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Abstract

Code verification plays an important role in establishing the credibility of computational simulations by
assessing the correctness of the implementation of the underlying numerical methods. In computational
electromagnetics, the numerical solution to integral equations incurs multiple interacting sources of numerical
error, as well as other challenges, which render traditional code-verification approaches ineffective. In this
paper, we provide approaches to separately measure the numerical errors arising from these different error
sources for the method-of-moments implementation of the combined-field integral equation. We demonstrate
the effectiveness of these approaches for cases with and without coding errors.
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1. Introduction

For electromagnetic scatterers, Maxwell’s equations, together with appropriate boundary conditions, may
be formulated as surface integral equations (SIEs). The most common SIEs for modeling time-harmonic
electromagnetic phenomena are the electric-field integral equation (EFIE), which relates the surface current
to the scattered electric field, and the magnetic-field integral equation (MFIE), which relates the surface
current to the scattered magnetic field. The EFIE arises from the condition that the total tangential electric
field on the surface of a perfect electric conductor is zero, whereas the MFIE arises from the condition that
the component of the total magnetic field tangent to the surface of a perfect electric conductor is equal to
the surface current density. At certain frequencies, the accuracy of the solutions to the EFIE and MFIE
deteriorates due to the internal resonances of the scatterer. Therefore, the combined-field integral equation
(CFIE), which is a linear combination of the EFIE and MFIE, is employed to overcome this problem.

These SIEs are typically solved through the method of moments (MoM), wherein the surface of the
electromagnetic scatterer is discretized using planar or curvilinear mesh elements, and four-dimensional
integrals are evaluated over two-dimensional source and test elements. These integrals contain a Green’s
function, which yields singularities when the test and source elements share one or more edges or vertices,
and near-singularities when they are otherwise close. The accurate evaluation of these integrals is an active
research topic, with many approaches being developed to address the (near-)singularity for the inner, source-
element integral [1–10], as well as for the outer, test-element integral [11–15].

Code verification plays an important role in establishing the credibility of results from computational
physics simulations [16–18] by assessing the correctness of the implementation of the underlying numerical
methods. The discretization of differential, integral, or integro-differential equations incurs some truncation
error, and thus the approximate solutions produced from the discretized equations will incur an associated
discretization error. If the discretization error tends to zero as the discretization is refined, the consistency
of the code is verified [16]. This may be taken a step further by examining not only consistency, but the
rate at which the error decreases as the discretization is refined, thereby verifying the order of accuracy of
the discretization scheme. The correctness of the numerical-method implementation may then be verified
by comparing the expected and observed orders of accuracy obtained from numerous test cases with known
solutions.
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To measure the discretization error, a known solution is required to compare with the discretized solution.
Exact solutions are generally limited and may not sufficiently exercise the capabilities of the code. Therefore,
manufactured solutions [19] are a popular alternative, permitting the construction of arbitrarily complex
problems with known solutions. Through the method of manufactured solutions (MMS), a solution is
manufactured and substituted directly into the governing equations to yield a residual term, which is added
as a source term to coerce the solution to the manufactured solution.

For code verification, integral equations yield an additional challenge. While analytical differentiation
is straightforward, analytical integration is not always possible. Therefore, the residual source term arising
from the manufactured solution may not be representable in closed form, and its implementation may be
accompanied by numerical techniques that carry their own numerical errors. Furthermore, for the EFIE,
MFIE, and CFIE, the aforementioned (nearly) singular integrals can further complicate the numerical eval-
uation of the source term. Therefore, many of the benefits associated with MMS are lost when applied
straightforwardly to these integral equations.

There are many examples of code verification in the literature for different computational physics dis-
ciplines. These disciplines include aerodynamics [20], fluid dynamics [21–27], solid mechanics [28], fluid–
structure interaction [29, 30], heat transfer in fluid–solid interaction [31], multiphase flows [32, 33], radiation
hydrodynamics [34], electrostatics [35], electrodynamics [36, 37], magneto-hydrodynamics [38], and abla-
tion [39–43]. For electromagnetic SIEs, code-verification activities that employ manufactured solutions have
been limited to the EFIE [44–47] and, more recently, the MFIE [48].

As described in [46, 48], the EFIE and MFIE, and consequently the CFIE, incur numerical error due
to curved surfaces being approximated by planar elements (domain-discretization error), the solution being
approximated as a linear combination of a finite number of basis functions (solution-discretization error),
and the approximate evaluation of integrals using quadrature rules (numerical-integration error).

For the EFIE, Marchand et al. [44, 45] compute the MMS source term using additional quadrature
points. Freno et al. [46] manufacture the Green’s function, permitting the numerical-integration error to
be eliminated and the solution-discretization error to be isolated. Freno et al. [47] also provide approaches
to isolate the numerical-integration error. For the MFIE, Freno and Matula [48] isolate and measure the
solution-discretization error and numerical-integration error.

