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ABSTRACT: We use density functional tight-binding (DFTB)
theory to calculate the surface energies of two energetic crystals:
monoclinic β-1,3,5,7-tetranitro-1,3,5,7-tetrazoctane (β-HMX) and
tetragonal pentaerythritol tetranitrate (PETN). The results are
then employed to determine crystal shapes using the Bravais−
Friedel−Donnay−Harker, attachment energy, and surface energy
models. We find that energy-based models yield predictions in
good agreement with experimental observations. Additionally, we
propose a simple model that reframes surface energy as a measure
of the lost intermolecular interactions during the formation of a
surface from the bulk. The model accurately captures the results from the DFTB calculations and enables us to explain and predict
surface energies as a function of the local molecular environment.

■ INTRODUCTION
Surface energy dictates many important properties of crystals,
including surface reactivity, mechanical properties, growth
rates, and equilibrium shape.1−5 While this affects the behavior
of many types of materials, from catalysts to pharmaceutical
compounds, aspects related to crystal growth and shape are
especially crucial for energetic materials (EMs), where
microstructure directly impacts the response of an EM and
therefore dictates performance and safety.6,7 Understanding
and predicting the surface properties of EMs such as β-1,3,5,7-
tetranitro-1,3,5,7-tetrazoctane (β-HMX) and pentaerythritol
tetranitrate (PETN), which are the focus of this article, are
thus fundamental to controlling and tailoring their behavior.
The structure of the β-HMX and PETN molecules is shown in
Figure 1.
Experimental methods for measuring surface energy are

generally based on contact angle measurements between a
liquid droplet and the surface, assuming that the system is in
thermodynamic equilibrium. However, this may not always be

the case, especially if the droplet is evaporating or reacting with
the surface.8 Moreover, it is not always easy experimentally to
cleave any crystal plane of interest,9 and therefore, finding the
surface energies of planes with kinks (the so-called “K” type
planes) via experiments may be difficult.
Atomistic simulations can be used to calculate surface

energies and thus provide valuable information as long as the
simulation method is accurate. The computational cost of
density functional theory (DFT) can, however, be prohibitive
for studying systems with thousands of atoms, which is often
necessary to account for size effects.10 Empirical models, on
the other hand, do address the computational efficiency issue
but may lack sufficient accuracy to provide meaningful results.
For instance, different parametrizations and/or forms of the
force field designed for a given material can lead to drastically
different predictions from each other.11,12

In this work, we use density functional tight-binding
(DFTB) theory, an approximate form of DFT,13−15 to
calculate the surface energies of various planes of β-HMX
and PETN. DFTB provides accuracy approaching that of DFT.
However, it is much faster than DFT, especially thanks to
recent improvements leveraging GPU architectures,16−18

allowing us to consider systems of several thousand atoms,
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Figure 1. Chemical structures of (a) β-HMX and (b) PETN,
employed in this study.
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i.e., sufficient to investigate crystal slabs. The lanl31 para-
metrization used in this work was shown to accurately
reproduce the gas phase energy and configuration of organic
molecules, as well as the principal Hugoniot of several high
explosives (HEs).19 As a result, it was used to reproduce
energy barriers,20 predict the reaction rate of nitromethane,21

calculate the gas phase heat of formation of explosive
molecules,22 unravel the first reactions observed in shocked
benzene23 and during HE decomposition,24 and predict the
sensitivity of HEs.25,26 Here, we apply it to surface energy
studies.
Furthermore, we utilize the surface energies of the planes to

predict the shapes of β-HMX and PETN through three
established models: the geometry-based Bravais−Friedel−
Donnay−Harker27 (BFDH) model, the energy-based surface
energy28 (SE), and attachment energy29 (AE) models. These
models, based on the energetics and interplanar spacings of the
planes, predict prominent planes and determine crystal shapes.
As far as our knowledge goes, shapes from the SE and AE
models are generally constructed by considering only a few
selected planes, chosen based on whether the planes are found
in experiments or possess large interplanar spacings.30−35 This
approach is susceptible to bias in the correct use of the models,
and in this work, we have tried to remain as objective as
possible in the selection of the planes included in the models.
While a study of surface energies cannot be exhaustive in the

