collinear unsafety
means that divergences can be absorbed and resummed into appropriate fragmentation
functions. These fragmentation functions are defined through the factorization ansatz that
we present in the following section, but are much simpler than fragmentation functions that
describe the transition of a perturbative parton to a non-perturbative hadron. For flavor,
the fragmentation function exclusively describes the evolution of a parton in the UV into
the parton that lies along the WTA axis in the IR and so the WTA flavor fragmentation
function can be completely calculated perturbatively. That is, the anomalous dimensions
of the evolution equations are perturbative as are the boundary conditions imposed on the
flavor fragmentation function and so their solutions are completely perturbative. However,
they are not IRC safe, because there are interesting asymptotic limits in which a Taylor
expansion about αs = 0 breaks down [13], in a similar way to Sudakov safe observables
studied in other contexts [38–41].

However, the perturbativity of the solutions to the evolution equations is a consequence
of imposing a non-zero relative transverse momentum cut on the region about the WTA axis
in which flavors are summed. In the factorization conjecture that follows, we call this scale
k2
⊥, and further it is necessarily larger than the QCD scale, k2

⊥ ≫ Λ2
QCD. Within the context

of a parton shower, k2
⊥ would be comparable to the termination scale of the shower, before

hadronization. With these caveats, the analysis presented in this paper is the very first step
toward systematic theoretical development of this flavor definition. A practical and more
realistic implementation of jet flavor will require inclusion of quark masses, as for heavy flavor
applications, the mass of quarks is comparable to the scale of the end of the parton shower.
Further, partonic flavors are clearly not experimentally accessible, but augmentation of the
factorization conjecture here with a non-perturbative function that describes evolution of
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partonic flavor from scale k2
⊥ to hadronic flavor at Λ2

QCD may accomplish something toward
this end. We discuss these and other future directions more in the conclusions, section 9.

Additionally, throughout this paper, we exclusively consider the measurement of the
WTA flavor label of jets, and no other flavor-sensitive information like the energy fraction
distribution of the WTA axis. A first study of kinematic quantities that are sensitive to
an IR flavor definition was presented in ref. [13], and the analysis there could be extended.
However, we leave a more general analysis to future work, as the factorization of WTA flavor
labels will be interesting and subtle enough.

3 Factorization conjecture

Given the WTA flavor algorithm, we now present the conjecture for the factorization for its
all-orders calculation in the collinear limit. Here, we will apply the WTA flavor algorithm
to both thrust hemisphere jets in e+e− collisions, as described above. We propose that
the cross section σe+e−→fLfR

for the scattered e+e− to produce hemisphere WTA flavors
fLfR in the IR is

σe+e−→fLfR
=
∑

jL, jR

He+e−→jLjR
(Q2, µ2) JjL→fL

(µ2, k2
⊥) JjR→fR

(µ2, k2
⊥) . (3.1)

In this expression, Q2 is the squared collision energy or UV scale and k2
⊥ is the scale of

the termination of the parton shower according to the kT jet algorithm, at which the WTA
flavor is measured. This factorization ansatz is valid in the limit in which the IR and
UV scales are hierarchically separated, Q2/k2

⊥ → ∞, with corrections expected as powers
of k2

⊥/Q2 ≪ 1 in this limit. He+e−→jLjR
(Q2, µ2) is the hard function that describes the

production of hemisphere WTA flavor from the e+e− collisions at scale Q2 to the factorization
scale µ2, at which the WTA flavors of the left and right hemispheres are jL, jR, respectively.
The jet function JjL→fL

(µ2, k2
⊥) describes the evolution of the flavor of the left hemisphere

from jL at scale µ2 down to the measurement scale k2
⊥, at which the WTA flavor is fL.

Note that the intermediate parton flavors jL, jR that connect the hard function to the jet
functions are summed over.

Evolution in µ2 between the hard function and either jet function proceeds via modified
DGLAP evolution equations [42–46] that were first derived at leading-logarithmic accuracy in
refs. [13, 47]. The specific evolution equations will be presented in the following and anomalous
dimensions evaluated a one-loop order, but their structure is to just follow the particle that
lies on the WTA axis at every step in the evolution, as opposed to traditional DGLAP which
follows the evolution of all particles produced at every step. Additionally, we only track the
flavor of the particle along the WTA axis, and no other moments of its energy, which renders
the evolution equations especially simple, as coupled, linear differential equations. We also
note the probability-conservation sum rule, which, when all IR flavors are summed over, the
total cross section that the e+e− collision in the UV produced any pair of flavors is:∑

fL, fR

σe+e−→fLfR
= σtot , (3.2)

where σtot is the total hadronic cross section in e+e− collisions. We will exploit related sum
rules for the hard and jet functions in the general analysis of the renormalization group
equations in the following.
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3.1 Soft effects

In the infrared, we naively have contributions from both soft (s) and collinear (c) particles,
whose momenta scale as:

ps ∼ (k⊥, k⊥, k⊥) , (3.3)

pc ∼
(

k2
⊥

Q
, Q, k⊥

)
. (3.4)

The scale at which flavor is measured is a transverse momentum relative to the WTA axis of
k⊥, and so a soft particle is one for which its momentum scales like k⊥ in all components.
That is, the soft momentum ps scales like k⊥ in all lightcone coordinates relative to the
WTA axis (the z-axis) where the first entry denotes the +-component (p+ = E − pz), the
second entry is the −-component (p− = E + pz), and the final entry is the momentum
transverse to the WTA axis. Such a momentum has energy that scales like Es ∼ k⊥ and
an angle relative to the WTA axis of θs ∼ 1. The collinear scaling implies the particles
carry an order-1 fraction of the collision energy Q and are confined to an angular region
of size θc ∼ k⊥/Q ≪ 1. These particles set the precise direction of the WTA axis, and are
coherently recoiled by the soft emissions.

When practically calculating the jet functions in the factorization ansatz, we must impose
the constraint on the relative transverse momentum of resolved particles. This then defines
the WTA flavor to be the net flavor in a region of size k⊥, as defined by the kT -algorithm.
While soft particles cannot affect the WTA axis, they can be clustered within the scale k⊥ of
the WTA axis and therefore in principle affect the net flavor, according to this definition.
However, we find that at the scale k⊥, the soft contributions will be given by scaleless integrals,
so that the collinear calculations will completely describe the UV renormalization of WTA
flavor, through tracking the flavor of collinear particles along the renormalization group flow.
That the soft contribution is scaleless is surprising as the naive zero-bin expansion [26] of the
relevant collinear phase-space appears to be non-trivial, but a more detailed analysis reveals
the integrals to be scaleless. This will be demonstrated explicitly at two-loop order in section 7.

This does not imply that there is no soft contribution to the flavor of the jet. Strictly
speaking, the net flavor of any region of finite size is ambiguous due to the presence of
soft quarks beginning at order-α2

s [7]. However, the generation of soft flavor is therefore
described by distinct evolution equations, exclusively at or below the scale k⊥, which formally
evolve the softs down to the non-perturbative QCD scale ΛQCD. Another way to describe
the collinear flavor evolution that we study here is as the flavor that would be tracked to
the end of a perturbative parton shower, from the collision scale Q to the scale k⊥, which
represents the minimum scale that separates all resolved particles produced in the shower.
Because no particles in a parton shower are produced within the relative scale k⊥ of any
other particle, the WTA flavor is unambiguous and has correspondingly no contribution
from soft particles. This understanding of WTA jet flavor could therefore be a relevant
benchmark for high-order parton showers, such as, e.g., refs. [48–51], but we leave more
details of such an analysis to future work.
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3.2 Ultraviolet renormalization

As a first step of the analysis of this factorization ansatz, we present UV renormalization of the
hard and jet functions and the definition of the renormalized objects which satisfy evolution
equations. For the hard function, because the WTA axis is insensitive to soft physics, there
are no correlations between the particles that set the flavor in the two hemispheres, and so it
is renormalized with a product of independent renormalization factors:

H
(bare)
e+e−→jLjR

(Q2, µ2
0) =

∑
kL, kR

H
(ren)
e+e−→kLkR

(Q2, µ2)Z
(H)
kL→jL

(µ2, µ2
0)Z

(H)
kR→jR

(µ2, µ2
0) . (3.5)

The bare hard function is on the left which is independent of renormalization scale µ2, and
the renormalized hard function is on the right, multiplied by renormalization factors. Note
the sum over intermediate flavors kL, kR in the renormalization; renormalization of flavor
is necessarily non-diagonal. The jet functions are renormalized in a similar way, with, for
the left hemisphere we have,

J
(bare)
jL→fL

(µ2
0, k2

⊥) =
∑
kL

Z
(J)
jL→kL

(µ2
0, µ2) J

(ren)
kL→fL

(µ2, k2
⊥) . (3.6)

Consistency of the factorization ansatz requires independence of the flavor probabilities to
the renormalization scale µ2. Correspondingly, the product of the bare hard and jet functions
is necessarily equal to the product of the renormalized hard and jet functions:∑

jL, jR

H
(bare)
e+e−→jLjR

(Q2, µ2
0) J

(bare)
jL→fL

(µ2
0, k2

⊥) J
(bare)
jR→fR

(µ2
0, k2

⊥) (3.7)

=
∑

jL, jR

H
(ren)
e+e−→jLjR

(Q2, µ2) J
(ren)
jL→fL

(µ2, k2
⊥) J

(ren)
jR→fR

(µ2, k2
⊥) .

For this to hold, the hard and jet function renormalization factors are matrix inverses of
one another: ∑

jL

Z
(H)
iL→jL

(µ2, µ2
0)Z

(J)
jL→kL

(µ2
0, µ2) = δiLkL

, (3.8)

for the left hemisphere, and similar for the right hemisphere. Then, for independence of the
measurable flavor probabilities on the scale µ2, we must enforce the renormalization group
evolution equations for the hard and jet functions:

µ2 ∂

∂µ2 H
(ren)
e+e−→jLjR

(Q2,µ2)=−
∑
kL

H
(ren)
e+e−→kLjR

(Q2,µ2)γkL→jL
−
∑
kR

H
(ren)
e+e−→jLkR

(Q2,µ2)γkR→jR
,

µ2 ∂

∂µ2 J
(ren)
jL→fL

(µ2,k2
⊥)=

∑
kL

γjL→kL
J

(ren)
kL→fL

(µ2,k2
⊥) , (3.9)

µ2 ∂

∂µ2 J
(ren)
jR→fR

(µ2,k2
⊥)=

∑
kR

γjR→kR
J

(ren)
kR→fR

(µ2,k2
⊥) .

The γj→k factors are the UV anomalous dimensions and for which there are numerous
all-orders constraints and relationships that we will review in the next section. Also, while we
have retained the superscript (ren) here to denote that these are the renormalized functions,
we will typically not include the superscript working from the assumption that, unless
otherwise noted, all functions are their renormalized versions.
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4 General analysis of renormalization group equations

Here, we will provide several general, all-orders relationships between the functions in the
factorization ansatz and their anomalous dimensions. The matrix structure of the hard and
jet functions’ evolution equations is particularly constraining. We will study the hard and jet
functions separately, and then provide a summary of the identities at the end of this section.

Some relationships between the anomalous dimensions that describe the evolution from
WTA flavor i to j follow directly from symmetries of QCD itself. By charge conjugation sym-
metry, the anomalous dimension from quark q to anti-quark q̄ is equal to the reverse process:

γq→q̄ = γq̄→q . (4.1)

Charge conjugation also relates the transitions between gluons and (anti-)quarks:

γg→q = γg→q̄ , γq→g = γq̄→g . (4.2)

Further, flavor symmetry between all massless species constrain anomalous dimensions
involving a gluon to a quark, or vice-versa, to be independent of flavor:

γg→q = γg→q′ , γq→g = γq′→g , (4.3)

for any two (anti-)quarks q, q′. Finally, detailed balance requires that the evolution from a
quark q to another quark q′ is equivalent to the opposite process:

γq→q′ = γq′→q . (4.4)

Flavor symmetry also requires that for q′ ̸= q, q̄ that all other quark-to-quark transitions are
described by a single anomalous dimension, γq→q′ . Therefore, there are only six independent
anomalous dimensions, regardless of the numbers of active quark flavors: γq→q, γq→q̄, γq→q′ ,
γg→g, γg→q, and γq→g.

