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Abstract We are developing transition edge sensor (TES) microcalorimeters 20 
for the X-ray Integral Field Unit (X-IFU) on-board ESA’s Athena space 21 
telescope. These detectors will be read out using Time-Domain-Multiplexing 22 
(TDM). Due to the limitations on bandwidth and dynamic range of the 23 
readout, the optimally filtered pulse heights of the measured x-ray signals 24 
suffer from a nonlinear variation with the exact photon arrival time relative to 25 
the sampling points. The shape and magnitude of this variation depend on the 26 
photon energy. We describe a method to characterize this energy-dependent 27 
variation with few parameters, which can then be interpolated to correct event 28 
energies across the whole spectrum. We implement our method on 29 
measurements from 200 pixels in a prototype X-IFU kilo-pixel array read out 30 
using 8-column x 32-row TDM. We show that the interpolation errors 31 
between calibration points, over the energy range 4-12 keV, can be made 32 
sufficiently small that they do not adversely impact the measured energy 33 
resolution across the full spectral range. 34 
 35 
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1 Introduction 60 

 61 
The Advanced Telescope for High Energy Astrophysics (Athena) is an X-ray 62 
telescope selected by ESA to be launched in the early 2030’s [1]. The X-ray 63 
Integral Field Unit (X-IFU) is an instrument on Athena that will provide high- 64 
resolution, imaging spectroscopy. The X-IFU will have a bandpass of 0.2-12 65 
keV and a full-width-at-half-maximum energy resolution of DEFWHM = 2.5 eV 66 
for energies up 7 keV. The X-IFU will use a microcalorimeter array of 3168 67 
Mo/Au transition-edge sensors (TESs), under development at NASA Goddard 68 
Space Flight Center [2], which will be read-out using time division 69 
multiplexing (TDM) developed at NIST (Boulder, CO) [3,4]. We have 70 
recently reported on the broad-band performance of prototype kilo-pixel array 71 
in which ~200 pixels were readout using 8-column x 32-row TDM. This 72 
spectrometer demonstrated DEFWHM = (2.16±0.006) eV at a photon energy of 73 
6.9 keV, meeting the X-IFU requirements [5].  74 

We are now working on methods to calibrate the instrument to 75 
simultaneously meet the energy scale and energy resolution requirements. 76 
One aspect of the calibration is correcting for biases in the energy estimates 77 
that arise due to the random arrival phase of photons relative to the digital 78 
sampling of the data stream [6,7,8] which primarily affect the energy 79 
resolution. This error is a function of the photon energy requiring calibration 80 
over the full energy range of the instrument. One method [8] developed using 81 
simulated photons consists of constructing a 2D calibration curve in energy 82 
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and arrival time space using a polynomial fit.  With real events, we have found 83 
that polynomials provide an unreliable fit to the arrival time variation of 84 
energy.  Therefore, in this paper, we describe an approach to characterize it 85 
with a more complex parameterized function, which can then be interpolated 86 
to improve the energy resolution across the full spectrum. 87 