number of planes considered, the present study is, to the best
of our knowledge, the most comprehensive produced so far
and includes 25 planes, from the lower (100), (010), and
(001) indices up to permutations of (210). Using these results,
we find that crystal shapes from the SE and AE models are in
good agreement with experimental observations, demonstrat-
ing the transferability of the lanl31 DFTB parametrization
from gas-phase molecules to surface systems.
Lastly, we propose a neighbor shells model that relates

surface energy to the atomistic environment of each molecule
on the surface. The model accurately captures the results of the
DFTB calculations and provides a simple explanation for the
hierarchy of crystal surfaces based on the number of molecular
interactions broken to create the bare surface from the bulk.

■ COMPUTATIONAL DETAILS
The DFTB calculations were performed within LAMMPS and
the LATTE-LAMMPS interface,36−38 using the lanl31 para-
metrization developed for CHNO compounds.19 Additionally,
long-range dispersion forces were accounted for via the
pairwise correction presented in ref 39. (“lanl31 + D”),
allowing us to reproduce the lattice parameters of the solid
phases. All the calculations were run on A100 Nvidia’s GPUs.
PROGRESS16,17 and BML18 libraries were utilized to access
GPU hardware and achieve enhanced performance.
Bulk systems for β-HMX and PETN were prepared from the

Cambridge Structural Database40 entries OCHTET1341 and
PERYTN12,42 respectively. Equilibrium lattice parameters
were obtained by relaxing 3 × 2 × 3 and 2 × 2 × 3 supercells
for β-HMX and PETN (36 and 24 molecules), respectively.
For monoclinic β-HMX, the lattice parameters a, b, c, and β
were allowed to change independently, while the angles α and
γ were constrained at 90°. For tetragonal PETN, the lattice
parameters a, b, and c were allowed to change independently,
while all three angles were constrained at 90°. The box
relaxation problem is mathematically ill-defined,43 so, in order
to achieve convergence, iterations of conjugate gradient
relaxation of the box and atoms and damped dynamics on
the atoms alone were run until the tolerance of 0.001 eV and
0.3 bar were reached for the total energy and pressure,
respectively.
Once the bulk system is relaxed, a crystal cutting tool (Los

Alamos Crystal Cut, LCC44) was used to construct slabs in
which the top and bottom faces expose the planes to be
studied, as shown in Figure 2. The slabs are periodic in all
three directions, but a vacuum gap of 50 Å was added above
the surface of interest, which has been found to be sufficient to
avoid an interaction between the system and its image. The
thickness of the slab in the vertical direction is at least 5−6
molecular layers, and the dimensions in both lateral directions
are at least 20 Å. In total, we have constructed surfaces for 25
planes, including those with lower indices, such as (001) up to
the higher indices, such as (210).
The constructed slabs were then relaxed using the damped

dynamics f ire method45 while keeping the box dimensions
constant until the global force vector reached the tolerance of

Figure 2. Simulation boxes for studying the planes (a) (010) of β-HMX, (b) (011) of β-HMX, (c) (011) of PETN, and (d) (110) of PETN. The
corresponding box dimensions, in terms of lateral box vectors (b × c), and the number of atoms are as follows: (a) 19.46 Å × 22.20 Å (2016
atoms), (b) 25.61 Å × 25.94 Å (2688 atoms), (c) 27.26 Å × 22.63 Å (1740 atoms), and (d) 20.21 Å × 25.70 Å (1740 atoms), respectively. All
boxes are periodic in three dimensions. To prevent interaction between the two exposed surfaces, a sufficiently large vacuum space (≈50 Å) was
introduced. Carbon (C), nitrogen (N), hydrogen (H), and oxygen (O) atoms are represented in gray, blue, white, and red colors, respectively.
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0.01 eV/Å. We find that this tolerance is sufficiently small for
minimizing the total energy (refer to Figure S2 of the
Supporting Information). The surface energy, γhkl, of the plane
(hkl) was then calculated as

E ne
A2

hkl
hkl bulk

hkl=
(1)

where Ehkl is the energy of the slab, ebulk is the energy of the
bulk system per unit molecule, n is the number of molecules in
the slab, and 2Ahkl is the area of the two exposed planes of the
slab.