4.1 Constraints from the hard function

Suppressing arguments, the hard function He+e−→jLjR
describes the evolution of WTA flavor

from the center-of-mass collision scale Q2 to the renormalization scale µ2. At every step of
this evolution, the flavor of the WTA axis necessarily changes into some flavor. Further, this
flavor is necessarily and unambiguously partonic, up quark, anti-strange quark, gluon, etc.,
because the WTA flavor in the hard function is determined by the net flavor in a region of 0
angular size about the WTA axis and exactly collinear splittings in QCD conserve partonic
flavor. Therefore, the hard function satisfies a sum rule, that the total probability that the
initial scattered electron-positron pair evolves into any hemisphere WTA flavor pair jLjR

is the total hadronic cross section:∑
jL,jR

He+e−→jLjR
= σtot . (4.5)

The renormalization group equations that govern the evolution of the hard function
are, again,

µ2 ∂

∂µ2 He+e−→jLjR
= −

∑
kL

He+e−→kLjR
γkL→jL

−
∑
kR

He+e−→jLkR
γkR→jR

. (4.6)

– 8 –



J
H
E
P
0
1
(
2
0
2
4
)
1
1
9

This is a set of linear, first-order differential equations and the anomalous dimensions γk→j

are necessarily real numbers and independent of scale µ2 (except for implicit dependence
in αs). As such, the late-scale behavior in the limit that µ2/Q2 → 0 of these equations is
to necessarily flow to a fixed-point at which

lim
µ2/Q2→0

µ2 ∂

∂µ2 He+e−→jLjR
= 0 . (4.7)

Because the equilibrium flavor is governed by the limit of collinear evolution, the equilibrium
flavors of the two hemispheres are independent and the hard function reduces to a product
of hemisphere hard functions, where

He+e−→jLjR
= σtot HjLHjR . (4.8)

Therefore, in equilibrium, we need only study one hemisphere at a time. With this property
established, the relationship between the fixed-point fractions and the anomalous dimensions
is simply ∑

k

Hk γk→j = 0 . (4.9)

Relationships between the anomalous dimensions can be established by considering the
specific final hemisphere flavor states, j. If j = q, this equilibrium constraint is

0 =
∑

k

Hk γk→q = Hq γq→q + Hq̄ γq̄→q + Hg γg→q +
∑

q′ ̸=q,q̄

Hq′ γq′→q . (4.10)

By the established symmetries of the anomalous dimensions, the equilibrium quark flavor
fractions are independent of quark flavor, and so the hard functions involving only quarks
are all equal:

Hq = Hq̄ = Hq′ . (4.11)

Additionally, for nf active quark flavors, there are 2(nf − 1) quarks q′ and so we find the
relationship

0 = Hq
[
γq→q + γq→q̄ + 2(nf − 1)γq→q′

]
+ Hg γg→q . (4.12)

Additionally, because of the independence of quark flavor on equilibrium fraction, the sum
rule in equilibrium is simply

1 =
∑

q

Hq + Hg = 2nf Hq + Hg , (4.13)

where on the right Hq is the fraction that a single species of quark is the WTA flavor.
If instead the equilibrium flavor was a gluon, j = g, then the equilibrium constraint is

0 =
∑

k

Hk γk→g =
∑

q

Hq γq→g + Hg γg→g = 2nf Hqγq→g + Hgγg→g . (4.14)

These three constraints, eqs. (4.12), (4.13), and (4.14), can be used to solve for the equilibrium
flavor fractions where

Hq =
−γg→g

2nf

γq→g − γg→g
, Hg = γq→g

γq→g − γg→g
. (4.15)

This further produces the relationship between the anomalous dimensions where

2nf γg→qγq→g = γg→g
[
γq→q + γq→q̄ + 2(nf − 1)γq→q′

]
. (4.16)
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4.2 Constraints from the jet function

The most general form of the µ2 evolution equations for the jet function is of a similar form
to that of the hard function, where

µ2 ∂

∂µ2 Jj→f =
∑

k

γj→kJk→f , (4.17)

again suppressing arguments for brevity. Similar to the hard function, the jet function satisfies
a probability-conservation sum rule, where, by summing over all possible WTA flavors,∑

f

Jk→f = 1 . (4.18)

In the renormalization group evolution, summing over all WTA flavors then enforces that

µ2 ∂

∂µ2

∑
f

Jj→f = 0 =
∑
k,f

γj→kJk→f =
∑

k

γj→k , (4.19)

and so the sum of the all possible anomalous dimensions for any UV flavor j vanishes:∑
k

γj→k = 0 . (4.20)

We can then consider the two cases of UV flavors, q or g, and establish linear constraints
on the anomalous dimensions.

Starting with a quark in the UV, the sum of anomalous dimensions is

0 =
∑

k

γq→k = γq→q + γq→q̄ + 2(nf − 1)γq→q′ + γq→g , (4.21)

where the quark flavor q′ ̸= q, q̄. For a gluon in the UV, the sum of anomalous dimensions is

0 =
∑

k

γg→k = γg→g + 2nf γg→q . (4.22)

We note that these two constraints, eqs. (4.21) and (4.22), render the constraint from the
hard function, eq. (4.16), a tautology.

4.3 Summary of relationships between anomalous dimensions

We now summarize these general, all-orders relationships amongst the anomalous dimen-
sions and fixed-point flavor fractions. The only independent anomalous dimensions of UV
renormalization are γq→q̄, γq→q′ , γq→g, and γg→q, for any quark flavor q and q′ ̸= q, q̄. All
other anomalous dimensions are related by the symmetries of QCD (flavor symmetry, charge
conjugation, detailed balance) and the flavor-conserving anomalous dimensions are related
by the existence of a fixed-point in the deep infrared or flavor-conservation:

γq→q = −γq→q̄ − 2(nf − 1)γq→q′ − γq→g , γg→g = −2nf γg→q , (4.23)

for nf active quark flavors. The simplest form of the infrared fixed-point flavors fractions
for any quark species q or gluon g are

Hq = γg→q

2nf γg→q + γq→g
, Hg = γq→g

2nf γg→q + γq→g
. (4.24)
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These fixed points fractions are, in a general non-Abelian gauge theory, rational functions
of the coupling, αs. However, because of asymptotic freedom of QCD, in the limit that
the physical scale Q2 → ∞ for fixed renormalization scale µ2, these fixed-point fractions
are independent of αs, where

Hq = lim
αs→0

γg→q(αs)
2nf γg→q(αs) + γq→g(αs)

, (4.25)

Hg = lim
αs→0

γq→g(αs)
2nf γg→q(αs) + γq→g(αs)

. (4.26)

As the anomalous dimensions are a Taylor series in αs, the fixed point fractions therefore are
actually exclusively determined by the one-loop anomalous dimensions.

5 All-orders solution of renormalization group evolution

Before presenting explicit calculations for the hard and jet functions at one-loop order, we
will solve the general renormalization group equations to all orders. This will illustrate
their structure and the way in which the fixed points are approached. For simplicity and
compactness, we will only present the complete solution to the evolution equations for
WTA gluon flavor, but more details and the solution for WTA quark flavor is presented
in appendix A.

Again, the evolution equation for the jet function with identified WTA flavor f is

µ2 ∂

∂µ2 Jj→f (µ2, k2
⊥) =

∑
k

γj→kJk→f (µ2, k2
⊥) . (5.1)

This can be re-expressed as evolution in the value of the coupling αs through the β-
function, where

µ2 ∂αs

∂µ2 = β(αs) . (5.2)

Then, the renormalization group evolution is

∂

∂αs
Jj→f

(
αs, αs(k2

⊥)
)
= 1

β(αs)
∑

k

γj→k(αs) Jk→f

(
(αs, αs(k2

⊥)
)

, (5.3)

with the boundary condition defined by the value of αs at the scale k2
⊥, αs(k2

⊥).

5.1 Gluon WTA flavor

For gluon WTA flavor, this equation simplifies to a two-dimensional matrix equation

∂

∂αs

(
Jg→g

(
αs, αs(k2

⊥)
)

Jq→g
(
αs, αs(k2

⊥)
) ) = 1

β(αs)

(
γg→g

∑
q′ γg→q′

γq→g
∑

q′ γq→q′

)(
Jg→g

(
αs, αs(k2

⊥)
)

Jq→g
(
αs, αs(k2

⊥)
) ) , (5.4)

where q′ is any active quark flavor and we have used the relationships between anomalous
dimensions. Then, exploiting the fixed-point restrictions, this further simplifies to

∂

∂αs

(
Jg→g

(
αs, αs(k2

⊥)
)

Jq→g
(
αs, αs(k2

⊥)
) ) = 1

β(αs)

(
γg→g −γg→g

γq→g −γq→g

)(
Jg→g

(
αs, αs(k2

⊥)
)

Jq→g
(
αs, αs(k2

⊥)
) ) . (5.5)
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The rate of evolution of the WTA flavor is determined by the eigenvalues of the anomalous
dimension matrix. Because of flavor conservation, this matrix has a 0 eigenvalue, while
the other eigenvalue is

γg,WTA ≡ γg→g − γq→g . (5.6)

Therefore, this single eigenvalue controls the rate of evolution of the gluon WTA jet function
from the scale k2

⊥ to the scale µ2.
This matrix equation can be expanded out in terms of two coupled differential equations:

∂

∂αs

[
Jg→g

(
αs,αs(k2

⊥)
)
−Jq→g

(
αs,αs(k2

⊥)
)]

= γg→g−γq→g

β(αs)
[
Jg→g

(
αs,αs(k2

⊥)
)
−Jq→g

(
αs,αs(k2

⊥)
)]

,

∂

∂αs

[
Jg→g

(
αs,αs(k2

⊥)
)
+Jq→g

(
αs,αs(k2

⊥)
)]

= γg→g +γq→g

β(αs)
[
Jg→g

(
αs,αs(k2

⊥)
)
−Jq→g

(
αs,αs(k2

⊥)
)]

.

(5.7)

The first equation’s solution is

Jg→g

(
αs,αs(k2

⊥)
)
= Jg→g

(
αs(µ2

J),αs(k2
⊥)
)
exp

[∫ αs

αs(µ2
J )

dα

β(α) (γg→g(α)−γq→g(α))
]
+F (αs) ,

(5.8)

Jq→g

(
αs,αs(k2

⊥)
)
= Jq→g

(
αs(µ2

J),αs(k2
⊥)
)
exp

[∫ αs

αs(µ2
J )

dα

β(α) (γg→g(α)−γq→g(α))
]
+F (αs) ,

(5.9)

in terms of a natural scale µ2
J of the jet function and for some function F (αs). The second

differential equation in terms of F (αs) can be written as

∂

∂αs
F (αs) =

γq→g(αs) Jg→g
(
αs(µ2

J), αs(k2
⊥)
)
− γg→g(αs) Jq→g

(
αs(µ2

J), αs(k2
⊥)
)

β(αs)
(5.10)

× exp
[∫ αs

αs(µ2
J )

dα

β(α) (γg→g(α)− γq→g(α))
]

.

Requiring that F (αs) vanishes at the scale µ2 = µ2
J , the solution can be written as

F (αs) =
∫ αs

αs(µ2
J )

dα
γq→g(α) Jg→g

(
αs(µ2

J), αs(k2
⊥)
)
− γg→g(α) Jq→g

(
αs(µ2

J), αs(k2
⊥)
)

β(α)

× exp
[∫ α

αs(µ2
J )

dα′

β(α′)
(
γg→g(α′)− γq→g(α′)

)]
. (5.11)

Putting it together, the solutions for the jet functions are

Jg→g

(
αs,αs(k2

⊥)
)
= Jg→g

(
αs(µ2

J),αs(k2
⊥)
)
exp

[∫ αs

αs(µ2
J

)

dα

β(α) (γg→g(α)−γq→g(α))
]

+
∫ αs

αs(µ2
J

)
dα

γq→g(α)Jg→g

(
αs(µ2

J),αs(k2
⊥)
)
−γg→g(α)Jq→g

(
αs(µ2

J),αs(k2
⊥)
)

β(α)

×exp
[∫ α

αs(µ2
J

)

dα′

β(α′) (γg→g(α′)−γq→g(α′))
]

, (5.12)
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Jq→g

(
αs,αs(k2

⊥)
)
= Jq→g

(
αs(µ2

J),αs(k2
⊥)
)
exp

[∫ αs

αs(µ2
J

)

dα

β(α) (γg→g(α)−γq→g(α))
]

+
∫ αs

αs(µ2
J

)
dα

γq→g(α)Jg→g

(
αs(µ2

J),αs(k2
⊥)
)
−γg→g(α)Jq→g

(
αs(µ2

J),αs(k2
⊥)
)

β(α)

×exp
[∫ α

αs(µ2
J

)

dα′

β(α′) (γg→g(α′)−γq→g(α′))
]

. (5.13)

µ2
J is the natural scale of the jet function and is taken to be of the order of k2

⊥, but sensitivity
to the specific choice of µ2

J can be used to assess the residual scale dependence from a
calculation truncated at a finite order. We will show later that these expressions agree
exactly with the results resummed at leading-logarithmic order in ref. [13] with one-loop
anomalous dimensions and β-function, and appropriate choices for the boundary conditions,
Jg→g

(
αs(µ2

J), αs(k2
⊥)
)

and Jq→g
(
αs(µ2

J), αs(k2
⊥)
)
.

