
This manuscript has been authored by UT-Battelle, LLC, under Contract
No. DE6AC05-00OR22725 with the U.S. Department of Energy. The U.S.
Government is authorized to reproduce and distribute reprints for Govern-
ment purposes notwithstanding any copyright notation hereon. The De-
partment of Energy will provide public access to these results of feder-
ally sponsored research in accordance with the DOE Public Access Plan
(http://energy.gov/downloads/doe-publicaccess-plan).



Pivotal Roles of Triple Screening -

Topological, Electrostatic, and Hydrodynamic

- on Dynamics in Semi-Dilute Polyelectrolyte

Solutions

Rajeev Kumar,∗,† Ali H. Slim,‡ Antonio Faraone,¶ Jan-Michael Y. Carrillo,† Ryan

Poling-Skutvik,§ Murugappan Muthukumar,∥ Amanda B. Marciel,⊥ and Jacinta

C. Conrad∗,‡

†Center for Nanophase Materials Sciences, Oak Ridge National Laboratory, Oak Ridge, TN

37831, USA

‡Department of Chemical and Biomolecular Engineering, University of Houston, TX

77204, USA

¶Center for Neutron Research, National Institute of Standards and Technology,

Gaithersburg, MD 20899, USA

§Department of Chemical Engineering, University of Rhode Island, Kingston, RI 02881,

USA

∥Department of Polymer Science and Engineering, University of Massachusetts, Amherst

MA 01003, USA

⊥Department of Chemical and Biomolecular Engineering, Rice University, Houston, TX

77005, USA

E-mail: kumarr@ornl.gov; jcconrad@uh.edu

2

kumarr@ornl.gov
jcconrad@uh.edu


Abstract

For semi-dilute polyelectrolyte solutions, it is generally assumed that topological,

electrostatic, and hydrodynamic interactions are screened (called triple screening). De-

spite a large body of research focused on polyelectrolyte solutions, the concept of triple

screening has never been verified rigorously. In this work, we test the concept by

probing concentration fluctuations in aqueous solutions containing a well-studied poly-

electrolyte, sodium poly(styrene sulphonate) (NaPSS) with neutron scattering, theory,

and molecular dynamics simulations. Neutron spin-echo (NSE) and small-angle neutron

scattering (SANS) data from semi-dilute solutions of NaPSS are presented at different

polymer and salt (NaCl) concentrations. A combined theory for structure (J. Chem.

Phys. 105, 5183 (1996)) and dynamics (J. Chem. Phys. 107, 2619 (1997)), which

captures effects of hydrodynamic, topological, and electrostatic screening, is used to

interpret the experimental results. The theory quantitatively predicts the decay rate

obtained from the NSE measurements while capturing shape and concentration depen-

dencies of the polyelectrolyte peak observed in the SANS spectra. Detailed compar-

isons of the theory and the experiments reveal that the wavevector dependent decay

rate of concentration fluctuations in semi-dilute solutions of polyelectrolytes is dictated

by the screening of hydrodynamics, topological, and electrostatic interactions. This

conclusion is corroborated by coarse-grained molecular dynamics simulations, executed

without any hydrodynamic interactions, which fail to capture the correct wavevector

dependence of the decay rate. These results highlight that the theories based on the

concept of triple screening provide a quantitative framework for predicting a relation

between structure and dynamics of polyelectrolyte solutions.

1 Introduction

A fundamental understanding of the ubiquitous process of assemblies and dynamics of

charged macromolecules,1–10 such as DNA, intrinsically disordered proteins, and synthetic

polyelectrolytes and polyampholytes in aqueous solutions, remains a grand challenge in soft
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and living matter. The origin of this challenge9,10 lies in the inter-dependent confluence of

three long-ranged forces arising from (1) topological correlations due to chain connectivity,

(2) electrostatic interactions among all charged species, and (3) hydrodynamic interactions

pervading throughout the system. This confluence is orchestrated by the various molecular

and atomic attributes of all constituents in the system, such as the composition of macro-

molecules, chemical nature, charge sequence, and length of the various macromolecules,

concentration of added low molar mass salt, pH, and temperature.

Even in the simplest case of uniformly charged polyelectrolytes dispersed in aqueous so-

lutions containing monovalent electrolyte ions, the phenomenology of assembly and dynam-

ics exhibits rich and counterintuitive physics. For example, even though all of the chains

are similarly charged, they can interpenetrate into each other and exhibit structure (as a

“polyelectrolyte peak” in scattering experiments,11 such as small angle neutron scattering

(SANS)) at intermediate length scales between that of the size of isolated chains and size of

the monomers composing the macromolecules. Another example is that the diffusion coeffi-

cient measured for uniformly charged macromolecules under salt-free conditions can exhibit

distinct regimes of dynamics delineated by the ordinary-extraordinary transition, which is

commonly attributed to the collective behavior of the chains in their electrostatic environ-

ment emanating from their counterions.9,12 Furthermore, similarly charged macromolecules

can, instead of repelling, aggregate into large scale structures in salt-free conditions, as ex-

hibited by the simultaneous occurrence of the enhanced scattering intensity corresponding

to large length scales,9,10,13 and the slow mode in dynamic light scattering studies.11 Until

recently,14 however, the structure and dynamics in these systems were mainly investigated

separately.

