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. DISCLAIMER

This document was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor the University of California nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responsibility for
the accuracy, completeness, or usefulness of any information, apparatus, product, or process disclosed,

. or represents that its use would not infringe privately owned rights. Reference herein to any specific
commercial product, process, or service by trade name, trademark, manufacturer, or otherwise, does
not necessarily constitute or imply its endorsement, recommendation, or favoring by the United States
Government or the University of California. The views and opinions of authors expressed herein do
not necessarily state or reflect those of the United States Government or the University of California,
and shall not be used for advertising or product endorsement purposes.

Work performed under the auspices of the U.S. Department of Energy by Lawrence Livermore National
Laboratory under Contract W-7405-ENG-48. :



DISCLAIMER

Portions of this document may be illegible
in electronic image products. Images are
produced from the best available original
document.



AGENDA OF TALKS

WORKSHOP ON ADAPTIVE GRID METHODS FOR FUSION PLASMAS
JOINTLY SPONSORED BY SIAC, NERSC AND NYU

DECEMBER 8-9, 1994

PLEASANTON HILTON
‘ PLEASANTON, CALIFORNIA
Thursday Morning
8:00-8:40 AM Registration
8:40-8:50 AM Opening

Dalton Schnack - STIAC

8:50-9:00 AM Local Welcome
Alice Koniges - NERSC

SESSION #1 at 9:00 AM; Alice Koniges Presiding

9:00-10:15 AM Invited Talk
David Bacon - SIAC
“OMEGA: The Operational Multiscale Environment Model
with Grid Adaptivity”

10:15-10:45 AM Coffee Break

10:45-11:15 AM Hank Strauss - NYU
“FEMHD: An Adaptive Finite Element Method for Fluid and
MHD Computations”

11:15-11:45 AM Daniel Swift - University of Alaska
“Use of Generalized Curvilinear Coordinate System in Hybrid
and Electromagnetic Codes”

11:45 AM-12:15 PM Jim Wiley - University of Texas, Austin
“HP Finite Element Methods and Adaptive Grids”

12:15-1:45 PM - Lunch



Thursday Afternoon

SESSION #2 at 1:45 PM; Dalton Schnack Presiding

1:45-3:00 PM

3:00-3:30 PM

3:30-4:00 PM

4:004:30 PM

4:30-5:00 PM

Friday Morning
8:30-9:00 AM

Invited Talk

Phil Colella - University of California, Berkeley

“Block Structured Adaptive Grid Methods for Computational
Fluid Dynamics”

Andrew Kuprat/Alan Glasser - LANL
“Adaptive Grid Finite Element Model of the Scrape-off Layer”

Coffee Break

Dennis Hewett - LLNL
“ A General Boundary Capability Embedded in an Orthogonal
Mesh”

Donald E. Burton - LLNL
“FLAG: A Multi-dimensional Adaptive Free Lagrange Method
for Fully Unstructured Grids”.

Coffee
Pick up lunch tickets before 9:00 AM

SESSION #3 at 9:00 AM; Hank Strauss Presiding

9:00-10:15 AM

10:15-10:45 AM

10:45-11:00 AM

11:00-11:15 AM

11:30 AM-1:00 PM

1:00 PM

Invited Talk
Manoj Prasad - LLNL B
“3D Unstructured Mesh Discontinuous Finite Element Hydro”

Dalton Schnack - SIAC
“TRIM: A Finite-Volume MHD Algorithm for an Unstructured,
Adaptive Mesh”

Alice Koniges - NERSC/LLNL
“Massively Parallel Systems: New Capabilities and Access for
MFE and LLNL Users”

Paulette Liewer - Jet Propulsion Laboratory
Informal discussion on her recent Space Physics work

Discussion Leaders: Hirshman, Koniges, Strauss
Development of Working Plan for Implementing Adaptive
Techniques into MFE /ITER: needs, deliverables and
relationship to edge/MHD initiatives

Adiourh
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Summary of Workshop on Adaptive
Grid Methods for Fusion Plasmas

The Workshop on Adaptive Grid Methods for Fusion Plasmas, held on 8-9
December 1995, was sponsored jointly by NERSC, SAIC and NYU. The
purpose of the workshop was to assemble workers, both within and outside
of the fusion-related computations areas, for discussion regarding the issues
of dynamically adaptive gridding. There were three invited talks related to
adaptive gridding application experiences in various related fields of
computational fluid dynamics (CFD), and nine short talks reporting on the
progress of adaptive techniques in the specific areas of scrape-off-layer
(SOL) modeling and magnetohydrodynamic (MHD) stability.

Adaptive mesh methods have been successful in a number of diverse fields
of CFD for over a decade. The method involves dynamic refinement of
computed field profiles in a way that disperses uniformly the numerical
errors associated with discrete approximations. Because the process
optimizes computational effort, adaptive mesh methods can be used to study
otherwise the intractable physical problems that involve complex boundary
shapes or multiple spatial/temporal scales. Recent results indicate that these
adaptive techniques will be required for tokamak fluid-based simulations
involving the diverted tokamak SOL modeling and MHD simulations -
problems related to the highest priority ITER relevant issues.

Adaptive algorithms are particularly attractive for the ITER tokamak SOL
and MHD problems. In both cases, the problem domain is'quite large
compared to the fine-scale features of interest, even though details of the
small features may have enormous impact on the whole of the solution
profiles. However, magnetically diverted plasmas lead to multiply-
connected domains and disparate time-scales that can complicate traditional,
time-explicit, adaptive schemes. The workshop agenda and setting were
conducive to spirited discussion over a number of such implementation
issues. Among these were the benefits and disadvantages-of structured
gridding, fixed accuracy approximations, moving meshes, object-oriented
programming in Fortran 90 and C++, and the lack of adequate benchmark
problem specifications. Also discussed was the lack of funding for
research directed solely for code and algorithm development.

- The following is a summary of the invited review talks and participant
presentations. Also included is a summary of the predominant issues
discussed informally among the participants during the workshop.



Summary of Invited Review Talks

The three invited talks were oriented generally toward the details of
algorithm implementation, with a focus on the constraints necessary to
incorporate the relevant physics problem. The speakers were Monoj
Prasad (LLNL), David Bacon (SAIC), and Phil Colella (UC
Berkeley/LLNL-CCSE).

Manoj Prasad presented detailed features of the ICF3D hydrodynamics
code used for inertial fusion simulations. This code is intended to be a
state-of-the-art upgrade of the well-known fluid code, LASNEX. ICF3D
employs discontinuous finite elements on a discrete unstructured mesh
consisting of a variety of 3D polyhedra including tetrahedra, prisms, and
hexahedra. Prasad discussed details of how the Roe-averaged second-order
convection was applied on the discrete elements, and how the C++ coding
interface has helped to simplify implementing the many physics and
numerics modules within the code package. Prasad emphasized the virtues
of object-oriented design in large scale projects such as ICF3D.

