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Abstract — This paper presents a new type of variable stiff-
ness magnetic spring which can have a highly linear transla-
tional force characteristic. The variable stiffness is achieved
through the rotation of a central magnet. Both positive and neg-
ative spring constants can be created. Using an analytic-based
field analysis modelling technique the operating principle and
linearity characteristics of the adjustable magnetic spring are
studied. The use of a magnetic spring with an adjustable nega-
tive spring constant could enable an ocean generator to contin-
uously operate in a resonant state thereby greatly increasing its
power generation capability. The presented variable stiffness
spring could also be useful in other energy harvesting and ro-
botic actuator applications.
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1. INTRODUCTION

The coupling of a wave energy converter (WEC) with
the generator system can be represented as a mass-spring-
damper system [1-3]. An electrical analogy is shown in Fig.
1. In order for the WEC to be at resonance, and therefore
maximize ocean power extraction, the generator and WEC
damping term must be equal such that Be(f) = B,(f). And the
stiffness and mass must be related to the wave’s forcing fre-
quency, @, by [3]

0, = [P0 1)

As wave motion is slow the resonance frequency, w,, is
always very small. Therefore, in order for the WEC to be at
resonance either the WEC mass, m, has to be very large or the
total system’s spring constant term on the numerator of (1)
must be small. If the generator spring constant, K,(¢), can be
actively controlled to have a varying negative value then the
generators reactance could be lowered and made to match the
WEC reactance, the WEC could then be made to operate con-
tinuously at resonance [3]. One approach to making the gen-
erator operate with a negative spring constant is to use a di-
rect-drive generator with active current control. The direct-
drive generator can be controlled to provide the generator
forces that mimic a negative spring constant. Such an ap-
proach was studied in [3, 4]. It was shown that the generators
voltage and current are respectively related to the damping
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and stiffness terms. Therefore, in order to provide both a siz-
able generator damping as well as negative stiffness the gen-
erator voltage and current must be highly out of phase and
thus an extremely large amount of reactive power must be
created by the generator. This vastly increases the WECs gen-
erator and power converter cost [3] making such a control ap-
proach cost-prohibitive.

Another option is to use a mechanical spring with a neg-
ative spring constant [5] in conjunction with a generator this
decouples the negative spring control from the generator. The
generator then only provides the WEC damping [2]. For in-
stance, CorPower Ocean AB is using a set of three symmet-
rically separated mechanical springs to create an adjustable
negative spring constant [5]. CorPower has stated that using
a negative spring constant, can result in a six times increase
in power output relative to a detuned WEC [5], other authors
have stated similar levels of WEC power output improve-
ments when using reactive control with a negative spring con-
stant [1].

The currently developed adjustable stiffness mechanical
springs are highly complex devices with many parts [5-8]. In
order to reduce their complexity, improve efficiency and re-
liability a number of different variable stiffness magnetic ac-
tuators have been studied for use in resonant generators and
robotic applications [9-12]. A magnetic spring force can be
created by using two vertical opposing polarity magnets [13-
20] or horizontally positioned magnets [14, 20-25]. However,
the force between the magnets is often highly nonlinear and
the decreases rapidly with separation distance. Therefore, us-
ing such a magnetic spring makes it challenging to control
and limits the force capability and translational length of the
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Fig. 1. An electrical analogue of a wave energy device (buoy)
and power take-off generator [3]
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spring [12]. A linearity relationship can often be achieve
close to the equilibrium but only for a relatively small dis-
placement [9].

A number of authors have investigated the performance of
a negative magnetic springs, for instance in [26, 27] it was
studied for structural vibration isolation. In almost all such
magnetic spring designs the stiffness cannot be changed. One
exception is in [10] in which the authors have demonstrated
a way in which a rotary magnetic torsion spring can have an
adjustable spring constant by axially shifting the rotors. How-
ever, in this design the magnetic spring stiffness is still non-
linear.

The focus of this paper is to investigate the performance
capabilities of a new type of variable stiffness magnetic
spring for a WEC application that has an adjustable stiffness
as well as high force density.