To explain these surprising observations, a number of theories15–24 for concentration fluc-

tuations in polyelectrolyte solutions have been reported in the literature. These theories

invoke different approximations such as weak inhomogeneity (known as the random phase

approximation (RPA)) and screened hydrodynamic interactions to simplify the description of

4



multi-component polyelectrolyte solutions containing polymer chains, counterions, co-ions,

and solvent. Notably, the results of coarse-grained molecular dynamics simulations executed

without any hydrodynamics25–32 are in disagreement with many of the predictions made by

these theories. Some of these theories18,19,23 consider the effects of hydrodynamic interactions

and screening from multiple chains, counterions, and co-ions, but treat electrostatic screen-

ing from the chains and ions (i.e., counterions and co-ions) either by invoking RPA or by a

self-consistent variational approach. In addition, scaling arguments3,7,33 have been developed

to interpret experimental results for the dependencies of correlation lengths ξ and viscos-

ity of polyelectrolyte solutions on molecular weight, salt, and polymer concentrations. For

the dynamics in polyelectrolyte solutions, these scaling arguments33 are based on the Rouse

model applied to a chain of correlation blobs, which ignores hydrodynamic effects by assum-

ing that they are screened on a length scale larger than ξ. In a recent development, scaling

arguments for the dynamics in salt-free semi-dilute unentangled polyelectrolyte solutions are

used to determine the molecular weight of polyelectrolytes.34 Despite these developments,

the central assumption that hydrodynamic interactions are screened in semi-dilute polyelec-

trolyte solutions remains unverified. Thus, it is of utmost importance to establish a clear

and quantitative connection between structure and dynamics at the length scale of polyelec-

trolyte chains. Such an understanding is necessary to make progress in the development of

new polymer electrolytes35–37 and polyelectrolyte membranes.38

Here, we compare SANS and neutron spin echo (NSE) measurements to theoretical pre-

dictions22,23 that account for electrostatic, hydrodynamic, and structural screening effects.

When the effects of electrostatic and structural screening are included in theory, we obtain

only qualitative agreement between experiment and predictions. Inclusion of hydrodynamic

interactions is required for quantitative agreement. By analyzing the experimental data

with the use of Muthukumar’s theory of structure22 and dynamics23 of polyelectrolytes with

closed-form formulas, we identify the fundamental principles behind the structure-dynamics

duality in solutions containing charged macromolecules. The combination of experiment and
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theory provides a conceptual platform to quantitatively interpret structural and dynamic

data on charged macromolecules.

2 Materials and Methods

2.1 Sample Preparation:

Glass vials were soaked overnight to ensure near salt-free conditions in a base bath solution

of 6.5 % weight fraction potassium hydroxide in isopropanol. Residual salt was removed

by rinsing vials ten times using Millipore water. The vials were then dried in an oven for

two hours at 105 oC. NaPSS with a weight-averaged molecular weight Mw = 68,300 Da

(Scientific Polymer Products) was dissolved in deuterium oxide (Sigma-Aldrich) or Millipore

water at three different ionic strengths. The ionic strength of deuterium oxide and deionized

water was assumed to be 10−6 mol/L (hereafter M). The ionic strength of the other two

sets of solutions was adjusted by adding sodium chloride to achieve (10−2 and 10−1) M.

We determined intrinsic viscosity η by fitting the data to the two term virial expansion of

viscosity η = η0(1+c/c⋆), where η0 is the solvent viscosity, and c⋆ is the overlap concentration,

estimated to be (12.3, 15.7, and 31.9) g/L at (10−6, 10−3, 10−1) M ionic strength, respectively.

The radius of gyration was estimated via Rg,0 = Mw/(4/3πc
⋆Nav)

1/3. The estimated Rg,0

values were (13, 12, and 9.5) nm at (0−6, 10−2, and 10−1) M, respectively.

Certain trade names and company products are identified in order to specify adequately

the experimental procedure. In no case does such identification imply recommendation or

endorsement by the National Institute of Standards and Technology, nor does it imply that

the products are necessarily the best for the purpose.

2.2 Bulk Rheology

Polymer solutions in deionized water were loaded into a single-gap Couette cell with a cup

diameter of 15 mm, a bob diameter of 14 mm, and an effective bob length of 42 mm. Steady-
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shear measurements of the rate-dependent viscosity were performed on a Discovery Hybrid

Rheometer (TA Instrument, HR-2). Instrument torque and inertia were calibrated and

samples were pre-sheared at 1000 s−1 for 1 minute prior to measurements. For measurements,

solutions were pre-sheared for 1 minute at the measurement shear rate to reach equilibrium,

after which the average viscosity across 1 minute was determined. These results are shown

in Fig. S1.