■ RESULTS
Bulk and Surface Energy Calculations. Table 1 displays

the lattice parameters of bulk β-HMX and PETN obtained
after relaxation, comparing them with values from experiments
and prior DFT calculations.41,42,46 The lattice parameters and
primitive unit cell volume obtained with lanl31 + D agree
remarkably well with the experimental results at low temper-
atures, showing a maximum difference of 2.9% for individual
lattice constants and 2.2% for primitive unit cell volumes. DFT
+ D calculations by Sorescu and Rice achieved a similar level of
accuracy, with maximum differences of 1.3% for lattice
constants and 1.9% for primitive unit cell volumes,
respectively.46

To investigate the convergence of surface energies with
respect to slab thickness, we determined the surface energies of
the (010) surface of β-HMX of varied slab thicknesses, as
illustrated in Figure S3 of the Supporting Information. Based
on these findings, all slabs examined in this study were
constructed with a thickness of at least 5 molecular layers. It is
noteworthy that an energy difference of 0.01 mJ/m2 observed
in the convergence study corresponds to 6.2 × 10−7 eV/Å2

(less than 10−4 eV for a random 10 × 10 Å2 unit cell surface),
which falls below the bond energy for dispersion interactions.
Table 2 lists the surface energies of the studied planes in β-

HMX and PETN, along with their interplanar spacings dhkl.
The planes (011) in β-HMX and (110) in PETN possess the
lowest surface energies. Interestingly, these planes are also
among the most prominent ones observed experimentally.30,47

The space group for the PETN crystal is P c421 , which dictates
its structural equivalence along the directions of the two lattice
vectors, a and b. Due to this symmetry, the pairs of PETN
planes (hkl) and (khl) are equivalent to each other. This
symmetry is verified by the results shown in Table 2, where
(hkl) and (khl) pairs in PETN are shown either to possess the
same energy, as exemplified by the case of (011)/(101), or to
exhibit nearly identical energies, as observed in (100)/(010)
with a marginal difference of 0.58 mJ/m2. The latter, for

instance, is attributed to varying levels of convergence in the
relaxation process.
The bold indices in Table 2 represent planes of β-HMX and

PETN observed in the experiments. It is interesting to note
that the planes which have low surface energies or large
interplanar spacings do not necessarily appear in the crystal
shapes. In the discussion section, we show that the geometry of
the planes is another factor which further governs the presence
of certain planes in crystals.

Crystal Shape Models. Numerous shape prediction
models have been developed to determine the crystal shapes.
One of the simplest models, based solely on geometrical
considerations, is the Bravais-Friedel-Donnay-Harker (BFDH)
model. In this model, the distance (Dhkl) of each plane from
the center of the crystal is inversely proportional to their
interplanar spacings, i.e., Dhkl ∝ 1/dhkl.27 The constant of
proportionality can be set to any arbitrary value since it does

Table 1. Comparison of the Lattice Parameters and Primitive Unit Cell Volume of β-HMX and PETN Obtained in This Work
(lanl31 + D) with Experimental Results from Zhurova et al.41,42a

method a (Å) b (Å) c (Å) β (deg) V (Å3)

β-HMX exp 6.521 10.761 7.306 102.06 501.37
lanl31 + D 6.486 (−0.5%) 10.453 (−2.9%) 7.400 (+1.3%) 101.92 (−0.1%) 490.83 (−2.1%)
DFT + D 6.544 (+0.4%) 10.829 (+0.6%) 7.391 (+1.2%) 102.67 (+0.6%) 511.11 (+1.9%)

PETN exp 9.276 9.276 6.613 568.97
lanl31 + D 9.087 (−2.0%) 9.087 (−2.0%) 6.738 (+1.9%) 556.39 (−2.2%)
DFT + D 9.401 (+1.3%) 9.401 (+1.3%) 6.554 (−0.9%) 579.19 (+1.8%)

aThe experimental parameters for β-HMX are at 20 K,41 and for PETN are at 100 K.42 DFT + D results by Sorescu and Rice46 are also included.