David Bacon presented an invited review talk on the Omega code, used for
weather simulation and the modeling of aerosol transport through the
atmosphere. Omega employs a 3D mesh of wedge shaped elements
(triangles when viewed from above) that adapt with time. Because wedges
are laid out in layers of triangular elements, the scheme can utilize
structured storage and differencing techniques along the elevation
coordinate, and is thus a hybrid of structured and unstructured methods.
Bacon illustrated the utility of adaptive gridding in his model near
geographic features such as coastlines, where material properties change
discontinuously. Temporal adaptivity was used additionally to track
moving internal fronts, such as clouds of aerosol contaminants. Bacon also
discussed limitations specific to his problem, including manipulation of
huge data bases and fixed turn-around times. In practice, the latter
requires a carefully tuned optimization between accuracy and computation
speed.

A structured approach to adaptivity was described in an-invited review talk
by Phil Colella. Colella described the hyperbolic and parabolic
applications of the Automatic Mesh Refinement (AMR) algorithms of M.
Berger (CIMS/NYU). Adaptivity, is.achieved by overlaying finer grids only
in areas flagged by a generalized error criterion. Colella discussed some
of the issues involved in abutting disparate-resolution grids, and
demonstrated that suitable algorithms exist for dissipative as well as
hyperbolic systems. Most of the complex AMR grid hierarchy is
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implemented in C++, but the underlying rectangular array operations are
carried out in Fortran for efficiency on modern compilers. By combining
higher-order convection schemes with AMR, the group can perform large
3D calculations that were otherwise impossible with structured schemes.

7Summary of Participant Presentations

The nine participant presentations covered a wide range of plasma
applications, from heliosphere and magnetospheric work through tokamak
MHD and SOL calculations. These presentations were again geared toward
the details of adaptive scheme application. ‘

Hank Strauss of CIMS/NYU described FEMHD, an adaptive mesh code for
RMHD (reduced MHD), which uses an unstructured triangular mesh in 2D
and wedge shaped mesh elements in 3D. There is also a version of his code
for modeling the coupled neutral and charged species at the edge of a
deverted tokamak. Strauss also has an effort underway with Wonchull
Park of PPPL, to incorporate the unstructured mesh software into
MH3DK, a full MHD-particle code.

Jim Wiley of Texas, described general “hp” finite element methods and
adaptive grids. The work was based on that of Oden and collaborators at
Texas. The term “hp” refers to the method where refinement is done not -
only in space (h) but in the order of polynomials used for the finite element
discretization (p). Working with finite elements, the method seems to not
have particular difficulty handling abutted grids of disparate resolution.
His neutral fluid code is written in C++ to cope with the elaborate data
structures.

Andrew Kuprat of LANL discussed unstructured grids for application to
transport in the tokamak edge SOL. Kuprat has developed a new metric
with which to judge element elongation and resolution requirements.
Using this - method, Kuprat applies a standard moving finite element
technique to advance the SOL equations while inserting/deleting
dynamically nodes that violate an elongation criterion. In a tokamak
plasma, Kuprat's method achieves a more uniform accuracy, and results in
highly stretched triangular finite elements, except near separatrix X-point
where transport is more isotropic.

Donald Burton of LLNL described FLAG, a 3D adaptive free-Lagrange
method for unstructured grids. The grid elements were 3D polygons,
which move with the flow, and are refined or reconnected as necessary to
achieve uniform accuracy. Burton stressed that they were able to construct



a 3D hydro version of the code in 3 moﬁths using an object-oriented
FORTRAN approach.

Dalton Schnack of SAIC described the MHD code, TRIM which uses a

. finite volume discretization of the MHD equations on an unstructured
adaptive grid of triangles in the poloidal plane. The toroidal direction is
treated by a pseudospectral method. Care was taken to center variables
appropriately on the mesh and to construct a self adjoint diffusion operator
for cell centered variables.

Alice Koniges of LLNL described the new T3D parallel computer at
NERSC. The adaptive mesh ICF3D code described above is one of the
current applications being ported and developed for use on the T3D. ‘
David Kershaw of LLNL stressed that the development environment and
tools available on the parallel computer is similar to any planned for the

. future including networks of workstations.

Dennis Hewitt described a method for treating curved boundaries with a
rectangular mesh discretization. Special difference operators were
constructed to approximate numerical zones split by the domain boundary;
the operators are particularly simple for his rectangular mesh. Hewitt
demonstrated that his simple numerical approach, Dynamic Alternating
Direction Implicit, turned out to be considerably more efficient than more
complex grid-adaptive algorithms that he tried in the past.

Daniel Swift of the University of Alaska described magnetosphere particle
simulations, and Paulette Liewer of JPL described heliosphere fluid
simulations. They both used single level, structured, but curvilinear 2D
meshes. They packed the coordinate system more closely in regions, such
as the bow shock near the earths magnetosphere, that required higher
resolution.



Summary of Predominant Informal Discussions

Of the many informal discussions between participants during the
workshop there were five recurring topics of discussion: structured vs.
unstructured gridding, lack of funding ear-marked specifically for code or
algorithm development, lack of standard benchmark test problems to
encourage the development of new algorithms, object-oriented design, and
the attractiveness of a class library repository for fusion-related fluid
computations. '

One the primary decisions in developing a grid-adaptive algorithm is
whether to use structured or unstructured gridding. Structured data allows
organized solution techniques, incorporation of a well-developed field of
numerical hydrodynamics and relatively direct vectorization of algorithms
on modern computer hardware. Unstructured storage conversely provides
a wealth of flexibility in adaptive refinement schemes and the ability to
incorporate complex domain geometries. Representatives from SAIC's
Omega weather simulation group and the LLNL ICF3D code development
group demonstrated the power and flexibility of unstructured meshes;
whereas LLNL's CCSE group demonstrated the corresponding strengths of
an organized grid approach with examples from the AMR work.

Lack of funding was cited as one possible explanation of the relatively few |
developed dynamically adaptive codes in fusion-related fluid calculations. "
Due to decreasing budgets, many of the funded projects are based solely on
exercising previously developed codes---this was recognized as short-
sighted in light of the possible improvements that adaptive methodologies
have to offer. .

Object-oriented design was hailed as the solution for rapid prototyping of

- the complex dynamically adaptive algorithms, and was being used by both
the structured and unstructured camps. Object-oriented design is

- implementable via C++ or. Fortran 90. Some groups, notably the CCSE
AMR group still use Fortran 77 as the underlying code for the computation
intensive parts of the algorithm.

A benchmark problem was developed at the workshop, and then in detail
by Tom Rognlien of LLNL, to contain a minimal set of the physics
necessary to test a new code for it appropriateness to the tokamak edge
SOL problem. This problem was to be the first in a series of progressively
more difficult tests. Rognlien will communicate with other interested
workshop attendees via electronic mail to finalize all the parameters of this
test problem, and ensure its applicability.



Finally, it was the consensus of the group that adaptive methods tend to
involve complex programming. In order to minimize the development
efforts involved by having many disjoint code development projects, it was
suggested that the NERSC possibly maintain an evolving library of various
class and graphics libraries. .

