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Abstract

Milling is a key manufacturing process that requires the selection of operating parameters that

provide efficient performance. However, the presence of chatter, a self-excited vibration causing

poor surface finish and potential damage to the machine and cutting tool, makes it challenging

to select the appropriate parameters. To predict chatter, stability maps are commonly used, but

their generation requires expensive data, making it difficult to employ these maps in industry.

Therefore, there is a pressing need for an approach that can accurately predict stability maps

using limited experimental data. This study introduces the new Encoder GAN (EGAN) approach

based on Generative Adversarial Networks (GANs) that predicts stability maps using limited ex-

perimental data. The approach consists of the encoder, generator, and discriminator subnetworks

and uses the trained encoder and generator to predict the target stability map. This versatile

method can be applied to various tool setups and can accurately predict stability maps with lim-

ited experimental data (five to 10 cutting tests) even when there is little information available for

unknown parameters. The study evaluates the proposed approach using both numerical data and

experiments and demonstrates its superior performance compared to state-of-the-art benchmarks.
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1. Introduction

Milling is a common manufacturing process which uses a rotating cutting tool to remove material from

a workpiece [1]. Since milling is expensive, it is important to select productive operating parameters,

including spindle speed n, radial depth of cut a, and axial depth of cut b, which enable efficient removal

of material from the workpiece (Figure 1).

Figure 1: Milling operation with parameters labeled.

Ideally, these values should be set as high as possible to minimize cutting time. However, there

are various constraints that prevent some parameter combinations from being viable, such as chatter.

Chatter is a self-excited vibration that occurs at certain selections of machining parameters and causes

poor surface finish and can potentially damage the cutting tool and machine (see Figure 2.c) [2]. If

the tool tip and workpiece dynamics are not considered when selecting machining parameters, chatter

may occur, where varying chip thickness causes regenerative vibration.

Stable (i.e., chatter-free) machining parameters can be selected using the stability map (Figure

2.a), which separates spindle speed-axial depth pairs that are stable from those that exhibit chatter.

The stability map can be predicted based on the tool tip frequency response function (FRF) and the

tool-workpiece cutting force model [3]. However, in practice, these are not typically known and the

stability map and optimal machining parameters must be inferred from experimental test cuts.

The importance of considering the system’s vibration response when selecting machining parame-

ters has been thoroughly established in the literature. Despite numerous research efforts to improve

the accuracy of stability maps, the theoretical and experimental results sometimes differ, which can re-

quire validation testing prior to final parameter selection. The dynamic model’s inputs, the machining

parameters, and the solution algorithm all affect stability map accuracy [4]. Model advances include

process damping [5] and symmetry breaking [6]. In addition, to verify the accuracy of the solving

algorithm, several methods such as full-discretization method (FDM) [7], zeroth-order approximation

[8], and semi-discretization method (SDM) [9] have been introduced. Despite these improvements, a

key challenge that remains is knowledge of the tool tip dynamics and the cutting force coefficients [4].
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(a) (b) (c)

Figure 2: (a) Stability map showing which cutting parameters will be stable. Cuts above the blue
stability line will chatter and cuts below will be stable. (b) Stable cut surface. (c) Unstable cut surface.

Currently, modal impact testing is the technique that is most frequently used to measure the

tool tip dynamics. In this method, the tool tip is excited using an instrumented hammer and the

vibration response is measured using a transducer (commonly a piezoelectric accelerometer). While

the measurement technique is well-understood, error sources remain, which include the influence of

the load condition [10], the mass loading effect of the accelerometer [11], and the centrifugal forces,

gyroscopic moments, and temperature increase in cutting operations [12]. Similarly, the estimate of

the cutting force coefficients is also subject to various errors and uncertainties. These include fitting

errors in regression methods and coefficient variation with cutting conditions [13, 14, 15].

Due to these inherence uncertainties in the tool tip dynamics and cutting force coefficients, un-

certainties are introduced into the deterministic stability maps. To address this limitation researchers

have focused on approaches that identify dynamics during machining. Operational modal [16] anal-

ysis has been implemented to assess the machine’s response using an accelerometer during routine

machining operations. Although the identification of the damping ratio and natural frequency is

straightforward, the dynamic stiffness is not easily obtained using this approach. In [17], an inverse

identification approach is proposed in which chatter frequencies and limiting axial depths of cut are

determined experimentally. In this approach, data for two spindle speeds that are marginally different

are needed for the inverse identification of the tool tip dynamics. Similar approaches are proposed

in [18, 19]. However, these approaches necessitate specialized tests under predetermined conditions,

which make them challenging to implement in shop floor environments.

Recently, machine learning has been applied to machining stability modeling. Karandikar et al.

[20] propose a novel Bayesian learning approach to predict the stability limit and find the optimal

parameters utilizing test data only without knowledge of the underlying cutting force coefficients or

tool tip dynamics. Simulation results from physics-based models offer another data source. In this

approach, physics-based models are used to generate stability maps. The predicted stability maps are

then discretized and used as training data in machine learning approaches, such as artificial neural
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networks [21, 22], K-nearest neighbors [23], and support vector machines [24]. For instance, Cornelius

et al. [25] propose a physics-guided Bayesian approach in which first, prior uncertainties of parameters

are considered to obtain the probabilistic stability map using the physics-based stability model. Second,

this probabilistic stability map is updated in each iteration based on the new information obtained

from the cutting test. A similar Bayesian approach is proposed in Chen et al. [4]. Schmitz et

al. [26] presents a novel approach to improving milling stability by combining Receptance Coupling

Substructure Analysis (RCSA) and machine learning techniques. The method utilizes RCSA to predict

the tool tip FRF and a frequency-domain approach to predict the stability boundary. Updating is

based on the binary test results (stable/unstable) and chatter frequency, if the test cut is unstable, as

well as the user’s risk preference. The machine learning model is implemented using Markov Chain

Monte Carlo (MCMC) sampling. Postel et al. [27] propose ensemble transfer learning in which the

stability map is predicted using fully connected neural networks. The neural networks are pre-trained

with simulated data obtained from the analytical stability model and fine-tuned by re-training with

experimental test data to produce the final stability boundary.