II. AN ADJUSTABLE MAGNETIC SPRING

The configuration of the proof-of-principle adjustable
magnetic spring is shown in Fig. 2 it consists of four Nd-Fe-B
permanent magnets. The two rectangular cuboidal side mag-
nets are mechanically allowed to move only translationally
along the z-axis, and they are magnetized in opposite direc-
tions along the z-axis as shown. The two cylindrical tube
magnets are magnetized diametrically and allowed to rotate
only around the z-axis. An x-y axis field plot showing the field
lines for all the magnets is shown in Fig. 3 for the case when
the cuboidal magnets are vertically offset at a rotor angle po-
sitions of 6, = 0° and 6, = 180°. When the magnets are cen-
tered at 6, = 0°, as shown in Fig. 3(a), the field lines circulate
around through all the magnets providing a positive stiffness
whereas when the central tube magnets are rotated to 6y =
180° the cylinder tube magnets are fully opposing the cu-
boidal magnets a negative spring stiffness value is created.
The cylinder tube magnets can be rotated around between
these two extremes yielding a continuous range of spring
stiffness values. When a stepper motor with brake is utilized
then the stiffness can be adjusted and held fixed without then
expending power to maintain the spring stiffness value, as
would be the case if a linear motor was used to create the
linear force.

(@ (b)

Fig. 2. (a) Perspective view and (b) plan view of the adjustable magnetic
spring composed of two cuboidal magnets and two diametric cylindrical
tube magnets. The cuboidal magnets can translationally move along the z-
axis and the tube magnets can rotate around the z-axis. An angle offset
O = 30° from the zero torque position is shown in the figure. [28]

III. SIZING ANALYSIS

The geometric values for the proof-of-principle adjustable
magnetic spring are shown in Table I. The air-gap space

between the cylindrical tube magnet and rectangular cuboidal
magnet is g = 0.5mm and the Nd-Fe-B magnet grade is N50.
Fig. 4 and Fig. 5 show both the force and torque created by
the magnetic spring as a function of both rotation angle, 6,
and translational displacement, z. It can be seen that whilst
the force is linear between the stroke length of zy =+ 10 mm
the force is not fully linear up to the peak force. In order to
study the force relationship and improve the stroke length
characteristics a 3-D analytic-based model was recently
developed [28]. In this model the magnetics field was
computed using magnetic charge functions and then the force
was computed using the magnetic energy, U. For instance, the
torque as a function of translational displacement, zr, and
rotation angle, 6, can be computed using [29]

U0, 2)

T(6,.27) = 90 @

¢, =constant

where ¢, =magnetic scalar potential. The force can be eval-
uated from [29]
_ a U(’ZT7 ek)

82 o, =constant

where o, = magnetic charge function. Using the force and
torque analytic equations Fig. 4 and Fig. 5 shows that a good
match with the finite element analysis (FEA) simulated
model was achieved [28].

F(2,0,) = 3)

(a) (b)
Fig. 3.(a) Magnetic vector potential contour lines around the magnetic
spring at (a) (6, zr) = (0°, 2 mm ) and (b) at an angle of (6, z7) = (
180°, 2 mm ).

Utilizing the analytic force-torque model [28] a parametric
sweep analysis was conducted. The following parameter
relationships were investigated:

A. Cylindrical magnet separation length

B. Magnet height ratio

C. Height-to-width ratio

D. Cuboidal depth-to-width ratio

E. Cylindrical tube diameter-to-width ratio
The objective of the analysis was to gain a better intuitive
understand of the force relationships whilst also trying to
maximize the force density. The force density is defined as

o max(F,(0,z,)) @)
2wdh,, + 7r(1"02 - 7‘; h.lp,,

where p,, = 7500 kg/m® magnet density. The peak force at 6;=
0° was used to compute the force density. For analysis clarity
the force plot and peak force in this section are only shown
for the postive force-displacement region.
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TABLE I
ADJUSTABLE MAGNETIC SPRING PARAMETERS