Conclusion

The workshop was successful in its objectives of showing fusion
researchers the state-of-the-art in modern CFD. At the same time, it was
clear that fusion scientists have made progress in introducing adaptive mesh
‘methods into MHD and edge modeling. These methods are required in
computational problems which include the presence of a divertor, such as
MHD ELM simulations and radiative divertor modeling, and deserve firm,
unwavering support. In addition to developing the adaptive mesh methods,
there should also be an effort made to make adaptive mesh code packages
which could be integrated into other codes to decrease the development
time of future codes and algorithms. Object oriented languages such as
C++ and Fortran 90 are well-suited for such a library development.

Finally, we would like to thank Debbie Lofrisco and Terry Burch for
secretarial and organizational support.

Alicé Koniges, NERSC

Dalton Schnack, SAIC

H. R. Strauss, NYU

Gary Craddock, NERSC

Marc Day, NERSC
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FEMHD:

An adaptive finite element method for

MHD and Edge Modelling
| H. R. Strauss
Courant Institute of Mathematical Sciences

New York University

e FEMHD: Adaptive, Finite Element MHD
_ discretization |
— examples

e FEMH3D

e FEM Edge Plasma

e Merging FEMHD with MH3DK (PPPL)

e Further work



1 FEM Numerical Method

FEMHD ( with Dana Longcope )

adaptive, finite element, unstructured mesh code.

Advantages-
e fit to irregular boundaries.

e allows the mesh cells to be aligned with mag-
netic field

e provides good resolution at the magnetic x

point.

e Adaptive refinement to resolve solution fea-

tures.

Meshpoints: vertices of triangles located at

points 7;.



1

RMHD Equations

—-———=—'l7_|_~VQ+V||C

C=Viy

Vig=Q

(3)

(4)

- (5)

(6)



Galerkin finite element discretization
Piecewise linear basis functions: A;(x;) = 6;;.

Mixed method, expand %, ¢, {2, C

¥ =X
Sparse matrix RMHD equations:

M-Q4+P:30 =P:¥C+vS-Q
M-, +P:30 =¢S5-U
S-® =M-Q
M-C =50



Matrices:

mass matrix M,

stiffness matrix S,

Poisson bracket matrix P,
M;; = N Nd’z
Sii = VX - VNd’z
Pur =1 X'VN x VAP 2d%z



— —

r{ T2

o) 1

Figure 1: (a) triangle based vertex labels; (b) the support of basis function ); for
matrix assembly ‘

(a) (b)

Figure 2: (a) splitting and unsplitting; (b) flipping

10



Algorithmic Notes: x explicit, leapfrog time
differencing

* dissipative terms solved implicitly.

% stiffness and mass matrices inverted with
Incomplete Cholesky Conjugate Gradient algo-
rithm.

* refine / unrefine mesh criterion :6C/C, 6p/p

Examples

e poloidal spinup (CRMHD)
— X point mesh
e tilt mode

— time dependent adaptive mesh
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Figure 1: Magnetic flux ¢ and rotational transform gq.



-3 max

8.12E+01 min -0.12E+01 t= 6.60

P
6:\'\"""""""' T o]
8 2 4 6 .8 1.8 1.2 1.4 1.6 1.8 2.8 2.2 2.4 2.6 2.8 3.0
X
a . max ©.,12E+01 min -0.12E401 t= 6.00
3‘0 I‘.ll

"""""""l\%

-'lll
g 2 .4 .6

8 1.6 1.2 1.4 1.6 1.8 2.8 2.2 2.4 2.6 2.8 3.9
X

Figure 3: ¥ at t = 0 and t = 6.
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max O.11E402 min -0.11E+02 t= 8.068
3e/|lllll|l|l|l|l|l|l|l.l‘l|l‘l

2.8 -

2.4
2.2
2.8
1.8

1.6

1.4

1.2

1.0

.8

4

2

0 |l|ly||||l|lclrlulv'vlilllnl/
2 4 .6 B 1.8 1.2 1.4 1.6 1.8 2.8 2.2 2.4 2.6 2.8 3.8
X

c max ©6.38E+82 min -0.37E+02 t= 6.60
3.Q/|.|-‘|11|-|lllillllllllll'l

2.8

2.6

2.4

2.2

2.6

1.8

|I|I|I|I|Iol/

1.6

1.4

1.2

1.0

.8

p) NI NN NS TS SOV WS NAPUN SRR S AN WU U SR B Y
2 4 6 .8 1.8 1.2 1.4 1.6 1.8 2.8 2.2 2.4 2.6 2.8 3.0
X

Figure 4: C at t =0and ¢t = 6.
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3.0

2.8

2.6

2.2

2.0

1.8

1.6

1.4

1.2

3.9

2.8

2.6

2.4

2.2

2.9

1.8

1.6

1.4

1.2

1.6

Mesh

3! 4! 2

2 4 6 .8 1.8 1.2 1.4 1.6 1.8 2.8 2.2 2.4 2.6 2.8 3.8
’ X
Mesh
3 7
x X
: 00
X s
l. P &
% X
X S
! »
SR 3
s N
X%
Y
2 4 6 .8 1.8 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

X

Figure 5: Mesh at ¢t =0 and ¢t = 6.
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FEMH3D

> Mesh is z - independent |

> 3rd direction: staggered finite difference
or Fourier series

Example:

> 3D resistive internal kink

5



.8: ///%/zz/%éfé%‘% ‘
| /////%%fé—% N
| . =
L ///’///;///f’f’:%%‘f = N
il ///lﬁiiﬁ!r{/’ir’@i?*“ ‘t\%‘\%\\\\\ \\\\\Q\\\\\\\\\ NN
.4 Mﬂmwmwm\N
I \\\\\\\\\\\\ \\\%\\\@ss ig}?’i/”////////// i
o N\ NS :g.%é///////////////// i
\\\\&%n ——-.e:\//%////////////// )
. = é%%é%//%//////// :
~ 2%;%;%/ -
e %%%%%/// ‘

"l
R
Al



%% min 0. 00580 = 185853
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e aeess
a U 288 aa\ ~H.488#

e

343

Figure 1: Nonlinear magnetic potential ) = A, —r?/2 at ¢ = 120 at toroidal angles

¢=0,7/2.
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FEMHD (Finite Element Method Hydro Dynamics) -
Edge (with B. Braams, D. Rayevski)

for edge plasma problems

moving ionization fronts, shocks, and thermal collapse

require adaptive mesh

version of FEMHD solves

e H ion continuity

e H neutral continuity

e H ion parallel momentum

o H neutral parallel momentum

o BElectron temperature = ion temp. = neutral temp
Include nonlinear coupling:

e ionization

e charge exchange

e ionization radiation loss

e recycling model



Strauss - Box Jg6
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Merging of FEMHD with MH3DK (with W.
Park, PPPL)

Application to resistive wall modes with com-
plex wall geometry. | |

FEMHD = 6,000 lines ( unstructured mesh,
RMHD)