Table 2. Surface Energy, γhkl, of Various Planes of β-HMX
and PETN, Along with Their Interplanar Spacings, dhkla

β-HMX PETN

plane γhkl (mJ/m2) dhkl (Å) plane γhkl (mJ/m2) dhkl (Å)

(011) 86.54 5.95 (110) 71.85 6.43
(011 ̄) 87.30 5.95 (11 ̄0) 71.95 6.43
(001) 101.91 7.24 (21̄0) 87.66 4.06
(012̄) 102.16 3.42 (210) 88.15 4.06
(012) 102.32 3.42 (120) 88.15 4.06
(021) 115.19 4.24 (12̄0) 88.19 4.06
(021̄) 115.20 4.24 (100) 94.67 9.09
(010) 128.90 10.45 (010) 95.25 9.09
(110) 132.50 5.42 (011) 104.82 5.41
(11 ̄0) 132.87 5.42 (101) 104.82 5.41
(120) 145.56 4.03 (011 ̄) 104.88 5.41
(12̄0) 145.75 4.03 (101 ̄) 104.88 5.41
(21̄0) 146.02 3.04 (1̄11) 108.89 4.65
(102) 146.21 2.90 (111) 109.04 4.65
(210) 146.82 3.04 (111̄) 109.06 4.65
(102̄) 148.93 3.47 (11̄1) 109.11 4.65
(101) 150.87 4.35 (201) 109.94 3.77
(11̄1) 155.15 4.01 (021̄) 109.94 3.77
(111) 155.31 4.01 (201̄) 109.98 3.77
(100) 155.57 6.35 (021) 109.98 3.77
(201) 159.32 2.71 (102̄) 124.13 3.16
(101 ̄) 161.57 5.35 (012̄) 124.63 3.16
(111̄) 163.48 4.76 (102) 124.66 3.16
(1̄11) 163.48 4.76 (012) 124.70 3.16
(201̄) 171.35 3.16 (001) 133.93 6.74

aThe planes are sorted with respect to their surface energies, and
those observed experimentally for β-HMX47−49 and PETN30,32,50−52

are highlighted in bold.
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not affect crystal shape prediction. A more refined model is the
surface energy (SE) model, which posits that Dhkl ∝ γhkl, where
γhkl represents the surface energy (per unit area) of the
planes.28 Being an energy-based model, the SE model is
expected to provide results in better agreement with
experimental observations than the simpler BFDH model.
Another energy-based model is the attachment energy (AE)
model, developed by Hartman et al., in which Dhkl ∝ γhklV/dhkl,
with V being the volume of a primitive unit cell.29 The AE of a
plane is defined as the energy per molecule released when
additional molecules crystallize on the plane.29 It is expressed
as 2γhklV/(Zdhkl), where V/dhkl represents the plane’s reticular
area, Z is the number of molecules in a primitive unit cell, and
the factor 2 accounts for the pairwise interactions.29 It is to be
noted that units of each of the models are different, and
therefore, the constants of proportionality in each of the
models carry distinct units. Among these models, the SE model
is known to provide equilibrium shapes, whereas the BFDH
and AE models provide growth shapes.31,53 In general, most
crystals do not retain their equilibrium shape as they grow but
instead follow nonequilibrium growth kinetics.53 In such cases,
the AE model is considered to be the most preferred for
predicting crystal shapes.
The solvents may also significantly alter crystal shapes if they

exhibit a preferential adsorption tendency on the crystal
faces.31,54,55 A modified AE model is, therefore, considered a
better representative for predicting crystal shapes that account
for solvent effects.33,48,56−60 In the current scope of this work,
we confine ourselves to predicting crystal shapes by using the
BFDH, SE, and AE models. We have utilized the results
presented in Table 2 and predicted the shapes of β-HMX and
PETN, as shown in Figure 3. It is important to note that the
interplanar spacing of certain planes is effectively reduced
before being utilized in the expressions of the BFDH27 and
AE29 models. The reduction of interplanar spacing for a given
plane is considered when there exists another plane that is both
parallel and structurally equivalent to it.31,61 For instance, in β-
HMX, an equivalent plane (020) exists for (010). Therefore, in
the BFDH and AE models, we consider d020 = d010/2 instead of
d010. Detailed information on the reduction in interplanar
spacing and the planes for which reduced interplanar spacings
are considered can be found in Section S1 (plane extinction
conditions) and Table S1, respectively, of the Supporting
Information.

