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Abstract

In this work, the Common Model of Multi-phase Strength and Equation of State (CMMP) model was applied to tin.
Specifically, calibrations of the strength-specific elements of the CMMP foundation were developed with a combination
of experiments and theory, and then the model was validated experimentally. The first element of the foundation is a
multi-phase analytic treatment of the melt temperature and the shear modulus for the solid phases. These models were10

parameterized for each phase based on ab initio calculations using the software VASP (Vienna Ab initio Simulations
Package) based on density functional theory (DFT). The shear modulus model for the ambient β phase was validated
with ultrasonic sound speed measurements as a function of pressure and temperature. The second element of the
foundation is a viscoplastic strength model for the β phase, upon which strength for inaccessible higher-pressure
phases can be scaled as necessary. The stress-strain response of tin was measured at strain rates of 10−3 to 3 × 10315

s−1 and temperatures ranging from 87 to 373 K. The Preston-Tonks-Wallace (PTW) strength model was fit to that
data using Bayesian model calibration. For validation, six forward and two reverse Taylor impact experiments were
performed at different velocities to measure large plastic deformation of tin at strain rates up to 105 s−1. The PTW
model accurately predicted the deformed shapes of the cylinders, with modest discrepancies attributed to the inability
of PTW to capture the effects of twinning and dynamic recrystallization. Some material in the simulations of higher20

velocity Taylor cylinders reached the melting temperature, thus testing the multiphase model because of the presence
of a second phase, the liquid. In simulations using a traditional modeling approach, the abrupt reduction of strength
upon melt resulted in poor predictions of the deformed shape and non-physical temperatures. With CMMP, the most
deformed material points evolved gradually to a mixed solid-liquid but never fully liquid state, never fully lost strength,
stayed at the melt temperature as the latent heat of fusion was absorbed, and predicted the deformed shape well.25
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1. Introduction

Actionable engineering assessments across a broad range of applications, including automotive, aerospace, biomed-
ical, and defense, to name a few, require continuum constitutive models to represent the thermomechanical behavior of
polycrystalline metals. In many of these applications, the relevant environmental conditions can include broad ranges30

of temperature, pressure, and deformation rate. Furthermore, under more extreme conditions, polycrystalline metals
may change phase, including between solid polymorphs or between solid and liquid. Often the range of conditions
a material may experience in-situ cannot be readily reproduced within controlled laboratory characterization exper-
iments. Thus, models may be used to interpolate the dynamic behavior of materials between observable states or
conditions that can be accessed in experiment, and in some cases extrapolate to conditions beyond their calibration.35

Because of its relatively low melt temperature, and modest transformation pressures for some solid-solid phase
transformations, tin enables exploration of dynamic deformation behavior across phase boundaries using different
experimental platforms. (See [1], table I, for the five known solid phases of tin in or order of pressure.) Tin is stable in
a body-centered tetragonal (BCT) β-tin polymorph at ambient temperature and pressure. Tin will readily transform
to a higher density BCT γ-tin at moderate pressures, which can be achieved for example by impact loading in a40

laboratory gas gun. Tin can melt from relatively modest combinations of initial heating, shock heating, or heating
from the work of plastic deformation. The even higher pressure δ and ε phases can be explored using pulsed power [2,
3] or laser drive [4]. Tin also has no significant toxicity or hazard issues, so it takes less time and resources to explore
with many experiments.

Because of this readily accessible phase-space, tin has become an international de facto standard for studying45

multiphase thermomechanical behavior [5–18]. Simulation of the dynamic behavior observed in these and other ex-
periments requires a multi-phase thermomechanical constitutive description of tin. While specific model calibrations
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for tin cannot be transferred directly to other materials, the developments in modeling and experiments for tin are
invaluable for applications to other materials, especially those for which experiments are more expensive or phases are
more difficult to access.50

This paper calibrates and validates the strength-specific “foundation” for applying the Common Model of Multi-
phase Strength and Equation of State (CMMP) [19] to tin.1 The CMMP [19] framework was recently developed to
address the multiphysics problem of simulating multiphase strength along an arbitrary thermomechanical path. To put
our work into context for the reader, we outline all the components of the CMMP. Then we explain why the portions
we focus on here form the foundation of the strength modeling.55

The CMMP is comprised of five main elements. We present them in approximately the calculational order of the
model; although some calculations are coupled rather than sequential. The first two components concern phase identity
and thermodynamics, are controlled by volumetric deformations as compared to deviatoric, and are not the main focus
of this work. 1) Within each phase, the equation of state (EOS) gives the relationship between temperature, pressure,
density, and internal energy for the material. Globally, it gives the equilibrium boundaries between all the phases.60

For a given material state, for example a density and temperature, the equilibrium state is identified by the EOS and
may be mixed phase. Development and calibration of the EOS used in this work was reported separately [20]. 2) For
dynamic loading, a model gives the non-equilibrium kinetics of each phase transition, for example, between β and γ
phases [12, 21]. Kinetics models for tin are outside of the scope of the experiments presented in this work, and have
received attention elsewhere [12, 19, 22].65

The next two elements of the CMMP concern strength, are controlled by deviatoric (i.e., shear) deformations, and
are the focus of the calibration efforts in this work. 3) Density and temperature-dependent shear moduli for each solid
phase relate elastic deviatoric strains to deviatoric stresses. And 4) the flow stress, i.e., strength, behavior including
effects of strain hardening, strain-rate, pressure, and temperature dependence is required for each phase. 5) The final
element of the CMMP is a model to appropriately average properties and state variables for mixed phase regions. That70

element of the CMMP is not calibrated in this work but is exercised in the validation experiments.
The CMMP framework is modular, allowing different theoretical models to be used for any of these elements and

for different phases. The modeling choices in this work are intended as a foundation for future refinements by broadly
covering large regimes of temperature, pressure, strain, and strain rate.

The modeling approach for strength explains why we consider the shear modulus models part of the foundation for75

the strength model. Macroscopic strength models are often expressed as a scalar-valued flow stress within the context
of a J2 (i.e. the second invariant of the deviatoric stress) inelastic threshold surface. Some of these phenomenological
models are expressed as a normalized flow stress in relation to the shear modulus such that τ = 2G(ρ, T )τ̂(εp, T, ε̇p)
where τ is the magnitude of the flow stress, ρ is the mass density per unit volume, T is the temperature, and εp, ε̇p are
the effective plastic strain and corresponding rate, respectively (e.g., [23–27]). τ̂ is a normalized flow stress, which is80

scaled by the appropriate value of shear modulus to fully define the density/pressure and temperature dependence of
the plastic deformation behavior. That is why models for shear moduli for all phases is so important for the multiphase
strength modeling.