Although the data-driven approaches provide improvements in specific circumstances, they have

several limitations. For instance, machine learning approaches can lack physical interpretability, mean-

ing that the stability maps do not expose the physical constraints that underlie the system’s dynamics;

in some cases, they even produce solutions that defy operational restrictions or the physical rules of

stability limits [23, 27]. In addition, some approaches [24, 21, 20] require a large number of sample

data to learn the shape of stability maps, which can be expensive. While successful stability map

prediction approaches have been proposed, a balance between the number of actual test experiments,

physical interpretability, and prediction accuracy has not yet been achieved. To advance capabilities,

this study introduces the Encoder GAN (EGAN) approach, which is based on Generative Adversarial

Networks (GANs), for predicting stability maps using limited experimental data. EGAN is a modifi-

cation of the traditional GAN that includes an additional encoder network to predict stability maps.

The EGAN approach is composed of the encoder, generator, and discriminator subnetworks. A similar

GAN structure can be found in the work of Schlegl et al. [28] but with a different application focus,

namely anomaly detection. Furthermore, while Schlegl et al. trains their encoder separately from

the generator and discriminator, our approach simultaneously trains all three components to improve

overall performance. The input dataset for EGAN includes stability maps generated using a physics-

based analytical stability model and the generator learns to mimic the physics-based model’s behavior

by taking a noise vector from the latent space and outputting a plausible stability map. The encoder

learns to project stability maps back into the corresponding latent space parameter. The discriminator

distinguishes generated/fake stability maps from sample maps in the input dataset. In the evaluation

process, the trained encoder projects a stability map into the latent space to find the unique parame-

ters that correspond to the map and the trained generator produces the corresponding stability maps
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based on the physics it learned. The approach is used to predict stability maps with a limited number

of cutting test experiments by applying a simple non-physics-based Bayesian updating approach to

obtain partial knowledge about the target stability map. The hypothesis is that the perfectly trained

EGAN has a regularized latent space that can map similar stability maps to closed points in the latent

space, enabling the encoder to �nd the best parameters that leverage all the information it receives,

even if there is incomplete knowledge about the parameters and the stability maps. The novelty of

the approach lies in the use of EGAN and the regularization property of the latent space to predict

stability maps with limited information, which has the potential to reduce the number of cutting tests

needed to predict stability maps accurately. We demonstrate the e�ectiveness of the proposed EGAN

approach through extensive numerical simulations and experiments. We demonstrate the pro�ciency of

the EGAN approach in e�ectively predicting stability maps, even when there is minimal data available

regarding the unknown parameters. This is achieved through the consideration of wide normal and

uniform distributions for uncertain parameters. A comprehensive comparison is also provided against

state-of-the-art approaches, including ensemble transfer learning [27] and Bayesian learning [20].

The remainder of this paper is organized as follows: Section 2 describes the model-based stability

prediction. Section 3 describes the proposed EGAN approach used to predict the stability map. Section

4 evaluates the proposed approach. Finally, Section 5 concludes the study and discusses future work.

2. Model-based Stability Prediction

Chatter occurs due to the relative vibration between the cutting tool and workpiece during cutting [1].

This vibration is imprinted on the workpiece surface (Figure 3). The next tooth encounters this wavy

surface and experiences varying chip thicknessh and, therefore, cutting force. During a stable cut, the

cutting force and vibration will converge to an equilibrium that repeats for each tooth. In an unstable

(chatter) cut, the force and vibration do not repeat from tooth to tooth and grow until the vibration

is large enough that the tooth temporarily leaves the cut. This is referred to as the regenerative e�ect.

The occurrence of chatter depends on two main factors: the vibration of the tool, governed

by the tool's FRF, and the force involved in the cutting process, described by the cutting force

model. The tool tip FRF is described by a complex-valued, frequency-dependent matrix [FRF (! )] ="
FRFxx (! ) 0

0 FRFyy(! )

#

, wherex is the feed direction andy is the orthogonal direction in the plate

of the cut. The cutting force is assumed to be proportional to the chip thicknessF = K sbh, whereK s

is the speci�c cutting force coe�cient and b is the chip width. This cutting force can be decomposed

into the tangential force Ft = sin( � )K sbh and normal forceFn = cos(� )K sbh, where � is the force

angle.

The stability map can be estimated from these inputs using the zero-order approximation algorithm
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Figure 3: Variable chip thickness due to tool vibration [1]

proposed by Altintas and Budak [29]. This method solves the periodic-coe�cient delay di�erential

equation by approximating the periodic cutting force as a matrix

"
� xx � xy

� yx � yy

#

, where � ij de�nes the

amount that the average cutting force in thei direction will change for a unit displacement in thej

direction (see [29] for a full derivation). By making this approximation, the characteristic equation of

the milling process can be written as:

det([I ] + �[ FRFor (! )]) = 0

[FRFor (! )] =

"
� xx FRFxx (! ) � xy FRFyy(! )

� yx FRFxx (! ) � yyFRFyy(! )

#

This equation is solved for all frequencies, giving two eigenvalues for each frequency. The eigen-

values are then used to calculate the limiting axial depthblim and spindle speedn for each chatter

frequency:

blim 1;2 = �
2�

N tK t
� real 1;2(1 + ( \ � 1;2)2)

n =
60

N t
�

1
! (� � 2 tan� 1(\ � 1;2 + l � 2� )

� ; l = 0; 1; 2: : :

where \ � represents the phase angle of the complex-valued eigenvalue. Solving this for both

eigenvalues and all di�erent values ofl gives a series of overlapping stability lobes (Figure 4). The

limiting axial depth for a given spindle speed is based on the lowest stability lobe. Cuts which are run

at cutting parameters above the limiting axial depth will be unstable, while cuts under the limiting

depth will be stable.
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Figure 4: The limiting axial depth is formed from multiple stability boundaries calculated using the
zero-order approximation algorithm

3. Methodology

The purpose of the proposed study is to predict the stability map in milling operations using a

novel deep learning approach and limited experimental data. As described in Section 1, an accurate

estimation of the FRF and cutting force coe�cients is required to estimate an accurate stability map.