From Figure 3, we observe that the same faces dominate in
each model�(011), (011̄), (1̄10), (110), (1̄01), (010) for β-
HMX, and (110), (1̄10), (011), (101), (011̄), (101̄) for
PETN. In the case of β-HMX, the shapes from the SE and AE
models are nearly identical, except for the presence of (101) in
the SE model, albeit with a small relative representation. The
BFDH prediction is also qualitatively close to the energy-based
models’ predictions, displaying the same planes as the SE
prediction but yielding a more isotropic crystal. For PETN, all
three models provide similar shape predictions. The SE model
has a marginal appearance of (010), (100), (111), (111̄),
(1̄11), (1̄11̄), which are absent in the AE and BFDH models.
The AE model predicts a more elongated shape than the SE
model, while the BFDH model gives a more isotropic shape, as
observed in the case of β-HMX. A detailed comparison of the
shapes obtained for the two crystals with prior experimental
observations is provided in the Discussion section.

Neighbor Shells Model. Here, we propose a simple model
based on pairwise interactions between neighboring molecules
to gain a better understanding of what determines whether a
surface presents high or low energy. In this framework, a
mo lecu l e in the bu lk wou ld have an ene rgy
e e n( )j j j

bulk intra 1
2

bulk= + , where eintra represents the intra-

molecular energy of the molecule, and nj
bulk is the number of

jth nearest neighbors of the molecule, each interacting with the
molecule with an energy of εj. The total energy of a bulk
system would then be obtained by summing ebulk over all
molecules, i.e., Ebulk = Nebulk. When creating a surface, some of
these interactions are lost (see Figure 4), and the energy of the
slab is now

E Ne n1
2

( )hkl

i

N

j
ij
hkl

j
intra

1

= +
= (2)

where nij
hkl is the number of jth nearest neighbors of molecule i

in the slab. Equation 2 thus provides a simple way of reframing
slab energies, as long as (i) the molecules do not relax
significantly at the surface (which would affect their internal
energy eintra); and (ii) we ignore interactions beyond pairs
(manybody effects). While these constraints are important, we
demonstrate below that the model is refined enough to
reproduce surface energies with good accuracy.
The term “jth nearest neighbor” refers to a molecule

positioned at the jth distance from the reference molecule, i.e.,

Figure 3. Prediction of the crystal shapes of β-HMX and PETN from the SE, AE, and BFDH models. In the BFDH27 and AE29 shapes of β-HMX,
the interplanar spacing of (010) is effectively considered as d020 = d010/2 [refer to Section S1 (plane extinction conditions) and Table S1 of the
Supporting Information]. The rear faces of the shapes are symmetrically opposite to the front faces and share the same Miller indices but in the
opposite direction.
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in the jth neighbor shell. Crystal symmetry operations, as
evident from the space groups (P121/n1 for β-HMX and P c421
for PETN), indicate that molecules situated at the same
distance from the reference molecule are equivalent in terms of
orientations. Therefore, we do not need to distinguish among
several neighbors in shell j. The number of neighbors per shell,
nj

bulk and nij
hkl, can be determined by calculating the radial

distribution function around the reference molecules in the
bulk system and slab system, respectively. Figure 4 depicts, for
instance, nij

001 for three reference molecules of the (001) slab of
PETN up to a radial distance of r < 10.5 Å. In Figure S4 of the
Supporting Information, we show nj

bulk for β-HMX and PETN
within r < 10.5 Å. Within this cutoff, we obtain six distinct
neighbor shells for β-HMX bulk molecules and three for
PETN. We observed that interactions of reference molecules
with neighbors lying beyond this distance are sufficiently
negligible to be disregarded (details in the Discussion section).
Using eqs 1 and 2, the surface energy (per unit area) can

now be expressed as
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2 1hkl = represents the number of jth
nearest neighbors lost per unit surface area of (hkl) (see Figure
S5 of the Supporting Information).
In order to determine the interaction terms εj within this

pairwise model, we expressed the surface energy for each of the
25 planes according to eq 3 and minimized the cost function χ
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where γhkl is the surface energy obtained from the DFTB
calculations. The values of εj obtained from this optimization
process are presented in Table 3. The small values of ε6 for β-