Practicalities explain why an ambient phase strength model is the other main part of the foundation for the CMMP
strength model. Calibration of a strength model is most directly obtained by parameterizing a particular model form85

τ̂(εp, T, ε̇p) to stress-strain curves from quasistatic (QS) uniaxial stress or dynamic split Hopkinson pressure bar (SHPB)
experiments. However, it is often the case that only one (or a small subset) of all of the solid phases can be directly
measured using QS and SHPB testing. We refer to such phases as “ambient” phases and the rest as “non-ambient”.
Because of the difficulty of measuring stress-strain curves in non-ambient phases, the multiphase model framework
allows a simple description of their strength as a scaled value of the strength model in an ambient phase [19]. The90

scalar scale factor can potentially be calibrated by simulating high-pressure experiments that are sensitive to strength
but do not give explicit calibration data like a stress-strain curve. This pragmatic approach gives some experimental
basis for the model but makes simplifying assumptions about hardening and rate- and temperature-dependence that
should be unique to each phase. On the other hand, an arbitrarily complex model of non-ambient phase strength is
also allowed in CMMP as needed, assuming one can be constructed.95

Preliminary versions of the CMMP calibration presented here were used to model the strength of polycrystalline tin
across phase boundaries [12], [19]. [7] used a framework similar to CMMP, albeit with different constitutive ingredients
including a combined multi-phase Birch-Murnagahan equation of state and Steinberg-Guinan [23] strength model to
simulate the longitudinal wave speed [28] and the free surface velocity from plate impact experiments that crossed the
β-γ phase boundary in tin [6].100

Here, we calibrate a shear modulus model for most solid phases of tin using density functional theory (DFT)
calculations. (The low temperature α phase is excluded because it has little practical interest and is unlikely to
show up in experiments [1]). The modulus model is then validated on ultrasonic sound speed measurements. We

1Although the title has changed, this paper is the "in preparation" reference 42 in [19].
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then calibrate a temperature, plastic strain, and plastic-strain-rate dependent strength model for the ambient β phase
using QS and SHPB testing over a broad range of temperatures and strain rates. Finally, to validate the model, both105

traditional (i.e. forward) and reverse Taylor anvil impact experiments were performed. The significant temperature rise
associated with the large deformation of the Taylor impact tests leads to localized melting, thus testing the multiphase
model because of the solid-liquid phase change and regions of mixed solid and liquid phases.

2. Experimental Methodology

This section discusses the experimental techniques used to characterize tin, measure its mechanical behavior and110

the Taylor anvil experiments.

2.1. Source material
The tin material used in this investigation is 99.8% pure and was obtained from Vulcan industries in plate form.

The plate was uni-axially cold-rolled and then annealed at a low temperature. The chemistry for this material is shown
in Table 1.115

Element Amount (wt %)

Tin 99.82
Oxygen 0.0025
Nitrogen < 0.0005
Carbon 0.0019
Sulfur < 0.0005
Lead 0.11

Copper 0.054
Indium 0.0099

Table 1: Chemical composition of the tin plate.

The microstructure of the plate was characterized in the through-thickness direction and the two in-plane directions
(including the rolling direction) using electron back scatter diffraction (EBSD). Each specimen was prepared for
microscopy using standard metallographic techniques. Sample preparation consisted of grinding on SiC paper with
increasingly fine grit under very light pressure, followed by mechanical polishing with 0.3 µm alpha alumina slurry,
and then a mixture of 10:1 by volume of 0.04 µm colloidal silica and hydrogen peroxide. The polished sample surfaces120

were etched with a solution containing 9 ml hydrochloric acid, 3 ml nitric acid, and 10 ml water. A Zeiss Axio Imager
M2m optical microscope was used to interrogate the etched surface and to identify regions of interest for electron
microscopy. Electron Backscatter Diffraction (EBSD) was employed to investigate the cross sections of the samples on
a Thermo ScientificTM Apreo SEM, using the EDAX OIM AnalysisTM Data Collection and Analysis software. EBSD
data was acquired with a step size of 1 µm for texture measurements, as well as with a step size of 0.5 µm to obtain125

detailed information on the spatially varying microstructure.
These EBSD micrographs along the different directions are shown in Fig. 1. This figure shows that there is a slight

difference in grain size as a function of orientation. Specifically, the grain size is ∼80 µm in the through-thickness
direction and 82 and 87 µm in the two in-plane (IP) directions. There is also variation in the texture as a function
of orientation. The texture is slightly (001) in the TT direction and the rolling direction (RD) as compared to the130

(110) texture in the transverse direction. This is mild texture typical of rolling. In the mechanical testing we measure
stress-strain curves in orthogonal directions to see if there is any plastic anisotropy due to this difference in texture.

2.2. Mechanical behavior
Cylindrical samples were electro-discharge machined from the through-thickness (the compression axis was parallel

to the plate through-thickness direction) and two in-plane orientations (parallel to the rolling direction and orthogonal135

to the rolling direction) to dimensions of 5 mm in height and 5 mm in diameter for quasi-static and dynamic mechanical
testing. The quasi-static (QS) compression experiments were conducted using an Instron screw-driven test system at
strain rates of 0.001, 0.1, and 5.0 s−1 and temperatures ranging from 87 to 373 K, with MoSi2 lubrication on the
interfaces to minimize barreling. Dynamic compression testing was conducted using a split-Hopkinson Pressure Bar
(SHPB). The SHPB samples were similarly lubricated using MoSi2 to minimize friction at the sample-pressure bar140

interfaces. Data was collected at temperatures ranging from 193 to 373 K at strain rates of approximately 3× 103 s−1.
The specifics of each loading condition are shown in subsection 3.1 with the results.
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TT 2 mm X1

Y1
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0.00

{100} {001} {111} 6.76

Y1 Y1 Y1

(a) Through-thickness direction (TT)

RD
2 mm X1

Y1

X1

{100} {001} {111} 9.35

0.00Y1 Y1 Y1

(b) Rolling direction (RD)

2 mm X1

Y1

TD

X1

0.00Y1 Y1 Y1

{100} {001} {111} 7.43

(c) In-plane direction (IP)

81/23/24

Fig. 1: EBSD micrographs, texture analysis, and grain size distribution along the through-thickness (TT), rolling (RD) and in-plane (IP)
directions from the material sample.

2.3. Ultrasound measurements of shear modulus
Two separate time-of-flight ultrasound experiments were performed to determine the shear modulus as a function

of temperature and pressure, respectively. In both experiments, time-of-flights were measured using tone bursts over145

a range of carrier frequencies as described in [29, 30] to account for extraneous delays due to the medium coupling the
ultrasound transducers to the sample. The high-pressure experiments were performed at High-Pressure Collaborative
Access Team (HPCAT), beamline 16 BM-B (Advanced Photon Source, Argonne National Laboratory), while the
high-temperature experiments were performed at Dynamic Experiments Division facilities of the Los Alamos National
Laboratory (LANL).150

The high-pressure experiment utilized a right circular cylindrical sample of diameter 1.50 mm and a nominal
height of 0.625 mm. In the ambient-pressure, high-temperature experiments, shear wave speeds were measured in a
parallelepiped sample of dimensions 4.1 x 5.1 x 6.1 mm3. The setup used two ultrasound transducers configured in
a transmit-receive geometry (as in [31]) with the wave speeds being measured along the 4.1 mm dimension. Though
less common than the single transducer pulse-echo geometry, the transmit-receive geometry affords a significantly155

higher signal-to-noise ratio which is advantageous for highly attenuating materials such as tin. The transducer-sample-
transducer assembly was placed in a temperature-controlled water bath with wave speed measurements being collected
at 278 K intervals between 298 and 349 K.