However, obtaining the FRF and cutting force coe�cient information needs specialized sensors and can

be challenging in industry. Therefore, an approach is applied in this study to use the prior knowledge

of these parameters and a limited number of cutting tests to predict the target stability map. The

prior represents the initial beliefs about parameters and incorporates all available information, whether

it comes from expert opinions, available experimental data, theoretical considerations, or analytical

models.

Assuming a symmetric single degree-of-freedom (SDOF) system, there are �ve unknown parameters

� = ( K s; �; f n ; k; � ) to predict the stability map based on the model described in Section 2, wherek is

the modal sti�ness, f n is natural frequency, and� is the modal viscous damping ratio (i.e., the SDOF

FRF is approximated using these three parameters). In this study, a prior distribution is �rst de�ned

for these parametersP(� ) and N sample parameters are generated from this distribution. Next, these

sample parameters are used together with the physics model to generate prior/simulated stability

maps, which are used as training data for the proposed approach. Finally, the trained networks apply

limited experimental data to predict the target stability map.

In this section, a brief background on the traditional GAN is provided. Next, the encoder GAN

(EGAN), which is a leveraged version of the traditional GAN, is proposed for the purpose of the

milling stability prediction. Then, common training challenges for GANs are discussed. Following
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that, a description of the state-of-the-art approaches that are used as benchmarks in this study are

presented. Next, a grid search approach is introduced for the selection of cutting tests, speci�cally

intended for evaluation purposes. Lastly, the general framework of the proposed and benchmark

approaches are presented.

3.1 Traditional GAN

The traditional GAN is a deep learning-based generative model that was initially proposed by Good-

fellow et al. [30]. The primary goal of this approach is to generate synthetic but realistic images

by learning the input data distribution by predicting features from an initially hidden representation,

which is also called the latent space representation. The traditional GAN includes the generator and

discriminator networks, competing with each other in an adversarial manner in the training process.

Speci�cally, the traditional GAN is designed as a minimax game, where the generator and discrimi-

nator networks compete in a zero-sum game framework, as originally used in game theory [31]. The

generator network learns to generate an image that resembles images in the input dataset, while the

discriminator network learns to distinguish the generated images from the input images.

Figure 5 illustrates the scheme of the traditional GAN to generate handwritten digit numbers. In

the traditional GAN, the generator (G) has a decoder network architecture and learns to capture the

input data distribution ( pX ) by generating plausible images from a latent space distribution (pz), which

is commonly a standard normal distribution. In contrast, the discriminator (D) adopts an encoder

network architecture and works as a classi�cation algorithm, reading an input image and labeling

it as real or generated/fake. Both the generator and the discriminator networks are simultaneously

trained through a two-player minimax game. During the training process, the generator aims to make

the discriminator's loss larger. In other words, it tries to fool the discriminator by generating new

plausible data (resembling the input data) so that the discriminator fails to detect them as fake images.

Speci�cally, the original GAN solves the following minmax game [30]:

min
G

max
D

V(D; G) (1)

where,

V(D; G) = E
x� pX

[log(D(x))] + E
z� pz

[log(1 � D(G(z)))] (2)

The discriminator is trained to maximize its outputs on input images (i.e., log(D(x)); labeling

input images as "real") and minimize its outputs on fake images (i.e., log(D(G(z))); labeling generated

images as "fake"). In contrast, the generator is trained based on the discriminator's performance on
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Figure 5: Scheme of the traditional GAN.

fake images. The generator tries to minimizeV(G) = log(1 � D(G(z))), or equivalently, maximize

V(G) = log( D(G(z))), so it can fool the discriminator such that this network treats fake images as

input images. Note that the generator is not able to control the discriminator's performance on input

images (i.e., log(D(x))).

3.2 Encoder GAN (EGAN)

For predicting stability maps, the GAN is advanced by adding encoder network (E) to the traditional

GAN structure. The proposed approach is called Encoder GAN (EGAN). Figure 6 illustrates the

scheme of the proposed approach.

The input/real dataset in EGAN includes stability maps generated using the physics-based analyt-

ical stability model, considering a distribution for the unknown parameters. The goal of the generator

(G) in EGAN is to learn the physics underlying the stability maps in the input data. That is, it takes

a vector of noises from the latent space and outputs a plausible stability map. The generator learns

to mimic the physics-based analytical stability model's behavior. However, instead of taking the real

parameters (� ), the generator takes some noise vector (z) from the latent space, which it is referred to

as the latent space parameter in the remainder of the paper. Note that Gaussian noise is considered

for the latent space.

On the other hand, the encoderE learns the opposite side of the generator. That is, it uses a

stability map that is generated by the generator and returns the corresponding latent space parameter

z0. The discriminator (D) has the same role as it has in the traditional GAN. That is, it distinguishes

the generated/fake stability maps output by the generator from sample maps in the input dataset.
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Figure 6: Scheme of the EGAN.