2.3 Neutron Scattering:

We prepared three sets of NaPSS solutions in deuterium oxide at three different ionic

strengths. Deuterium oxide was used as the solvent to minimize incoherent scattering con-

tribution to total scattering. The polymer concentrations were chosen to obtain similar

chain structural properties (i.e., correlation length) for samples at different ionic strengths

according to de Gennes’ scaling predictions. We estimated the scattering length densities

(SLDs) in 10−6 Å−2 to be 1.140 for NaPSS and 6.393 for deuterium oxide, which provided

sufficient contrast to isolate the scattering signal from polyelectrolyte chains. Samples were

loaded into 4 mm thick titanium demountable cells to ensure a transmission of 60% to 70%.

We collected small-angle neutron scattering (SANS) and neutron spin-echo (NSE) on the

NGB-30 and NSE beamlines, respectively, at the Center for Neutron Research, National

Institute of Standards and Technology (NIST). SANS was performed at all available config-

urations including lenses and sample to detector distances (1m, 4m, and 13m) to achieve a

wavevector range of (0.001 to 0.5) Å−1, corresponding to length scales of (1.3 to 630) nm.

The raw SANS data was reduced to an absolute intensity by correcting for the blocked beam

scattering, empty cell scattering, and detector sensitivity using IgorPro. NSE was collected

at two incident wavelengths (6 and 8) Å to acquire data across a wavevector range of 0.05

to 0.26 Å−1, corresponding to length scales of (2.4 to 12.6) nm. The data were scaled to

account for the solvent dynamics and instrument resolution by measuring the echoes of pure

deuterium oxide and a charcoal standard, respectively. The DAVE software package39 was
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used to reduce NSE data. All measurements were performed at room temperature.

2.4 Double screening theory for structure in polyelectrolyte solu-

tions22

In very dilute solutions, uniformly charged polyelectrolyte chains stay away from each other

due to their electrostatic repulsion, with an average distance between a pair of chains given

as c−1/3, where c is the polymer concentration, based on the geometrical packing consid-

eration. As c is increased, the gain in conformational entropy by the chains upon their

interpenetration overwhelms the inter-chain electrostatic repulsion. As a result, the chains

do indeed interpenetrate for c above overlap concentration c⋆. A direct consequence of chain

interpenetration is that the original electrostatic interaction between two charged monomers

of a labeled chain is now screened by the intervening chains. The extent of screening, called

topological screening (also known as the Edwards screening in uncharged polymer systems),

is characterized by a topological screening length ξ, which depends not only on the concen-

tration of intervening chains, but also on the topological correlation of the intervening chains

due to their chain connectivity.

Since the ionized polyelectrolyte chains cannot exist alone without their dissociated coun-

terions, the aqueous medium containing the chains is an electrolyte solution consisting of the

counterions as well as the added salt ions. It is well known that the Coulombic electrostatic

interaction between any two charged species in an electrolyte solution is modified into the

screened Coulombic interaction with a characteristic screening length (Debye length ξD) that

is dictated by the ionic strength of the medium. Therefore, any two charged monomers of

the polyelectrolyte chains in the neutralizing aqueous background are subjected to this kind

of electrostatic screening arising from small dissociated counterions and dispersed salt ions.

In reality, both kinds of screening (topological and electrostatic) occur simultaneously and

these must be determined self-consistently. Starting from reliable parametrization of chain

connectivity and inter-monomer short-range van der Waals excluded volume interactions
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using the Edwards path integral formalism, and incorporation of electrostatic interactions

among all charged species in the system, Muthukumar’s double screening theory22,40 treats

the self-consistent confluence of topological and electrostatic screenings and presents closed-

form analytical formulas for the topological screening length ξ in terms of polyelectrolyte

concentration, added salt concentration, and the solvent quality (in terms of short-ranged

excluded volume interaction and temperature). Relegating the field-theoretic technical de-

tails to the original publications,22,40 the key conclusions pertinent to scattering experiments

are as follows.

(i) The topological screening length ξ is a crossover function of polymer concentration c.

In general, in the salt-free limit40

ξ ∼ c−β, (1)

where β changes from 1/3 for very dilute solutions to 1/2 for semi-dilute solutions. Thus,

depending on the polymer concentration, an apparent value of the exponent in the range of

1/3 to 1/2 can emerge.

(ii) The topological screening length ξ is a crossover function of added salt concentration

cs. For semi-dilute solutions, in the limit of zero-salt

ξ ∼ c−1/2, for cs → 0, (2)

and in the high salt concentration limit,

ξ ∼ c−3/4, for high cs. (3)

These results are valid in the semi-dilute conditions where the concentration fluctuations

are strong. The result of Eq. 2 is different from several other theoretical works suggesting

ξ ∼ c−1/4. It is to be noted that Eq. 3 is equivalent to the result of uncharged flexible
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polymer chains in semi-dilute good solutions. Therefore, by combining Eqs. 2 and 3, the

exponent for the concentration dependence of ξ crosses over from −1/3 to −3/4 depending

on the polymer concentration and salt concentration. In general, the magnitude of this

exponent increases as the polymer concentration and salt concentration are increased.

(iii) The predicted scattering intensity I(q), where q is the scattering wave vector in

semi-dilute solutions, is given in the limit of low salt concentrations as

I(q)

I(q → 0)
=

q2

1 + q4ξ4
(4)

where ξ ∼ c−1/2 (cf. Eq. 2). According to Eq. 4, the scattering intensity exhibits a

peak (“polyelectrolyte peak”) at an intermediate scattering wave vector q⋆ = ξ−1 ∼ c1/2.