Time-of-flight measurements were combined with sample dimensions to determine the velocities of the longitudinally-
and shear-polarized waves. Sample dimensions were determined with X-ray radiography for the high pressure exper-160

iments and by direct measurement, accounting for thermal expansion, for the high temperature experiments. Sound
velocities were combined with mass density of the sample to determine the compressional (C11), shear (G), and bulk
(B) moduli of the sample. For the high pressure experiments, mass density was determined by measurements of the
lattice volume using X-ray diffraction. For the high temperature experiments, sample mass and volume were measured
directly at ambient conditions and corrected for thermal expansion at the higher temperatures.165

2.4. Forward Taylor cylinder Impact
In a traditional Taylor anvil impact experiment, a cylindrical specimen of the material of interest is accelerated

along the barrel of a gas gun and it then impacts a stationary and (quasi-)rigid anvil. The specimen dimensions
are typically 7.5 to 12.5 mm diameter and 25 to 40 mm in length. By tuning the impact velocities and the ratio
between cylinder length and diameter, a strain rate between 104 − 106 s−1 can be achieved within the specimen near170

the impact face. Specimens typically undergo significant and nonuniform plastic deformation across a wide range of
strain rates and temperatures as the material is further heated by inelastic work. In addition to probing such a broad
range of material state conditions (i.e. rate, temperature), these experiments are relatively simple and inexpensive
in the context of other platforms. For these reasons, Taylor anvil impact experiments are appealing for assessing
rate-dependent constitutive models under conditions of large deformation [32–34], or validating the calibrated material175

models [35–37].
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The experiments in this work were performed at the LANL Taylor cylinder facility, which uses a 30-caliber 7.62 mm
(i.e. 0.300 inch) smooth-bore launch tube. It was designed to utilize high-pressure helium-gas propulsion of the cylinders
rather than propellant drive. The helium gas breech and valve design is capable of consistently launching, with high
repeatability, a 25-gram steel cylinder to 400 m/s using helium gas at just over 30 MPa (4500 psi). The Taylor cylinder180

facility launches the specimens against a pneumatically-positioned AF1410 high-strength steel anvil (polished to a
mirror surface finish) contained within an evacuated thick-walled 304 stainless steel tank. All testing is conducted
under vacuum conditions (typically 10 torr). The velocity of the projectile is measured using up to four laser beam
timing circuits. They are positioned between the muzzle of the barrel and the impact anvil so that the beams intersect
the path of the Taylor cylinder in flight.185

In the experiments performed as part of this research, a specimen size of 38.2 mm length and 7.6 mm diameter
was used for all (forward and reverse, cf. below) shots. The specimen velocities for the forward Taylor anvil shots,
measured immediately prior to impact, were 96.1, 110.7, 116.2, 131.8, 141.1, and 153.1 m/s, respectively.

2.5. Reverse Taylor cylinder impact
In addition to the traditional (forward) Taylor anvil impact experiments, reverse Taylor impact experiments were190

also performed on tin. In these experiments, instead of firing a specimen onto an anvil, the opposite is done and the
gas gun is used to launch an anvil at a stationary specimen, as shown in Fig. 2. One advantage of the reverse Taylor
configuration is that specimens can be heated to much higher, controlled temperatures in comparison to the traditional
Taylor Anvil tests. If performed correctly, these experiments are substantially equivalent to the traditional forward
configuration [38]. As part of the current work, a 4340 steel anvil was mounted on the leading face of a projectile,195

which was then fired into cylindrical tin specimens mounted in the target tank of a 100 mm bore vertical gas-gun at
LANL. The steel anvil was a right cylinder with 6.35 mm thickness and 63.50 mm diameter.

The tin specimens were mounted in a tilt ring, which was adjusted to ensure that the sample was concentric and
coaxial to the gun barrel axis. A combination of a rigid steel plate and aluminum honeycomb was used to arrest the
tilt ring and projectile, allowing only the tin specimen to pass through into the soft-recovery chamber of the gun, for200

post-mortem analyses of the shape of the Taylor cylinders. The anvil velocities measured immediately prior to impact
for the reverse Taylor impact experiments in this work were 115.0 and 131.0 m/s.

← Projectile

← Anvil
← Specimen

← Tilt ring

Fig. 2: Schematic of the reverse Taylor impact test on a cross section view. The size of the projectile and the anvil is not to scale.

3. Experimental Results

3.1. Mechanical behavior
Comparison of the quasi-static true stress-true strain behavior of two samples each from the through-thickness205

and two in-plane orientations in Fig. 3 revealed nearly identical mechanical behavior, thus eliminating concerns of
anisotropic constitutive behavior. Accordingly, the remaining mechanical characterization experiments exclusively
used samples sectioned and loaded in the through-thickness orientation.

Fig. 4 presents the true stress and true strain data obtained at increasing quasi-static rates (a-c) and at high strain
rates (d). The data for these plots is given in the in the Supplemental Material [39]. The conditions span a broad210

range of temperature (87 K < T < 373 K), strain rate (10−3 s−1 < ε̇p < 4× 103 s−1), and sufficiently high magnitudes
of strain to exhibit saturation of the flow stress under most conditions. Consistent with most ductile polycrystalline
metals, the measured flow stress of β−tin is significantly dependent on the strain rate and temperature. Specifically,
decreasing the temperature and/or increasing the strain rate leads to an increase in the magnitude of the flow stress.
At room temperature (T = 293 K), the flow stress at low strain increased from 12 MPa at a strain rate of 10−3 s−1215

to 40 MPa at a rate of 103 s−1. This pronounced rate dependence is consistent with the known behavior of lower
symmetry metals and alloys with a high Peierls barrier to dislocation motion.
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Fig. 3: True Stress-true strain data corresponding to the different directions of the plate shows no significant anisotropy.

At higher strain rates, the work hardening behavior displays a sigmoidal shape, i.e., an early concave upward steep
increase in the work-hardening rate before rolling over to saturate at higher plastic strains. This observation also
applies to the coldest QS experiment at T = 87 K. This feature in the mechanical response may be attributed to220

the nucleation and growth of deformation twins. EBSD was not performed on the compression samples to quantify
twin volume fraction, partly because the plastic work heating would likely lead to recrystallization of the recovered
samples before twins could be observed. However, such a transition in the dominant mechanism accommodating the
deformation from dislocation-based slip to twin activation (which is associated with the sigmoidal shape) is widely
recognized and documented for other crystalline metals [40–43].225
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Fig. 4: True stress and true strain data from QS (a-c) and SHPB (d) experiments with conditions spanning a broad range of temperature
(87K < T < 373K) and strain rate (10−3 s−1 < ε̇p < 104 s−1). The markers correspond to stress and strain pairs used within the Bayesian
calibration procedure.

3.2. Forward and reverse Taylor impact
Following both the forward and reverse Taylor anvil impact experiments, the dimensions (i.e. length, diameter)

and external surface profile of each specimen were carefully measured with calipers and also photographed to enable
direct comparison with simulation results (cf. Fig. 5). The cylinder impacted at 153.1 m/s experienced local failure at
the footprint and the one impacted at 141.1 m/s showed some signs of incipient failure at the footprint. Key deformed230

dimensions for the forward and reverse Taylor anvil experiments are listed in Table 2.
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Fig. 5: Deformed cylinders after forward (direct) impact experiment (left) and reverse impact experiment (right). The impact velocity
values are 131.8 m/s and 131.0 m/s on the forward and reverse impact experiment, respectively.

In addition to measuring shape changes, each of the Taylor cylinders was also sectioned across longitudinal axis
to allow for quantitative metallographic and EBSD study of the cross-section to understand deformation mechanisms
along the length of the cylinder. Results for the 131.8 m/s cylinder are shown in Fig. 6(a). With only modest changes
at different impact velocities, the microstructure observed in Fig. 6(a) within each specimen varied along the specimen235

length and exhibits four distinct regions starting from the impact end: (i) small grains from recrystallization due to
heating after impact, (ii) more modestly refined grain size from more modest heating, (iii) in addition to deformed grains
occasional twinning is observed (not in this example), and finally (iv) deformation twins in addition to dislocation slip
activity in the far region that experienced modest plastic deformation and heating. We did not measure the twin size
in our deformed specimens. At the higher impact velocities, the refined grain size near the impact surface decreases,240

as shown in Fig. 6(b). Since tin has a low melting temperature (∼ 500 K at ambient pressure), the adiabatic heating
associated with large plastic deformation at high strain rate would likely result in recrystallization of the grains and
remove any evidence of twinning. The microstructures of the deformed sample in Fig. 6(a) are consistent with the
level of applied strain, and accompany heating, from the impact. In particular, the applied strain increases from the
cylinder free end (iv), with visible deformation twins, to the impact surface (i), with substantial reduction of grain size245

due to recrystallization.