5.2 Quark WTA flavor

The evolution equations for WTA quark flavor are substantially more complicated, as
described by a four-dimensional matrix equation:

∂

∂αs


Jq→q

(
αs, αs(k2

⊥)
)

Jq̄→q
(
αs, αs(k2

⊥)
)

Jq′→q

(
αs, αs(k2

⊥)
)

Jg→q
(
αs, αs(k2

⊥)
)



= 1
β(αs)


γq→q γq→q̄

∑
q′ γq→q′ γq→g

γq̄→q γq̄→q̄
∑

q′ γq̄→q′ γq̄→g

γq′→q γq′→q̄
∑

q′′ γq′→q′′ γq′→g

γg→q γg→q̄
∑

q′ γg→q′ γg→g




Jq→q
(
αs, αs(k2

⊥)
)

Jq̄→q
(
αs, αs(k2

⊥)
)

Jq′→q

(
αs, αs(k2

⊥)
)

Jg→q
(
αs, αs(k2

⊥)
)



= 1
β(αs)


γq→q γq→q̄ 2(nf − 1)γq→q′ γq→g

γq→q̄ γq→q 2(nf − 1)γq→q′ γq→g

γq→q′ γq→q′ −γq→g − 2γq→q′ γq→g

γg→q γg→q 2(nf − 1)γg→q −2nf γg→q




Jq→q
(
αs, αs(k2

⊥)
)

Jq̄→q
(
αs, αs(k2

⊥)
)

Jq′→q

(
αs, αs(k2

⊥)
)

Jg→q
(
αs, αs(k2

⊥)
)

 . (5.14)

Here, the quark flavor q′ is distinct from q and q̄, q′ ̸= q, q̄ and q′′ is distinct from q′. In
writing these expressions, we have used the SU(nf ) flavor symmetry and in the second line,
have simplified the anomalous dimension matrix using the fixed-point relationships. In this
form, it is obvious that the anomalous dimension matrix has a 0 eigenvalue for total flavor
conservation, while the three other eigenvalues are:

γq,WTA1 ≡ γg→g − γq→g , (5.15)
γq,WTA2 ≡ γq→q − γq→q̄ , (5.16)
γq,WTA3 ≡ −2nf γq→q′ − γq→g . (5.17)

These three eigenvalues then control the rate of collinear evolution of the jet functions from
the scale k2

⊥ to the scale µ2. For brevity here, we present the explicit solutions to these
evolution equations with one-loop running in appendix A.
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6 Fixed-order analysis of UV renormalization

In this section, we present an explicit analysis of the UV evolution equations, evaluating
the hard and jet functions at O(αs) to validate the consistency of the factorization ansatz,
and presenting general expressions for the solution to the renormalization group equations
through O(α2

s). From these results, the established relationships between various flavor-
changing anomalous dimensions can be verified and will set the stage for the calculation
of new processes that start at O(α2

s) in section 7.

6.1 Solution to UV renormalization equations through order-α2
s

We begin by presenting the general solution to the renormalization group equations through
O(α2

s). We will present the result explicitly for the jet function, but the expression for the
hard function is similar. We can expand the jet function in powers of αs as

Jj→f (µ2, k2
⊥) = δjf + αs

2π
f

(1)
j→f

(
log µ2

k2
⊥

)
+
(

αs

2π

)2
f

(2)
j→f

(
log µ2

k2
⊥

)
+ · · · , (6.1)

for some functions f
(n)
j→f of the logarithm of the ratio of scales at nth order in αs. The

running coupling satisfies the one-loop β-function

µ2 ∂αs

∂µ2 = −α2
s

2π
β0 , (6.2)

where β0 is the one-loop coefficient,

β0 = 11
6 CA − 2

3TRnf . (6.3)

The anomalous dimension can also be expanded in powers of αs as

γj→k = αs

2π
γ

(1)
j→k +

(
αs

2π

)2
γ

(2)
j→k + · · · . (6.4)

Then, the renormalization group evolution equation can be expressed through O(α2
s) as

µ2 ∂

∂µ2 Jj→f (µ2, k2
⊥) =

αs

2π

d

dL
f

(1)
j→f (L) +

(
αs

2π

)2 [ d

dL
f

(2)
j→f (L)− β0 f

(1)
j→f (L)

]
(6.5)

=
∑

k

γj→kJk→f

= αs

2π
γ

(1)
j→f +

(
αs

2π

)2
[∑

k

γ
(1)
j→kf

(1)
k→f (L) + γ

(2)
j→f

]
,

where L = logµ2/k2
⊥. Matching terms order-by-order, we find

d

dL
f

(1)
j→f (L) = γ

(1)
j→f , (6.6)

or that

f
(1)
j→f (L) = γ

(1)
j→f L + c

(1)
j→f , (6.7)

where c
(1)
j→f is a constant, independent of µ2.
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With this result, the equation at the next order is

d

dL
f

(2)
j→f (L)− β0 f

(1)
j→f (L) =

∑
k

γ
(1)
j→kf

(1)
k→f (L) + γ

(2)
j→f , (6.8)

or that

d

dL
f

(2)
j→f (L) = β0 γ

(1)
j→f L + β0 c

(1)
j→f +

∑
k

[
γ

(1)
j→k γ

(1)
k→f L + γ

(1)
j→kc

(1)
k→f

]
+ γ

(2)
j→f . (6.9)

The solution is

f
(2)
j→f (L) =

∑
k γ

(1)
j→k γ

(1)
k→f + β0 γ

(1)
j→f

2 L2 +
(

β0c
(1)
j→f +

∑
k

γ
(1)
j→kc

(1)
k→f + γ

(2)
j→f

)
L + c

(2)
j→f ,

(6.10)

where c
(2)
i→f is another constant. Then, through O(α2

s), the jet function is

Jj→f (µ2,k2
⊥) (6.11)

= δjf +
αs

2π

(
γ

(1)
j→f log µ2

k2
⊥
+c

(1)
j→f

)

+
(αs

2π

)2
∑k γ

(1)
j→k γ

(1)
k→f +β0 γ

(1)
j→f

2 log2 µ2

k2
⊥
+
(

β0c
(1)
j→f +

∑
k

γ
(1)
j→kc

(1)
k→f +γ

(2)
j→f

)
log µ2

k2
⊥
+c

(2)
j→f


+O(α3

s) .

6.2 Order-αs calculations: hard function

We now turn to explicit calculations of the jet and hard functions for WTA flavor in e+e−

collision events, starting with the hard function, He+e−→jLjR
. At leading-order, the hard

function is diagonal, where

He+e−→jLjR
= δqjLδq̄jR + αs

2π
H

(1)
e+e−→jLjR

+O(α2
s) , (6.12)

where q and q̄ are an antiparticle pair of a quark q and anti-quark q̄. We will calculate
the one-loop corrections to this hard function, the factor H

(1)
e+e−→jLjR

, and through it will
validate the general results established in previous sections.

First, the one-loop virtual contributions to the hard function exclusively contribute to
the flavor-diagonal factors, where

H
(1,V)
e+e−→qq̄ = CF

(
µ2

Q2

)ϵ (
− 2

ϵ2 − 3
ϵ
− 8 + 7

6π2
)

, (6.13)

which is the well-known one-loop virtual result for the e+e− → hadrons total cross section in
dimensional regularization where the dimensionality of spacetime is d = 4 − 2ϵ.
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Real contributions to the hard function can result in flavor changes from the UV to the
IR and can be calculated from the differential cross section for the e+e− → qq̄g process, where

1
σ0

dσ(1)

dx1 dx2
= αs

2π
CF

(
µ2

Q2

)ϵ 1
Γ(1− ϵ) (1− x1)−ϵ (1− x2)−ϵ (x1 + x2 − 1)−ϵ (6.14)

× x2
1 + x2

2 − ϵ(2− x1 − x2)2

(1− x1)(1− x2)
Θ(x1 + x2 − 1) .

Here, σ0 is the electroweak cross section for e+e− → qq̄ and the x1, x2 variables are the
energy fractions of the quark and anti-quark with

x1 = 2Eq

Q
, x2 = 2Eq̄

Q
, (6.15)

where Q is the center-of-mass collision energy. The energy fraction of the gluon is constrained
by energy conservation, x3 = 2− x1 − x2. The real emission contribution to the total cross
section is well known, where

σ(1,R)

σ0
= αs

2π
CF

(
µ2

Q2

)ϵ ( 2
ϵ2 + 3

ϵ
+ 19

2 − 7
6π2

)
. (6.16)

At this order, the only possible final hemisphere WTA flavor combinations are qq̄, qg, and
gq̄ and so the sum of these three corresponding real contributions to the hard functions
is constrained to equal this total:

αs

2π

(
H

(1,R)
e+e−→qq̄+H

(1,R)
e+e−→qg+H

(1,R)
e+e−→gq̄

)
= αs

2π
CF

(
µ2

Q2

)ϵ( 2
ϵ2 +

3
ϵ
+19

2 − 7
6π2

)
. (6.17)

Additionally, we note that, by charge conjugation, the hard functions H
(1,R)
e+e−→qg = H

(1,R)
e+e−→gq̄,

and so we only have to explicitly calculate the hard function H
(1,R)
e+e−→qq̄.

The hemisphere WTA flavors are diagonal, e+e− → qq̄, if the gluon is the lowest energy
particle, so that the WTA axes always lie on the quark and anti-quark. The real contribution
to the hard function is thus

H
(1,R)
e+e−→qq̄ =CF

(
µ2

Q2

)ϵ 1
Γ(1−ϵ)

∫
dx1 dx2 (1−x1)−ϵ (1−x2)−ϵ (x1+x2−1)−ϵ (6.18)

×x2
1+x2

2−ϵ(2−x1−x2)2

(1−x1)(1−x2)
Θ(x1+x2−1)Θ(2x1+x2−2)Θ(x1+2x2−2)

=CF

(
µ2

Q2

)ϵ( 2
ϵ2 +

3
ϵ
+
−5

4+4log2
ϵ

+119
24 − 7

6π2+7
2 log2−

5
4 log3+4log2 2

+2log2 3+4Li2
(2
3

))
,

where Li2(x) is the dilogarithm function. Summing this with the virtual contribution identified
earlier, the one-loop flavor-diagonal hard function is

H
(1)
e+e−→qq̄ =CF

(
µ2

Q2

)ϵ(−5
4+4log2

ϵ
− 73
24+

7
2 log2−

5
4 log3+4log2 2+2log2 3+4Li2

(2
3

))
.

(6.19)
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Importantly, all soft divergences have been explicitly canceled, and the remaining 1/ϵ diver-
gence is purely collinear and can therefore be removed by collinear renormalization described
in section 3.2. The hard functions H

(1)
e+e−→qg and H

(1)
e+e−→gq̄ are then

H
(1)
e+e−→qg =H

(1)
e+e−→gq̄ =

2π
αs

σ(1,R)

σ0
−H

(1)
e+e−→qq̄

2 (6.20)

=CF

(
µ2

Q2

)ϵ(
−
−5

8+2log2
ϵ

+109
48 − 7

4 log2+
5
8 log3−2log2 2−log2 3−2Li2

(2
3

))
.

From these results, we can then extract the one-loop anomalous dimensions γ
(1)
q→q and γ

(1)
q→g.

Note that γq→q = γq̄→q̄, and so

µ2 ∂

∂µ2
αs

2π
H

(1)
e+e−→qq̄ = −αs

2π

∑
k

H
(0)
e+e−→kq̄γ

(1)
k→q −

αs

2π

∑
k

H
(0)
e+e−→qkγ

(1)
k→q̄ (6.21)

= −2 · αs

2π
γ(1)

q→q

= 2 · αs

2π
CF

(
−5
8 + 2 log 2

)
.

The anomalous dimension γ
(1)
q→g is extracted from the evolution of the flavor changing process,

for example

µ2 ∂

∂µ2
αs

2π
H

(1)
e+e−→gq̄ = −αs

2π

∑
k

H
(0)
e+e−→kq̄γk→g −

αs

2π

∑
k

H
(0)
e+e−→gkγk→q̄ (6.22)

= −αs

2π
γ(1)

q→g

= αs

2π
CF

(5
8 − 2 log 2

)
.

Note that this result establishes that the flavor-preserving and changing anomalous dimensions
are opposite to one another at one-loop, γ

(1)
q→g = −γ

(1)
q→q. This is consistent with the general

relationship between these anomalous dimensions from section 4.3 because all quark-flavor
changing anomalous dimensions, γ

(1)
q→q′ , where q′ ̸= q, vanish at one-loop order.

6.3 Order-αs calculations: jet function

With the one-loop hard function calculated, we now turn to the one-loop jet function that
describes collinear evolution of the flavor of the WTA axis. We first review the procedure
of renormalization of the jet function through one-loop, as these results will be useful for
extracting two-loop anomalous dimensions and validating the general fixed-order expansion
formula of the jet function in section 7.

6.3.1 Renormalization

From the renormalization prescription, the jet functions are explicitly renormalized as follows:

J (bare)
q→q = Zq→qJ (ren)

q→q + Zq→gJ (ren)
g→q +

∑
q′′

Zq→q′′J
(ren)
q′′→q , (6.23)

J (bare)
q→g = Zq→qJ (ren)

q→g + Zq→gJ (ren)
g→g +

∑
q′′

Zq→q′′J
(ren)
q′′→g , (6.24)
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J
(bare)
q→q′ = Zq→qJ

(ren)
q→q′ + Zq→gJ

(ren)
g→q′ +

∑
q′′

Zq→q′′J
(ren)
q′′→q′ (6.25)

J (bare)
g→q = Zg→qJ (ren)

q→q + Zg→gJ (ren)
g→q +

∑
q′′

Zg→q′′J
(ren)
q′′→q , (6.26)

J (bare)
g→g = Zg→qJ (ren)

q→g + Zg→gJ (ren)
g→g +

∑
q′′

Zg→q′′J
(ren)
q′′→g , (6.27)

summed over intermediate quarks q′′ ̸= q. We have suppressed the arguments of these functions
for brevity here as well. At lowest order, α0

s, only the diagonal jet functions are non-zero,
Ji→j = δij +O(αs). Therefore, the only non-zero renormalization factors are also diagonal:

Zi→j = δij +O(αs) . (6.28)

Through O(αs), the quark flavor-changing jet functions are still 0: Jq′′→q = O(α2
s), and so

through this order, the renormalized functions are

J (bare)
q→q = 1 + Z(1)

q→q + J (1,ren)
q→q +O(α2

s) , (6.29)

J (bare)
q→g = J (1,ren)

q→g + Z(1)
q→g +O(α2

s) , (6.30)

J
(bare)
q→q′ = O(α2

s) (6.31)

J (bare)
g→q = Z(1)

g→q + J (1,ren)
g→q +O(α2

s) , (6.32)

J (bare)
g→g = 1 + Z(1)

g→g + J (1,ren)
g→g +O(α2

s) . (6.33)

Here, the superscript 1 denotes the order in αs at which these objects are calculated.