Through adversarial learning, the generator learns to generate realistic stability maps to fool the

discriminator and the decoder learns to �nd unique latent space parameters for each stability map.

The hypothesis is that if EGAN is perfectly trained, the generator connects each set of latent

space parameters to a unique stability map, and, in contrast, the trained encoder projects back each

stability map to a unique set of parameters. In addition, it is hypothesized that the perfectly trained

EGAN has a regularized latent space, which means that the encoder can map similar stability maps

to closed points in the latent space. These hypotheses are applied in the test process to predict the

intended stability map with a limited number of cutting test experiments. For now, assume that

complete knowledge of the target stability map is available, as seen in 7. The trained encoder takes

this map and projects it back into the latent space. The trained encoder �nds the unique parameters

that correspond to this map. Next, the trained generator takes the parameters that the trained

encoder found and produces the corresponding stability maps because it knows the physics. If both

the generator and encoder are perfectly trained, the generator should output the exact map that the

encoder receives. This is because, as hypothesized, there is only one vector of parameters for each

stability map.

In practice, however, knowledge regarding the parameters (� ) and, consequently, the stability

maps is incomplete. Hence, cutting tests are performed to obtain partial information about the target

stability map and then this information is used as input to the proposed approach to predict the actual
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Figure 7: Evaluation step in EGAN with complete knowledge of the stability map.

stability boundary. In this study, a simple non-physics-based Bayesian updating approach is applied

(as proposed in [20]) to obtain partial knowledge (see Figure 8) about the target stability map using a

limited number of experiments. This approach is discussed in the benchmark section (Section 3.4.1).

It is hypothesized that, given this partial knowledge of the stability map, the perfectly trained encoder

will �nd the best parameters in latent space that incorporates all the information that it receives.

If there is su�cient information, it can �nd the exact vector of parameters in the latent space that

corresponds to the target stability map and, as a result, the generator can then return the target

stability limit. However, if the information is not su�cient, the encoder may not be able to �nd the

true latent space parameters, but at least it can �nd parameters that are close enough to the true

parameters. Consequently, the generator may not be able to reconstruct the target stability map, but

it can output a map that is close enough to the target stability map. This behavior is explained using

the regularization property of the latent space.

To train the model in a way that enables the hypotheses to be tested, the loss functions of each

sub-network are formulated as follows:

Generator Loss: The generator networkG is trained to learn the physics underlying the input dataset

and generate unique stability maps for each set of latent space parameters. To do so, the generator

needs to fool the discriminator to be able to generate plausible stability maps. Hence, the generator's

loss should compute how e�ectively the discriminator distinguishes generated/fake stability maps from

input stability maps. To capture this, the generator's loss is calculated as:

L G = E
z� pz

[log(D(G(z)))] (3)
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Figure 8: Evaluation step in EGAN with partial information obtained from cutting tests

Encoder Loss: The encoder networkE should learn the opposing side of the generator. That is, it

should be able to project the stability maps generated by networkG back into the latent space to

�nd the corresponding latent space parameters. The encoder can learn this information by calculating

dissimilarities between the input parameters of the generator (z) and the corresponding reconstructed

parametersz0 = E(G(z)). Therefore, the encoder's loss is calculated as:

L E = E
z� pz

[kz � E(G(z))k1 (4)

Discriminator Loss: In adversarial learning, the discriminator is trained to classify both the real data

and the fake data from the generator. It penalizes itself for incorrectly categorizing a fake instance

(generated by the generator) as real or a real instance as fake by maximizing the function shown in

Equation 5.

L D = E
x� pX

[log(D(x))] + E
z� pz

[log(1 � D(G(z)))] (5)

3.3 Common Training Problems in GANs

The traditional GAN in its original form su�ers from two major limitations including mode collapse and

non-convergence (or training instability). Mode collapse is known as the lack of image diversity in GAN

training and happens when the generator learns to associate multiple inputz values with a single output

point. Non-convergence mainly happens when the equilibrium between the discriminator and the gen-

erator is not found. For instance, when the discriminator perfectly distinguishes between the fake and
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(a) Mode collapse (b) Instability of training

Figure 9: Examples of mode collapse and training instability in the EGAN approach.

real images and starts to reject the generated samples by the generator, there is no longer enough infor-

mation for the generator to learn from, which causes the vanishing gradient problem for the generator.

In recent years, empirical approaches have been introduced to enhance the training e�ciency

of GANs regarding mode collapse and/or training instability. For instance, the Wasserstein GAN

(WGAN) proposed in [32] has demonstrated its capacity to mitigate both of these issues. In addition,

past studies [33, 34, 35, 36, 37, 38, 39] have shown that autoencoder-based GANs generally have the

ability to prevent mode collapse. One of the most e�ective approaches to overcome non-convergence

(i.e., instability in training) is Deep Convolutional GAN (DCGAN) proposed by Radford et al. [40],

where convolutional layers replace fully connected layers. In addition, Chakraborty et al. [41] mention

that using batch normalization in GAN's structure can reduce the problem of training instability,

which is caused by poor initialization. Salimans et al. [42] show that the feature matching loss can

address the instability of training caused by over-training on the discriminator response. Goodfellow

et al. [30] suggest training the discriminator fornd > 1 steps every time the generator is trained for one

step. This would help balancing the power/optimization of the discriminator and generator networks.

Goodfellow et al. [43] also recommend to balance the generator and discriminator by optimizing the

model size.

Figure 9 provides examples of the mode collapse as well as the training instability problems in

EGAN. Speci�cally, this �gure presents a complete batch of 16 stability maps, which are generated

using the generator network by inputting 16 random Gaussian noise samples. As seen in Figure 9a,

it is apparent that the generator network su�ers from the mode collapse problem and fails to produce

diverse and realistic stability maps. In addition, Figure 9b demonstrates that the generator network

is a�ected by training instability, which leads to the generation of noisy stability maps.