(i)

(ii)

(iii)

(iv)

81/23/24
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Fig. 6: (a) Microstructures (right) of the Taylor cylinder specimen (left) after forward impact test at 131.8 m/s, along the impact direction
and (b) average grain size at the impact surface as a function of impact velocity indicate some recrystallization where plastic work raised
the temperature. Error bars are the standard error of the mean.

3.3. Shear modulus
Fig. 7 shows the response of the β-phase elastic moduli to changes in temperature (Fig. 7(a)) and pressure

(Fig. 7(b)). The uncertainty is dominated by our ability to measure the time-of-flight. Factoring that in, the es-
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Impact manner Impact velocity Exp. deformed Exp. deformed
(m/s) length (mm) foot diameter (mm)

Forward 96.1 31.480 9.750
Forward 110.7 30.270 12.043
Forward 116.2 29.340 12.037
Forward 131.8 28.150 15.130
Forward 141.1 27.055 17.351
Forward 153.1 25.440 21.033∗

Reverse 115.0 29.13 12.78
Reverse 131.0 28.47 12.71

Table 2: Deformed dimensions of each polycrystalline tin cylinder from forward and reverse Taylor impact experiments. Diameter
measurement denoted with ∗ is estimated from the remaining part of the foot.

(a) (b)

Fig. 7: (a) Compressional modulus, C11, bulk modulus (B), and shear modulus (G) as a function of temperature at ambient pressure. (b)
The pressure dependence of the compressional modulus, C11 and G up to 5 GPa at ambient temperature.

timated uncertainty in G for the smaller specimens of Fig. 7(b) is about 10% compared to only about 1% for Fig. 7(a).250

As is common with most materials, the elastic moduli soften with increasing temperature and stiffen with increasing
pressure. Overall, the measured shear modulus in Fig. 7(a) is consistent with [44], and slightly lower than [45] (data
comparison is presented in subsection 4.1). From Fig. 7(b), it can be seen that the shear modulus is much less sensitive
to changes in pressure than the compressional modulus, with G increasing by only ∼ 15% over the 5 GPa pressure
range while C11 increases by roughly 50%. The G values in Fig. 7(b) mostly range between 14 and 16 GPa, and the255

trend extrapolates back to a value of about 14 GPa at ambient pressure, which is about 17% lower than the ambient
value of 16.9 GPa from Fig. 7(a). The samples for the G(P) measurements were significantly smaller than those used
in the G(T) measurements. With smaller samples, the plane wave approximation (which assumes a laterally infinite
sample) becomes increasingly more approximate. Wave guiding due to the edge effects can become more significant
and this will serve to slow the wave. This potential bias is consistent with lower values in Fig. 7(b).260

4. Multi-phase Strength Model

In this work, we use the CMMP multi-phase strength, equation-of-state (EOS), and kinetics model [19] described
in the Introduction. This section describes the parameterization of the shear moduli and melt temperatures for the
solid phases of tin. It then provides details of the constitutive model parameterization for β-phase tin.

The parameterizations in this section pair with a specific EOS, which gives the phase boundaries and relates265

the thermodynamic state variables of pressure, density, temperature, and internal energy within each phase. For an
example of the coupling, the EOS determines the conversion of plastic work energy to temperature (i.e., the specific
heat), which ultimately affects the strength.

The need for a melt temperature model may not be obvious. After all, the EOS gives the solid liquid phase bound-
aries and is used to determine the fraction of liquid at any point during a calculation. The analytic parameterization of270

the melt temperature is used more indirectly. In this work, both the shear modulus model and the constitutive model
use the homologous temperature, the ratio of the temperature relative to the material’s melting temperature, as a key
physical parameter. The melt temperature is thus needed for each solid phase. However, since some phases do not
melt directly without first transforming to another solid phase, there is no phase-specific melt temperature available
from the EOS. Thus, an analytic treatment is used, even though the melt temperature may in some sense be virtual275

or a reference ([19]).
There is also a special consideration for the shear modulus model. With phase change kinetics, a solid phase can

exist outside its equilibrium boundaries. To evaluate the contribution to strength in such a state, a finite, positive
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shear modulus is required not only within in each equilibrium phase region but to some extent beyond the boundaries.
The shear modulus model should be checked against the EOS to ensure this is the case.280

Equations of state for tin have been constructed using experimental data [6–8], density functional theory [1, 46],
and molecular dynamics [47]. The parameterizations here use the SESAME 2162 multiphase EOS for tin [1], which
was constructed using density functional theory and extensive comparisons to isobaric data, isothermal data, shock
data, and phase boundary measurements. SESAME 2162 was specifically constructed as a set of individual phase
tables to be employed within a model like CMMP.285

Since our work here began, SESAME 2162 was updated to 2163 [20] to account for more recent experimental data.
The β-γ phase boundary was moved slightly higher in pressure, to better align with recent measurements [48]. The
melt curve at pressures greater than 50 GPa (well above the β phase) was adjusted to match data [49–51]. Adjustments
were also made to the higher pressure δ and ε phases and the γ-δ phase boundary. Because changes to the β phase
were minimal, simulations of the experiments in this work using the parameterizations for 2162 (i.e. uniaxial stress290

compression and Taylor cylinder impact experiments) will be repeated using 2163 to see if the results change.
Hydrocode simulations are used for two purposes in this work. First, fitting the constitutive model to the ex-

perimental data is done using hydrocode simulations. Using a simulation instead of an analytic evaluation of the
constitutive model ensures that the fit is consistent with the EOS being used. Second, the Taylor cylinders are simu-
lated using the fully calibrated CMMP model for validation purposes. The experiments were modelled using FLAG,295

an arbitrary Lagrangian/Eulerian, explicit, finite-volume hydrocode using arbitrary polyhedral computational zones
[52].

The multiphase aspect of the strength model is tested by the Taylor cylinders because the simulations for higher
impact velocities reach the melt temperature in the highest deformation regions. The CMMP model allows smooth
transitioning from full strength solid to a mixed solid-liquid state with reduced strength. CMMP is also compared300

with simpler approaches with an abrupt transition to liquid. Testing CMMP on experiments which undergo solid-solid
phase transformations is left for future work.

4.1. Shear modulus model
We use the Preston-Wallace (PW) model [24] to describe the variation of shear modulus with respect to density

and temperature, within each solid phase of tin, i.e.

G (ρ, T ) = G0 (ρ)

[
1− α T

Tm (ρ)

]
(1)

where G0 (ρ) is referred to as the cold shear modulus, Tm (ρ) is the melt temperature of the material corresponding to
a particular density, and α is a material parameter that reproduces the observed linear variation of shear modulus with305

respect to temperature (at fixed density) for most metals over a range of temperatures away from T = 0. Note that
(1) the cold shear modulus is somewhat of a misnomer because Eq. (1) does not hold for temperatures approaching
T = 0. And (2) the melt temperature Tm (ρ) is, in some sense, a virtual melt temperature because the material may
not be able to melt from a given solid phase without first undergoing a solid-to-solid phase transformation and the
associated change in density. The Burakovsky-Greeff-Preston model is based on the Lindemann criterion [26], i.e.,310

d lnTm
d ln ρ

= 2

(
γ (ρ)− 1

3

)
(2)

where the Grüneisen parameter is assumed to vary with density according to

γ(ρ) =
1

2
+

γ1
ρ1/3

+
γ2
ρq
, (3)

and the dislocation-mediated melting model [53] in which the relation G(ρ,Tm(ρ))
ρ·Tm(ρ) = const [54] provides a direct con-

nection between G0(ρ) and Tm(ρ), in view of Eq. (1) in which α is assumed to be density independent. The way we
derived the numerical values of the parameters γ1, γ2 and q is described in detail in [26].