6.3.2 q → q jet function flavor transition

We now turn to the explicit calculation of the one-loop jet functions. In this and all following
subsections, we will denote the energy of the jet as EJ and the relative transverse momentum
between two particles produced in a splitting to be min[z2, (1− z)2]E2

Jθ2, where z, (1− z) are
the energy fractions of the daughter particles and θ is their relative angle. If the transverse
momentum of the splitting is above some scale k2

⊥, the flavor of the WTA axis is that of
the more energetic particle. If instead the transverse momentum of the splitting is below
k2
⊥, then the flavor of the WTA axis is the flavor of the initiating particle, which is also

the sum of the flavors of the daughters.
With this set-up, the dimensionally-regulated, flavor-diagonal bare jet function J

(bare)
q→q

through one-loop is

J (bare)
q→q (µ2

0, k2
⊥) = 1 + αsCF

2π

(4π)ϵ

Γ(1− ϵ)

(
µ2

0
E2

J

)ϵ ∫ 1

0
dz

∫ ∞

0
dθ2 (6.34)

× (θ2)−1−ϵz−2ϵ(1− z)−2ϵ

(
1 + (1− z)2

z
− ϵz

)
×
[
Θ(z2θ2E2

J − k2
⊥)Θ(1/2− z) + Θ(k2

⊥ −min[z2, (1− z)2]θ2E2
J)
]
+O(α2

s)

= 1 + αsCF

2π

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[5
8 − 2 log 2 + ϵ

(
2− 7

4 log 2− 2 log2 2
)]

+O(α2
s) .
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To evaluate this expression, we have used the q → qg collinear splitting function and simplified
the integrand at intermediate steps using the fact that scaleless integrals vanish in dimensional
regularization. Further, note that the zero-bin jet function to this order is scaleless,

J (zero,bare)
q→q (µ2

0, k2
⊥) =

αsCF

π

(4π)ϵ

Γ(1− ϵ)

(
µ2

0
E2

J

)ϵ ∫ ∞

0
dz

∫ ∞

0
dθ2 (6.35)

× (θ2)−1−ϵz−1−2ϵ(1− z)−2ϵ

×
[
Θ(z2θ2E2

J − k2
⊥) + Θ(k2

⊥ − z2θ2E2
J)
]
+O(α2

s)

= 0 +O(α2
s) ,

where we take the z ∼ k⊥ → 0 limit in the integrand.
To eliminate divergences, we set the renormalization factor at this order to

Z(1)
q→q(µ2

0, µ2) = αsCF

2π

(
µ2

0
µ2

)ϵ 1
ϵ

(5
8 − 2 log 2

)
, (6.36)

so that the renormalized WTA jet function is

J (ren)
q→q (µ2, k2

⊥) = J (bare)
q→q (µ2

0, k2
⊥)− Z(1)

q→q(µ2
0, µ2) (6.37)

= 1 + αsCF

2π

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[5
8 − 2 log 2 + ϵ

(
2− 7

4 log 2− 2 log2 2
)]

− αsCF

2π

(
µ2

0
µ2

)ϵ 1
ϵ

(5
8 − 2 log 2

)
+O(α2

s)

= 1 + αsCF

2π

((5
8 − 2 log 2

)
log µ2

k2
⊥
+ 2− 7

4 log 2− 2 log2 2
)
+O(α2

s) .

Its anomalous dimension is

γq→q = αsCF

2π

(5
8 − 2 log 2

)
+O(α2

s) . (6.38)

This is the same anomalous dimension as calculated from the hard function He+e−→qq̄.

6.3.3 q → g jet function flavor transition

The WTA flavor is only a gluon if there is a resolved emission and it is harder than the quark:

J (bare)
q→g (µ2

0,k2
⊥) (6.39)

= αsCF

2π

(4π)ϵ

Γ(1−ϵ)

(
µ2

0
E2

J

)ϵ ∫ 1

0
dz

∫ ∞

0
dθ2

×(θ2)−1−ϵz−2ϵ(1−z)−2ϵ

(
1+(1−z)2

z
−ϵz

)
Θ
(
(1−z)2θ2E2

J−k2
⊥

)
Θ(z−1/2)+O(α2

s)

= αsCF

2π

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[
−5
8+2log2+ϵ

(
−2+7

4 log2+2log2 2
)]

+O(α2
s) .
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For this jet function, the zero-bin explicitly vanishes because the gluon must be more energetic
than the quark. We set the renormalization factor to this order to

Z(1)
q→g(µ2

0, µ2) = αsCF

2π

(
µ2

0
µ2

)ϵ 1
ϵ

(
−5
8 + 2 log 2

)
, (6.40)

so the renormalized WTA jet function is

J (ren)
q→g (µ2, k2

⊥) = J (bare)
q→g (µ2

0, k2
⊥)− Z(1)

q→g(µ2
0, µ2) (6.41)

= αsCF

2π

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[
−5
8 + 2 log 2 + ϵ

(
−2 + 7

4 log 2 + 2 log2 2
)]

− αsCF

2π

(
µ2

0
µ2

)ϵ 1
ϵ

(
−5
8 + 2 log 2

)
+O(α2

s)

= αsCF

2π

((
−5
8 + 2 log 2

)
log µ2

k2
⊥
− 2 + 7

4 log 2 + 2 log2 2
)
+O(α2

s) .

Its anomalous dimension is then

γq→g = αsCF

2π

(
−5
8 + 2 log 2

)
+O(α2

s) . (6.42)

This is the same anomalous dimension as calculated from the hard function He+e−→gq̄.

6.3.4 g → g jet function flavor transition

Now, onto an initial gluon. For evolution into a gluon at the WTA flavor scale k2
⊥, the

contribution to the one-loop jet function from the CA collinear splitting channel is 0 because
regardless of how the splitting occurs, there is perfect cancelation between real and virtual
emissions. However, there is a non-zero contribution from the TR channel if the splitting
is unresolved:

J (bare)
g→g (µ2

0,k2
⊥)= 1+αsnf TR

π

(4π)ϵ

Γ(1−ϵ)

(
µ2

0
E2

J

)ϵ ∫ 1

0
dz

∫ ∞

0
dθ2 (6.43)

×(θ2)−1−ϵz−2ϵ(1−z)−2ϵ
(
1− 2z(1−z)

1−ϵ

)
Θ(k2

⊥−z2θ2E2
J)Θ(1/2−z)+O(α2

s)

= 1+αsnf TR

2π

(4π)ϵ

Γ(1−ϵ)

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[
−2
3+ϵ

(
−17
18+

4
3 log2

)]
+O(α2

s) .

The factor of nf appears because we must sum over all possible unresolved quarks. We set
the renormalization factor to this order to

Z(1)
g→g(µ2

0, µ2) = −αsnf TR

2π

(
µ2

0
µ2

)ϵ 1
ϵ

2
3 , (6.44)
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so the renormalized WTA jet function is

J (ren)
g→g (µ2, k2

⊥) = J (bare)
g→g (µ2

0, k2
⊥)− Z(1)

g→g(µ2
0, µ2) (6.45)

= 1 + αsnf TR

2π

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[
−2
3 + ϵ

(
−17
18 + 4

3 log 2
)]

+ αsnf TR

2π

(
µ2

0
µ2

)ϵ 1
ϵ

2
3 +O(α2

s)

= 1 + αsnf TR

2π

(
−2
3 log µ2

k2
⊥
− 17

18 + 4
3 log 2

)
+O(α2

s) .

Its anomalous dimension is

γg→g = −2
3

αsnf TR

2π
+O(α2

s) . (6.46)

6.3.5 g → q jet function flavor transition

For a quark from a gluon, this only occurs if the splitting is resolved and the quark takes
away more energy than the anti-quark:

J (bare)
g→q (µ2

0, k2
⊥) =

αsTR

2π

(4π)ϵ

Γ(1− ϵ)

(
µ2

0
E2

J

)ϵ ∫ 1/2

0
dz

∫ ∞

0
dθ2 (6.47)

× (θ2)−1−ϵz−2ϵ(1− z)−2ϵ
(
1− 2z(1− z)

1− ϵ

)
Θ(z2θ2E2

J − k2
⊥) +O(α2

s)

= αsTR

2π

(4π)ϵ

Γ(1− ϵ)

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[1
3 + ϵ

(17
36 − 2

3 log 2
)]

+O(α2
s) .

We can then set the renormalization factor through this order to

Z(1)
g→q = αsTR

2π

(
µ2

0
µ2

)ϵ 1
ϵ

1
3 , (6.48)

and the renormalized WTA jet function is

Jg→q(k⊥) = J (bare)
g→q (k⊥)− Z(1)

g→q (6.49)

= αsTR

2π

(
µ2

0
k2
⊥

)ϵ 1
ϵ

[1
3 + ϵ

(17
36 − 2

3 log 2
)]

− αsTR

2π

(
µ2

0
µ2

)ϵ 1
ϵ

1
3 +O(α2

s)

= αsTR

2π

(
1
3 log µ2

k2
⊥
+ 17

36 − 2
3 log 2

)
+O(α2

s) .

Its anomalous dimension is

γg→q = 1
3

αsTR

2π
+O(α2

s) . (6.50)
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6.4 One-loop jet function summary

We now summarize the results from calculating the one-loop jet functions for all possible
flavor transistions. The scaled anomalous dimensions are:

γ(1)
q→q = CF

(5
8 − 2 log 2

)
, γ(1)

q→g = CF

(
−5
8 + 2 log 2

)
, (6.51)

γ(1)
g→q = 1

3TR , γ(1)
g→g = −2

3nf TR .

These one-loop anomalous dimensions equal the corresponding results derived and used in
ref. [13] for one-loop evolution of the WTA flavor from the perspective of modifying DGLAP
evolution. The scaled one-loop constants of the jet function are

c(1)
q→q = CF

(
2− 7

4 log 2− 2 log2 2
)

, c(1)
q→g = CF

(
−2 + 7

4 log 2 + 2 log2 2
)

, (6.52)

c(1)
g→q = TR

(17
36 − 2

3 log 2
)

, c(1)
g→g = nf TR

(
−17
18 + 4

3 log 2
)

.

These results are also collected in appendix C, along with the explicit expression for the
hard function.

7 Order-α2
s calculations with q → q̄′q′q matrix element

With results at one-loop order established, we now move to studying the predictions and
consequences of the WTA flavor factorization ansatz at O(α2

s). In this section, we will focus
on flavor transitions in the jet function, validating that the factorization ansatz and its
renormalization procedure produces identical results to explicit calculation with complete
matrix elements. For all of these analyses, we focus on the collinear splitting of an initial
quark q into quarks of new flavors q′, q̄′, q → q̄′1q′2q3. What is particularly interesting about
this splitting is that there are multiple WTA flavor channels that are present. This is the
first order at which both quark flavor changes can occur, e.g., q → q′, as well as non-partonic
WTA flavor can be produced, e.g., q → (qq′), where the two partons q and q′ lie within a
relative transverse momentum of k2

⊥ of each other. Crucially, we will demonstrate that the
zero-bin is indeed scaleless and the resulting jet functions have no IR divergences, which also
ensures that the non-partonic WTA flavor jet function has no UV divergences at this order.

The bare jet function for transition from the initial quark q to a final flavor f can be
calculated from this splitting via the master formula

J
(2,bare)
q→f (µ2

0, k2
⊥) =

∫
dΦ3 |Mq→q̄′1q′2q3 |

2 ΘWTA . (7.1)

dΦ3 is differential three-body collinear phase space in d = 4 − 2ϵ dimensions. Explicitly,
this is [52, 53]

dΦ3 =
41−ϵE4

J

(4π)5−2ϵ

(E2
J)−2ϵ

Γ(1−2ϵ) dθ2
12 dθ2

13 dϕdz1 dz2 z1−2ϵ
1 z1−2ϵ

2 z1−2ϵ
3 (θ2

12)−ϵ(θ2
13)−ϵ sin−2ϵ ϕ,

(7.2)

for phase space coordinates formed from pairwise angles θ2
12, θ2

13, azimuthal angle ϕ, and
energy fractions zi, with z1 + z2 + z3 = 1 on a jet with total energy EJ . By the law of cosines,
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the azimuthal angle ϕ is defined in terms of the pairwise angles as

θ2
23 = θ2

12 + θ2
13 − 2θ12θ13 cosϕ . (7.3)

|Mq→q̄′1q′2q3 |2 is the squared matrix element for this collinear splitting where [54, 55]

|Mq→q̄′1q′2q3 |
2 =

(
8πµ2ϵ

0 αs

)2 CF TR

2E4
J

1
z1z2θ2

12
(
z1z2θ2

12 + z1z3θ2
13 + z2z3θ2

23
) (7.4)

×
[
− z1z2θ2

12
z1z2θ2

12 + z1z3θ2
13 + z2z3θ2

23

(
2z3

1− z3

θ2
23 − θ2

13
θ2

12
+ z1 − z2

z1 + z2

)2

+ 4z3 + (z1 − z2)2

z1 + z2
+ (1− 2ϵ)

(
z1 + z2 −

z1z2θ2
12

z1z2θ2
12 + z1z3θ2

13 + z2z3θ2
23

)]
.