HMX and ε3 for PETN indicate that a model with six and
three shells, respectively, is sufficient for each crystal. The
neighbor shells model performs remarkably well, with an
average error in the estimated surface energies below 3% for
both crystals (see Figure 5, and Table S2 of the Supporting
Information). Although some of the ordering differs, this
model provides a simple way to estimate the hierarchy of
different surface energies by measuring the lost intermolecular
interactions. A more detailed analysis of the intermolecular
interactions is given in Table S3 of the Supporting
Information, where it is shown that the dominant intermo-
lecular interactions arise from the dipole−dipole interactions
between the polar nitro groups.
Additionally, we utilized surface energies obtained from the

neighbor shells model to predict the shapes of both crystals
(refer to Figure S6 of the Supporting Information). As
anticipated, we observed a good match between the predicted
shapes and those derived from DFTB energies. In β-HMX, a
larger exposure of the (101̄) plane than that in the DFTB
shapes (Figure 3) is attributed to the underestimation of its
surface energy by −8.9% (see Table S2 of the Supporting
Information). Similarly, the absence of planes (010), (100),
(111), (111̄), (1̄11), and (1̄11̄), which marginally appeared in
the DFTB shape of the SE model, results from the
overestimation of their surface energies by +1.9 to +4.7%.

■ DISCUSSION
Our predictions of crystal shapes can be compared with
available experimental results. Remarkably, the shapes of β-
HMX crystals predicted from the SE and AE models closely
match experimental observations reported by Yan et al.,48

Gallagher et al.,47 and Olokun et al.49 (see Figure 6). To recall,
the shape predictions of β-HMX from the SE and AE models
are very similar, except that the plane (1̄01̄) does not appear in
the AE model, and the exposure of plane (010) is noticeably
lesser in the AE shape.
Gallagher et al. and Olokun et al. employed the solvent

evaporation method in acetone, obtaining β-HMX crystals of
different shapes.47,49 On the other hand, Yan et al. grew the
crystals via the solvent cooling method in acetonitrile solvent
and obtained only one shape of the crystal.48 Interestingly, a
crystal shape exists in all three methods, and this same crystal
closely resembles our SE/AE models.
Figure 7 shows a comparison of our PETN shapes with the

experiments. The experimentally obtained PETN crystals

Figure 4. (a) Schematic of the (001) PETN slab, where red, blue, and
green beads signify the center-of-mass of PETN molecules in the bulk,
subsurface (second layer), and surface (first layer), respectively. (b)
Histograms illustrating the number of nearest neighbors, nj, for
molecules in the bulk, second layer, and first layer of the (001) PETN
slab. The 2D representation of nearest neighbors for each of these
molecule types is shown via connecting lines in (a). The histograms
reveal that, compared to the bulk molecules, those in the second layer
lack only 1 neighbor at r = 6.625 Å, while those in the first layer also
lack 4 neighbors at r = 7.375 Å. The neighbors are counted by
calculating the radial distribution function around the reference
molecules with a bin size of δr = 0.25 Å. We find that this bin size is
sufficiently small to capture all the distinct kinds of neighbors.

Table 3. Optimal Values of εj (eV) for the Two Crystals,
Minimizing the Cost Function Defined in eq 4a