 88 
2 Optimal Filtering and Arrival Time Correction 89 
 90 
The arrival time induced energy error is a direct consequence of applying an 91 
optimal filter to pulse events whose exact arrival time is unknown. The 92 
optimal filter is constructed in the frequency domain from the measured 93 
average pulse shape divided by the measured average noise power [7]. The 94 
pulse height of an event is then computed as the dot product of the optimal 95 
filter with the event record in the time domain. If every measured event was 96 
in perfect phase with the template, no pulse height correction would be 97 
required. However, the finite sample rate of the digital readout (limited by the 98 
bandwidth of the system) results in a distribution of arrival times with respect 99 
to the digital sampling. To account for this, we compute multiple dot products 100 
where the optimal filter has been shifted by an integral number of samples.  101 
Using the shift yielding the largest dot product, and the two adjacent shifts 102 
(typically -1, 0, +1 samples), we fit a parabola and take the peak as the 103 
measured pulse height of the event.  The location of the peak relative to the 104 
nearest whole sample is the lagphase. There is some error in this measurement 105 
because the shape of the pulse height vs lagphase curve is not perfectly 106 
parabolic. This biases the energy estimate and degrades the resolution if not 107 
corrected. If the error was only caused by finite digital sampling, then the 108 
underlying dependency may be more easily modelled and predicted. 109 
However, in TDM, the limited dynamic range of the digital feedback loop 110 
means that the linear range of the SQUID amplifier may be exceeded between 111 
successive samples of the pulse. The size of the excursion depends on the 112 
photon energy and the exact arrival time with respect to the sample rate. This 113 
introduces additional non-linearities in the first few samples of the pulse that 114 
can greatly complicate the resulting energy biases. Thus, we turn to empirical 115 
methods to correct the event pulse heights. Since the arrival time errors are 116 
pre-dominantly associated within the highest frequencies of the measured 117 
signal, the magnitude of the error can be mitigated by bandwidth limiting the 118 
optimal filter, but at the expense of a reduced signal-to-noise ratio. Having a 119 
separate method to characterize and correct for the energy error helps reduce 120 
how much bandwidth limiting is needed.  121 
 Our approach for correcting this error is to compute an empirical 122 
function, f(x), that captures the arrival time variation, such that 123 
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 124 
Emeasured(x) = Eactual  f(x)   (1) 125 
 126 
where x is lagphase.  Once we determine f(x) for each pixel, we can divide 127 
our event energies (Emeasured) by f(x) evaluated at the event lagphase to obtain 128 
the corrected energy (Eactual).  Note that energy in this context can be the real 129 
energy or any other energy analog (e.g., pulse height). We obtain f(x) by 130 
separating events from a single calibration line into lagphase bins and then fit 131 
a theoretical line shape to the pulse height histogram of the events in each bin.  132 
The resulting line position as a function of lagphase is normalized by the 133 
fiducial line position to obtain f(x). Since the shape and magnitude of the 134 
energy variation with lagphase is itself energy dependent, this method only 135 
works well for correcting events at a single energy. In [5], a series of 136 
independent measurements were carried out at 5 different fiducial Ka line 137 
energies over the range 4.5 -12 keV. As such, we could use this approach 138 
correct the arrival time energy bias for each data set independently, and thus 139 
demonstrate the best achievable DEFWHM at each line. However, more 140 
generally for an instrument such as X-IFU, photons will be simultaneously 141 
measured over a wide range of energies, thus we must characterize the shape 142 
and magnitude over the full bandpass in order to properly calibrate the 143 
instrument. 144 
 145 
3 Characterization of the broad band lagphase error 146 
 147 
Measurements for this study are carried out on ∼200 pixels in a prototype X- 148 
IFU kilo-pixel array, read out using 8-column x 32-row TDM [5]. X-rays are 149 
generated using a rotating-target-source (RTS) that consists of a bright 150 
continuum x-ray source that illuminates a series of target materials mounted 151 
on a rotating wheel (high purity metal disks of Sc, Ti, V, Cr, Mn, Fe, Co, Ni, 152 
Cu, Zn and Ge, and a KBr crystal). By rotating each target into the primary x- 153 
ray beam we can generate fluorescent Ka and Kb lines from each target in 154 
turn. The count-rate per pixel ranged from 0.4 to 2.0 cps/pixel, depending 155 
upon the target. The hold time on each target was tuned such that the total 156 
number of events measured was approximately equal for all targets during one 157 
full rotation period (346s). Data are measured continuously over a 60 hr 158 
period, which provides ~40M x-ray events. After cuts are made to reject 159 
double-pulse and crosstalk events, there are ~7000 events in each Ka complex 160 
for each pixel.  Corrections are made to each pixel individually to account for 161 
drifts in the detector gains over time (of typically a few eV). 162 
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 163 

In Fig. 1 we show the arrival time variation as a function of lagphase, 164 
f(x), for the 12 Ka lines for all pixels in the array (gray curves). The shape of 165 
the variation is similar in form for each line, but there is a clear energy- 166 
dependence to the amplitude and position of the peak.  The differences in f(x) 167 
between pixels can be attributed to the effects of statistics as well as physical 168 
differences between the pixels.  To reduce the effect of statistics, we construct 169 
an f(x) using the combined events over the whole array (shown as the red 170 
curve in Fig. 1). Note that we cannot simply combine all events together in 171 
pulse-height space due to the difference in energy scales between pixels, so, 172 
we first compute and apply a gain scale to our data. With improved statistics, 173 
these curves are much smoother and can be more easily parameterized.  We 174 
use an empirical fit to each curve, g(x-xs) of the form 175 
 176 
𝑔(𝑥) = 1 + 𝐵 + 𝐴	[2.5	𝐿(𝑥) + cos(2𝜋𝑥)]                    (2) 177 
 178 
where 179 
 180 

Figure 1 Arrival-time correction factors as a function of lagphase for each pixel and 
for each calibration line (thin gray curves), the correction factor obtained by 
combining events from all pixels (thick red curve), and the parameterized fit to the 
combined-pixel correction factor (thin, dashed blue curve).  (Color figure online) 
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 182 
The parameters of this fit are xs – location of the peak, B – vertical 183 