Finally, ΘWTA is the WTA flavor measurement function of the phase space variables that
depends on the specific WTA flavor f and scale k2

⊥.
At this order, the WTA flavor constraints are very complicated, so we can’t necessarily

hope to evaluate the jet function in closed, analytic form. Therefore, we will restrict
calculations to leading-logarithmic accuracy, at which splittings are described by strongly-
ordered emissions. In the hierarchical collinear limit of the q′q̄′ pair, and averaged over their
relative azimuthal angle, the squared matrix element is

|Mq→q̄′1q′2q3 |
2 →

(
8πµ2ϵ

0 αs

)2 CF TR

2E4
J

1
z1z2z3(1− z3)θ2

12θ2
13

(7.5)

×
[
− 8z1z2z3
(1− z3)3 + 4z3 + (z1 − z2)2

1− z3
+ (1− 2ϵ) (1− z3)

]
.

We leave a thorough calculation of the jet function to future work, and its consequence on
higher logarithmic accuracy WTA flavor evolution.

7.1 UV to IR quark flavor change

We will start our analysis here by studying contributions to the quark flavor changing jet
function J

(2)
q→q′ with q′ ̸= q, to validate the structure of the factorization ansatz that is

dependent on the UV renormalization scale µ2.

7.1.1 Calculation from evolution equations

Our first step will be to calculate the jet function Jq→q′(µ2, k2
⊥) from the explicit solution

to the evolution equations, eq. (6.11). Because the quark flavors are distinct, q ̸= q′, there
are no contributions to the jet function at either O(α0

s) or O(α1
s). The leading contributions

start at O(α2
s) and can be expressed as

Jq→q′(µ2,k2
⊥)=

(
αs

2π

)2
(
1
2
∑

k

γ
(1)
q→kγ

(1)
k→q′ log

2 µ2

k2
⊥
+
(∑

k

γ
(1)
q→kc

(1)
k→q′+γ

(2)
q→q′

)
log µ2

k2
⊥
+c

(2)
q→q′

)
+O(α3

s) . (7.6)
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By the structure of the one-loop jet functions, the only possible intermediate particle k that can
connect two quarks of differing flavor is a gluon, and so the jet function to this order reduces to

Jq→q′(µ2, k2
⊥) =

(
αs

2π

)2
(
1
2γ(1)

q→gγ
(1)
g→q′ log

2 µ2

k2
⊥
+
(
γ(1)

q→gc
(1)
g→q′ + γ

(2)
q→q′

)
log µ2

k2
⊥
+ c

(2)
q→q′

)
+O(α3

s) . (7.7)

Plugging in the corresponding one-loop results summarized in section 6.4, this jet function is

Jq→q′(µ2,k2
⊥)=

(
αs

2π

)2
[
CF TR

(
− 5
48+

1
3 log2

)
log2 µ2

k2
⊥

(7.8)

+
(

CF TR

(
−5
8+2log2

)(17
36−

2
3 log2

)
+γ

(2)
q→q′

)
log µ2

k2
⊥
+c

(2)
q→q′

]
+O(α3

s) .

We are still missing the two-loop anomalous dimension γ
(2)
q→q′ and constant c

(2)
q→q′ for complete

knowledge of the jet function through this order. However, we will next validate that the
leading-logarithmic term is correctly reproduced with the renormalization prescription which
then correspondingly enables extraction of these values from the explicit calculation of the
bare two-loop jet function.

7.1.2 Calculation from explicit renormalization

Using the general renormalization prescription of the jet function from section 6.3.1, we can
evaluate the two-loop renormalized jet function for the q → q′ transition via

J
(bare)
q→q′ = J

(2,ren)
q→q′ + Z(1)

q→gJ
(1,ren)
g→q′ + Z

(2)
q→q′ +O(α3

s) . (7.9)

We will focus here on calculation of the leading logarithmic terms at O(α2
s) in this jet function,

and so we only need to calculate each term in this relationship to leading logarithmic order.
The leading logarithmic contributions to the product of the one-loop renormalized jet function
and the renormalization factor are

Z(1)
q→gJ

(1,ren)
g→q′ ⊃

(
αs

2π

)2 CF TR

3

(
−5
8 + 2 log 2

)(
µ2

0
µ2

)ϵ 1
ϵ2

[(
µ2

0
k2
⊥

)ϵ

−
(

µ2
0

µ2

)ϵ]
(7.10)

=
(

αs

2π

)2
CF TR

[
1
ϵ

(
− 5
24 + 2

3 log 2
)
log µ2

k2
⊥
+
(
− 5
12 + 4

3 log 2
)
log µ2

0
µ2 log µ2

k2
⊥

+
(
− 5
48 + 1

3 log 2
)
log2 µ2

k2
⊥

]
.

Next, we need to evaluate the bare jet function as described by the master formula
of eq. (7.1). We have already presented the expression for the differential phase space
and squared matrix element relevant for this transition; now, we need to construct the
measurement function ΘWTA that establishes the quark q′ as the WTA axis. Because there
are no flavorless particles in the q → q̄′1q′2q3 final state, there cannot be any particles within a
relative transverse momentum scale k2

⊥ of the quark q′. The WTA axis is defined through
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pairwise reclustering with the kT algorithm, so, for a jet with three final state particles, we
must consider three possible clustering histories. If q′ is initially clustered with either q̄′ or
q, we must require that the q′ is more energetic than its cluster partner and together they
carry more than half of the jet’s energy. If instead q̄′ and q are clustered together first, the
q′ quark alone must carry more than half of the jet’s energy.

These considerations produce the complete measurement function for WTA flavor of
q′ in the q → q̄′1q′2q3 collinear splitting to be

ΘWTA = Θ
(
min[z2

1 , z2
3 ]θ2

13 − z2
1θ2

12

)
Θ
(
min[z2

2 , z2
3 ]θ2

23 − z2
1θ2

12

)
(7.11)

×Θ
(1
2 − z3

)
Θ(z2 − z1)Θ

(
z2

1θ2
12E2

J − k2
⊥

)
+Θ

(
min[z2

1 , z2
2 ]θ2

12 − z2
3θ2

23

)
Θ
(
min[z2

1 , z2
3 ]θ2

13 − z2
3θ2

23

)
×Θ

(1
2 − z1

)
Θ(z2 − z3)Θ

(
z2

3θ2
23E2

J − k2
⊥

)
+Θ

(
z2

1θ2
12 −min[z2

1 , z2
3 ]θ2

13

)
Θ
(
z2

3θ2
23 −min[z2

1 , z2
3 ]θ2

13

)
Θ
(

z2 −
1
2

)
×
[
Θ(z1 − z3)Θ

(
(1− z2)2θ2

12E2
J − k2

⊥

)
+Θ(z3 − z1)Θ

(
(1− z2)2θ2

23E2
J − k2

⊥

)]
.

In these expressions, because we utilize the WTA recombination scheme, the relative transverse
momentum from a reclustered pair of particles is measured with respect to the harder of
the two in the cluster. One thing to note for this measurement function is that its zero-bin
explicitly vanishes in the limit that z1, z2 ∼ k⊥ → 0.

Restricting to validating the leading-logarithms of the jet function, the measurement
function simplifies significantly. At leading logarithmic accuracy, the q̄′1q′2 pair are para-
metrically more collinear than their angle to the final-state q3, and so we can expand the
measurement function in the limit where θ2

12 ≪ θ2
13 ∼ θ2

23:

ΘWTA → Θ(θ2
13 − θ2

12)Θ
(1
2 − z3

)
Θ(z2 − z1)Θ

(
θ2

12 −
k2
⊥

E2
J

)
. (7.12)

Because we require that q′2 is relatively hard, there are no divergent soft limits for this
flavor configuration, so just to extract the leading logarithms, we can ignore energy fraction
modifications to angles, as they will only vary the argument of the logs by an order-1 amount,
and are therefore subleading.

With these strongly-ordered collinear results, we can then integrate over the angles θ2
13

and θ2
12 and extract the leading divergent terms. We find

J
(2,bare)
q→q′ =

∫
dΦ3 |M|2 ΘWTA (7.13)

⊃
(

αs

2π

)2 CF TR

4

(
µ2

0
k2
⊥

)2ϵ 1
ϵ2

∫
dz1 dz2

[
− 8z1z2z3
(1− z3)4 + 4z3 + (z1 − z2)2

(1− z3)2 + 1
]

×Θ(1− z1 − z2)Θ
(1
2 − z3

)
Θ(z2 − z1) ,
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where we note that z3 = 1 − z2 − z1. Performing the integral, we find

J
(2,bare)
q→q′ ⊃

(
αs

2π

)2 CF TR

4

(
µ2

0
k2
⊥

)2ϵ 1
ϵ2

(
− 5
12 + 4

3 log 2
)

(7.14)

=
(

αs

2π

)2
CF TR

[
1
4ϵ2

(
− 5
12 + 4

3 log 2
)
+ 1

ϵ

(
− 5
24 + 2

3 log 2
)
log µ2

0
k2
⊥

+
(
− 5
24 + 2

3 log 2
)
log2 µ2

0
k2
⊥

]
.

Then, the difference of the bare jet function and the product of one-loop quantities is

J
(2,bare)
q→q′ − Z(1)

q→gJ
(1,ren)
g→q′ = J

(2,ren)
q→q′ + Z

(2)
q→q′ (7.15)

⊃
(

αs

2π

)2
CF TR

[
1
4ϵ2

(
− 5
12 + 4

3 log 2
)
+ 1

ϵ

(
− 5
24 + 2

3 log 2
)
log µ2

0
µ2

]

+
(

αs

2π

)2
CF TR

(
− 5
24 + 2

3 log 2
)(

log2 µ2
0

µ2 + 1
2 log2 µ2

k2
⊥

)
.

All remaining divergences can be absorbed into the two-loop renormalization factor, where

Z
(2)
q→q′ =

(
αs

2π

)2
CF TR

(
− 5
12 + 4

3 log 2
)( 1

4ϵ2 + 1
2ϵ

log µ2
0

µ2 + 1
2 log2 µ2

0
µ2

)
(7.16)

→
(

αs

2π

)2
CF TR

(
− 5
12 + 4

3 log 2
) 1
4ϵ2

(
µ2

0
µ2

)2ϵ

.

Then, the renormalized two-loop jet function for this flavor-changing process is

J
(2,ren)
q→q′ ⊃

(
αs

2π

)2
CF TR

(
− 5
48 + 1

3 log 2
)
log2 µ2

k2
⊥

, (7.17)

which agrees exactly with the leading-logarithmic terms in the solution of the renormalization
group equation to this order, eq. (7.8).

7.2 UV to IR quark-gluon flavor change in CF nf TR channel

The second WTA flavor configuration we consider is the transition q → g in the color
channel of this squared matrix element. This is especially interesting because this flavor
restriction requires that two collinear emissions q′q̄′ are unresolved, and we must sum over
all possible quark flavors:

|Mq→g12q3 |2 ≡
∑
q′

|Mq→q̄′1q′2q3 |
2 = nf |Mq→q̄′1q′2q3 |

2 , (7.18)

for nf massless quark species.
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7.2.1 Calculation from evolution equations

To this order and in this color channel, the leading logarithmic terms from the solution of
the evolution equations are expressed as

J
(2)
q→g,nf TR

(µ2, k2
⊥) ⊃

(
αs

2π

)2 γ
(1)
q→g γ

(1)
g→g + β0 γ

(1)
q→g

2 log2 µ2

k2
⊥

. (7.19)

Note the presence of the β-function coefficient, because of its nf TR term. Plugging in the
values of the anomalous dimensions, we have

J
(2)
q→g,nf TR

(µ2, k2
⊥) ⊃ −

(
αs

2π

)2
CF nf TR

(
− 5
12 + 4

3 log 2
)
log2 µ2

k2
⊥

. (7.20)

7.2.2 Calculation from explicit renormalization

To explicitly calculate this jet function from the collinear splitting matrix elements, we note
that the complete measurement function for the transition q → g here is

ΘWTA = Θ
(
min[z2

1 , z2
3 ]θ2

13 −min[z2
1 , z2

2 ]θ2
12

)
Θ
(
min[z2

2 , z2
3 ]θ2

23 −min[z2
1 , z2

2 ]θ2
12

)
(7.21)

×Θ
(1
2 − z3

)
Θ
(
k2
⊥ −min[z2

1 , z2
2 ]θ2

12E2
J

)
×
[
Θ(z1 − z2)Θ

(
z2

3θ2
13E2

J − k2
⊥

)
+Θ(z2 − z1)Θ

(
z2

3θ2
23E2

J − k2
⊥

)]
.

We require that the pair q̄′1q′2 are unresolved, and have a relative transverse momentum less
than k2

⊥. However, their relative transverse momentum to q3 must be larger than k2
⊥, to

ensure that they have a flavor distinct from the initiating quark. Focusing on the leading-
logarithmic limit, we take the collinear limit in which q̄′1q′2 are strongly-ordered where the
measurement function then becomes

ΘWTA → Θ
(1
2 − z3

)
Θ
(
k2
⊥ − θ2

12E2
J

)
Θ
(
θ2

13E2
J − k2

⊥

)
. (7.22)

Again, we can ignore overall scalings by the energy fractions because all must be order-1.
This correspondingly means that the zero-bin phase space constraints of eq. (7.21) vanish
as well, taking the scaling z1, z2 ∼ k⊥ → 0.