β-HMX PETN

ε1 −0.489 −0.294
ε2 −0.284 −0.184
ε3 −0.187 −0.002
ε4 −0.083
ε5 0.097
ε6 0.004

aThe notably small values of ε6 = 0.004 eV for β-HMX and ε3 =
−0.002 eV for PETN suggest that interactions beyond sixth and third
nearest neighbors, respectively, are negligible and can be ignored.
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exhibit primary faces with (110) and (1̄10), and caps with
(011), (101), (011̄), and (101̄). Shapes (a), (b), (c), and (d)
are tabular, while shapes (e), (f), and (g) are elongated. It is
noteworthy that all three shape prediction models effectively
reproduce the tabular form of the PETN crystals. With the
exception of the marginal appearance of (100), (010), (111),
(111̄),(1̄11), and (1̄11̄) in the SE model, all experimental
planes are prominently captured in the predictions. Crystals in
(a), (b), (c), (e), and (g) are formed in acetone solvent at low
temperatures (∼4 °C for (a), (e), and ∼25 °C for (b), (c),
(g)), and the one in (d) is formed in ethyl acetate at ∼25
°C.32,50−52,62 The elongation in (f) is attributed to non-
equilibrium growth kinetics resulting from the aging of PETN
crystals at elevated temperature (∼80 °C) for 90 days.32

However, the reasons for elongation in (e) and (g) are difficult
to articulate based on the provided conditions.
To better quantify the prominence of planes in the predicted

crystal shapes, we determined the area fractions of the planes
forming these shapes (see Table 4). It is noteworthy that, out
of the 25 planes considered in the shape prediction models,
only 6 planes emerge prominently, and these align with those
observed experimentally. Interestingly, these planes do not

necessarily exhibit low γhkl or large dhkl values (refer to Table
1); nevertheless, they stand out prominently and maintain
correct proportions with respect to experimental observations.
This results in an overall effective shape prediction, particularly
evident in the SE and AE models. The reason behind this lies
in the low Miller indices of these planes, making them
geometrically less steep and, consequently, dominant over
planes with larger Miller indices.63 It is, therefore, the
combined contributions from the surface energies and the
geometry of the planes that determine the overall crystal
shapes.
Lastly, an important quantity relevant to each plane is its

roughness, which is, for instance, used to calculate solvent
accessible surface area for predicting crystal shapes in different
solvents.33,48,56−60 In addition, roughness values can serve as
criteria for down-selecting planes for use in theoretical shape
prediction models. In cases where calculating surface energy
for several planes is not feasible, down-selection is a common
workaround to selectively provide planes to the models.30−35

Assuming that a rough (i.e., less flat) surface could be
unfavorable for epitaxial growth, one may use this metric to
select planes with only low roughness values. Therefore, we

Figure 5. Comparison of surface energies calculated using the neighbor shells model ( hkl
model) and the corresponding DFTB values (γhkl) for 25

crystal planes in β-HMX and PETN. In the case of PETN, a significantly smaller number of data points are visible due to overlap among data points
for different planes (refer to Table 2, and Table S2 of Supporting Information). The coefficients of determination, R2, for both best-fit lines are
close to 1, validating our model’s ability to predict DFTB surface energies.

Figure 6. Comparison of predicted crystal shapes of β-HMX from SE and AE models with experimental observations. The theoretical shapes are
identical to those presented in Figure 3 and are merely oriented differently to align with the experimental shapes. Notably, the shapes in the left
panel exhibit the presence of (1̄01̄) and a broader exposure of (010) compared to the shapes in the right panel. (a) is reprinted from ref 48,
Copyright (2015), and (b) and (c) are reprinted from ref 47, Copyright (2017), with permissions from Elsevier. (d) is reprinted with permission
under a Creative Commons CC BY 4.0 from ref 49, Copyright (2021), Springer Nature.
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calculated the surface roughness of the planes of β-HMX and
PETN by discretizing the region around the surface and

computing the material density contribution via a Gaussian
function centered around the atoms64 (refer to Section S2 and
Table S4 of the Supporting Information). Interestingly, we
observed that planes with low roughness align very well with
those observed in the experiments. The roughness values of
1.07 and 1.17 serve as natural cutoffs for β-HMX and PETN,
respectively.
While our SE and AE models produced accurate predictions

without limiting the planes, the prediction of β-HMX from the
BFDH model showed significant variations in the proportions
of exposed planes compared to the experiments. This is mainly
due to the presence of (101̄) in the BFDH shape, which
contributes a considerably larger exposed area (11.5%) than
the energy models (2−3%) and the experiments (refer to
Table 4).47−49 It is noteworthy that the natural roughness
cutoff for β-HMX clearly eliminates the plane (101̄) while
retaining other planes within the cutoff. With the exclusion of
(101̄), the resulting BFDH prediction yields a shape that aligns
very well with the prismatic shape obtained by Lei et al.57

(refer to Figure 8). Although our BFDH shape for PETN
already resembles the experimental shapes, it is interesting to
note that the prominent planes clearly fall within the natural
roughness cutoff of 1.17.