Although many approaches have been proposed to overcome mode collapse and instability of train-

ing problems, they have not been completely solved. In this study, existing approaches are applied to

address both problems, which are explained later in the results section.
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3.4 Benchmarks

In this section, two state-of-the-art machine learning approaches are described, including Bayesian

learning and ensemble transfer learning approaches, that have been successfully applied for stability

prediction. These two approaches are used as benchmarks in this study.

3.4.1 Bayesian Learning

The Bayesian learning approach, which is proposed by Karandikar et al. [20], �nds the stability

boundary in milling without knowledge of the underlying tool dynamics or cutting force coe�cients.

In this approach, a prior for the stability map is �rst identi�ed. The prior is the current beliefs about

the parameters that are formed based on all available data. Second, the prior probability is updated

using the Bayes' rule and experimental data.

In this study, the prior probabilities are established using the basic knowledge that high axial

depths are more likely to be unstable at a selected spindle speed. To de�ne the prior, the space of the

stability map is �rst divided into several grid points. Then, the prior probability of stability ( p(sG))

for each grid point G on the map is de�ned using the prior knowledge (see Figure 10a). As a result,

each grid point has ap(sG) probability of stability and a p(uG) = 1 � p(sG) probability of instability.

The goal is to update the probability of all grid points given a stable (+) or unstable (� ) result at

the test point T. Equation 6 shows the Bayes' rule to update the probability at grid pointG based

on a stable result at test pointT.

p(sG j+ T ) =
p(+ T jsG)p(sG)

p(+ T )
; (6)

p(+ T ) = p(+ T jsG)p(sG) + p(+ T juG)p(uG) (7)

Based on expert knowledge of the stability behavior, the likelihood probabilitiesp(+ T jsG) and

p(+ T juG) are de�ned as follows (for more details please see [20]):

p(+ T jsG)N j ;bT = 0:5 +
e

� 0:5(
N j � N T

� N bT

)2

2
; (8)

p(+ T juG)N j ;bT = 1 � p(+ T jsG)N j ;bT ; (9)

p(+ T jsG)N j ;bi >b T = 0:5 +
e

� 0:5(
N j � N T

� N bi

)2

2
; (10)

p(+ T juG)N j ;bi >b T = 0:5 +
e

� 0:5(
N j � N T

� N bi

)2

( 1
p(+ T juG )N T ;bi � 0:5)

; (11)
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(a) Prior probability of stability
map

(b) Posterior probability of sta-
bility given a stable result at
11,000 rpm, 1.5 mm

(c) Posterior probability of sta-
bility given an unstable result at
11,000 rpm, 1.5 mm

Figure 10: Stability prior and updatet posterior given stable and unstable results.

where,

p(+ T juG)NT ;bi =

8
>>><

>>>:

0 bi � bT

e� 0:5(
bi � ( bT +3 � b)

� b
)2

bT < bi � bT + 3� b

1 bi > bT + 3� b

(12)

� Nbi
=

8
<

:
�

� N bT
3� b

bi +
� N bT

(bT +3 � b)

3� b
bi � bT + 3� b

0 bi > bT + 3� b

(13)

In these equations,N j and bj denote the spindle speed and depth of cut at grid pointj , respectively.

In addition, � b and � NbT
capture the in
uence of the stable result at axial depths of cut and spindle

speed, respectively. The likelihood probability values for an unstable test� T are the opposite of those

for a stable test. Equations 8 to 13 are modi�ed for an unstable test but are not shown here for brevity.

Figures 10b and 10c present the posterior probabilities updated using these equations for a stable and

unstable test result, respectively.

3.4.2 Ensemble Transfer Learning

Ensemble transfer learning, which was originally proposed by Postel et al. [27], is a deep learning-

based approach that is designed to predict milling stability maps in milling by utilizing simulated

and experimental data. In this approach, simulated data is utilized as the starting point for training

feed-forward neural networks to learn the concept of stability maps. Next, experimental data are used

to �ne-tune the pre-trained neural networks so that these networks can adapt to the actual behavior

of the system. The ensemble transfer learning framework includes six steps, as follows:

1) Parameter sampling: In this step, the uncertain parameters are sampledNnet times from their
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distributions and then fed to an existing stability model to generate the corresponding stability

maps. This step results inNnet simulated stability maps.

2) Generating training datasets: Each stability map generated in Step 1 is divided into several

grid points to construct Nsim arti�cial cutting tests ( ni ; bi ). As a result, Nnet training datasets

are constructed in this step, each of which containsNsim cutting tests.

3) Stability evaluation: In this step, the stable or unstable labelsci for all pairs of spindle speed

and cutting depth (ni ; bi ) in each training dataset are determined by utilizing the corresponding

stability map generated in Step 1.

4) Pre-training: Each generated dataset from Step 2 and corresponding output labels from Step 3

are used to pre-train a fully connected neural network. As a result,Nnet neural networks are

trained to learn the shape of the each of the stability map in the training dataset. The structure

of these neural networks is presented in Figure 11.

5) Fine tuning: In this step, each pre-trained neural network in Step 4 is �ne-tuned by utilizing

the experimental cutting tests. As a result, the pre-trained neural network that had learned the

general shape of the stability boundary is now adapted to the actual stability behavior using the

experimental data.

6) Prediction: Finally, each of the �ne-tuned networks in Step 5 is used to predict the target stability

map. Next, a truncated mean approach is used to average the stability maps obtained fromNnet

�ne-tuned networks to get the �nal stability map.