While the original model developed by [26] results in a similar expression for the cold shear modulus using the
same expression for the Grüneisen parameter as in the melt temperature, in practice it has been effective to employ
a parameterization similar to Eq. (2) and Eq. (3) pertaining to the cold shear modulus and the melting temperature
separately, i.e. [27],

d lnG

d ln ρ
= 2γG(ρ) +

1

3
,

d lnTm
d ln ρ

= 2γTm
(ρ)− 2

3
, (4)
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phase ρref Gref ρm Tref γ1 γ2 q2 γ3 q3 α

g cm−3 GPa g cm−3 K g1/3 cm−1
(
g cm−3

)q2 -
(
g cm−3

)q3 - -

β 7.40 25.4 7.180 505.1 0.000 600 3.2 800 3.2 0.53
γ 7.82 26.8 7.585 595.0 0.000 820 3.2 2300 3.2 0.7
δ 10.50 23.0 9.425 1900 2.125 5.5 ×108 8.0 1.1 ×108 8.0 0.2
ε 10.30 44.5 9.950 2455 2.170 1.4 ×107 8.0 1.1 ×108 8.0 0.4

Table 3: Parameters for phase-specific melt temperature and shear modulus models for tin.

with

γG(ρ) =
1

2
+

γ1
ρ1/3

+
γ2
ρq2

, γTm
(ρ) =

1

2
+

γ1
ρ1/3

+
γ3
ρq3

. (5)

That is, G(ρ, 0) and Tm(ρ) are described by separate sets of parameters (γ1, γ2, q2) and (γ1, γ3, q3), respectively, with
γ1 being the only common parameter for both sets. The theoretical value of γ1 is [27] γ1 = 7

40 · Z
2/3, where Z is the315

atomic charge. In a general case, the value of γ1 should be close to 7
40 · Z

2/3 but not necessarily equal to it.
The solution of Eq. (4) and Eq. (5) leads to the expressions for the variation of melt temperature and cold shear

modulus with density, i.e.,

G0 (ρ) = Gref

(
ρ

ρref

)4/3

exp

[
6γ1

(
1

ρ
1/3
ref

− 1

ρ1/3

)
+

2γ2
q2

(
1

ρq2ref
− 1

ρq2

)]
(6)

Tm (ρ) = Tm,ref

(
ρ

ρref

)1/3

exp

[
6γ1

(
1

ρ
1/3
ref

− 1

ρ1/3

)
+

2γ3
q3

(
1

ρq3ref
− 1

ρq3

)]
(7)

Together, Eq. (1), Eq. (6) and Eq. (7) constitute a complete analytical model for the shear modulus and melt temper-
ature across a range of density and temperature.

Fig. 8 compares the results of the ab initio calculations on the cold shear moduli of four different solid phases of tin
using the Vienna Ab initio Simulation Package VASP to the model envelope for which the input parameters are those320

of β-tin that are given in the first four columns of Table 3. The use of γG(7.40) = 1.36 based on the results of [48]
leads to the following set of the model parameters for the G0(ρ) envelope: (for tin Z = 50) γ1 = 7

40 · 50
2/3 = 2.37512,

γ2 = −1.2, q2 = 0.6.
Now we further modify this generalized model to make it applicable to each of the solid phases of a multi-phase

material separately to make the description of each phase more accurate. The modification consists of introducing325

separate sets of parameters for each of the solid phase of a multi-phase material assuming the validity of the basic
relations given in Eq. (1), Eq. (6) and Eq. (7) phase-by-phase. The δ and ε phases do not have well established or
agreed upon existence limits at high pressure, and are thus treated similar to the general case. The P →∞ asymptotic
conditions on G0(ρ) and Tm(ρ) used for the calculation of the model parameters [27] are applied. The entire parameter
sets, including the corresponding values of γ1 are obtained using the scheme of [27] and are also shown in Table 3.330

The β and γ phases are stable only in a finite pressure range and must be treated differently. The P → ∞
asymptotic conditions are dropped. In this case, the number of constraints on the model parameters as given in [27]
may not be enough to obtain the values of all of the needed values. In this case, one can still reliably describe a given
solid phase of a multi-phase material with a lesser number of model parameters. Eliminating γ2 would eliminate q2, as
well since the entire second term in Eq. (5) is gone. In practice, it is better to eliminate γ1 while keeping both γ2 and335

q2 (and, respectively, both γ3 and q3 for Tm) since γ1 is directly related to the P → ∞ behavior of both G and Tm,
which is irrelevant for phases that exist in a limited pressure range. The remaining values are then calculated using
the scheme developed in [27] and are shown in Table 3.

The values of α for all four phases are calculated based on the linear fits of the form given in Eq. (1) to the results of
VASP simulations on G at finite T . Fig. 9 illustrates such simulations for β-tin. The corresponding value of α = 0.53340

comes from averaging the values of the slopes of linear fits at three different densities. For another three solid phases
of tin, the results on G(ρ, T ) are such that the values of linear slopes are not as close to each other as those in the case
of β-tin, so that the other three values of α are rounded to the first principal digit (cf. Table 3).

Using Eq. (1) with G0(ρ) and Tm(ρ) defined in Eq. (6) and Eq. (7), respectively, one can calculate G(T, ρ) for every
solid phase of tin using the corresponding parameter values from Table 3. Specifically, using a collection of densities345

that correspond to P = 0 at different temperatures (they can be obtained using SESAME 2162), one can calculate
the T -dependence of G at ambient P. Such T -dependence of G for β-tin is shown in Fig. 10 and compared to our own
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Fig. 8: Cold shear modulus as a function of density: comparison of Eq. (6) (model envelope) to the ab initio results on four solid phases of
tin obtained using the VASP software which are shown with different symbols. Dashed lines are added as a guide to following the individual
phase points.
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Fig. 9: Shear modulus of β-tin as a function of T at three different densities. Dashed lines represent the best fits of the form given in
Eq. (1) to the corresponding ab initio data computed using the VASP software.
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Fig. 10: The T -dependence of G at P = 0 for β-tin: our theoretical model (Present model) versus our own experimental results (this
paper) as well as those of [44] and [45].

experimental results from Fig. 7(a) as well as earlier experimental data [44] and [45]. It is clear that the agreement
between the model and experiment is excellent except the data by Fraizier et al. [45] which give somewhat higher
values of G and weaker T -dependence.350
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Fig. 11: (a) The phase-specific reference melt temperatures from Eq. (7) and parameters in Table 3 coincide well with the boundaries
between solid and liquid phases according to the multi-phase equation of state, SESAME 2162 [1]. (b) Shear modulus model values for the
β phase. The shear modulus needs to be defined outside the equilibrium phase boundaries so that strength can be evaluated when phase
change kinetics allows phases to exist there.