MH3DK = 30,000 lines ( structured mesh, full
MHD + hot particles )

FEMHDnMH3DK = 2,000lines

e Have to replace routines: A, A1, div, curl

e Fortran90 object - oriented features

10

] 9



Future: other discretizations
- e primitive variables

— “divergence cleaning” of V - v, V - B
e higher order elements

— piecewise parabolic ¥

— piecewise constant C' = Avy

11
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USE OF GENERALIZED CURVILINEAR -

COORDINATE SYSTEMS IN

ELECTROMAGNETIC AND HYBRID

CODES
by

Daniel W. Swift
Geophysical Institute
University of Alaska

Fairbanks, Alaska
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Particle equations of motion in curvilinear
coordinates

The field equations are updated without the necessity of

explicitly differentiating metric coefficients. The particle
velocities are in Cartesian components, so the particle
equations of motion do not involve differentiation of
metric coefficients. The particle positions serve as
pointers to the field quantities, so they must be
expressed in curvilinear components. For convenience,
the topological distance between grid points is of unity.

The curvilinear position is advanced by

1

| ()" =) + A v"2

where V is in Cartesian components.



~ Exactly Conservative
~Calculation of the Current

The grid has the topology of a cubic lattice. The
coordinate variables are incremented in unit
intervals between grid points. The particle is a
finite element cube. The current is simply the
amount of charge transported across a cell face
per unit time. The rate of change of charge
density at the dual cell is exactly the divergence
of the current.
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¢ — | 1 ]
SELECTED COORDINATE LINES

Figure I The coordinate system used in simulation of the magnetospheric noon meridian
plane. The box extends toslightly more than 18R from the center of the Earth in

the north, south and sunward directions, The region in te corners cot covered by

the grid lines is outisde the simulaiton domain.
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Update the magnetic field, using Stokes' law

J%?-.dA:—§ VxE-dt

B n+l no
(8" -(2)
A =
At ~ |
. i ok
' 1
n+— n+§
.1 .1 .1
\ 1+§, J—E’k i+— _]+§,k
1 1
n-}—i n-i—2—
A S 1 1 1
1+5, ],k-i—-z— z+5, J k—:

The tangent vectors are computed by taking difference
between coordinate points. For example,

(12).1. 1 =T, 1.1, 1
i+5. ]+ it Akt
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BX and BZ at T = 12.0¢0

LOG OF iB! AT T =12.000

- e T —t gt

210

max field =4,95E+02

i

BY CONTOURS AT T =12.809

CONTOUR FROM ~2.401 TO 2.154 BY 455

VX and VZ at T = 12,000

1

N
fx\
7))\

max field =1,43E+080

. S mens

Lol
e

g7
> N
YIRS
LY
't
PR
" RN
(ALY

CONTOUR FROM ~3.359 TO 2.201 BY 403

PLASHA DENSITY, T =12,08080

Figure 3. Magnetic ﬁela vectors (a), logarithm of the magnetic field intensity (b), the y-
component of the magnetic field (c), the plasma density (d), the plasma flow
-vectors (€) and the magnitude of the plasma flow speed. (f)



BX and BZ at T = 18.000 LOG OF iBi AT T =18.0008

max field =4.96E+82

BY CONTOURS AT T-=18.000

CONTOUR FROM -6.142 70 6.832 BY 1.307 ) CONTOUR FROX 4131 TO 3708 BY 411

VX and VZ at 7 = 18.000 : f iUP! AT T =18.00

max field =3,46E+80 CONTOUR FROM .304 70 3.347 BY .304

Figure 4 Same as Figure 3, except at the end of the run.
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Definition

Adaptive-hp methods use a refinement
control strategy driven by a local a
posteriori error estimate to locally modify
the element size, h, and polynomial order, p
to increase computational efficiency. The
result is an unstructured mesh in which each
node may be associated with a different
polynomial order and each cell may have a
different size.

Should be contrasted with the moving finite
element method, which adaptively modifies

the element shape.



Solution Quality

bad —»

<4———good

(Log E)

*

Payoff

Conventional FD, FV, FE Methods

¥

Optimal hp Methods

Problem Size
(Log N)
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Model Finite Element Method Prob'lem

Given an operator A
Au=f inregion L2,
with BC

u=0 onI'y, a—=b onl},
where A mi ght be

Au=-V[DVu-Vu|+ Cu.

We seek an approximate solution to the
weak form of (1),

a@" vV =100"") W' e VH(Q)
where
a(u,v) = j (VvDVu—-VvVu+ vCu)dx

)= fgvdx+ [ovas,
Q- T,

and

u' e VN Q) ={v" e H(Q): w=00nT,}.



Divide region into elements
Q=>0,
e

Integrations become local over each element

a(u, 1}) = Z J(VvDVu — VvVu+vCu)dx
e Q

The approximation is expanded into local basis

functions
h _ € el
=Y 3o
' e i
The result is a linear system for the coefficients
Au=>

The key practical problems are the selection of the
approximating spaces and the efficient solution of the
resulting linear system.
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Typical quadrilateral master element
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Typical bubble function,y(x.y) = p(x)py)



1-irregular grid

A node in the mesh is regular if it is a vertex for each
neighbor element otherwise it is irregular. If the
maximum number of irregular nodes on an element side
is one then the mesh is l-irregular.[d] A 1-irregular
quadrilateral mesh is shown.



Continuity is not guaranteed where there is an irregular node. As can be
seen in Fig. 8, the number of degrees of freedom along the edge from the
right is greater than the number from the left, corresponding to different
approximating spaces of functions.

A

B

Figure 8. Typical 1-irregular interface between elements. The dark nodes must be
constrained to insure continuity across the interface.

Additional constraints must be placed on the functions allowed along AB
from the right. The three edge nodes are required to have the same order and
are associated with the same degrees of freedom. The coefficients
associated with the constrained nodes are replaced by the ones at the
unconstrained nodes as shown by the arrows in the figure. The
approximating function space is therefore reduce. The additional degrees of
freedom from the right are used to modify basis functions along the
constrained edge.



The constrained shape functions associated with B=1
in the configuration shown in Fig. 8.




boxGridCompare.m
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B Two wire divertor model: original grid

R
L




e




Hu-vil/iivil

External Two Wire Problem

Approximation
uniform h and p-refinement
# Elements dof I p L_inf Hu-vilAilvil
16 25 0] - O] 5.20E-021 4.77E-02
16 81 0 1] 6.20E-03f 5.41E-03
16 169 0 2} 2.90E-03] 1.56E-03
16 289 0 3] 7.60E-04] 2.39E-04
64 81 1 0} 1.80E-02] 1.09E-02
641 289 1 1] 2.20E-03] 1.05E-03
64 625 1 2] S590E-04] 1.24E-04
64 1089 1 31 2.00E-04} 2.99E-05
256 289 2 0} 6.70E-03] 2.79E-03
256 1089 2 11 740E-04] 1.51E-04
1024 1089 3 0] 1.90E-03] 7.10E-04
Approximation Error
1.00E-01 —
A
1.00E-02
. \\\\\ b
1.00E-03 P » =
\\\5 AN \\\
3 = - B
1.00E-04 L \g P! h
D—-PE?
1.00E-05

10

100

dotf

1000

- 16 tlem
- “l‘f“l
- 256 d(d

10000



hp Finite Element Methods

* hp methods attempt to increase computational efficiency by
adaptively modifying the mesh size, h, and the polynomial
order, p.