3.5 Cutting Tests Selection

This section outlines the approach for selecting �ve and 10 cutting tests, which are conducted for

evaluation. This study initiates by randomly selecting �ve cutting tests from the stability map space

(i.e., spindle speed and axial depth of cut) to predict the actual stability map. Subsequently, an

additional �ve cutting tests are selected based on the previous set of �ve chosen points to form a total

of 10 test points, to increase the accuracy of the stability map prediction.

The initial selection of �ve test points is accomplished through the use of a grid-based approach,

which is detailed below. First, the stability map space is partitioned into 25 subspaces by equally

dividing the range of spindle speed and axial depth of cut into �ve parts (see Figure 12a). Next, the

�rst test point is randomly selected from the second subspace. Note that the second subspace is always

used as the starting point in all setups. Then, the next subspace is selected from the second range of

spindle speed (i.e. from subspaces 6, 7, 8, 9, and 10) considering the stability behavior of the current
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Figure 11: Neural network architecture in ensemble transfer learning.

(a) stability map subspaces (b) Five test cuts (c) Ten test cuts

Figure 12: Grid search to select �ve and 10 test cuts in the numerical analysis.

test result. If the current test result is stable, the subsequent subspace is selected from the upper range

of axial depth of cut. Conversely, if the current test result is unstable, the next subspace is selected

from the lower range of axial depth of cut. Once the subspace is selected, the next test point is chosen

randomly from the selected subspace. This process is repeated until all �ve test points are selected.

In this way, this approach ensures that at least one test from each range of spindle speed is selected.

Figure 12b presents a sample path for the selection of �ve cutting tests from a known stability limit.

Note that the stability or instability of the test results in the numerical experiments is determined by

comparing the known axial depth of cut to the test axial depth of cut. Speci�cally, the test results

are considered stable if, at the selected spindle speed, the known axial depth of cut from the stability

map exceeds the test axial depth of cut. Conversely, if the known axial depth of cut is lower than the

test axial depth of cut, the test results are deemed unstable.

This grid search approach is based on stability behavior, which dictates that if an unstable cut
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occurs within a certain range of axial depth of cut, the probability of unstable cuts in a subspace with

a larger axial depth of cut is greater than the probability of getting stable cuts. Alternately, if a stable

cut occurs within a certain range of axial depth of cut, the probability of stable cuts at a lower axial

depth of cut is greater than the probability of unstable cuts.

To obtain 10 test cuts, the initial selection of �ve is extended by including an additional set of �ve.

The selection begins by partitioning the axial depth of cut into 10 equal parts, thereby subdividing

the stability map space into more subspaces. Next, a test cut is selected from the previous set of tests

and, depending on the stability of this selected test cut, tests with larger axial depth of cuts but the

same spindle speed are chosen if stable, or tests with lower axial depth of cuts but the same spindle

speed are chosen if unstable. The selection of axial depth of cut is in
uenced by the acceptable level

of risk. However, it is important to note that the choice of axial depth of cut is limited to the borders

of each subspace. Figure 12c illustrates a sample path to extract 10 test points from a known stability

limit. As depicted in the �gure, this approach yields the selection of points that are in proximity to the

stability boundary, thereby providing adequate information for both the EGAN and other approaches

to accurately predict the target stability map.

3.6 General Framework of the Proposed and Benchmarks Approaches

The general framework of the proposed and benchmarks approaches is presented in Figure 13. In

the �rst step, N sample parameters (f � i = ( K i
s; � i ; f i

n ; ki ; � i )ji = 1; :::; Ng) are generated from their

distribution P(� ). These parameters are input to the physics model to �nd the stability limitblim for

each axial depth of cutn and, as a result, the corresponding stability map. This step results inN

simulated stability maps. These simulated stability maps are then used as training samples to train

the EGAN and ensemble transfer learning approaches in the second step. Note that in the EGAN

approach, the lastM = 100 trained networks are selected to make prediction. Next, in the third step,

a small number of test cuts are selected based on the grid search approach proposed in Section 3.5. As

seen in the �gure, the cutting test points are augmented by establishing that for a stable test, all test

points at the same spindle speed and a lower axial depth of cut will also exhibit stability. Conversely,

if a test is unstable, then all test points with the same spindle speed and a higher axial depth of cut

will also exhibit instability.

Finally, in the fourth step, the target stability map is predicted using the Bayesian learning,

ensemble transfer learning, and EGAN approaches. The cutting tests are used by the Bayesian learning

approach to predict the target stability map. The augmented cutting tests are used to �ne tune the

pre-trained neural networks. Next these �ne-tuned neural networks are used to predict the stability

map. Lastly, the partial information obtained by the Bayesian learning approach is used as input for

the M trained encoders and generators in EGAN to predict the target stability map. Each trained

encoder receives the partial information as input and attempts to �nd the best latent space parameters

18



Table 1: Process parameters for three tool setups.

Setup 1 Setup 2 Setup 3 Unit
Tool diameter 25.4 25.4 12.7 mm
No. of teeth 4 4 3 -
Feed 0.1 0.1 0.1 mm/tooth
Feed direction Climb Climb Climb -
Radial immersion 25% 50% 75% -

that cover the maximum amount of information it receives. Next, each of the trained generators is

used to predict the actual stability map from the latent parameters that the encoder found. Lastly,

the prediction is obtained by taking the average of theM outputs of the generators.

4. Experimental Veri�cation

4.1 Numerical Experiments

In this section, numerical experiments are conducted to evaluate the proposed and benchmark ap-

proaches to identifying a known stability map. A description of the setups for the numerical experi-

ments is �rst provided. Next, the training performances of the EGAN and ensemble transfer learning

approaches are presented. Finally, a comparison between the EGAN, ensemble transfer learning, and

Bayesian learning approaches using numerical experiments is provided.