Description Value | Units
Height, 4, 25 mm
Rectangular

cuboidal Width, w 12.5 mm
magnets Depth, d 12.5 mm
Lateral offset, xz 6.75 mm
X . Height, 7. 25 mm
qumet}‘lc Inner radius, 7; 3.175 mm

cylindrical -
tube magnet Outer radius, 7o 6.25 mm
Axial separation gap from center, zco 3.25 mm
Air-gap between cylinder and cuboidal magnet, g 0.5 mm
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Fig. 4. Force comparison between the analytic based modelling approach
and FEA model. The linear region is shown, and it is symmetric. [28]
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Fig. 5. Torque comparison between the analytic based modelling approach
and FEA model. [28]

A. Cylindrical Magnet Separation Length

In the proof-of-principle design the cylindrical tube
magnets were vertically separated by a distance, z,, =
3.25mm. Fig. 6 shows the change in axial force as a function
of zr for different tube magnet separation lengths, z,. It can
be seen that when z., = 0 the peak force is improved by 17%
and the linear displacement region is maximized. Therefore,
based on this analysis the separation length between the tube
magnets was set to z, = 0 for the rest of this analysis.
Defining the maximum linear stoke length as

z, = max(z;) &)
a the stroke length displacement ratio can be defined as
2.z
T, = m — 1 (6)
¢ p

C
where /. = cylindrical tube magnet height.

B. Magnet Height Ratio
A magnet height ratio can be defined as

— _Tr
I ™
where %, = rectangular cuboidal height. A plot of the force as
a function of translational position, z7, for different height
ratios, I, is shown in Fig. 7. When the cuboidal height is
greater than the cylinder height the linear travel length, zr, is
not extended and the peak force is degraded. Therefore, a

magnet relative height ratio I',/=1 is recommended.
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E 50 —Zc,=0 mm
; 40 —Z=0.5 mm
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=30 Zo=1.5 mm

20 —Zo=2 mm
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0

0 2 4 6 8 10 12 14 16 18 20
zr - axis position [mm]
Fig. 6. Force-displacement relationship for different separation lengths, zc,
between the two diametric magnetized cylindrical tube magnets.
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Fig. 7. Force vs. displacement, zr, for different height ratios, I'» when
Ok = 0° and (zco,hc) = (0,25) mm.

C. Height-to-Width Ratio

Keeping the cylinder and cuboidal magnet height ratio equal,
I'/=1, the cuboidal height-to-width ratio, defined as
h
r, =- ®)

hw w

was varied for different translational offsets, zr, the resulting
plot is shown in Fig. 8. It can be seen that as I';, increases the
peak force and translational travel length increases. In Fig. 9
an 72 correlation coefficient is also shown for each I’ plot
and this shows that a smaller I's, improves the linearity.
Interestingly, the relationship between the maximum force
and maximum stroke length, z, is linear, this is shown in Fig.
10. However, when I, increases the peak force increases at
a diminishing rate. The force density as a function I, is
shown in Fig. 11 and the peak occurs when

r, =2. )

hw
D. Depth-to-Width Ratio

A depth-to-width ratio for the cuboidal magnet can be
defined as

d
Fdw =

w

(10)
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A plot of the force as a function of Ty, and zr is shown in
Fig. 12 for the case when (I's, T'hw, ze) = (1,2,0) and the

cylindrical tube magnet radius was kept fixed at 7, = 6.25 mm.

The linearity and force increase as "4y increases. Fig. 13 shows

80

Force [N]

z axis position [mm]
Fig. 8. The force as a function of height-to-width ratio, I, and axial
offset position, zr, when I''=1 and (zco,w,70) = (0,12.5,6.25) mm.
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Fig. 9. Force as a function of axial position, zr for different height-to-width
ratio, T, when h,=h,, .The 7 correlation coefficient is also shown it is
computed only up to the maximum force value.