The cost for this increase in efficiency is complexity:

* Locally refined h, implies irregular grids. Here we restrict
the grid to a 1-irregular type.

* Varying p and irregular mesh, implies need for additional
constraint equations to maintain Co approximation.

* To guide refinement, a posteriori error estimates (control |
variable) and refinement strategies (control algorithm) are
needed.

* High polynomial orders can increase condition number of
linear systems, requiring advanced preconditioners.

. Varying polynomial order, mesh spacing, and constraints
require dynamic data structures.

~  Need for significant computational resources suggest
parallel execution, which adds complexity.




hp finite element calculation of the interaction of an
acoustic fluid and a submerged elastic structure

by

A. Safjan

System
 Equations of linear acoustics
 Equations of elastodynamics
» Contact conditions
» Nonreflecting boundary conditions

Numerical solution
» Adaptive hp finite element method in space
o 2- stage 4th order Taylor-Galerkin
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Density contours
440x 220 grid

Experimental Interferogi
of Zhang and Glass
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Fig.3. Comparison of numerical solution with experiment for shock diffraction over a half-diamond cyli
Shock Mach number is 2.45. .



Figure 1. Spindown of a vortex in a box on 2 256256 grid. The maximum velocity in the initis! data is 0686, and
the Tength of the sides of the box is 1. "Vorticity contours are shown at times 20 (a), 40 (b), and 60 (c). The total
numbec of time steps taken is approximately 1100. - e
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AemElenN | e, Corseia, Howeee (1993)

Dynamics of an Inviscid Co-flowing Jet: Vorticity




Anelastic Bubble Rise in an Adiabatic Atmosphere.

XY Slice

Grid Configutation

XZ Slice
Density at Time = 6.75 Seconds
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£3 t = 3.0 microsceonds

) 1 = 268.9 microseconds .

A Mach 345 <hock 1 Argon strikes a smusowdally perurbed miertuce between the Argon and

Heliom.



ST

Bas o n Neew % e nev sTes sad sewise s










PUckET, 1946

Fig.8a The SLIC interface reconstruction algorithm
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Fig. 8b The least squares interface recontruction algorithm

Fig.8 A Mach 8 shock traveling from right to left striking an Ar / He interface inclined at an angle
of 82 degrees (see Figs. 4 & 5). In these figures the contours of volume fraction are displayed at time
t= 0.15. This is the best method for observing the interface. However the incident shock and other
waves do not appear. The diagonal line that runs from upper Ieft to lower right marks the

location of the undisturbed interface af time t = 0.
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Incompressible Composite Grid Example

Vorticity
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Initial Comparison with Other Code on Slab Geometry
e Looked at results of R. Vesey, Fusion Technology 1992.

e Comparison was approximate. Differences: Unlike our
code, he
- has single species Smsimf
- uses Cartesian X,y mmo_Bm@uo

- uses SUPG.

e Similar far field behaviour. Differences close to plate
due to lack of neutrals. |

e Key Point: Introduction of anisotropic, unstructured
grid did not wreck solution, but improved it. Jagged-
ness due to computing with marginally high Peclet num-
ber disappeared.
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Frame 7/7, Topology 0/0, ieq=1, freeze=0 |




‘Fframe 7/7, Topology 0/0, ieq=1, freeze=0
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Frame 0/7, Top§bgy-0/0, ieq=2, freeze=0
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Frame 822, T opoiogy 1/1, ieg=1, freeze=1

Lg’f'f 4*7 R So")T:-’olc | 5&"10/ |




_Frame 3122, Topology 1/1, 1eq=1, freeze=1
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Neumann conditions enhance the applicability
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We are developing a multidimensional (1D, 2D, 3D)

free-Lagrange method

}

relaxation
etc.

, reconnection
agrangeq , r unstructured refinement
hydro }+{ polyhedra }+{

{L

free Lagrange
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Tetrahedral based strategy épplied to a

3D Coggeshall flow field

" D.E. Burton, 9412 Adaptive Grid
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The linear solution is obtained on a 3D version of

Kershaw's Z-mesh problem

82
+ et
Y

Exact solution for

the flux is linear

-
v
2
o

0.059

D.E. Burton, 9412 Adaptive Grid- 31
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3D Unstructured Mesh
Discontinuous Finite Element Hydro
Manoj K. Prasad, David S. Kershaw, and Michael J. Shaw
Lawrence Livermore National Laboratory

Motivation

Higher order Godunov scheme using finite element (Space)
and fully explicit (time) discretization,

Model

Piecewise Linear finite element discretization in space.

Roe upwind surface flux & Roe averaging.

Explicit second-order Runge-Kutta time stepping.

Nonlinear Vanl.eer stabilization by Quadratic Programming.

Implementation

3D Unstructured arbitrarily moving mesh h dro code
gll_iau%(egan & Ahnost-Lagran}éian modes) with ax); Interface
C L3

Object oriented C++ design allows mesh geometry to be
unfangled from the physicsgcoding. e i



3D LINEAR FINITE ELEMENT BASIS SET

(2] NV=8 ¢ = [1x.y 2y xzyz
NV=d ¢ = {[1X)

LINEAR FINITE ELEMENT REPRESENTATION of A

NV
X(x7y’zot) = in(t)¢i(x’y’z)
i=li

A; = Value of R a1 NODE i
®; = linear mzerpolauon function = §;;at NODE j

Galerkin egns for K,- in EACH element K :

_)

J'cbj +V?(A)]d(?) 0, (j=12.NV)

Using the divergence theorem

3, [0;Rd®@) = - [ ¢;n,F;d (")+[Fr3,0,)d®)
K , ok K

n; = outward unit normal of element surface



WHAT IS THE SURFACE FLUX n,F, ?

For EACH point on surface LINEARIZE eqns:

- -
.a;‘? -+ V‘?‘(X) =0 - -aa;? + Wi'V,-X =)

look for wave -like solutions & = K(n,-x,- A1)

ROE AVERAGE(*) defined through:

n B R)-nF,(RD = W' @ -2H

Upwinding wrt sign of A* gives

ROE UPWIND SURFACE FLUX:

7 n,-?iR“ = [n,-?,-'—f-n,-f?‘i*-!-k *sign(A")R® ‘l(n,-ﬁ,-'-nii'{")]

1
2

Note: if all A* >0 [ <0 Jthen n,B,%% = B~ [=n,F:*.