Unfortunately, the G vs. P data in Fig. 7(b) does not help validate the model. First, the magnitudes of the G
values are affected by the apparent bias in the data discussed in subsection 3.3. Second, the scatter in Fig. 7(b) over
the relatively small range of pressures results in no meaningful constraint on the slope.

Fig. 11 illustrates the final phase-specific shear modulus model and parameters. Fig. 11(a) shows that the ‘reference’
melt temperature for the β and γ phases agree well with with the equilibrium phase boundaries from SESAME 2162.355

Fig. 11(b) shows that the value of the β-phase shear modulus is defined well beyond its equilibrium existence region.
The shear moduli need to be defined outside their equilibrium phase boundaries, including possibly into the liquid, so
that strength can be evaluated when phase change kinetics allows phases to exist there.

4.2. Parameterization of the Preston-Tonks-Wallace strength model for the β phase
This accurate shear modulus model is combined with a viscoplastic model to capture thermomechanical response of360

tin during dynamic deformation. Popular viscoplasticity models for polycrystalline metals include the Johnson−Cook
empirical model [55], mechanical threshold stress (MTS) [56, 57], and the Preston-Tonks-Wallace (PTW) model [25].
In these models, the flow stress is modeled as a function of strain, strain rate, temperature, and sometimes pressure or
density. Among the above models, PTW is the only constitutive model in which the flow stress at thermal-activation
regime is smoothly transitioned into that of the over-driven shock regime [58, 59]. This feature makes the PTW365

model applicable for a wider range of strain rates, from quasi-static to extreme loading conditions created by high-
velocity impacts [60] and a broad range of experimental platforms that reach extreme conditions [61]. The PTW
model normalizes temperature by the melting temperature, and flow stress by shear modulus. These characteristics
of the PTW model make it suitable for modeling polycrystalline tin, which is known for low melting temperature and
strong temperature and density/pressure dependence of the viscoplastic behavior. Other physics-based models, such370

as the dislocation-based crystal plasticity model [62, 63], are applicable for high rate deformation of tin with proper
modification to address the above thermomechanical characteristics of tin.

In this section, we calibrate the PTW model parameters against the uniaxial stress-strain data for β-phase tin
obtained from the QS and SHPB compression experiments. Since the shear modulus is modeled separately from the
PTW model, there are 11 remaining PTW parameters: θ, p, S0, S∞, Y0, Y∞, κ, γ, y1, y2, β. The three PTW375

parameters y1, y2, and β determine the material strength only at the transition strain rates from thermally activated
regime to over-driven shock regime and higher rates. They are not sensitive to the uniaxial stress measurements at
SHPB loading rate and lower. Therefore, the three parameters are held constant at y1 = 0.0355, y2 = 0.45, and
β = 0.45. These values come from unpublished internal work based on limited information and should be treated with
caution in applications where simulation results are sensitive to these parameter values.380

Bayesian model calibration (BMC) was performed using the Sepia package [64] to calibrate eight PTW parameters:
θ, p, S0, S∞, Y0, Y∞, κ, γ. Previously, BMC was used to calibrate the Johnson-Cook model on Al [65] and a single
crystal plasticity model for copper [66] and tantalum [37]. Our approach to calibrate the tin PTW model parameters
closely follows those works. The approach consists of the four following steps,

• Sampling a non-informative uniform prior distribution of the parameters over some pre-selected ranges.385
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Parameter Lower limit Upper limit Expected value
θ 0.02 0.12 5.97E-2
p 1E-04 6.00 2.82
S0 0.012 0.035 2.56E-2

S∞/S0 0.01 0.04 2.63E-2
Y0/S0 0.04 0.25 9.32E-2
Y∞/S∞ 0.01 1.00 0.46

κ 0.12 0.24 1.86E-1
log10(γ) -6.5 -5.5 -5.87

Table 4: The PTW model parameters’ calibration ranges and expected values. The expected values comprise the fit designated as sn06.

• Modeling the corresponding responses of the physical computational model using the sampled parameter sets
and extracting the measurements equivalent to the experiment observations.

• Training the Bayesian emulator with the parameter inputs and simulation outputs to provide simulation outputs
of any parameter inputs without invoking the physical computational model and cross validating the emulator
performance.390

• Drawing Markov Chain Monte Carlo (MCMC) realizations of the posterior parameter distribution, which brings
the simulated response into agreement with the experiment observations.

The calibrated parameter ranges of eight parameters are given in Table 4. 400 parameter sets are sampled from
a non-informative uniform prior distribution of the parameters over the pre-selected ranges. The parameter sets
are used in one-zone simulations of idealized uniaxial stress loading at constant true strain rate [37, 66]. All SHPB395

experiments are simulated assuming adiabatic conditions, while all quasi-static experiments are simulated assuming
constant temperature. In particular, 10 stress measurements are extracted from each of 21 uniaxial stress-strain curves.
The 10 stress measurements correspond to linearly spaced strain values between 0.02 and the respective maximum
measured strain as shown as markers in Fig. 4. Therefore, the stress measurements represent the early yielding,
material hardening and saturation behavior of each loading conditions. Corresponding stress responses are extracted400

from the simulation results of 400 parameter sets (light grey solid lines in Fig. 14) and used to train the Bayesian
emulator.

The trained emulator is then cross-validated by holding out one pair of input (parameter set)-output (stress re-
sponses) and using the rest of input-output pairs to predict the held out output. The cross-validated value is plotted
against the physical model simulated value in Fig. 12 (colored by the Gaussian kernel density estimation of the pair405

values). The high density toward the line of y = x in Fig. 12 indicates good performance of the emulator in the given
parameter ranges (cf. Table 4).

The posterior parameter distributions resulting from 480,000 MCMC draws for calibration to the uniaxial stress
experiments are presented in Fig. 13. The diagonal plots present the marginal probability distributions associated with
the particular parameter indicated on the horizontal or vertical axis labels. The marginal distributions are expressed410

as a probability density which integrates to unity. The plots below the diagonal represent the correlation between the
individual parameters. The expected parameter values of each marginal distribution are presented in Table 4, and
designated as fit sn06 for tracking purposes. As can be seen in the posterior distributions, the stress measurements
can well constrain six parameters θ, S0, Sinf , Y0, κ, γ. The two parameters p and Y∞, are not as well constrained
in the marginal distributions. However, the correlation plots show a strong correlation of those two parameters with415

respect to other parameters such as p− S0, p− S∞, p− γ, Y∞ − θ. Therefore, these two parameters are constrained
by the uniaxial stress results in conjunction with the other parameters.

The uniaxial true stress versus true strain behavior using the prior parameter sets, posterior parameter sets and
expected value parameter set are compared to the corresponding experimental measurements in Fig. 14. The simula-
tions using prior parameter sets, plotted as light grey lines, shows that the calibration set used to train the emulator420

spans the domain of the experimental data. Such coverage is required to obtain a good model calibration, although
this coverage does not in itself guarantee the model can simultaneously fit all the experiments.

The posterior parameter sets and expected value parameter set generally agree well with the experimental obser-
vations across the wide ranges of temperature and strain rate. The PTW model does not capture the sigmoid shape
associated with twinning. Rather, it smooths through that feature and the higher strain hardening. Nonetheless, the425

average error between the stress measurements from simulations using the expected parameter values and experiment
is 8.43 MPa. This accuracy is excellent given the wide range of loading temperature and strain rate, the large number
of experiments (21), and the limitations of PTW to capture effects like twinning.

13

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.10

63
/5.