If the polymer concentration is not high enough to be in the fully semi-dilute regime, the

crossover nature of the exponent β given in Eq. 1 needs to be accounted for in describing

the dependence of q⋆ on c.

(iv) In contrast with the low salt concentration limit, the above formula crosses over in

the high salt concentration limit into the familiar Ornstein-Zernike form,

I(q)

I(q → 0)
=

1

1 + q2ξ2
(5)

where ξ ∼ c−3/4 (cf. Eq. 3). The “polyelectrolyte peak” is destroyed by the extensive

screening of electrostatic interactions in the high salt concentration limit.

2.5 Theory for dynamics of polyelectrolyte solutions23

While the dynamics of the polyelectrolyte chains are driven by the equilibrium structures,

which in turn emerge from the coupled double screening of topological and electrostatic

correlations, these are mediated by the hydrodynamic interactions among all monomers in

the system. This long-ranged hydrodynamic interaction between a pair of monomers is also

screened by the interpenetration of chains just like the electrostatic and topological interac-
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tions. Thus, it is necessary to self-consistently treat the triple screening for the three long-

ranged interactions. Treating this triple screening, by explicitly considering hydrodynamics

in polyelectrolyte solutions in addition to the above mentioned electrostatic and topological

correlations, Muthukumar’s theory23 gives the decay rate Γ(q) for the time-dependence of

the monomer concentration fluctuations. In particular, the time (t)-dependent equation for

the qth Fourier component of monomer density (c(q, t)) can be written as

∂c(q, t)

∂t
= −Γ(q)c(q, t) (6)

where Γ(q) is the wavevector dependent Onsager’s coefficient, which can be written as

Γ(q) ≡ q2Dc(q) = kBT

∫
d3k

(2π)3
Spp(k+ q)

Spp(q)

[
q2 −

(
k̂ · q

)2
]

[η0k2 + Σ(k)]
(7)

where η0 in the viscosity of the solvent, and Spp is the equilibrium structure factor, given by

(cf. Eq. 4)

Spp(q) =
1

c(w + wc/κ2)

q2

q4ξ4 + 1
(8)

in the low salt limit. Here, w is the excluded volume parameter characterizing short-

ranged monomer-solvent interactions, ξ is the correlation length, and wc = z2pe
2/ϵkBT

so that zp is valency of the charge on a polymer segment. κ−1 is the Debye screening

length involving dissociated ions from the polyelectrolytes and salt ions. Explicitly, κ2 =

e2(z2cρc +
∑

γ=± z2γργ)/ϵkBT so that zc is the valency of the counterions of the charged poly-

mers, γ = ± denotes the ions introduced by the salt, and ρj=c,+,− represents number densities

of ions of type j. e is the charge of an electron, ϵ is the permittivity of the solvent, kB is the

Boltzmann’s constant and T is the temperature. Also, a wave-vector dependent cooperative

diffusion constant (= Dc(q)) has been defined by the ratio Γ(q)/q2.

Note that the denominator of the last term in Eq. 7 denotes hydrodynamics of the
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whole fluid that contains all chains. The factor Σ(k) is the result of all contributions from the

chains to the net hydrodynamic behavior of the solution. It has been shown41,42 that Σ(k) =

(η−η0)k
2 in the limit of k → 0, which is of relevance to the scattering experiments, and that

Σ(k) = η0ξ
−2
h for kRg ≫ 1. Here, η0 and η are the viscosities of the solvent and the solution,

respectively, and ξh is the hydrodynamic screening length that is proportional to static

screening length.23 Therefore, in comparing with data on the decay rate of concentration

fluctuations in the small scattering angle limit (as in the dynamic light scattering (DLS) and

NSE), the denominator of the hydrodynamics component in Eq. 7 is ηk2, and hence the

viscosity of the solution, instead of the viscosity of the solvent, must be used.

In addition to the triple screening used in obtaining the above result, there is the om-

nipresent coupling of dynamics of the counterion cloud that hovers around the polyelectrolyte

chains. The above result, Eq. 7, is valid only if the coupling of the chain dynamics with

that of the counterion cloud is ignored, which is valid only if the added salt concentration is

high. In general, the coupling between the chain dynamics and counterion cloud dynamics

must be accounted for, because they are not independent, in addition to the collective effects

of the triple screening. When this coupling is taken into account, the general result for the

decay rate is23

Γ(q) = Dc(q)

[
1 +

κ2
1M̄1

Dc(q) [q2 + κ2]

]
q2 (9)

Here, κ1 is the inverse of the Debye length arising solely from the counterions (i.e., without

salt ions), κ is the inverse Debye length arising from both the counterions and salt ions. M̄1

is the diffusion coefficient of a segment. In view of the relation κ2 ∼ cs in the denominator

of the second term inside the square brackets in the above equation, the second term is

negligible for high salt concentrations, and thus the coupling between the counterion cloud

dynamics and chain dynamics is broken and Dc is given by Eq. 7.