EXPLICIT Runge Kutta TIME STEPPING

In EﬂCH element have system of ODE for NODAL A:
0A;
—at‘- = Facelntegral + Celllntegral , (i=12,..NV)

Solve by EXPLICIT 2nd—order Runge—Kutta time discretization — ARK

Use COURANT type time—step control:
volume of element K

A
i

At < Min over all elements [

incoming waves I(d r)

For smooth flows, resulting scheme has 2nd-order space—time accuracy.

M



NONLINEAR VanLeer STABILIZATION

For hydro . physical stability requires: p >0, P > ().
Need to ENFORCE this stability requirement

In EACH element NODAL Q; are FLUCTUATIONS about AVERAGE Q
VanLeer Nonlinear Stability — LIMIT Q;:
Q"‘_mmSQ‘_SQ—imu (**)

Q—,-”"""”""’ = max/min Q OVER ALL ELEMENTS WHICH SHARE NODE i

In general , Q"X will VIOLATE (**). We then MODIFY QRK — QM.

QUADRATIC PROGRAMMING

1 NV
Minimize L = —l-za,- [0M-0,RK 1 | subject to:
. i=1
0;"M < QM < @M (j=12.NV) *=
NV -
20May =0 (;30) *++
i=l

2o e SR

Note: In LD with NV3 this reduces to VanLeer’s Minmod slope limiter.




oA oF;

3D MOVING MESH HYDRO Eqns: + =0
. ot axoi
I 0 ] p(Vj-ng)
5 p\/l slewVI(VJ-VgJ)
pv3 83JP+'pV3(VI-VgJ)
LPE] Pv+pE (v;=v§ )

Independent Variables: t , xoi = x8 ; (¢=0).

Piecewise Linear: p ,v; ,P [Esévivi-ﬁ-l(p,l’)].
. . g g axg,- axgj -1
Continuous Linear Mesh: x8; ,v8; = T Vij = w My =I5
. i

Eulerian Hydro — v&,;=0 — J=l — x&;=x0,
Lagrangian Hydro — v&,=v; — Discontinuous Mesh ??
Almost-Lagrangian Hydro — v& ;=(Roe) Average v;
1-Step Solution (Unlike 2-Step : Lagrange + Remap).

Interface Tracker:
A*=Jpfy , F% =Tl,-ipfa(vj-v3,-)
f o{t=0) = 8g for material species B.



C++ OBJECT ORIENTED CODE

C++ CLASS STRUCTURE -

de Cls '

pv  pv
pc
| Cell Class ' pc of Face Class
tet pyr prism hex tri bnd tri quad bnd_quac
pm  pm
EOS Class

Ideal Gas Real Gas  Table Lookup..

® Mesh Generator creates class objects and appropriate pointers
- across the various classes. :

e Physics Modules process objects through class
virtual functions using pointers to access data across classes.

for(int fn=0.fn<nft;fn++) pflfn]->Faceint();

e Ci+code runs under Basis environment (Paul Dubois, Zane

Motteler) --> user friendly graphics, interactive running, post
processing, ...




WORK IN PROGRESS -

[mplementing diffusive transport (electron, ion, multigroup
radiation):

1. Wlorkmg uniprocessor unstructured mesh ICCG matrix
solver.

2. Dedlcated C++ ICCG class sets. up data structures for
simple ICCG codmg and modulanty

Multiprocessing with domain decomposition:
l. C++ classes to support ghost cell/node exchange.

2. C4+ classes to encapsulate machine dependent message
passing library. -
3. Try new ideas on multiprocessing ICCG. (Alek Shestakov)

Improving Basis/C++ interface. (Zane Motteler)

gy}?‘(}"r:zfr?tler (r.z,8) and spherical (r 0,0) coordinate codes.

Inco orating the Sand hal C++ EOS class struc-
l-?Nzck C%ntzle ia/Rhale group’s clas c



PLANAR RIEMANN SHOCK TUBE (Sod’s Test Problem )

Shock Tube Mc:ntunc

High Precoure Gae

Lew Pressure Gae

Cace | |
t < 0 (membrane unbrokan) 1
Pressure
{
l =
L]
Deasuy

Case i]
t >0 (membrane breken) t—ct -

Rarefaction '

interface
Pesition

i S:tock Front

Pressure
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“TRIM: A FINITE-VOLUME MHD
ALGORITHM FOR AN UNSTRUCTURED,
ADAPTIVE MESH”

D. D. SCHNACK
. LOTTATI

Z. MIKIC
P. SATYANARAYANA

SCIENCE APPLICATIONS INTERNATIONAL CORPORATION
| 10260 CAMPUS POINT DRIVE
SAN DIEGO, CA 92121

AND

A. TURNBULL

GENERAL ATOMICS
SAN DIEGO, CA 92121

Presented talk at the Adaptive Grid Worskhop in Pleasanton, CA
December 8-9, 1994
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"MOTIVATION

SIMULATION OF PLASMA DYNAMICS IN REALISTIC
TOROIDAL GEOMETRY |

POLOIDAL CROSS-SECTION OF MODERN TOKAMAKS
CAN HAVE COMPLEX GEOMETRY

DESIRABLE TO SIMULTANEOUSLY REPRESENT
DETAILED FLUID MOTION NEAR DIVERTORS AND
LIMITERS SIMULTANEOUSLY WITH LONGER SPATIAL
- SCALE MOTIONS IN THE PLASMA CORE

REQUIREMENT TO SIMULATE EVOLUTION AND
DYNAMICS OF VERY FINE POLOIDAL SPATIAL SCALE
STRUCTURES SUCH AS CURRENT SHEETS AND EDGE
DENSITY GRADIENTS

APPLY UNSTRUCTURED, ADAPTIVE MESHTO
TOKAMAK POLOIDAL PLANE

USE FOURIER TRANSFORM FOR TOROIDAL
REPRESENTATION

INITIAL APPLICATION: RESISTIVE MHD EQUATIONS
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COMPUTATIONAL MESHES

e STRUCTURED MESH:

— A PRODUCT OF 2 (OR MORE) MESH ARRAYS (E.G., x{i) AND w()))
WITH INDICES i AND j ORDERED BY INCREASING COORDINATE
VALUE

— CELLS ARE GENERALLY RECTANGULAR

— THE MESH IS STRUCTURED LOGICALLY SO THE CELLS (i + 1, ) AND
(i, j+ 1) ARE ADJACENT TO CELL (i, j)

— ADDING AND DELETING POINTS AFFECTS THE INDEXING OF ALL
POINTS ON THE MESH

— BOUNDARY SHAPES OTHER THAN x= CONSTANT OR
y = CONSTANT ARE DIFFICULT TO REPRESENT

* UNSTRUCTURED MESH:

— A SET OF ARBITRARILY ORDERED CELLS; A CELL IS IDENTIFIED BY
A SINGLE INDEX i 7
— CELLS ARE GENERALLY NOT RECTANGULAR; USUALLY
" TRIANGULAR; ALLOWS ARBITRARY BOUNDARY SHAPES
— CELL jAND CELL i+ 1 ARE NOT NECESSARILY ADJACENT \
— ADDING OR DELETING POINTS DOES NOT AFFECT CELL INDEXING
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UNSTRUCTURED, ADAPTIVE MESH