02
07

40
5



0 250 500 750
Simulated value [MPa]

0

200

400

600

800

C
ro

ss
va

lid
at

ed
va

lu
e

[M
Pa

]

y = x

2e-04

4e-04

6e-04

8e-04

1e-03

K
er

ne
l d

en
si

ty
 e

si
m

at
io

n

Fig. 12: The stress values predicted by the emulator from cross-validation predictions versus FLAG simulated stress values for 21 uniaxial
stress loading conditions show that the emulator used for Bayesian model calibration is accurate. Each pair of values on the scattered plot
is colored by the Gaussian kernel density estimation.
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Fig. 13: Posterior parameter distribution for calibration of true stress measurements. The plots on the diagonal present the marginal
distribution of each parameter. The off-diagonal plot presents the two dimensional bivariate kernel density estimation between pairs of
parameters. The limit on each plot is [0 1] of the corresponding standardized range of parameter values in Table 4.

5. Validation on Taylor Cylinder Impact Experiments

In this section, we validate our calibrated strength model against the deformed shapes of Taylor cylinders from430

both the forward and reverse impact experiments described in section 2. For the simulations, the cylinder and anvil
materials are assumed to be isotropic. In addition, their 3D structures have axial symmetry. Therefore, the 3D
structures are adequately modeled with axisymmetric 2D models as shown in Fig. 15. The anvil and the cylinder are
meshed with axisymmetric quadrilateral computational zones of approximately equal sizes. The steel anvil is meshed
with 60 zones along the radial direction, and 12 zones along the axial direction. The tin cylinder is meshed with 144435

zones along the radial direction, and 432 zones along the axial direction, resulting in an aspect ratio of 3.35. This
aspect ratio has the advantage of avoiding large zonal distortion near the contact surface of the deformed cylinder,
where the radial direction expands while the axial direction contracts significantly.

The initial temperature of both cylinder and anvil is T = 300 K. The impact simulations are modeled as adiabatic
processes. The initial velocities are applied to either the cylinder (in the forward impact simulations) or the anvil440

(in the reverse impact simulations) by initializing the velocity on all vertices (i.e. nodes) within the corresponding
meshes. In the forward Taylor simulations, the anvil is held analytically fixed. In reverse Taylor simulations, the anvil
is modeled with the thermomechanical behavior of 4340 steel. Parameters for the equation of state and strength of
4340 steel were taken from [67]. The forward and reverse Taylor cylinder impact simulations continue until the tin
cylinder is separated from the anvil such that significant plastic deformation has ceased.445
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Fig. 14: Comparison of the true stress versus true strain curves between experiments (red lines) and simulations using prior parameter
sets (light grey lines), posterior parameter sets (dark grey lines), and expected value parameter set (blue lines). The loading conditions of
temperature and strain rate are presented in each subplot. In each subplot, the true strain is in the range of [0, 0.3] while the true stress
is in the range of [0, 360] MPa.
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Fig. 15: Schematic of the Taylor cylinder impact tests, idealized in the two dimensional axisymmetric model.

In order to assess the potential effects of interface friction between the polished anvil and the cylinder specimen,
an additional simulation of the V=153.1 m/s impact velocity case was performed with a Coulomb friction coefficient
of 0.20. The simulation results for the cases with and without friction are approximately identical. Therefore, we
omitted friction for the remainder of the simulation results presented in this paper. The resulting deformed shapes of
the cylinders with frictionless contact boundary are used to compare with the experimental results in the following.450

Fig. 16 compares the deformed cylinder shapes from the forward Taylor impact experiments with the corresponding
simulations. Fig. 17 does the same for the reverse Taylor impact experiments. The model does not predict the shape
well for the forward impact at 153 m/s because that cylinder had significant damage, and there was no damage
model in the simulations. On all the other experiments, the simulation results show good general agreement with the
corresponding measurements of the deformed profiles. Key dimensions of the deformed cylinders from experiments and455

simulations are presented in Table 5, and the experimental data for the deformed shapes are given in the Supplemental
Material [39].

Fig. 18 summarizes the trends and model comparisons for all of the Taylor cylinders. The deformed lengths from
the forward Taylor cylinders shows a smooth trend with increasing velocity that is well captured by the model, with
an average error under 1%. The model predicts about 2% longer deformed length for the reverse Taylor cylinders460

compared to the forward cylinders at the same impact velocity, indicating less deformation of the former. This modest
difference is roughly consistent with the predictions of [68] based on the 10:1 ratio of anvil mass to cylinder mass in our
tests. Although there are only two data points, the experimental data for the reverse Taylor cylinders appears noisier
than for the forward cylinders. The expected 2% difference in length was therefore not resolved. Still the general
agreement between simulation results and experimental observations is good.465

The deformed footprint diameter data for the forward Taylor cylinders shows the expected trend of increasing
deformation with increasing impact velocity, but the trend is a bit noisier than the length data. Because the deformed
cylinders show some degree of non-axisymmetric deformation, footprint images were used to estimate the diameter
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Impact Impact velocity Sim. deformed Sim. deformed
manner (m/s) length (mm) foot diameter (mm)
Forward 96.1 31.319 11.058
Forward 110.7 29.919 12.600
Forward 116.2 29.379 13.273
Forward 131.8 27.785 15.369
Forward 141.1 26.786 16.651
Forward 153.1 25.461 18.121
Reverse 115.0 29.924 12.361
Reverse 131.0 28.371 14.242

Table 5: Deformed dimensions of each polycrystalline tin cylinder from forward and reverse Taylor impact simulations.
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Fig. 16: Comparison of longitudinal profile of deformed specimens after forward impact velocities of 96.1 m/s (a), 110.7 m/s (b), 116.2 m/s
(c), 131.8 m/s (d), 141.1 m/s (e), and 153.1 m/s (f). Black profiles correspond to the experiment results; solid red lines indicate simulation
results.
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Fig. 17: Comparison of longitudinal profile of deformed specimens after reverse impacts at velocity 115.0 m/s (a) and 131.0 m/s (b). Black
profiles correspond to the experiment results, solid red lines indicate simulation results.

range for each experiment. Those ranges are plotted as uncertainty bars on top of the physical measurement of diameter
at just one orientation in Fig. 18. Note that physical measurement does not necessarily fall in the center of the range.470

Also note that diameter measurement for the 153 m/s cylinder that failed was taken from a radial measurement of an
intact portion. Since other failed portions of the footprint have less material, that represents something of an upper
bound.
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Fig. 18: Simulations using the calibrated PTW strength model agree well with the deformed shapes of both forward and reverse Taylor
cylinder tests, aother than the one that failed. The small changes predicted for reverse testing compared to forward were not distinguishable
in the data.