shift, A – amplitude, g – Lorentzian width, and q – Lorentzian skew. In Fig. 184 
2, we show how the fitted parameters depend on energy.  We found that the 185 
Lorentzian width was largely independent of energy, so we fix it to be 186 
constant. To ease interpolation over energy, we smooth each parameter by 187 
fitting a polynomial function. The fits are most sensitive to the xs parameter, 188 
so it is smoothed first followed by a refitting and smoothing of the other 189 
parameters (blue curves in Fig. 2).  Figure 3 shows the parameterized arrival 190 
time correction curves using the unsmoothed and smoothed parameters for the 191 
highest-energy lines to illustrate the good agreement between the two.  With 192 
the smoothed parameters, we can construct an arrival time variation vs 193 
lagphase curve at any energy using linear interpolation.  We then use Eq. (1) 194 
to correct event energies across the entire spectrum. The resulting energy 195 
histograms for each pixel are added together and then fit with the assumed 196 
line profile for each Kα complex to determine the Gaussian energy response 197 
with the best-fit value of the ΔEFWHM. In Fig. 4 we show DEFWHM for each 198 
calibration line using the uncorrected energy (red circles) compared with the 199 
corrected energy using the smoothed parameters (blue square) and energies 200 
corrected using the pixel-dependent (gray) curves from Fig. 1 (purple 201 
diamonds). While there is a clear improvement in DEFWHM, particularly at high 202 
energies where the arrival time error is the largest, the pixel-dependent nature 203 
of the arrival time variation is seen to limit the effectiveness of the combined- 204 
pixel derived parameters. The dependency of DEFWHM on energy is a result of 205 
several factors that include: the intrinsic detector non-linearity, residual cross- 206 
talk (not removed by standard data cuts) and uncertainties in the theoretical 207 
line shapes of the Ka complexes. Note that the per-pixel count-rates are up to 208 
x4 larger than the measurements reported in ref [5]. Consequently, the effect 209 
of residual cross-talk is worse, and degrades the measured DEFWHM above the 210 
best achievable performance from ref [5]. 211 
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 212 
Figure 2 Fitted lagphase correction parameters versus energy of the calibration line 213 
– unsmoothed (red curve with filled circles) and smoothed (blue curve with open 214 
circles). (Color figure online). 215 
 216 

 217 
Figure 3 Comparison of lagphase variation fits using unsmoothed (thick, red) and 218 
smoothed (thin, blue) parameters for the 4 highest energy calibration lines. (Color 219 
figure online) 220 
 221 

To recover the pixel dependence of the arrival time variation, we use 222 
our parameterized function to fit the per-pixel (gray) curves in Fig. 1.  223 
However, poor statistics makes blind fitting unreliable.  So, we perform the 224 
fits in an iterative way starting with the smoothed parameters from Fig. 2.  The 225 
resulting pixel-dependent parameters are shown in Fig. 5.  The line resolutions 226 
resulting from these parameters (green triangles in Fig. 4) show agreement 227 
within 0.25 eV RSS (residual sum of squares) with the single-line corrections 228 
(purple diamonds) at energies below 7 keV increasing to 0.5 eV RSS at 12 229 
keV indicating that the smoothed, pixel-dependent parameters capture the 230 
bulk of the arrival time variation. 231 

We next investigate how reliably these parameters can be interpolated 232 
across the full energy range by computing parameters for each of our 12 Ka 233 
lines using linear interpolation of the parameters from the two neighboring 234 
lines.  For the lowest/highest energy lines, we use linear extrapolation.  We 235 
then compare the corrected energies from the interpolated parameters with the 236 
smoothed parameters for that line.  With the exception of the two highest- 237 
energy lines, we find that interpolation only degrades the resolution by at most 238 
0.1 eV RSS.  For the Ge Ka line we lose 0.24 eV RSS due to the parameter 239 
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smoothing effects and for the Br Ka line, a loss of 1 eV RSS is due to 240 
extrapolation.  Given that these interpolations are being performed over 241 
artificially wide gaps since we are removing calibration lines, we expect the 242 
true loss of resolution due to interpolation to be better than reported here.   243 
 244 
 245 

 246 
 247 
Figure 4 Fitted DEFWHM of the 12 Ka lines using the uncorrected event energies (red 248 
circles), energies corrected using the pixel-dependent factors from Fig. 1 (open purple 249 
diamonds), energies corrected using the combined-pixel, smoothed parameters from 250 
Fig. 2 (blue squares), and energies corrected using the pixel-dependent, smoothed 251 
parameters (green triangles).  All statistical fit errors are within 0.01 eV. (Color figure 252 
online) 253 
 254 

 255 
Figure 5 Pixel-dependent lagphase correction parameters.  The 1/g parameter has 256 
been frozen to a value of 7. 257 
 258 
 259 
4 Conclusion 260 
 261 
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The X-IFU instrument on the Athena telescope will be read out using TDM 262 
which can suffer from an energy error dependent on the exact arrival time of 263 
the photons relative to the sampling points.  We have presented a 264 
parameterized function which accurately captures the energy error as a 265 
function of lagphase.  By interpolating these parameters over energy, we have 266 
demonstrated that we can correct for the error across the entire spectrum at the 267 
nearly the same accuracy as single-energy correction methods. 268 
 In the future, we will continue to refine the parameterized function for 269 
fitting the energy variation with arrival time and better automate the 270 
calibration procedure.  We are also investigating ways to reduce the 271 
magnitude of the variation during construction of the optimal filter with 272 
minimal loss of NEP. 273 
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