IDENTIFIED AND MANIPULATED BY MEANS OF PRIMARY
AND SECONDARY DATA SETS

PRIMARY DATA SET CONSISTS OF A LIST OF MESH
ELEMENTS, E.G.:

— CELLS (TRIANGLES)
— ASSOCIATED VERTICES
— CONNECTING EDGES

SECONDARY DATA SETS DEFINE CONNECTIVITY
BETWEEN PRIMARY MESH ELEMENTS, E.G.:

— CROSS-INDEXING OF ELEMENTS OF PRIMARY DATA SET
— CELLS TO THE LEFT AND RIGHT OF EACH EDGE
— INDICES OF THREE VERTICES AND THREE EDGES OF EACH CELL

CELLS ADDED OR DELETED BASED ON LOCAL
PHYSICAL CRITERIA

DATA SETS ARE UPDATED AS CELLS ARE ADDED OR
DELETED
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PRIMARY AND DUAL MESHES

* COMPUTATIONAL MESH NOT ONLY DESCRIBES
GEOMETRY, BUT ALSO DEFINES DIFFERENTIAL

OPERATORS

* PRIMARY AND DUAL MESHES USEFUL FOR EFFICIENT
OPERATOR DEFINITION

STRUCTURED MESH:
— STAGGERED, INTERLOCKING MESHES OF RECTANGLES

STRUCTURED, STAGGERED (DUAL) MESHES

UNSTRUCTURED MESH:
PRIMARY MESH: TRIANGLES : DUAL MESH: POLYGONS
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BARYCENTER, OR CENTROID, DUAL
MESH

rs = (Fyy+ha+13 )/3

* DUAL POLYGON VERTEX ALWAYS LIES WITHIN
TRIANGLE.
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RESISTIVE MHD EQUATIONS

E = - vxB+nd
A _
ot
B = VXA
J =VxB
aov 2
o V-[pW—BB+—(p+B )I}
dp
9% - _v.
~ (pv)
M _ _y. pv2+—y—p) v+2ExB
ot Y -1
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CONTROL VOLUME FOR
FINITE VOLUME APPROXIMATION

TRIANGLES

©

%

l
THREE-DIMENSIONAL TRIANGULAR CONTROL VOLUME

* ASSUME ALL FUNCTIONS ARE OF THE FORM:

f(r,¢,2,t) =Y fn (I',Z,t)ein¢

* DEFINE DIFFERENTIAL OPERATORS BY INTEGRAL
RELATIONS APPLIED OVER THE CONTROL VOLUME:

GRADIENT OF A SCALAR DIVERGENCE OF A VECTOR
[VidV = $fndS [V-AdV = §n-AdS
DIVERGENCE OF A TENSOR CURL OF A VECTOR

[V-TdV = §n-TdS [VXAdS = §A-tde
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PLACEMENT OF VARIABLES

I
|
L
i
|
|
|
|
A
~

* EDGES J Ac,A;Br B, ErEpdrdy (ViaVeVz)

e CENTERS e u, P, Py By, PVes PVy PV2s Ags Jdp
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TRIANGLE GEOMETRY

POLOIDAL PROJECTION OF TRIANGULAR CONTROL VOLUME

* UNIT VECTORS:

e¢ = te Xne

e GEOMETRIC VECTORS:

£4 f£2+l3 =0 le = Areer +Azce; Aete

ng = 228882z _yin, v, = Ve,

Aas = %'h X | = %lllesl = %llsxhl
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DIFFERENTIAL OPERATORS

e GRADIENT OF A SCALAR:

1 3 Vs in
(VW)S = reAag 921 .neAgereWe —’,',‘S"er +;;WSe¢

* DIVERGENCE OF AVECTOR:

(V-V)g =

L § r.AL,V, +-i£V
rsAds et e~*e'ne s ¢S

* CURLOFAVECTOR,U=VxV:

1 in |
Upe = —reMe (rv+v¢v+_rv—v¢v—) + ;,; Ve-te
U L A
S = T e’ +e
¢ Aas e=1

— ITISEASY TO VERIFY THAT (V- U)g=0.

e DIVERGENCE OF A TENSOR:

1 3
)y reAee[er(ne 'Te)r +e¢ (ne 'Te)¢

V-T)e =

in
+ ez(ne'Te)z] + E [e,T¢,S + e¢T¢¢S + ezT¢zS]

+ % [e¢T¢,S —e,TM,S]
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FLUX AT TRIANGLE EDGES

U, — AN APPROXIMATION TO U AT THE EDGE e.
FIRSTORDER: U, = {8; :Z: Zg

DIFFUSIVE! D = V”295
HIéH ERORDER:  SOME APPROXIMATION TO THE RIEMANN

PROBLEM
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TIME ADVANCEMENT

EXPLICIT LEAP-FROG WITH PREDICTOR-
CORRECTOR FOR ADVECTION

U = U7 + At Fyy

SEMI-IMPLICIT ADVANCE IF CFL > 1

(1—aS|AtV2) U“ = U* - aS|AtV2 Un
R (1
R T
IMPLICIT VISCOSITY

* ok

(1—vAtV2) Ut =y

STABLE FOR ARBITRARY At
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SCALAR LAPLACIAN

Ug =l % (USL +USR)

1 3
(Vu)g = S NAlgruy, ——= e,
IsAdg e=1 S
+ n Ua €
I'S S ¢

1 n2
V2u = rAdn, - (Vu), — — U
S ’sAas 921 etelle ( )e "32 S
SELF-ADJOINT FORMULATION

MATRIX INVERSION BY CONJUGATE GRADIENT
METHOD WITH DIAGONAL PRECONDITIONING
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MESH ADAPTION

e TAG TRIANGLE FOR REFINEMENT BY

— ESTIMATING CHANGE IN TRIANGLE QUANTITIES BY SUMMING
EDGE FLUXES, OR

— ESTIMATING GRADIENT OF QUANTITIES

e ADD VERTEX INSIDE TRIANGLE AND MAKE 3 NEW
TRIANGLES:

e SWAP EDGES, IF REQUIRED
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“SOD” HYDRODYNAMIC SHOCK
PROBLEM

pp—— v e —
LA A A AN AR NN RN NN NN
ATA YA AN YA YA YA WA N YA N N N N SR SN
LA AL A R RN NN AR N A
AA A TA YA YA SV YA VAN A NN LS Y
LA NN AN NN NN NN
AJATA YA YA A VA YA YA YA YA YA YA YA S N N Y
AN AN
ATAVASAAVATATAYVAIA A YA YL S NS Y NN N
LA AN N A RN RN RN
ATATA YA YA YA YA YA YA YA YA YA Y YL S N YA SN
LA A AN AN AN NN NN
AA A A A YA VAYA AT VAYA YA N SA A NN
LA A AR R AN NN
AJATA T A SR A YA YA YA YL YA VA YA YA YA SRS NE

ATATA A TA VAYA YA YAYA YA YA VAN NS WA YA SR N
\’\,\’\,\,\I\,\’\,\’\,\’\’\,\,\’\’\’\
LA AN AN NN NN NN NS

0 L o)

nun |
O = -

pp = 0.125



SOD PROBLEM t =01 7Y=1.4
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1.1

0.8

rho |

rho

0.6

0.3

1.000e+00

' 8.000e-01

6.000e-01.