Even with scatter in footprint diameter caused by asymmetry, trends in the comparison with the model are evident.
The model does not predict the diameters as well as the deformed lengths. For the lowest three velocities of the forward475

impacts, the model over predicts the diameter by an average of 9%. For the next highest velocity of 131.8 m/s, the
deformed diameter matches within uncertainty. The diameter is then underpredicted by several percent for the next
highest impact at 141 m/s. Although that cylinder showed some signs of incipient damage, the damage is localized to
a couple small regions, and comparing to the model is informative, nonetheless. The diameter of the highest velocity
impact is under predicted, but this is expected because the damage is not modeled, so it is not a fair validation test480

for the strength model. In the lower five impact velocities, the trend going from overprediction to underprediction
of the deformed diameters may be related to the increasing amount of plastic deformation with increasing impact
velocity. For example, the PTW model slightly overpredicts strain hardening at higher strains because of the effect of
the twinning sigmoid on the fit (see high rate fits in Fig. 14), which could lead to underpredicting the deformation at
higher impact velocities.485

For the reverse Taylor experiments, the model predicts about 8% smaller footprint diameter then the forward
impact models. At 115 m/s, the reverse Taylor cylinder diameter was about 6% more than the forward cylinder at 116
m/s, but the difference is within experimental scatter. The diameter of the 131 m/s reverse cylinder is 16% smaller than
the 132 m/s forward cylinder, and 12% below the model prediction. The sections in Fig. 5 and the model-experiment
comparisons in Fig. 16 and Fig. 17 all indicate the the model generally predicts the shape well all along the length490

until the very end of the cylinder.
A Physical Regime Sensitivity (PRS) analysis in [69] of a copper Taylor cylinder provides insights into interpreting

these results. The deformed length is broadly sensitive to the average strength over the range of strains, strain rates,
and temperatures experienced by the cylinder. Thus, the excellent prediction of the deformed length is consistent with
the broad agreement of the PTW fit with the constitutive data in Fig. 14 and gives some confidence in extrapolation495

to the somewhat higher strain rates in the Taylor cylinders.
The footprint diameter, on the other hand, is also sensitive to the shape of the stress-strain curve and the compe-

tition between strain hardening and thermal softening [69]. Thus, the diameter predictions are less accurate because
the PTW fits in Fig. 14 smooth through the sigmoid caused by twinning and also do not perfectly capture the hard-
ening at higher strains. Furthermore, the high temperatures in the cylinders from plastic work (see section 6) caused500

re-crystallization in the microstructure, see Fig. 6(b), which can affect the strength through both smaller grains and
possible annealing.

Therefore, to get an even better prediction of the deformed cylinder shape, we would likely need a micromechanical
model that captures the evolution of twins and the effects of dynamic recrystallization.

The simulated Taylor cylinder profiles were regenerated with the same PTW parameters but using SESAME 2163505

and found to be indistinguishable from the Fig. 16 and Fig. 17 profiles generated with SESAME 2162.
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6. Melting and Mixed Phase During the Taylor Cylinder Tests

Simulations of the Taylor cylinders revealed that some material reached the melt temperature and simulations
without the CMMP were yielding non-physical results. Thus, in this section we examine the temperature profile from
the forward Taylor impact simulations, as well as the role of the multi-phase model in predicting physically correct510

thermomechanical behavior during incipient melt.
The evolution of the final temperature with respect to impact velocities from forward Taylor impact tests is

presented in Fig. 19. As the impact velocities increases, the amount of plastic strain localized near the contact surface
of the cylinder increases. The associated plastic work leads to local temperature rise. When the melting temperature
is reached (∼ 503 K) at the contact surface of the tin cylinder, solid tin (in β phase) begins to convert into liquid. In515

these forward Taylor impact tests, melting starts for impact velocity of 131.8 m/s and above.

(a) (b) (c) (d) (e) (f)

Fig. 19: Temperature profile of deformed specimens after impacts using multi-phase model at velocities 96.1 m/s (a), 110.7 m/s (b), 116.2
m/s (c), 131.8 m/s (d), 141.1 m/s (e), and 153.1 m/s (f).

With the use of the multi-phase model, the solid tin in the β phase is gradually converted into the liquid phase as
the melting temperature is reached. In other words, the dissipative energy from plastic deformation gradually absorbs
the latent heat of fusion, increasing the fraction of the liquid phase, without bringing the local temperature above
melting temperature (∼ 503 K) unless and until the local material point is fully liquid.520

Fig. 20(a) illustrates the transition from β phase to liquid phase of the tin cylinder after impact at 141.1 m/s, using
mass fraction contours. The liquid fraction does not exceed 45%, and the CMMP gives a finite strength for the mixed
phase material. This gradual transition prevents the immediate total loss of material shear strength near the contact
surface of the cylinder.

(a) (b)

Fig. 20: (a) Using the multi-phase model, the mass fraction of liquid phase never exceeds 45% for the deformed cylinder after impact at
a velocity of 141.1 m/s. (b) With a traditional single phase treatment, material points melt at the melt temperature. Without the latent
heat of fusion, continued deformation drives the temperature non-physically large. The close-up profile near the contact surface shows that
the melted material lost all strength and jetted from the contact surface.

The calculation was repeated using a traditional single-phase treatment of the β phase where crossing the melt525

line results in instantaneous melt and loss of strength. Fig. 20(b) shows that without the latent heat of fusion in the
multi-phase treatment, continued deformation drives the temperature too high, to ∼ 511 K near the contact surface of
the cylinder. In addition, the suddenly melted tin near the contact surface of the cylinder does not carry any strength
and flows freely. Fig. 20(b) shows that the melted material jetted out from the contact surface in the simulation. No
such deformation or evidence of melting was observed in the recovered cylinder.530

This simulation result highlights the importance of a smoothly-evolving multi-phase and mixed-phase model in pre-
dicting a physical evolution of the liquid phase of polycrystalline tin at high strain rates and large plastic deformation.
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7. Conclusions and Future Work

This work presents the constitutive ingredients for a CMMP multiphase model for polycrystalline tin. Analytic
models for the melt temperature and shear modulus for the solid phases were generated from ab initio calculations535

based on density functional theory and supplemented by experimental measurements in the β phase. The constitutive
behavior of the β phase was characterized with extensive QS and SHPB testing from 87 to 373 K and then used
to parameterize a PTW strength model using a Bayesian framework. Multiple forward and reverse Taylor cylinder
experiments were performed for validation of the strength model. Simulations using the calibrated CMMP model
agreed well with the deformed shapes measured on the Taylor cylinders. Modest discrepancies were likely caused by540

the inability of PTW to capture micromechanical effects like deformation twinning. The higher impact velocity Taylor
cylinders reached the melt temperature in the most highly deformed regions, and the ability of the CMMP model to
capture the mixed solid-liquid behavior proved instrumental in getting accurate prediction of their deformed shapes.
The PTW model parameters for the β phase were shown to work well with either the SESAME 2162 or 2163 SESAME
multiphase EOS.545

Additional work is in progress to use this foundation to build a more extensive multi-phase model. First, the β-
phase strength is being probed in more extreme conditions using Richtmyer-Meshkov instability (RMI) experiments for
extreme strain rates [70], hole closure experiments [71] for higher strains at high rates, and pulsed-power ramp-release
experiments [3] for higher pressures. RMI experiments are also probing high-rate strength up into the γ-phase. The
ramp-release experiments are extending up into the γ and δ phases. Finally, laser-drive Rayleigh-Taylor experiments550

[4] are probing simultaneous high-rate and high-pressure strength in the δ-phase.

Supplementary Material

True Stress versus True Strain Data
The true stress versus true strain data for each of the 21 experiments (presented in Fig. 4) is provided as a text

file. The titles of these 21 files reflect the corresponding loading conditions (i.e. temperature and strain rate).555

Deformed Shape of the Taylor Cylinder after Impact Experiments
After the impact experiments, the cylinder specimens were sectioned along the cylinder length for examination

of the deformed shapes and microstructure. Shadowgraphs were taken from the sectioned cylinders. The obtained
shadowgraphs were digitized to correlate each pixel in the raw images with a spatial position of corresponding X (in
radial direction) and Y (in cylinder length direction) coordinates. The spatial position of every pixel is then used for a560

direct comparison between the deformed cylinder shapes from experiments and corresponding simulations. The index
of each pixel and its spatial position (noted as X and Y, in mm) for each of the eight impact experiments (presented
in Figs. 16 and 17) is provided in the supplemental material as a text file. The titles of these eight files reflect the
corresponding impact velocity and impact direction (forward versus reverse).
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