4.1.1 Experiments Setup

To investigate the e�ciency of the proposed EGAN approach for milling stability prediction under

di�erent target conditions, three tool setups with di�erent process and modal parameters are selected,

and their speci�c information is listed in Tables 1 and 2. Speci�cally, Table 1 presents process param-

eters for these three tool setups, including the tool diameter, number of teeth, feed, feed direction,

and radial immersion, which refers to the depth of cut as a percentage of the tool diameter. As seen

in this table, a climb-milling machining process is considered with tool diameters in the range of 12.7

mm to 25.4 mm, three or four teeth, and radial, and radial immersion in the range of 25% to 75% for

di�erent setups.

Table 2 presents the uncertain process and modal parameters with their respective distributions

for the three tool setups. As seen in Table 2, in Setups 1 and 2, a SDOF system is considered with �ve

unknown parameters related to the cutting coe�cients and tool tip dynamics, includingK s, � , k, f n ,

and � . The entries for Setups 1 and 2 can be considered as a series of �ve univariate normal distributions

with mean values of� 1; � 2; � 3; � 4; � 5 and standard deviations of� 1; � 2; � 3; � 4; � 5. Generating sample

parameters from each of these distributions gives a series of values� i = ( K i
s; � i ; f i

n ; ki ; � i ). However, it

19



Figure 13: General framework of the proposed and benchmarks approaches.
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Table 2: Uncertain process and modal parameters with their respective distributions for three tool
setups. Two target stability maps in each setup are considered for prediction in the numerical experi-
ments.

Parameter
Distribution

(N (�; � ))
Target 1 Target 2 Stability map

Setup 1 K s(N=m2) N (8 � 108; 1:6 � 108) 5:2 � 108 10:2 � 108

� (degree) N (68; 6:8) 63 74

f n (Hz) N (1000; 100) 929 1164

k (N/m) N (8 � 106; 1:6 � 106) 6:16� 106 9:94� 106

� N (0:03; 0:006) 0.027 0.027

Setup 2 K s(N=m2) N (6 � 108; 1:2 � 108) 6:67� 108 4:99� 108

� (degree) N (68; 6:8) 67 58

f n (Hz) N (1200; 120) 1096 1484

k (N/m) N (5 � 106; 1 � 106) 5:1 � 106 4:28� 106

� N (0:02; 0:004) 0.017 0.024

Setup 3 K s(N=m2) N (� s3; � s3) 6 � 108 3:7 � 108

� (degree) N (� s3; � s3) 68 57

f n1 (Hz) N (� s3; � s3) 1286 1272

k1 (N/m) N (� s3; � s3) 4:72� 106 8:2 � 106

� 1 N (� s3; � s3) 0.041 0.040

f n2 (Hz) N (� s3; � s3) 1694 1584

k2 (N/m) N (� s3; � s3) 7:90� 106 5:50� 106

� 2 N (� s3; � s3) 0.033 0.038
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is more bene�cial to consider the inputs as a single �ve-dimensional multivariate normal distribution

N 5(� s; � s) with a mean vector � s and covariance matrix � s:

� s = [ � 1; � 2; � 3; � 4; � 5] (14)

� s =

" � 2
1 0 0 0 0

0 � 2
2 0 0 0

0 0 � 2
3 0 0

0 0 0 � 2
4 0

0 0 0 0 � 2
5

#

(15)

In Setup 3, a 2DOF with eight unknown parameters related to the cutting coe�cients and tool tip

dynamics is considered. The uncertainty of these parameters is captured through an eight-dimensional

multivariate normal distribution N 8(� s3; � s3) with mean vector � s3 and covariance matrix � s3; the

subscript 3 denotes the setup number. The values for the vector� s3 and matrix � s3 are presented in

Equations 16 and 17.

� s3 = [4 � 108; 68; 1301; 6:64� 106; 0:049; 1659; 6:75� 106; 0:03] (16)

� s3 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 � 1016 0 0 0 0 0 0 0

0 46:24 0 0 0 0 0 0

0 0 5:3 � 103 � 1:2 � 108 0:67 1:3 � 104 1 � 108 � 1:5

0 0 � 1:2 � 108 5:7 � 1012 � 2:1 � 104 � 3:6 � 108 � 3:8 � 1012 6:1 � 104

0 0 0:67 � 2:1 � 104 1:1 � 10� 4 1:72 1:7 � 104 � 1:9 � 10� 4

0 0 1:3 � 104 � 3:6 � 108 1:72 3:5 � 104 2:8 � 108 � 4:57

0 0 1� 108 � 3:8 � 1012 1:7 � 104 2:8 � 108 2:8 � 1012 � 4:1 � 104

0 0 � 1:5 6:1 � 104 � 1:9 � 10� 4 � 4:57 � 4:1 � 104 8:3 � 10� 4

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(17)

Table 2 also presents two target stability maps in each setup for prediction. These target stability

maps are used for the numerical experiments, where the boundary is known, and this known boundary

is predicted using a limited number of numerical experiments. This table presents the parameter

values and corresponding stability maps for the two targets considered in each setup. Note that the

parameters for these targets are drawn from the corresponding distributions. In this table, the target

stability maps are shown along with the stability map that is obtained using the mean of the normal

distribution, which is labeled \Prior Mean" in the map.