Eq. 6 leads to a semi-analytical expression for the effective monomer-monomer dynamic
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structure factor,

⟨c(q, t)c(q, 0)⟩ = exp [−Γ(q)t] ⟨c(q, t)c(q, 0)⟩t→0 (10)

The theory leads to an effective one-component description of the solutions so that degrees

of freedom of the counterions and solvent are integrated out. This greatly simplifies the

mathematical analysis and only the effective monomer-monomer structure factor (Spp(q))

appears in Eq. 7. In the SM, we show some representative results obtained by evaluating

Eq. 7 numerically.

3 Results
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(b) 10−6 M: 21.75(c/c⋆)−0.38

10−2 M: 20.94(c/c⋆)−0.40

10−1 M: 18.39(c/c⋆)−0.44

Figure 1: (a) SANS data for salt-free solutions of NaPSS at different polymer concentrations
(symbols) and fits of the polyelectrolyte peaks to theoretically predicted functional form
(I(q) ∼ q2/(1 + q4ξ4)) (lines). SANS curves are shifted vertically for clarity. (b) Correlation
length ξ, extracted from SANS data over a wavelength range 0.05 ≤ q ≤ 0.26 Å−1 near
the polyelectrolyte peak, as a function of normalized NaPSS concentration c/c∗ for three
different salt concentrations. Expressions for the fitted lines to the correlation lengths are
shown in the legends, which appear as straight lines in the figure plotted on log-scale.

To understand the relationship between structure and dynamics, we collected SANS data

on NaPSS solutions at varying polymer and salt (NaCl) concentrations.14 SANS experimen-

tal data for the salt-free NaPSS solutions (Fig. 1) confirm that the solutions are in the
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semi-dilute regime.14 For all solutions, the scattering intensity exhibits a local maximum

called the “polyelectrolyte peak” at a finite wavevector, q⋆, and upturns at lower wavevectors

(Fig. 1(a) and Fig. S2 ). The polyelectrolyte peak shifts to higher wavevectors with an

increase in polymer concentration c, indicating that the characteristic length scale decreases.

The width of the peak reflects changes in the polymer stiffness, which depends on salt and

polymer concentrations.14 We perform SANS measurements on samples with various salt

concentrations and extract the correlation length ξ by fitting the peak to the theoretically

predicted22 functional form I(q) = Aq2/(1 + q4ξ4), where A and ξ = 1/q⋆ are fitting pa-

rameters related to contrast factors and the correlation length, respectively. To compare the

polymer concentration dependence of ξ for various salt concentrations, we report polymer

concentration normalized by the overlap concentration, c⋆, where the latter was estimated

from the measured viscosity data (Fig. S1) to be (12.3, 15.7, and 31.9) g/L at (10−6, 10−3,

and 10−1) mol/L (hereafter, indicated as M) ionic strength, respectively. For a fixed c/c⋆,

ξ increases as the salt concentration decreases and electrostatic screening becomes weaker.

Furthermore, ξ decreases as a power-law with c/c⋆, i.e., ξ ∼ (c/c⋆)ν , where 0.38 ≤ ν ≤ 0.44

as chains begin to interpenetrate more.

The scaling exponents determined in our SANS experiments as well as others40,43,44 show

that the RPA, which predicts ξ ∼ 1/c1/4, is not valid in semi-dilute solutions. This discrep-

ancy likely arises due to the breakdown of weak-inhomogeneity and stronger electrostatic

correlations in the solutions. In semi-dilute polyelectrolyte solutions, however, electrostatic

correlations couple to the correlations resulting from short-range interactions due to inter-

penetration of chains (i.e., for c > c⋆). Thus, we consider the double screening picture,22

which posits that the interactions between charged monomers on the polyelectrolyte chains

are subject to topological screening due to interpenetrating chains and electrostatic screening

arising from small dissociated counterions and dispersed salt ions. To test the validity of this

picture, we compare the dependence of ξ on polymer and salt concentration to predictions

from scaling arguments33 and those derived from a variational method.22 Both theories pre-
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dict that ξ ∼ 1/cν , such that ν changes from 1/3 to 1/2 across the transition from the dilute

to the semi-dilute regime of polyelectrolyte solutions.7,9,22,33,40 In our study, the exponent

ν ∈ [0.38, 0.44] (Fig. 1(b)) confirms that the transition from dilute to semi-dilute regime is

gradual, in agreement with previously published studies by several groups and presented as a

master curve by Muthukumar.40 Here, we should point out that it is not possible to collapse

the data for different salt concentrations because only limiting laws for the dependence of

the correlation length on the salt concentration are available (e.g., see Table I in Ref.23).

Full parametric dependence comes from solution of an integral equation, which we haven’t

attempted. Nevertheless, the fitting of the polyelectrolyte peak to I(q) = Aq2/(1+q4ξ4) and

the scaling of ξ ∼ (c/c⋆)ν confirm the double screening in polyelectrolyte solutions, where

polyelectrolyte chains and dissolved ions participate in screening of interactions.

Next, we examine the effects of these screened interactions on the collective dynamics.