Figure 7. Comparison of predicted PETN crystal shapes from our models with experimental observations. The SE model predicts an equant shape,
showcasing all experimental planes prominently. In contrast, the AE model predicts an acicular shape, emphasizing the key planes, except for the
presence of (001) on the caps, which is not generally observed in the experiments. In the SE shape, the planes (111), (111̄), (1̄11) , and
(1̄11̄)marginally appear and are therefore not labeled for clarity. (a) and (f) are reprinted from ref 32, Copyright (2006), and (d) and (g) are
reprinted from ref 52, Copyright (1984), with permissions from Elsevier. (b) is reprinted from ref 50, Copyright (2007), with permission from
Springer Nature. (c) is reprinted from ref 51, Copyright (2010), and (e) is reprinted from ref 62, Copyright (2016), with permissions from John
Wiley & Sons.

Table 4. Area Fraction of Planes in the Predicted Crystal
Shapes of β-HMX and PETN, Expressed as a Percentagea

β-HMX area fraction (%) PETN area fraction (%)

plane SE AE BFDH plane SE AE BFDH

(011) 31.6 34.5 21.8 (110) 27.2 25.6 27.9
(011̄) 31.6 34.5 21.8 (11 ̄0) 27.2 25.6 27.9
(110) 14.5 13.7 17.0 (011) 8.8 12.2 11.0
(11 ̄0) 14.5 13.7 17.0 (101) 8.8 12.2 11.0
(010) 4.2 1.3 9.6 (011 ̄) 8.8 12.2 11.0
(101̄) 2.7 2.2 11.5 (101 ̄) 8.8 12.2 11.0
(101) 0.8 0 1.2 (100) 3.5 0 0
(102̄) 0 0 0 (010) 3.5 0 0
(001) 0 0 0 (111) 0.9 0 0
(012̄) 0 0 0 (111̄) 0.9 0 0
(012) 0 0 0 (1̄11) 0.9 0 0
(12̄0) 0 0 0 (11̄1) 0.9 0 0
(21̄0) 0 0 0 (001) 0 0 0
(102) 0 0 0 (210) 0 0 0
(210) 0 0 0 (120) 0 0 0
(120) 0 0 0 (12̄0) 0 0 0
(021) 0 0 0 (201) 0 0 0
(11̄1) 0 0 0 (021̄) 0 0 0
(111) 0 0 0 (201̄) 0 0 0
(100) 0 0 0 (021) 0 0 0
(201) 0 0 0 (102̄) 0 0 0
(021̄) 0 0 0 (012̄) 0 0 0
(111̄) 0 0 0 (102) 0 0 0
(1̄11) 0 0 0 (012) 0 0 0
(201̄) 0 0 0 (21̄0) 0 0 0

aThe planes are sorted based on their area fractions in the SE shapes,
with experimentally observed planes highlighted in bold. A clear
match between the dominant planes found in the experiments and the
SE/AE models is evident.

Figure 8. Modified BFDH shape of β-HMX obtained using planes
with roughness up to 1.07 (refer to Table S4 of the Supporting
Information). The shape matches very well with an experimental
shape reported in refs 57 and 58.
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■ CONCLUSIONS
We used DFTB simulations to calculate the surface energy of
25 planes of β-HMX and PETN. The results were then used to
predict crystal shapes, which compare well with experimental
observations. We also proposed a simple neighbor shells model
that allows us to explain surface energy hierarchy based on the
number of intermolecular interactions lost during the
formation of the surfaces from the bulk and estimate surface
energies of planes not considered in the study. This work
demonstrates the transferability of the DFTB lanl31 para-
metrization from organic molecules in the liquid/gas phases to
condensed phases. These results are an important step toward
predicting a dynamic model of EM crystal growth.
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