4.000e-01

2.000e-01

0.2

0.4

0.6

0.8

0.0

0.2

0.4

0.6

0.8
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SOD PROBLEM t =0.1 Y =1.4

Ny

0.2

-0.2

1.000e+00

8.000e-01

6.000e-01

4.000e-01

2.000e-01

0.0 0.2 0.4 0.6 0.8
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SOD PROBLEM t =01 7 =14

%

1.1
0.8 — P |t
p 06
0.3 ——‘\
0
0 0.2 0.4 0.6 0.8 1
X
2.000e+00
1.500e+00
1.000e+00
5.000e-01

0.0 0.2 0.4 0.6 0.8
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BRIO-WU MHD SHOCK PROBLEM

WL W W YW YR R R R R
W RO R R R
OWOWOWORCOR R RO CR R
WOWWORORCORCORCROR KRR
WOWORORRCRCROROR R R R
WOWWOWORCRCORCROR R R R
WOOWCRWRCORORCRCRCR R R
WMWY R COR R COR
WOOWORWCORCRORCRCRCR R CR
WYY R
wOORCORORORCORORCRCORCR R R
AAAAAAAAAAAS
AAAAAAAAAAAN
AANAAAAAAAAAA
AAAANAAAAAAAN
AAAAAAAAAAAA
AAAAAAAAAAAN
AAANAAAAAAAASA
AAAANAAAA AN

A AAANAANANAANAA
AAANANAANANAANNN X

AAAANAAAAAAAN

0.125

PR = 0.1
R
Ug

0.75
= 1.4

I
Q
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0.8 ,

-0.4

7.500e-01

5.000e-01

2.500e-01

0.000e+00

-2.500e-01

0.0 0.2 0.4 0.6 0.8
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-0.5

-1.0

ad e b

Ao

-1.5

[

5.000e-01

0.000e+00

-5.000e-01
-1 .000€+00i

-1.500e+00

0.0 0.2 0.4 0.6 0.8



1.000e+00

8.000e-01

6.000e-01

4.000e-01

2.000e-01
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0.0

0.2

0.4

0.6

0.8
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2.000e+00

1.500e+00

1.000e+00

5.000e-01

0.0 0.2 0.4 0.6 0.8
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T o
1.0 | A -
p i-
-1.0p '
X

1.000e+00

5.000e-01

0.000e+00

-5.000e-01

-1.000e+00

0.0 0.2 0.4 0.6 0.8
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PRESSURE

PRESSURE
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SOD PROBLEM t=0.1

NO ADAPTION

2.0 —
1.8 S
1.6 —
1.4 -
1.2 —
1.0 -
0.8 —
0.6 -
0.4 —
0.2 -
0.0 N R e

0.0 0.2 0.4 0.6 0.8 1.0

ADAPTIVE MESH

2.0 —
1.8 -
1.6 —
1.4 -
1.2 =
1.0 -
0.8
0.6 -
0.4 —

0.2 -
0.0 i T 7 : T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0




DENSITY

DENSITY
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SOD PROBLEM t =0.1

NO ADAPTION

1.0 1

0.8 -

0.6 -

0.4 —

0-0 i I i l ] l ] 1 l

0.0 0.2 0.4 . 0.6 0.8 1.0

ADAPTIVE MESH

0.8 —
0.6 -
0.4 —

0.2 -

0.0 . T ‘ T I T l T l
0.0 0.2 0.4 0.6 0.8 1.0



VELOCITY

VELOCITY

1.0

0.8
0.6
0.4
0.2

0.0

1.0
0.8

0.6

0.4 -

0.2

0.0
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SOD PROBLEM t = 0.1

NO ADAPTION
| I '
0.0 0.2 0.8 1.0
ADAPTIVE MESH
| ' ! I \ ! T
0.0 0.2 0.4 0.6 08 = 1.0
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UNSTABLE ITER EQUILIBRIUM

NONCIRCULAR, LOW ASPECT RATIO
TOKAMAK EQUILIBRIUM

MADE UNSTABLE BY LOWERING
g-PROFILE; q(0) = 0.4

INTERNAL MODES: -

— Unstable n=24
— Marginally stable n=3
— Stable n=1

OBTAIN n = 2 LINEAR EIGENFUNCTION AND
GROWTH RATE

NONLINEAR SATURATION
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UNSTABLE ITER EQUILIBRIUM
SAFETY FACTOR

versus
POLOIDAL FLUX
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Pressure

2-SCHNACK.11

UNSTABLE ITER EQUILIBRIUM
PRESSURE

~versus
POLOIDAL FLUX
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UNSTABLE ITER EQUILIBRIUM
- F= rB¢
versus
POLOIDAL FLUX

"IN
N
AR

é A\

17 |
16 [ < >
: —
-30 -25 -20 -15 -10 -5 0



2-SCHNACK.11

ITER POLOIDAL
CROSS-SECTION

TRIANGULATION INSIDE
LAST CLOSED FLUX SURFACE
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Kinetic Energy

o
A

ITER STABILITY MODEL
KINETIC ENERGY

versus
TIME
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CPU TIME (sec) per e-FOLDING TIME
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CPU TIME PER TIMESTEP (sec)

versus
COURANT NUMBER
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UNSTABLE ITER EQUILIBRIUM
GROWTH RATE 71,,
versus
COURANT NUMBER
n = 2 MODE
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density

density

SOD PROBLEM

WITHOUT ADAPTION
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RESEARCH ISSUES

®* RESULTS SENSITIVE TO TRIANGLE SHAPE

— Equilateral triangles best
— How to arrange vertices to optimize mesh?

®* INTERPOLATION
— Simplest schemes have low order
accuracy

— Results sensitive to interpolation errors
— Wrong choice can destroy self-adjointness

¢ ADAPTION

— Mechanics of refinement/coarsening well
defined and operational

- — Criteria for refinement/coarsening for
hydrodyrodynamics well defined and
operational

— Criteria for refinement/coarsening for MHD
not well understood. |
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STATUS

COMPUTED GROWTH AND SATURATION
OF INTERNAL MODES IN NON-CIRCULAR,
TOROIDAL GEOMETRY

MESH ADAPTION WORKS FOR 2-D SHOCK
TEST PROBLEMS

FUTURE DIRECTIONS

APPLY MESH ADAPTION TO 3-D TOROIDAL
PROBLEMS

VACUUM REGION/EXTERNAL MODES
RESISTIVE WALLS

EDGE MODELS
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