NSE data were collected14 at two incident wavelengths (6 and 8) Å to access a wavevector

range of 0.05 ≤ q ≤ 0.26 Å−1, corresponding to length scales of approximately 2.4 to 12.6

nm (Fig. 2(a)). The NSE data were fitted to a single exponential of the form exp[−Γ(q)t] to

extract a wavevector dependent decay rate, Γ(q), of the collective monomer density-monomer

density correlation function. This fitting procedure is motivated by the theoretically pre-

dicted exponential functional form,9,23,40 which is based on an assumption that the time scale

for relaxation of counterion and co-ion densities is much lower than the relaxation time of

monomer density fluctuations. In Ref.14 a stretched exponential functional form was used to

fit the same experimental data, and in the short time limit (strictly, in the limit of t → 0),

these two functional forms (i.e., a single exponential and the stretched exponential) give

similar results for the decay rate.

The decay rate Γ(q), which in NSE captures the time-dependence of the monomer con-

centration fluctuations, increases monotonically with q for the three salt concentrations in

the semi-dilute concentration regime (shown in Fig. 2(a) for salt-free solutions; results for the

other solutions are shown in Fig. S3 in the Supporting Materials (SM)). However, Γ(q)/q2
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exhibits a distinct non-monotonic behavior with minima around qξ ∼ 1 (Fig. 2(b)), indicat-

ing that the measured dynamics are non-diffusive. This non-monotonic behavior is observed

for all salt-free solutions as well as for solutions containing 0.01 M and 0.1 M NaCl (see Fig.

S3 in SM). The close agreement between the minima in Γ/q2 and the structural peak at

q⋆ = 1/ξ implies that the structural conformations of polyelectrolyte chains in solution can

affect chain dynamics. Typically,45–47 structural effects are incorporated into the wavevector

dependence of Γ(q) through Γ(q) = q2kBTµ(q)/Spp(q), where Spp(q) is a monomer density-

monomer density correlation function, µ(q) is a wavevector dependent mobility, and kBT

is the product of the Boltzmann constant and temperature. As a first attempt to capture

the observed non-diffusive relaxations in semi-dilute polyelectrolyte solutions, we first as-

sume that µ(q) = M is independent of q and fit Γ(q)/q2 with kBTM/Spp(q). This approach

leads to qualitative and quantitative discrepancies (Fig. 2(b)) between the predicted and

measured relaxation rates, indicating that the wavevector dependence of µ(q) arising from

hydrodynamic interactions48 must be taken into account.

For semi-dilute polyelectrolyte solutions, such an expression for Γ(q) was obtained in

Ref.23 leading to ((see Section 2.5 and Figs. S4-S10 in the SM)

Γ(q) =
kBT

η

[
1 +

κ2
1M1

q2 + κ2

] ∫ ∞

0

dk′

(4π2)

Spp(k
′)

Spp(q)
k′2

[
k′2 + q2

2k′q
ln

∣∣∣∣k′ + q

k′ − q

∣∣∣∣− 1

]
(11)

where η is the solution viscosity, and κ−1 is the Debye screening length resulting from the

presence of counterions and co-ions. This equation captures the collective dynamics of poly-

electrolyte chains resulting from the equilibrium solution structure and the coupled double

screening of topological and electrostatic correlations mediated by long-ranged hydrodynamic

interactions. Eq. 11 was derived by starting from the Langevin equations for motion of

Kuhn segments, which involves forces resulting from intrachain and interchain interactions,

and thermal forces convoluted with a mobility tensor that captures hydrodynamic effects.

The factor of κ2
1M1 results from an assumption that time scales for relaxation of counterion
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Figure 2: (a) Fits of the NSE data to exp[−Γ(q)t] for salt-free NaPSS solutions (c/c⋆ = 6.39).
NSE data was collected for 15 different wavevectors. (b) Γ(q)/q2 as a function of q2 for
experimental data for salt-free NaPSS solutions (symbols) and for a theoretical model using
Γ(q) = q2D0kBT/Spp(q), after estimating Spp(q) from the SANS data and taking D0 as a fit
parameter. (c) Γ(q)/q2 for salt-free NaPSS solutions along with the fits to Eq. 11 at three
polymer concentrations. Data for the other salt concentrations are provided in Fig. S3 in
SM. (d) Γ(q)/q2 as a function of q for molecular dynamics simulations without hydrodynamic
interactions.
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and co-ion densities are much shorter than relaxation of the monomer density (see the Ma-

terials and Methods section for its expression). In general, the relaxation of the counterions

and co-ions and that of the monomer concentration are coupled. In fact, this is the essence

of the coupling theory developed by one of the authors10,12,23,49 (e.g., see Sections 7.6.3 and

7.7.4 in Ref.10). Briefly, the rate of relaxation of polymer concentration is coupled to that

of the ion cloud around each segment. Thus, there are two relaxation equations, one for

the polymer concentration and the other for the ion cloud. An exact solution of the two

coupled equations gives two relaxation rates Γ1 and Γ2 (as given by Eq.(7.6.19) in Ref.10).