Using this measurement function, the bare jet function for this flavor transition is

J
(2,bare)
q→g,nf TR

=
∫

dΦ3|M|2ΘWTA (7.23)

⊃ −
(

αs

2π

)2 CF nf TR

2

(
µ2

0
k2
⊥

)2ϵ 1
ϵ2

∫
dz1 dz2

[
− 8z1z2z3
(1− z3)4 + 4z3 + (z1 − z2)2

(1− z3)2 + 1
]

×Θ
(1
2 − z3

)

= −
(

αs

2π

)2
CF nf TR

(
µ2

0
k2
⊥

)2ϵ 1
ϵ2

(
− 5
12 + 4

3 log 2
)

.

The renormalization prescription relates this bare jet function to the renormalized jet func-
tion as

J (2,bare)
q→g = J (2,ren)

q→g + Z(1)
q→gJ (1,ren)

g→g +
(

Z(1)
q→q +

αs

2π
β0

1
ϵ

(
µ2

0
µ2

)ϵ)
J (1,ren)

q→g + Z(2)
q→g . (7.24)
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Note that the color factor of the Z
(1)
q→qJ

(1,ren)
q→g term is C2

F , and so doesn’t contribute to the
case at hand. The explicit β-function term is needed to modify the scale at which the coupling
is evaluated in J

(1,ren)
q→g from µ2 to µ2

0. Therefore, the renormalized jet function is

J
(2,ren)
q→g,nf TR

= J
(2,bare)
q→g,nf TR

− Z(1)
q→gJ (1,ren)

g→g − αs

2π
β0

1
ϵ

(
µ2

0
µ2

)ϵ

J (1,ren)
q→g − Z

(2)
q→g,nf TR

. (7.25)

The difference of the bare and one-loop renormalized factors is

J
(2,bare)
q→g,nf TR

−Z(1)
q→gJ (1,ren)

g→g − αs

2π
β0

1
ϵ

(
µ2

0
µ2

)ϵ

J (1,ren)
q→g (7.26)

⊃−
(

αs

2π

)2
CF nf TR

(
− 5
12+

4
3 log2

) 1
ϵ2

(µ2
0

k2
⊥

)2ϵ

+2
(

µ2
0

µ2

)2ϵ

−2
(

µ4
0

µ2k2
⊥

)ϵ


=−
(

αs

2π

)2
CF nf TR

(
− 5
12+

4
3 log2

) 1
ϵ2

[
1+2ϵ log µ2

0
µ2 +2ϵ2 log2 µ2

0
µ2 +ϵ2 log2 µ2

k2
⊥
+O(ϵ3)

]
.

Then, all residual divergences can be absorbed by setting the two-loop renormalization factor to

Z
(2)
q→g,nf TR

= −
(

αs

2π

)2
CF nf TR

(
− 5
12 + 4

3 log 2
) 1

ϵ2

(
µ2

0
µ2

)2ϵ

, (7.27)

so that the leading-logarithmic terms of the renormalized jet function are

J
(2,ren)
q→g,nf TR

⊃ −
(

αs

2π

)2
CF nf TR

(
− 5
12 + 4

3 log 2
)
log2 µ2

k2
⊥

, (7.28)

which agrees exactly with eq. (7.20).

7.3 UV to IR quark flavor conservation in CF nf TR channel

The final partonic WTA flavor in this splitting is the flavor-diagonal transition, q → q. Now,
both resolved and unresolved splittings contribute to this transition and further, the zero-bin
will be non-trivial. As with the transition q → g, we will need to sum over all possible
flavors of the pair q′q̄′ in the matrix element.

7.3.1 Calculation from evolution equations

From the fixed-order expansion of the solution to the evolution equations, the possible leading
logarithmic contributions to q → q transition take the form

J (2)
q→q(µ2, k2

⊥) ⊃
(

αs

2π

)2 γ
(1)
q→q γ

(1)
q→q + γ

(1)
q→g γ

(1)
g→q + β0 γ

(1)
q→q

2 log2 µ2

k2
⊥

. (7.29)

Note that neither γ
(1)
q→q γ

(1)
q→q nor γ

(1)
q→g γ

(1)
g→q are proportional to nf ; only the β0 term is.

Therefore, we have

J
(2)
q→q,CF nF TR

(µ2, k2
⊥) ⊃

(
αs

2π

)2 β0 γ
(1)
q→q

2 log2 µ2

k2
⊥

(7.30)

=
(

αs

2π

)2
CF nf TR

(
− 5
24 + 2

3 log 2
)
log2 µ2

k2
⊥
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7.3.2 Calculation from explicit renormalization

Now, we move to explicit calculation of the renormalized jet function from its bare version.
The measurement function for WTA q flavor is a rather large mess; namely

ΘWTA =Θ
(
z2

1θ2
13−min[z2

1 ,z2
2 ]θ2

12

)
Θ
(
z2

2θ2
23−min[z2

1 ,z2
2 ]θ2

12

)
(7.31)

×Θ
(

z3−
1
2

)[
Θ(z1−z2)Θ

(
z2

1θ2
13E2

J−k2
⊥

)
+Θ(z2−z1)Θ

(
z2

2θ2
23E2

J−k2
⊥

)]
+Θ

(
min[z2

1 ,z2
3 ]θ2

13−min[z2
1 ,z2

2 ]θ2
12

)
Θ
(
min[z2

2 ,z2
3 ]θ2

23−min[z2
1 ,z2

2 ]θ2
12

)
×
[
Θ(z1−z2)Θ

(
k2
⊥−min[z2

1 ,z2
3 ]θ2

13E2
J

)
+Θ(z2−z1)Θ

(
k2
⊥−min[z2

2 ,z2
3 ]θ2

23E2
J

)]
+Θ

(
min[z2

1 ,z2
2 ]θ2

12−min[z2
1 ,z2

3 ]θ2
13

)
Θ
(
min[z2

2 ,z2
3 ]θ2

23−min[z2
1 ,z2

3 ]θ2
13

)
×Θ

(
min[z2

1 ,z2
3 ]θ2

13E2
J−k2

⊥

)
Θ
(

z1+z3−
1
2

)
Θ(z3−z1)

+Θ
(
min[z2

1 ,z2
2 ]θ2

12−min[z2
2 ,z2

3 ]θ2
23

)
Θ
(
min[z2

1 ,z2
3 ]θ2

13−min[z2
2 ,z2

3 ]θ2
23

)
×Θ

(
min[z2

2 ,z2
3 ]θ2

23E2
J−k2

⊥

)
Θ
(

z2+z3−
1
2

)
Θ(z3−z2) .

In the first two lines, the q̄′1q′2 pair is clustered first, but resolved from the q3 and relatively
soft; in the third and forth lines, all particles are within k⊥ of the q and so there is no energy
constraint imposed; on the fifth and sixth (seventh and eighth) lines, q̄′1 and q3 (q′2 and q3)
are clustered first but resolved, separated beyond a relative transverse momentum of k2

⊥.
Unlike the previous two flavor transitions considered, there is a non-trivial zero-bin of the
phase space constraints from taking z1, z2 ∼ k⊥ → 0, where

Θ(0)
WTA = Θ

(
min[z2

1 , z2
2 ]θ2

12 − z2
1θ2

13

)
Θ
(
z2

2θ2
23 − z2

1θ2
13

)
Θ
(
z2

1θ2
13E2

J − k2
⊥

)
(7.32)

+Θ
(
min[z2

1 , z2
2 ]θ2

12 − z2
2θ2

23

)
Θ
(
z2

1θ2
13 − z2

2θ2
23

)
Θ
(
z2

2θ2
23E2

J − k2
⊥

)
.

Here, we have ignored constraints that produce manifestly scaleless integrals. While this
zero-bin will not be needed at leading logarithm, it is critical to check that no soft contribution
affects the extraction of the two-loop anomalous dimension of the jet function. We show
in appendix B this contribution is indeed scaleless and therefore vanishes after appropriate
rescalings of the variables.

For our leading-logarithmic calculation, the collinear limit of the measurement function is

ΘWTA (7.33)

→Θ
(
min[z2

1 ,z2
3 ]θ2

13−min[z2
1 ,z2

2 ]θ2
12

)
Θ
(
min[z2

2 ,z2
3 ]θ2

13−min[z2
1 ,z2

2 ]θ2
12

)
×Θ

(1
2−z3

)[
Θ(z1−z2)Θ

(
k2
⊥−min[z2

1 ,z2
3 ]θ2

13E2
J

)
+Θ(z2−z1)Θ

(
k2
⊥−min[z2

2 ,z2
3 ]θ2

13E2
J

)]
,

where we have ignored scaleless phase space constraints. Note that these constraints then
eliminate the soft divergence z1, z2 → 0, and so, for extracting the leading-logarithmic
prediction all energy fractions are order-1, and therefore their specific values only contribute
at next-to-leading logarithmic order. Then, at leading logarithmic accuracy, this phase space
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constraint can be expressed as

ΘWTA → Θ
(
θ2

13 − θ2
12

)
Θ
(1
2 − z3

)
Θ
(
k2
⊥ − θ2

13E2
J

)
. (7.34)

Using this measurement function, the bare jet function for this flavor transition is

J
(2,bare)
q→q,nf TR

=
∫

dΦ3|M|2ΘWTA (7.35)

⊃
(

αs

2π

)2 CF nf TR

4

(
µ2

0
k2
⊥

)2ϵ 1
ϵ2

∫
dz1 dz2

[
− 8z1z2z3
(1− z3)4 + 4z3 + (z1 − z2)2

(1− z3)2 + 1
]

×Θ
(1
2 − z3

)

=
(

αs

2π

)2
CF nf TR

(
µ2

0
k2
⊥

)2ϵ 1
ϵ2

(
− 5
24 + 2

3 log 2
)

.

The renormalization prescription relates this bare jet function to the renormalized jet func-
tion as

J (2,bare)
q→q = J (2,ren)

q→q + Z(1)
q→gJ (1,ren)

g→q +
(

Z(1)
q→q +

αs

2π
β0

1
ϵ

(
µ2

0
µ2

)ϵ)
J (1,ren)

q→q + Z(2)
q→q . (7.36)

Of the terms involving one-loop renormalization, only the β-function term is proportional
to nf , and its difference with the bare jet function is

J (2,bare)
q→q − αs

2π
β0

1
ϵ

(
µ2

0
µ2

)ϵ

J (1,ren)
q→q (7.37)

⊃
(

αs

2π

)2
CF nf TR

1
ϵ2

(
− 5
24 + 2

3 log 2
)(µ2

0
k2
⊥

)2ϵ

+ 2
(

µ2
0

µ2

)2ϵ

− 2
(

µ4
0

µ2k2
⊥

)ϵ


=
(

αs

2π

)2
CF nf TR

(
− 5
24 + 2

3 log 2
) 1

ϵ2

[
1 + 2ϵ log µ2

0
µ2 + 2ϵ2 log2 µ2

0
µ2 + ϵ2 log2 µ2

k2
⊥
+O(ϵ3)

]
.

All residual divergences can be absorbed by setting the two-loop renormalization factor to

Z
(2)
q→q,nf TR

=
(

αs

2π

)2
CF nf TR

(
− 5
24 + 2

3 log 2
) 1

ϵ2

(
µ2

0
µ2

)2ϵ

, (7.38)

so that the leading-logarithmic terms of the renormalized jet function are

J
(2,ren)
q→q,nf TR

⊃
(

αs

2π

)2
CF nf TR

(
− 5
24 + 2

3 log 2
)
log2 µ2

k2
⊥

, (7.39)

which agrees exactly with eq. (7.30).

7.4 Non-partonic flavor: q → (qq′)

Finally, with this matrix element, we must also comment on the possibility that net non-
partonic flavor is contained with a region of transverse momentum k2

⊥ of the WTA axis.
There are two possible configurations, but we will just focus on the transition where q → (qq′)
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and q′ ̸= q̄, where (qq′) means that the quarks q and q′ compose the WTA region. The
measurement function for this configuration is

ΘWTA = Θ
(
min[z2

1 , z2
2 ]θ2

12 −min[z2
2 , z2

3 ]θ2
23

)
Θ
(
min[z2

1 , z2
3 ]θ2

13 −min[z2
2 , z2

3 ]θ2
23

)
(7.40)

×Θ
(
k2
⊥ −min[z2

2 , z2
3 ]θ2

23E2
J

)
Θ
(

z2 + z3 −
1
2

)
×
[
Θ(z2 − z3)Θ

(
z2

1θ2
12E2

J − k2
⊥

)
+Θ(z3 − z2)Θ

(
z2

1θ2
13E2

J − k2
⊥

)]
Note that the quark q̄′1 must be resolved, so this measurement function forbids the limit in
which the pair q̄′1q′2 become collinear, θ12 ≪ θ13, θ23. Thus, only the overall collinear limit,
θ12 ∼ θ13 ∼ θ23 ∼ k⊥ → 0, can possibly contribute.

However, there is a non-trivial soft limit of the phase space, z1, z2 ∼ k⊥ → 0. The
zero-bin measurement function is

Θ(0)
WTA = Θ

(
min[z2

1 , z2
2 ]θ2

12 − z2
2θ2

23

)
Θ
(
z2

1θ2
13 − z2

2θ2
23

)
Θ
(
k2
⊥ − z2

2θ2
23E2

J

)
(7.41)

×Θ
(
z2

1θ2
13E2

J − k2
⊥

)
.

Following the analysis given in appendix B, we actually find this contribution is once
again scaleless.