To show how closely the prior would represent each target, the probabilistic map is constructed. To

do so, the prior distribution listed in Table 2 is used to generateN = 4000 sample parameters, which

are used as input to the physics model to predict the stability maps. For each sample parameter� ,
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(a) Setup1 (b) Setup 2 (c) Setup 3

Figure 14: Prior probabilistic stability map for each setup obtained by 4000 simulated stability maps.

the physics model computes the maximum cutting depth without chatterblim for some spindle speeds

n. Determining this value for each spindle speed and for each parameter results in the probabilistic

stability map depicted in Figure 14. The gray-scale level of each point (n; b) is the probability of

stability, which is calculated using the following equation:

Pstability =
1
N

NX

i =1

blim (n; � i ) < b (18)

The probability of stability at a speci�c point indicates the number of stability maps that forecast

stable cutting test at that point. Figure 14 shows the resulting probabilistic stability map along with

the prior and target stability maps for each setup. As expected, the probabilistic stability map could

represent the stability map that is related to the prior mean with a good approximation; however, it

does not represent the stability maps that are related to Targets 1 and 2. For instance, Target 2 in

Setup 2 completely contradicts the probabilistic stability map. Note that the simulated stability maps

that are applied here to draw the probabilistic stability map are also used as the training dataset to

train the EGAN and transfer learning approaches.

4.1.2 Training Performance

This section presents the training performance of the EGAN and transfer learning approaches. It

should be noted that the Bayesian learning approach does not include a distinct training step. To

train these approaches, 4000 sample stability maps are generated using the uncertainty distribution

provided in Table 2. These samples are then employed to train the EGAN approach and pre-train the

neural networks in the ensemble transfer learning approach. This enables both approaches to acquire

a comprehensive understanding of stability maps.

Per the discussion in Section 3.3, deep convolutional layers with batch normalization are used for

the sub-networks in the architecture of the EGAN approach to overcome mode collapse and train-

ing instability. The models (i.e., the generator, encoder, and discriminator) are initialized with the

hyperparameter values suggested in [40], but the parameters that are most important to learning,
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including number of hidden layers, activation functions, learning rate, batch size, and latent space

dimension are updated to get a perfectly trained generator and encoder. To balance the power of the

discriminator and generator networks, the discriminator's size is decreased to two convolutional layers

and the generator's size is increased to eight convolutional transpose layers. In addition, it is observed

that increasing the number of steps for training the discriminator (nd) per iteration of generator train-

ing can aid in reducing noise in the generated images. However, the optimal value ofnd may vary

depending on the speci�c tool setup being used. Therefore, it is recommended to experiment with

di�erent values of nd, ranging from 1, and iteratively adjust it to �nd the best-performing model for

a given tool setup. Furthermore, one can choose between the sigmoid and hyperbolic tangent (tanh)

activation functions in the last layer of the generator to reduce the noise in the generated images.

Per preliminary analysis, the following architectures1 are selected for the generator, encoder, and

discriminator networks in the EGAN approach to reduce the training failure modes. The generator

network consists of eight convolutional transpose layers, batch-normalization with the Leaky-ReLU

activation function, and a tanh function in the last layer. The encoder network consists of eight

convolutional layers followed by batch-normalization and the Leaky-ReLU activation function. The

discriminator consists of two convolutional layers in which the �rst layer is followed by a Leaky-

ReLU activation function and the second layer is followed by a sigmoid activation function. The

dimensionality of the latent space has been optimized for four.

The performance of the achieved generator and encoder networks during the training process on

Setup 2 is illustrated in Figures 15 and 16. Speci�cally, Figure 15 depicts the progression of the

generator's ability to produce plausible stability maps throughout the training process. As depicted in

the �gure, the generator initially produces random noise in the �rst few epochs. However, as training

progresses, it acquires the ability to fool the discriminator and ultimately generate plausible stability

maps. Despite the generator's ability to produce a diverse range of stability maps, it still exhibits

some level of noise in the generated output. This suggests that the issue of training instability has not

been entirely resolved, even though the generator does not su�er from mode collapse.

Figure 16 depicts the advancement of both the encoder and generator's capability to reproduce a

given stability map throughout the training process. More speci�cally, this �gure demonstrates how

the encoder can �nd the unique latent space parameters that correspond to the input stability map

as it undergoes the training process. As explained in the Methodology section, a perfectly trained

encoder and generator should result in a reconstructed stability map (G(E(x))) that is either identical

or very similar to the input stability map x. The input stability map depicted in this �gure is derived

from the\Prior Mean" utilized in Setup 2. As illustrated in the �gure, during the initial epochs, the

encoder is unable to identify the latent parameter that corresponds to the input map. This outcome

1The code is available athttps://github.com/srezaei90/GANs-to-predict-stability-maps-in-milling-machining.
git
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(a) Epoch 1 (b) Epoch 5

(c) Epoch 10 (d) Epoch 100

Figure 15: Stability maps produced by the generator during the training process for Setup 2.

(a) Input stability
map

(b) Epoch 1 (c) Epoch 5 (d) Epoch 10 (e) Epoch 100

Figure 16: The reconstruction (G(E(x))) of the \Prior Mean" stability map in Setup 2 during the
training process.

is to be expected, given that the generator possesses only a limited understanding of stability maps

in the initial epochs. Consequently, the encoder, which relies on the generator's outputs for learning

purposes, is unable to accurately connect the input stability map to the latent space. As the training

progresses, the generator gains a deeper understanding of the physics underlying stability maps, and

as a result, the encoder becomes more adept at accurately connecting the input stability map to the

latent space. As depicted in the �gure, at epoch 100, the encoder and generator are able to successfully

reconstruct the input stability map with a high degree of accuracy.

In ensemble transfer learning, it is necessary to pre-trainNnet fully connected neural networks

on Nnet simulated stability maps so that each neural network can learn the shape of each stability

map. However, the entire training dataset, including 4000 simulated maps, cannot be used to train

4000 neural networks, as it would be computationally expensive. Hence, a subset is selected from the

training dataset containing 200 sample stability maps to trainNnet = 200 neural networks. Figure
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