One of these rates (Γ1) is non-diffusive and superfast and this mode is known as the Debye

mode or plasmon mode. The other (Γ2) is usually labelled as the fast mode, and is diffusive

(given for example by Eq.(7.6.23) in Ref.10). As shown in the above references and explicitly

in Section A6.5.3 of Ref.,10 the same result for Γ2 ≃ Γ(q) (obtained rigorously from the

coupled modes) emerges if the ion cloud relaxation is assumed to be much faster than the

relaxation of the polymer concentration, within a small numerical prefactor of order unity.

The factor κ2
1M1 depends on concentration as well as on diffusion constants of counterions

and co-ions. We emphasize that screening of hydrodynamic effects are explicitly accounted

for in the derivation of Eq. 11 and the appearance of the solution viscosity (instead of

the solvent viscosity ) in Eq. 11 is one indication of this. However, Eq. 11 is valid for

qRg < 1, where Rg is the radius of gyration of the chains, due to the fact that screening

of hydrodynamic interactions is also wave-vector dependent like the decay rate, Γ(q). We

have analyzed an analog of Eq. 11 valid in the limit qRg > 1 obtained by assuming that

hydrodynamics are screened beyond a hydrodynamic screening length, ξh, which results in

a non-monotonic dependence of Γ(q) on q for the ratio of the correlation length and hydro-

dynamic length ξ/ξh = 0.79 predicted for low salt conditions23 (Fig. S10 in the SM). As no

such non-monotonic dependence of the decay rate is observed in the NSE experiments, we

choose Eq. 11, which is a quasi-one-component description of polyelectrolyte solutions, to

analyze the relation between structure and dynamics.
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To understand how Γ(q) depends on wavevector as well as polymer and salt concentra-

tion, we fit the extracted values of Γ(q)/q2 to this theoretical prediction (Eq. 11). As per the

theory,23 Γ(q) ∼ q0 for qξ → 0 and Γ(q) ∼ q3 for qξ > 1 (see Fig. S5). For the experimental

data at qξ > 2, we attribute an apparent saturation of Γ(q)/q2 to a combination of interme-

diate dynamics commonly observed in semi-dilute polymer solutions14,50,51 as well as limits

of instrumental resolution introducing additional error. For fitting purposes, we use the so-

lution viscosity η as a fit parameter and the predicted functional form for the static structure

factor Spp(q) ∼ q2/(1 + q4ξ4), where ξ is obtained by fitting the SANS data in Fig. 1. The

prefactor in Spp(q) is not required as the ratio of Spp at two different wave-vectors appears in

Eq. 11, and the factor of κ2
1M1 does not strongly affect the fit values (Fig. S9 in the SM). Fits

for salt-free solutions (Fig. 2(c)) and for solutions containing 0.01 M and 0.1 M NaCl (Fig.

S3) capture dependencies of Γ(q) on q and on polymer and salt-concentration, with only

slight discrepancies, implying that Eq. 11 along with the predicted form for Spp(q) captures

quantitative details of Γ(q).

The comparisons presented in Figure 2(b,c) suggest that inclusion of hydrodynamic in-

teractions is necessary to capture the wave-vector dependence of Γ(q). As an additional

test, we performed Langevin dynamics simulations of flexible, negatively charged polyelec-

trolytes with neutralizing counterions28 (details are provided in SM; Figs. S6 and S7). These

simulations lack long-range hydrodynamic interactions but account for topological and elec-

trostatic interactions. We therefore expect that a framework without hydrodynamics (i.e.,

fully screened hydrodynamics) should be able to describe the wave-vector dependence of the

coupling between structure and dynamics being simulated in a qualitative manner. Indeed,

we observe that the structure and dynamics in the Langevin dynamics simulations are in-

versely coupled and in good agreement with Γ/q2 = kbTµ/Spp(q) (Fig. 2(d)). Specifically,

the inverse relationship between structure and dynamics captures both the peak position and

shape around qξ = 1. However, these implicit-solvent simulations predict that Γ(q) ∼ q2

for qξ > 1 (see Fig. 2(d)), which is in disagreement with the experimental results where

19



Γ(q) ∼ q3 is observed. In our recent work using coarse-grained molecular dynamics simula-

tions with explicit-solvent, we have shown that Γ(q) ∼ q3 for qξ > 1, which is also expected

for Zimm-like relaxation (see Fig. 10 in Ref.52). From these simulations, we demonstrate that

the coupling between polymer structure and electrostatics result in a non-diffusive dynamic

mode and that a full accounting of hydrodynamic effects are required to quantitatively cap-

ture the experimental measurements. Together, the results presented in Fig. 2 confirm that

the effects of hydrodynamic interactions must be taken into account to quantitatively de-

scribe the wave-vector and salt and polymer concentration dependence of the experimentally

measured dynamics.
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Figure 3: Comparisons of estimated (solid lines) and measured (dashed lines) viscosities (i.e.,
η) of the polyelectrolyte solutions.