Maximum stroke length, z,, [mm]

0 0.5 1 1.5 2 2.5 3 35 4 45 5
Magnet height-to-width ratio, T

Fig. 10. Maximum linear stoke length z,, as a function of the height to
width ratio, Tw.
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Fig. 11. Force density as a function of the height-to-width ratio.
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the calculated linearity 7 value for four different cases. Fig.
14 shows that the peak force density occurs at Iy, = 1.0 but
by increasing gy up to I'sy = 1.2 a higher force can be
obtained without a significant force density reduction.
Therefore 'y, = 1.1 was selected.

E. Diameter-to-Width Ratio
The cylindrical tube and cuboidal magnet diameter-to-
width ratio can be defined as

r, =-° (11)

2rw w
Keeping (s, Tiw, Taw, zeo) = (1, 2, 1.1, 0) a plot of the force
as a function of I'2, is shown in Fig. 15. As I',,, increases the
linearity improves, this is shown in Fig. 16 for five different
ratio values, however the force density peaks at
Ty =12 (12)
as shown in Fig. 17. Therefore, this value was selected.
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Fig. 12. Plot of the spring force as a function of depth-to-width
ratio, I'aw, and translational displacement, zr, when 6;= 0 and
(Zeosheshryro) = (0, 25, 25, 6.25) mm.

Force [N]

zr-axis position [mm]
Fig. 13.Force vs. displacement for different cuboidal depth ratios, T'av, The
7 correlation coefficient is also shown.
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Fig. 14.Force density as a function of the depth-to-width ratio when 6x= 0
and (zco,hic,hrro0) = (0, 25,25, 6.25) mm
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12.5mm stroke length design. The comparison with the
original design is shown Fig. 18, the improved linearity and
peak force is evident. The force relationship for the 100mm
stroke length design is shown in Fig. 19 it can be seen that a
highly linear stroke length can be obtained.

Z
= TABLE II
5 RECOMMENDED PARAMETER VALUES
=
o Design Stroke length, z, [mm]
Description ;
Equation 12,5 100
Rectangular Height, A, 2:Zm 25 200
. L cuboidal Width, w w=hd2 12.5 100
e =, axis position [mm] magnet Depth, d d=11w 13.75 110
Fig. 15. A plot of the spring force as a function of the diameter-to-width Height, A, he = hy 25 200
ratio, [, and translational displacement, zr when Cylinder Outer radius, 7, =1 2w 75 60
Ty Tiowy Cawszeo) = (1,2, 1, 0) mm tube magnet
Separation length, zc, 0 0 0
180 7
r2=0.9975 =0.51 -1.0 Airgap, g - 05 2
-12 -15
150 50 TABLE 11T
0 1209943 PERFORMANCE COMPARISON
Z Design Original Recommended .
= 90 Units
8 Peak stroke length | 10 mm 12.5 mm
£ 60 ] Peak force 523 109.5 N
20 =085l Peak torque -0.74 -1.0 N-m
..................... Peak energy 0.51 1.27 J
0 A Peak stiffness 5230 8760 N/m
0 : N 6 8 ']_0 [ 12 ] om0 Active volume 12.3 15.8 cm’
Zr-axis position [mm
Fig. 16. Force vs. displacement for different diameter-to-width ratios, I'2n. Force density ( 4526340) 9212 kI\IiI/}(%
The 72 correlation coefficient is also shown. (6918) (kN/m’)
1000 Torque density 7.9 8.4 N-m/kg
. 55 10.7 Tikg
Energy density 3
B 850 (41.264) (80.3) (kJ/m)
z
2 700
é
Q
=
Q
g 550
=~ —
Z
400 o
05 075 1 125 15 175 2 225 25 275 3 S
o
Diameter-to-width ratio, Ty, =
Fig. 17. Force density for different diameter to width ratios.
S — Analytic (Existing)
IV.DESIGN COMPARISON ~ Analytic (Improved)
Based on the parameter sweep analysis the scaling ratios -20-18-16-14-12-10 -8 -6 4 2 0 2 4 6 8 1012 14 16 18 20
as stated in Table I are recommended. Using these ratios, the zr-axis position [mm]
magnet parameters for a stroke length of 12.5mm and 100mm @
are given in Table II. Table III shows the performance 0
parameters for the 12.5mm stroke length design. Note that for \ o }
the 100 mm stroke length the airgap was increased to g = 0
2mm. Using the parameters defined in Table II the force and g 02
torque as a function of axial position, z7, was plotted for the & 04
Q
TABLE I E’ -0.6
RECOMMENDED SCALING RATIOS g 08