This is further a strong validation of the factorization ansatz because a non-scaleless
zero-bin would indicate that there would be non-trivial production of non-partonic WTA
flavor from one-loop renormalization. However, the fact that J

(2)
q→(qq′) is non-zero but finite

means that at higher orders, there will be collinear divergences and in general, Jq→(qq′) will
need renormalization. This is entirely consistent with the factorization ansatz, because jet
functions are only renormalized “on the left”; that is, at the scale µ2, evolved up from the
measurement scale k2

⊥. The jet flavor in the UV as produced from the hard function must be
partonic, but can become non-partonic in the IR because of the finite size of k2

⊥. In particular,
the renormalization group evolution of this non-partonic flavor is identical to that presented
in section 5.2 for WTA quark flavor q, with the replacement in the jet functions of j → q

to j → (qq′). The anomalous dimension matrix would be identical.

8 Numerical analysis

In this section, we will use the results derived above and present predictions for the WTA
flavor evolution at leading-logarithmic (LL) and leading-logarithmic prime (LL′) accuracy.
Here, LL′ accuracy means that one-loop low-scale constants are included in the hard and jet
functions, which are formally only needed for next-to-leading logarithmic accuracy (NLL).
This will enable a study of the sensitivity of the scale dependence as well as improved in
precision as higher-orders are included. Nevertheless, a complete study at NLL is necessary,
especially to match to next-to-next-to-leading order predictions.

What we will plot is the cross-section prediction from the factorization ansatz

σe+e−→fLfR
=
∑

jL, jR

He+e−→jLjR
(Q2, µ2) JjL→fL

(µ2, k2
⊥) JjR→fR

(µ2, k2
⊥) , (8.1)
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as a function of the center-of-mass collision energy Q, with a fixed value for the measurement
scale, k⊥ = 2GeV. This measurement scale is comparable to the scale of the end of the parton
shower and at which non-perturbative effects begin to become important. However, 2 GeV is
still sufficiently perturbative that we can study the effect of variations of this scale on the
results. By construction, the factorization ansatz is independent of the renormalization scale
µ2, so we can conveniently set it to µ2 = Q2, for which the hard function is just evaluated
at its natural scale and does not evolve:

σe+e−→fLfR
=
∑

jL, jR

He+e−→jLjR
(Q2, Q2) JjL→fL

(Q2, k2
⊥) JjR→fR

(Q2, k2
⊥) . (8.2)

While there are numerous possible WTA flavor combinations, here we will restrict ourselves
to just displaying three results for brevity. Nevertheless, all possible flavor configurations
through LL′ accuracy can be predicted with the results summarized in the appendices.

Another thing to note is that, because the hard function is only evaluated at one-loop
and does not evolve, this dramatically reduces the sum over intermediate parton flavors. At
one-loop, the only possible flavor change is of one of the initial quarks into a gluon, and
so the WTA flavor cross section can be expressed as

σe+e−→fLfR
=

∑
flavor q

[
He+e−→qq̄(Q2, Q2) Jq→fL

(Q2, k2
⊥) Jq̄→fR

(Q2, k2
⊥) (8.3)

+ He+e−→qg(Q2, Q2) Jq→fL
(Q2, k2

⊥) Jg→fR
(Q2, k2

⊥)

+He+e−→gq̄(Q2, Q2) Jg→fL
(Q2, k2

⊥) Jq̄→fR
(Q2, k2

⊥)
]

.

Additionally, for simplicity, we will consider the natural scales of both of the jet functions to
be identical and equal to the scale µ2

J , which is of the order of k2
⊥. This scale choice is not

exhaustive nor the most general, but will demonstrate sensitivity to higher-order effects.
We first consider the case of quark flavor conservation, σe+e−→qq̄, isolating the term

in the sum over intermediate flavors q for which q = fL. This contribution to the WTA
flavor cross section can be expressed as

σe+e−→qq̄ ⊃ He+e−→qq̄(Q2, Q2) Jq→q(Q2, k2
⊥) Jq̄→q̄(Q2, k2

⊥) (8.4)
+ He+e−→qg(Q2, Q2) Jq→q(Q2, k2

⊥) Jg→q̄(Q2, k2
⊥)

+ He+e−→gq̄(Q2, Q2) Jg→q(Q2, k2
⊥) Jq̄→q̄(Q2, k2

⊥) .

With the natural scale of the jet functions the same, then we note that this further simplifies,
exploiting charge conjugation,

σe+e−→qq̄ ⊃ He+e−→qq̄(Q2, Q2)
[
Jq→q(Q2, k2

⊥)
]2

(8.5)

+ 2He+e−→qg(Q2, Q2) Jq→q(Q2, k2
⊥) Jg→q(Q2, k2

⊥) .

Next, we consider the case in which an initial anti-quark, for example, has transformed
into a gluon, σe+e−→qg, but the quark flavor q is conserved. We have

σe+e−→qg ⊃ He+e−→qq̄(Q2, Q2) Jq→q(Q2, k2
⊥) Jq̄→g(Q2, k2

⊥) (8.6)
+ He+e−→qg(Q2, Q2) Jq→q(Q2, k2

⊥) Jg→g(Q2, k2
⊥)

+ He+e−→gq̄(Q2, Q2) Jg→q(Q2, k2
⊥) Jq̄→g(Q2, k2

⊥) .
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Figure 1. Plots of the cross sections of the WTA flavor in each hemisphere of e+e− → hadrons
events as a function of center-of-mass collision energy Q, for the transitions e+e− → qq̄ (upper left),
e+e− → qg (upper right), and e+e− → qq′ (bottom), inclusive over all q′ ̸= q, q̄. The measurement
scale is set to k⊥ = 2GeV and the number of active quarks is nf = 5. Uncertainty bands represent
variation of the natural scale in the jet function by a factor of 2 about k⊥.

Again, exploiting charge conjugation, this simplifies to

σe+e−→qg ⊃He+e−→qq̄(Q2,Q2)Jq→q(Q2,k2
⊥)Jq→g(Q2,k2

⊥) (8.7)

+He+e−→qg(Q2,Q2)
[
Jq→q(Q2,k2

⊥)Jg→g(Q2,k2
⊥)+Jg→q(Q2,k2

⊥)Jq→g(Q2,k2
⊥)
]

.

The final example we consider is the case in which a single quark transforms into any different
flavor of quark,

∑
q′ σe+e−→qq′ , such that the WTA flavor in the hard and jet functions

differs, q′ ̸= q̄, q. We have∑
q′

σe+e−→qq′ ⊃
∑
q′

He+e−→qq̄(Q2, Q2) Jq→q(Q2, k2
⊥) Jq̄→q′(Q2, k2

⊥) (8.8)

+
∑
q′

He+e−→qg(Q2, Q2) Jq→q(Q2, k2
⊥) Jg→q′(Q2, k2

⊥)

+
∑
q′

He+e−→gq̄(Q2, Q2) Jg→q(Q2, k2
⊥) Jq̄→q′(Q2, k2

⊥) .

Exploiting flavor symmetry, this simplifies to∑
q′

σe+e−→qq′ ⊃ 2(nf −1)He+e−→qq̄(Q2,Q2)Jq→q(Q2,k2
⊥)Jq→q′(Q2,k2

⊥) (8.9)

+2(nf −1)He+e−→qg(Q2,Q2)Jg→q(Q2,k2
⊥)
[
Jq→q(Q2,k2

⊥)+Jq→q′(Q2,k2
⊥)
]

.
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We plot these WTA flavor cross section predictions as a function of the center-of-mass collision
energy in e+e− → hadrons events in figure 1. For the LL prediction, we have multiplied the
predicted flavor cross section by the total cross section σtot so that the LL and LL′ predictions
have the same normalization. On these plots, we have included representative scale variation
bands, corresponding to varying the natural scale µJ of the jet functions by a factor of 2 around
k⊥ = 2GeV. Going from LL to LL′ dramatically reduces the scale sensitivity, which can be
understood from the fixed-order expansion of the jet function in eq. (6.11). Inclusion of the
one-loop constants c(1) explicitly eliminates the single-logarithmic terms proportional to c(1)

that arise from variation of the scale k2
⊥ at order-α2

s. Further, there is a natural hierarchy in the
WTA flavor fractions, σe+e−→qg ∼ αsσe+e−→qq̄ and σe+e−→qq′ ∼ αsσe+e−→qg, representative
of the order in αs at which the transition is first allowed. Until nearly Q = 20GeV, the
σe+e−→qq′ cross section at LL′ accuracy is negative, which is a consequence of missing the
complete low-scale matrix element Jq→q′

(
αs(µ2

J), αs(k2
⊥)
)

that first contributes at O(α2
s). At

sufficiently high Q, the logarithms dominate, ensuring that the cross section is positive.

9 Conclusions

A theoretically well-defined notion of jet flavor has important consequences for high precision
calculations with exclusive heavy flavor production, for classification and identification of
jets of different origins, and for constraining correlations between the final state and initial
state for improved extractions of parton distribution functions. We have extended the
WTA flavor prescription of ref. [13], establishing a factorization ansatz for jet flavor that is
systematically improvable and can be incorporated with fixed-order results. The evolution
of flavor in the flow from the UV to the IR is governed by a modification to the DGLAP
equations, and zero-bin subtraction is vital for ensuring that IR divergences are eliminated.
We have demonstrated consistency of the factorization ansatz through two-loop order, and
look forward to studies that push the precision boundary.

The calculations and factorization ansatz presented here are just the beginning of the
exploration of the utility of this WTA flavor definition. In most practical use cases, jet
flavor would be applied to production of heavy quarks, charm or bottom, and so quark
masses will be important. Here, all calculations have been presented for massless quarks,
which would implicitly require that the IR scale is parametrically larger than the quark
mass, k2

⊥ ≫ m2
q . However, relevant quark masses are on the scale of a few GeV, at the same

order as the end of the parton shower, and so this massless flavor theory must match on
to other theories that incorporate masses. For high-energy jets, but assuming the scaling
k2
⊥ ∼ m2

q , we would match onto a quasi-collinear theory, for which one-loop jet functions
can be calculated from known results [56, 57]. At even lower cutoffs, k2

⊥ ≪ m2
q , we would

match onto a version of (boosted) heavy quark effective theory [58–62], and further may
possibly need to incorporate heavy quark decays.

While the jet flavor is a purely perturbative notion, requiring partons on which to be
defined, to be incorporated into real, experimental measurements would require an interface
with hadronization. Further, the exclusively collinear nature of the WTA flavor factorization
ansatz implies that this can be incorporated by another universal fragmentation function
that would describe the transition of a parton of flavor f at the scale k2

⊥ into the hadron
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that lies along the measured WTA axis at a scale comparable to the QCD scale, Λ2
QCD. First

studies into the distribution of hadrons about the WTA axis were presented in ref. [63]. Just
as for the functions in the perturbative factorization ansatz, the scale dependence of this
partonic-to-hadronic flavor transition would be governed by modified DGLAP equations, but
there is a subtlety now with flavor. Partonic flavor would have to be mapped to different
hadron species, which muddies a short-distance interpretation of flavor, but would much more
naturally connect with practical experimental definitions of heavy-flavor tagged jets. In this
way, these hadronic flavor fragmentation functions may have a close relationship with track
functions [3, 64–67], that describe the production of electrically-charged hadrons from partons.

A piece of the two-loop anomalous dimensions will involve next-to-leading order timelike
splitting functions [6, 68–70] separated into distinct flavor channels. Some more recent studies
have developed this further, especially for application in a next-to-next-to-leading logarithmic
parton shower [53, 71, 72]. Splitting functions, however, measure the energy of a single
particle in the splitting and are inclusive over all other particles, but the definition of the
WTA axis requires re-clustering particles and measuring the hardest particle at each stage
of the reconstructed branching history. Thus, part of the two-loop WTA flavor anomalous
dimensions will be the probability that a particle produced in the splitting will have energy
fraction greater than 1/2, but clustering effects will be significant. Nevertheless, a fruitful
way forward to higher precision may be to first extract universal or clustering-independent
anomalous dimensions, especially if clustering effects can be expressed as a purely subleading
logarithmic effect.

Because the WTA flavor evolves due to collinear splittings, the flavor jet functions are
universal. Factorization of WTA flavor at hadron colliders like the LHC then only requires new
calculations for the hard function that establishes the WTA jet flavor in the UV. However,
incorporating WTA flavor in a high-precision fixed-order calculation may be non-trivial
for a couple of reasons. First, the WTA flavor is not IRC safe, so standard subtraction
methods, e.g., refs. [73–81], cannot immediately be employed out of the box. Second, the
flavor information of individual particles must be retained along with reclustering and WTA
recombination throughout the calculation, which is more exclusive and complicates phase
space boundaries. Nevertheless, the factorization ansatz requires that the divergences of
the hard function are universal and exclusively collinear in nature, and so there may be a
flavored subtraction scheme that can be used to isolate the finite contributions of the hard
function. We look forward to these and other applications where the flavor of a jet can be
exploited and improve analyses to one’s own taste.
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A Explicit solutions for quark flavor with one-loop evolution

We first present the jet functions for the gluon WTA flavor with one-loop running, which
we can then take as input to the expressions for quark WTA flavor. From section 5, and
inputing one-loop values, we have

Jg→g

(
αs(µ2),αs(k2

⊥)
)

(A.1)

= Jg→g

(
αs(µ2

J),αs(k2
⊥)
) (αs(µ2)

αs(µ2
J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0

+
γ

(1)
q→g Jg→g

(
αs(µ2

J),αs(k2
⊥)
)
+2nf γ

(1)
g→q Jq→g

(
αs(µ2

J),αs(k2
⊥)
)

2nf γ
(1)
g→q+γ

(1)
q→g

1−
(

α(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0

 ,

Jq→g

(
αs,αs(k2

⊥)
)

(A.2)

= Jq→g

(
αs(µ2

J),αs(k2
⊥)
) (αs(µ2)

αs(µ2
J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0

+
γ

(1)
q→g Jg→g

(
αs(µ2

J),αs(k2
⊥)
)
+2nf γ

(1)
g→q Jq→g

(
αs(µ2

J),αs(k2
⊥)
)

2nf γ
(1)
g→q+γ

(1)
q→g

1−
(

α(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0

 .