Eq. 11 provides a quantitative prediction of the decay rate. To demonstrate this point,

we compare the values of η extracted from the theory to the experimentally measured so-

lution viscosities. The close agreement between the extracted and the measured viscosities

(Fig. 3) confirms that the quasi-one-component description of polyelectrolyte dynamics quan-

titatively predicts Γ(q) for different salt and polymer concentrations. It should be noted,
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however, that the theory for static structure factor22 only describes the polyelectrolyte peak

and the enhanced scattering at lower wave-vectors is not included in the calculations of the

decay rate. To determine whether the enhanced scattering at lower wave-vectors affects the

near-quantitative agreement between the theory and the experiments, we used the measured

SANS intensity and the experimentally measured η to calculate Γ(q) for all solutions and

found only a qualitative agreement with the experimentally measured dynamics (see Fig.

S4 in the SM). The origin of this disagreement may lie in the numerical integration of the

noisy experimental SANS data, especially at lower wave-vectors, but may suggest that the

structure at much longer length scales than ξ can affect the decay rate.

Overall, we stress that the combination of the electrostatic screening effects, which gives

rise to the theoretical functional form for the static structure factor Spp(q), and hydrody-

namics, which leads to the decay of concentration fluctuations provide a quantitative de-

scription of the polyelectrolyte solutions. We note that Eq. 11 is an enormous simplification

of length scale-dependent dynamics due to the fact that it represents a quasi-one component

description accounting for three (i.e., polymer chains, counterions, and solvent) and four

(i.e., polymer chains, counterions, co-ions, and solvent) component polyelectrolyte solutions

without and with salt, respectively. Despite this simplification, Eq. 11 is applicable to neu-

tral polymers and small molecules with appropriate modifications (Fig. S8 in the SM) and,

in the absence of electrostatics, becomes the Kawasaki53-Ferrell54 formula based on mode

decoupling. The Kawasaki-Ferrell mode-decoupling approach has been generalized to multi-

component polyelectrolyte solutions18–21 using a method developed by Doi and Edwards.48

These studies, however, used partial static structure factors derived under the assumptions

of RPA, which is not applicable for semi-dilute solutions as confirmed by our SANS results

and by others.40,43,44 Beyond just capturing the non-diffusive relaxations around q⋆, this

quasi-one component theory also predicts a finite Γ(q) even in the limit q → 0, similar to

a plasma oscillation55 and is called a “plasmon mode.” 18 In polyelectrolyte solutions, this

mode has been predicted to arise from collective displacement of ionic clouds to restore local
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electroneutrality.18,56 Our experimental data are consistent with this theoretical prediction of

finite Γ(q) as q → 0. Direct confirmation of this theoretical prediction would require exper-

iments to currently inaccessible wave-vectors and would need to account for the large-scale

structures commonly observed in polyelectrolyte solutions. We are aware of only one other

recent NSE study on PSS solutions,57 which did not provide viscosity data and hence was not

compatible with the analysis pathway of this study. We anticipate, however, that our study

will enable other groups to apply the triple-screening model developed by Muthukumar.

4 Conclusions

In summary, we have studied the dynamics of concentration fluctuations in semi-dilute so-

lutions of salt-free and salted NaPSS using neutron scattering, theory, and molecular sim-

ulation. The decay rates of the concentration fluctuations measured using NSE depend

on wave-vector, polymer, and salt concentration. These dependencies are captured by a

quasi-one component description of semi-dilute polyelectrolyte solutions containing solvent,

chains, counterions, and co-ions. In particular, Ferrell’s mode decoupling argument54 and

its application to polyelectrolyte solutions by Muthukumar23 along with double screening22

of monomer-monomer interactions provide a simple yet quantitatively accurate description

of the decay rate.

We expect that our results on aqueous solutions containing NaPSS and NaCl should be

readily generalizable to other polyelectrolytes and salts. Thus, this model provides a route to

quantitatively understand dynamics in this biologically important class of materials. Open

questions remain about the physics controlling the structure of semi-dilute polyelectrolyte

solutions, particularly at low wave-vectors, and its effect on dynamics. Charge regulation-

mediated attraction among polyelectrolyte chains has been shown to capture the upturn

and the polyelectrolyte peak in concentrated solutions and melts.13 A similar calculation for

semi-dilute solutions, however, has not been attempted. Additionally, at high wave-vectors,
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the dynamics should follow the Zimm relaxations so that Γ(q) ∼ q3 for qξ > 1 (cf. Fig. S5)

and Eq. 11 captures this limiting behavior. Lastly, relaxing the condition that counterions

and co-ions are at steady state, it can be shown that an additional negative contribution

in the total dynamic structure factor arises corresponding to the fast relaxation of the ionic

cloud. These contributions need to be studied separately by analyzing dynamics of coun-

terions and co-ions.58 Finally, we hope to compare the low wavevector limit of the decay

rate obtained from NSE with the diffusion constants measured in dynamic light scattering

(DLS) experiments.12,49,59 These developments should lead to a quantitative description of

ionic conductivity of polyelectrolyte solutions relevant to polymer electrolytes, membranes,

and biologically relevant phenomena such as translocation of polyelectrolytes.
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5 Supporting Materials (SM)

Rheology data, and additional SANS data are presented in the SM along with details of

the implicit-solvent Langevin dynamics simulations and predictions of the triple-screening

theory.

6 Data Availability Statement

The data that support the findings of this study are available from the corresponding author

upon reasonable request.
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