Ratio Equation | Value -1 — Analytic (Existing)

Tube magnet separation Zeo 0 = 90 — Analytic (Improved)
Displacement ratio, I's 2max(zr)/he L T 20-18-16-14-12-10 -8 -6 -4 2 0 2 4 6 8 10 12 14 16 18 20
Height ratio, I's il he 1 zr-axis position [mm]

Height-to-width ratio, T hd w 1 (b)

Dgpth-to-w1dtl} ratio, rd“’ d/w L1 Fig. 18. (a) Force comparison and (b) torque comparison at different angle
Diameter-to-width ratio, I'2y 2ro/w 1.2

adjustment values for the magnetic spring using the existing proof-of-
principle geometric values and the recommended design geometry.
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V. ENERGY DENSITY

The energy can be determined for the magnetic springs by
computing the work performed by travelling along the stroke
length. The work is computed using

W) = [ Fo0.0)d (13)
0

where the analytically computed force is derived in [28]. For
instance, for the 12.5 mm stroke length design the work done
for different angular positions, 6, was computed, the simula-
tion result is shown in Fig. 20; the work is a cosinusoidal
function. The volumetric energy density can be computed
from

_ W(0) (14)
2wdh, + 2r(r? —r?)h,

Evaluating (14) gives a peak active region energy density of

80.3 kJ/m? (10.7 J/kg) for the 12.5mm stroke length and 95.4

kJ/m? (12.7 J/kg) for the 100 mm stroke length design.

E dv

10000 7= 0.9955 =

7500

5000
2500

Force [N]
(=]

-2500
-5000
-7500

-10000
-120 -100 -80 -60 -40 -20 O 20 40 60 80 100 120

zr-axis position [mm]
Fig. 19. Force as a function of stroke length and angular position, 6 for a
maximum stroke length of z,, = 100 mm.

0 30 60 90 120 150 180

Angle [degree]
Fig. 20. Work done for different angles of the magnetic spring

VI.FORCE-TORQUE RELATIONSHIPS

The force as a function of stroke length for the 12.5mm
recommended design is highly linear and can be accurately
described by

F.(z,6,) =[F, cos(8, )]z, (15)
where Fi, = 8.7664 N/mm is the peak spring force. The stiff-
ness is defined by the term within the square brackets. When
the magnet has a negative stiffness, the spring is in an unsta-
ble position. The torque needed to create the desired stiffness
values is accurately described by

T.(z,,6,)=-T sin(6,)cos(kz,) (16)
where k = 7/34 and T,, = 1.0 N-m peak torque.

VII. EXPERIMENTAL PROTOTYPE

At the time of paper submission a proof-of-principle ex-
perimental prototype of the adjustable magnetic spring was
being assembled. The experimental prototype is shown in
Fig. 21, Two mechanical springs have been put in parallel
with the adjustable magnetic spring and so when the magnetic
spring stiffness is made negative the total spring stiffness is
significantly lowered. This then enables the resonance capa-
bility of the device to be studied when different low fre-
quency forcing input are applied. The same magnet dimen-
sions as given in Table I have been used.

Magnets

Fig. 21. Magnetic spring experimental setup with a vibration force actuator.

CONCLUSION

This paper presented the scaling analysis for a new type of
variable stiffness magnetic spring. The magnetic spring was
shown to exhibits a highly linear stroke length with an
adjustable spring constant. Both positive and negative spring
stiffness values can be obtained. An analytic based magnetic
charge modelling approach was utilized to conduct the sizing
analysis and a recommended set of sizing equations for the
presented adjustable magnetic spring was presented.
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