Connecting to the leading-logarithmic results of ref. [13], we would set Jg→g
(
αs(µ2

J), αs(k2
⊥)
)
=

1 and Jq→g
(
αs(µ2

J), αs(k2
⊥)
)
= 0, which then agrees exactly with the results established there.

Note also that in this form, there are in general O(αs) corrections to the value of the fixed
point as expressed exclusively in terms of ratios of anomalous dimensions, through the
higher-order terms in Jg→g

(
αs(µ2

J), αs(k2
⊥)
)
, for example.

Only considering one-loop running, the quark evolution equations take a much simpler
form than the all-orders expression:

∂

∂αs


Jq→q

(
αs, αs(k2

⊥)
)

Jq̄→q
(
αs, αs(k2

⊥)
)

Jq′→q

(
αs, αs(k2

⊥)
)

Jg→q
(
αs, αs(k2

⊥)
)



= − 1
αsβ0


γ

(1)
q→q 0 0 γ

(1)
q→g

0 γ
(1)
q→q 0 γ

(1)
q→g

0 0 −γ
(1)
q→g γ

(1)
q→g

γ
(1)
g→q γ

(1)
g→q 2(nf − 1)γ(1)

g→q −2nf γ
(1)
g→q




Jq→q
(
αs, αs(k2

⊥)
)

Jq̄→q
(
αs, αs(k2

⊥)
)

Jq′→q

(
αs, αs(k2

⊥)
)

Jg→q
(
αs, αs(k2

⊥)
)

 , (A.3)

where β0 is the one-loop β-function coefficient and we have set γ
(1)
q→q̄ = γ

(1)
q→q′ = 0 in the

anomalous dimension matrix. Now, there are only two distinct non-zero eigenvalues of
the matrix,

γ
(1)
q,WTA1

= γ(1)
g→g − γ(1)

q→g , (A.4)

γ
(1)
q,WTA2

= γ(1)
q→q . (A.5)
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Additionally, because the flavor structure is particularly simple through one-loop, we have
the sum rule that

1 = Jg→g

(
αs(µ2), αs(k2

⊥)
)
+
∑

q

Jg→q

(
αs(µ2), αs(k2

⊥)
)

(A.6)

= Jg→g

(
αs(µ2), αs(k2

⊥)
)
+ 2nf Jg→q

(
αs(µ2), αs(k2

⊥)
)

.

With the explicit solution for the jet function Jg→g
(
αs(µ2), αs(k2

⊥)
)

from eq. (A.1), the
g → q jet function is then

Jg→q

(
αs(µ2),αs(k2

⊥)
)

(A.7)

= 1
2nf

−
Jg→g

(
αs(µ2

J),αs(k2
⊥)
)

2nf

(
αs(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0

−
γ

(1)
q→g Jg→g

(
αs(µ2

J),αs(k2
⊥)
)
+2nf γ

(1)
g→q Jq→g

(
αs(µ2

J),αs(k2
⊥)
)

2nf (2nf γ
(1)
g→q+γ

(1)
q→g)

1−
(

α(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0


This relationship between Jg→q

(
αs(µ2), αs(k2

⊥)
)

and Jg→g
(
αs(µ2), αs(k2

⊥)
)

only holds at
one-loop order, because at higher loops, there are more IR flavors that need to be included
in the sum rule.

With this jet function, it is then easy to determine the other jet functions. For example,
the quark flavor-conserving jet function satisfies the evolution equation

αs
∂

∂αs
Jq→q

(
αs,αs(k2

⊥)
)
=−γ

(1)
q→q

β0
Jq→q

(
αs,αs(k2

⊥)
)
− γ

(1)
q→g

β0
Jg→q

(
αs,αs(k2

⊥)
)

. (A.8)

The solution is

Jq→q

(
αs(µ2), αs(k2

⊥)
)

(A.9)

= γ
(1)
q→g

2nf (2nf γ
(1)
g→q + γ

(1)
q→g)

1−
(

αs(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0


− γ

(1)
q→gJg→g

(
αs(µ2

J), αs(k2
⊥)
)
− 2nf γ

(1)
g→qJq→q

(
αs(µ2

J), αs(k2
⊥)
)

2nf (2nf γ
(1)
g→q + γ

(1)
q→g)

+ 2nf − 1
2nf

Jq→q

(
αs(µ2

J), αs(k2
⊥)
)(αs(µ2)

αs(µ2
J)

) γ
(1)
q→g
β0

+ γ
(1)
q→g

2nf

Jg→g
(
αs(µ2

J), αs(k2
⊥)
)
+ Jq→q

(
αs(µ2

J), αs(k2
⊥)
)

2nf γ
(1)
g→q + γ

(1)
q→g

(
αs(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0
.

For our numerical results, we also need the quark-flavor transition jet function, which satisfies
effectively the same differential equation with one-loop evolution,

αs
∂

∂αs
Jq→q′

(
αs,αs(k2

⊥)
)
=−γ

(1)
q→q

β0
Jq→q′

(
αs,αs(k2

⊥)
)
− γ

(1)
q→g

β0
Jg→q

(
αs,αs(k2

⊥)
)

,

(A.10)
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because at one loop, γ
(1)
q→g = −γ

(1)
q→q. Its solution is then

Jq→q

(
αs(µ2), αs(k2

⊥)
)

(A.11)

= γ
(1)
q→g

2nf (2nf γ
(1)
g→q + γ

(1)
q→g)

1−
(

αs(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0


− γ

(1)
q→gJg→g

(
αs(µ2

J), αs(k2
⊥)
)
− 2nf γ

(1)
g→qJq→q

(
αs(µ2

J), αs(k2
⊥)
)

2nf (2nf γ
(1)
g→q + γ

(1)
q→g)

− Jq→q
(
αs(µ2

J), αs(k2
⊥)
)

2nf

(
αs(µ2)
αs(µ2

J)

) γ
(1)
q→g
β0

+ γ
(1)
q→g

2nf

Jg→g
(
αs(µ2

J), αs(k2
⊥)
)
+ Jq→q

(
αs(µ2

J), αs(k2
⊥)
)

2nf γ
(1)
g→q + γ

(1)
q→g

(
αs(µ2)
αs(µ2

J)

) 2nf γ
(1)
g→q+γ

(1)
q→g

β0
,

because through O(αs), Jq→q′
(
αs(µ2

J), αs(k2
⊥)
)
= 0.

B Two-loop soft contributions

We analyze the matrix element at two-loops for the soft contribution to quark flavor production.
Since the soft emissions do not move the WTA axis, we may identify this axis as one of the
eikonal lines in the soft approximation, n, and we keep in the soft limit the definition of
light-cone fraction as the energy fraction, though this will not affect our conclusions. The
relevant matrix element can be lifted from ref. [82], and is given by:

|Mnn̄→qq̄|2 ∝
2(n·k1+n·k2)(n̄·k1+n̄·k2)(k1 ·k2)−(n·k1n̄·k2−n·k2n̄·k1)2

(n·k1+n·k2)2(n̄·k1+n̄·k2)2(k1 ·k2)
. (B.1)

The momenta k1, k2 are the momenta of the quarks. We have dropped factors of nf , αs,
and color as these are inessential to our analysis, and let EJ = 1, which can be restored via
dimensional analysis. The relevant phase space region is given by:∫

dΩnn̄→qq̄ (B.2)

=
∫
[ddk1]+[ddk2]+Θ

(
n̄·k2−n̄·k1

)
Θ
(
k2

1⊥−k2
T

)
Θ
(
k2

2⊥−k2
1⊥

)
Θ
(

k1 ·k2
n̄·k1n̄·k2

− k2
1⊥

(n̄·k1)2

)
,

[ddki]+ = ddki

(2π)d−1Θ(k0
i )δ(k2

i ) . (B.3)

This is simply the phase-space constraint eq. (7.32), written in the appropriate soft variables,
with the additional assumption that z1 < z2. Analyzing the case z2 > z1 results in the same
conclusions. Making use of the on-shell conditions of the final state particles, and rescaling as:

zi =def. n̄ · ki , (B.4)

n · ki =
k2

i⊥
zi

, (B.5)

z2 → z1z2 , (B.6)

k⊥2 → k⊥2k⊥1 . (B.7)
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We achieve:∫
dΩnn̄→qq̄ = Ωd−2

∫
dΩ12

dz1dk1⊥k1−4ϵ
1⊥

(2π)3−2ϵ

dz2dk2⊥k1−2ϵ
2⊥

(2π)3−2ϵ
Θ
(
z2 − 1

)
Θ
(
k2

1⊥ − k2
T

)
Θ
(
k2

2⊥ − 1
)

×Θ
(
k2

2⊥ − z2
2 − 2z2k2⊥ cosϕ12

)
. (B.8)

The angle ϕ12 is the relative angle of the momenta projected into the transverse plane, i.e., the
angle between k⃗1⊥ and k⃗2⊥, and dΩ12 is the appropriate phase space measure. The integral
over z1 is now unconstrained by the phase space, and the matrix element takes the form:

|Mnn̄→qq̄|2 ∝
z2

2k2⊥
(
k4

2⊥+z2
2−2(1+z2)k2⊥(z2+k2

2⊥)cosϕ12+k2
2⊥(1+4z2+z2

2)
)

z1k1⊥(1+z2
2)(z2+k2

2⊥)2(k2
2⊥+z2

2−2z2k2⊥ cosϕ12)2 . (B.9)

The integral over z1 is divergent, but upon appropriate regularization with a rapidity regula-
tor [83], is scaleless. We can repeat the analysis without using the light-cone approximation
to the energy fractions. This leads to a more complicated matrix element, but, the energy
fraction integral over z1, after the appropriate rescalings, is again unconstrained and now
regulated in dimensional regularization, and we conclude it is scaleless. We can repeat this
analysis for the phase space in eq. (7.41), once more finding scaleless integrals.

C Summary of one-loop results

In this appendix, we summarize the one-loop calculations presented in section 6 for both
the hard function for jet production in e+e− collisions, and the jet function that describes
collinear flavor transitions. In these expressions, the coupling is evaluated at the scale µ2,
αs(µ2), and satisfies the one-loop β-function evolution

µ2 ∂αs

∂µ2 = −α2
s

2π
β0 , (C.1)

where the one-loop coefficient is

β0 = 11
6 CA − 2

3TRnf . (C.2)

The solution to the β-function is

αs(µ2) = αs(m2
Z)

1 + αs(m2
Z)

2π β0 log µ2

m2
Z

, (C.3)

where mZ = 91.18GeV and we use αs(m2
Z) = 0.118.

C.1 Hard function

The general form of the hard function He+e−→jLjR
(Q2, µ2) through one-loop accuracy is

He+e−→jLjR
(Q2,µ2)= δqjLδq̄jR+

αs

2π

(
−γ

(1)
e+e−→jLjR

log µ2

Q2 +h
(1)
e+e−→jLjR

)
+O(α2

s) .

(C.4)
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The relevant anomalous dimensions through this order are

γ
(1)
e+e−→qq̄ = CF

(5
4 − 4 log 2

)
, γ

(1)
e+e−→qg = γ

(1)
e+e−→gq̄ = CF

(
−5
8 + 2 log 2

)
. (C.5)

The low-scale constants are

h
(1)
e+e−→qq̄ = CF

(
−73
24 + 7

2 log 2− 5
4 log 3 + 4 log2 2 + 2 log2 3 + 4Li2

(2
3

))
,

(C.6)

h
(1)
e+e−→qg = h

(1)
e+e−→gq̄ = CF

(109
48 − 7

4 log 2 + 5
8 log 3− 2 log2 2− log2 3− 2Li2

(2
3

))
.

(C.7)

C.2 Jet function

The general form of the jet function Jj→f (µ2, k2
⊥) through one-loop accuracy is

Jj→f (µ2, k2
⊥) = δjf + αs

2π

(
γ

(1)
j→f log µ2

k2
⊥
+ c

(1)
j→f

)
+O(α2

s) . (C.8)

The relevant anomalous dimensions through this order are

γ(1)
q→q = CF

(5
8 − 2 log 2

)
, γ(1)

q→g = CF

(
−5
8 + 2 log 2

)
, (C.9)

γ(1)
g→q = 1

3TR , γ(1)
g→g = −2

3nf TR .

The low-scale constants are

c(1)
q→q = CF

(
2− 7

4 log 2− 2 log2 2
)

, c(1)
q→g = CF

(
−2 + 7

4 log 2 + 2 log2 2
)

, (C.10)

c(1)
g→q = TR

(17
36 − 2

3 log 2
)

, c(1)
g→g = nf TR

(
−17
18 + 4

3 log 2
)

.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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