In this paper, we present code-verification techniques for the MoM implementation of the CFIE that
isolate and measure the solution-discretization error and numerical-integration error. For curved surfaces,
the domain-discretization error cannot be completely isolated or eliminated, but methods are presented
in [48] to account for it in the MFIE. These methods can be applied to the CFIE straightforwardly. In
this work, we avoid the domain-discretization error by considering only planar surfaces. We isolate the
solution-discretization error by approximating the Green’s function in terms of even powers of the distance
between the test and source points. Through this approximation, we can evaluate the integrals exactly,
thereby avoiding numerical-integration error. The approximated Green’s function differs from the previously
manufactured Green’s function [46, 48] by more closely resembling the actual Green’s function with higher-
degree polynomials of the distance. We isolate the numerical-integration error by canceling the influence of
the basis functions. We perform convergence studies for different wavenumbers and combination parameters
to vary the relative weights between the terms in the CFIE within a physically realistic range.

By approximating the Green’s function in terms of even powers of the distance, we avoid the challenges
associated with evaluating the aforementioned (nearly) singular integrals. Given the computational expense
of computing accurate reference solutions, assessing these integral evaluations is best accomplished through
extensive unit testing as complementary code verification. Examples for the EFIE are included in [15, 49].

This paper is organized as follows. In Section 2, we describe the MoM implementation of the CFIE. In
Section 3, we describe the challenges of using MMS with the MoM implementation of the CFIE, as well as our
approach to mitigating them. In Section 4, we describe our approach to approximating the Green’s function
and evaluating integrals containing it. In Section 5, we demonstrate the effectiveness of our approaches for
several different configurations with and without coding errors. In Section 6, we summarize this work.
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2. The Method-of-Moments Implementation of the Combined-Field Integral Equation

In time-harmonic form, the scattered electric field ES and magnetic field HS due to induced surface
currents on a scatterer can be computed by [50]

ES(x) = −(jωA(x) +∇Φ(x)), (1)

HS(x) = 1
µ
∇×A(x), (2)

where the magnetic vector potential A is defined by

A(x) = µ

∫
S′

J(x′)G(x,x′)dS′, (3)

and, by employing the Lorenz gauge condition and the continuity equation, the electric scalar potential Φ is
defined by

Φ(x) = j

εω

∫
S′
∇′ · J(x′)G(x,x′)dS′. (4)

In (3) and (4), the integration domain S′ = S is the closed surface of a perfect electric conductor, where
the prime notation is introduced here to distinguish the inner and outer integration domains later in this
section. Additionally, J is the electric surface current density, µ and ε are the permeability and permittivity
of the surrounding medium, and G is the Green’s function

G(x,x′) = e−jkR

4πR , (5)

where R = ‖R‖2, R = x− x′, and k = ω
√
µε is the wavenumber.

2.1. The Electric-Field Integral Equation
The total electric field E is the sum of the incident electric field EI , which induces J, and ES . On S,

the tangential component of E is zero, such that

ESt = −EIt , (6)

where (·)t denotes the tangential component. Substituting (1) into (6) yields the EFIE at a point on the
surface of the scatterer, from which we can compute J from EI :

(jωA +∇Φ)t = EIt . (7)

2.2. The Magnetic-Field Integral Equation
The total magnetic field H is the sum of the incident magnetic field HI and HS . On S,

n×H = J, (8)

where n is the unit vector normal to S. Noting that ∇×
[
J(x′)G(x,x′)

]
= ∇G(x,x′)× J(x′) and

∇G(x,x′) = −∇′G(x,x′), (9)

from (2) and (3),

HS(x) =
∫
S′

J(x′)×∇′G(x,x′)dS′

when x is just outside of S. Therefore, at S,

n×HS = lim
x→S

n×
∫
S′

J(x′)×∇′G(x,x′)dS′ = 1
2J + n×

∫
S′

J(x′)×∇′G(x,x′)dS′, (10)

where the final term is evaluated through principal value integration. From (8) and (10) the MFIE at a
point on the surface of the scatterer is [51, 52]

1
2J− n×

∫
S′

J(x′)×∇′G(x,x′)dS′ = n×HI . (11)
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2.3. The Method of Moments

Inserting (3) and (4) into (7), projecting (7) onto an appropriate space V containing vector fields that
are tangent to S, and integrating by parts yields the variational form of the EFIE: find J ∈ V, such that∫

S

EI · v̄dS = jωµ

∫
S

v̄(x) ·
∫
S′

J(x′)G(x,x′)dS′dS − j

εω

∫
S

∇ · v̄(x)
∫
S′
∇′ · J(x′)G(x,x′)dS′dS (12)

for all v ∈ V, where the overbar denotes complex conjugation.
We can write (12) more succinctly in terms of a sesquilinear form and inner product:

aE(J,v) = bE
(
EI ,v

)
, (13)

where the sesquilinear form and inner product are defined by

aE(u,v) = jωµ

∫
S

v̄(x) ·
∫
S′

u(x′)G(x,x′)dS′dS − j

εω

∫
S

∇ · v̄(x)
∫
S′
∇′ · u(x′)G(x,x′)dS′dS,

bE(u,v) =
∫
S

u(x) · v̄(x)dS.

Projecting (11) onto V yields the variational form of the MFIE: find J ∈ V, such that

1
2

∫
S

v̄ · JdS −
∫
S

v̄(x) ·
(

n(x)×
∫
S′

J(x′)×∇′G(x,x′)dS′
)
dS =

∫
S

v̄ ·
(
n×HI

)
dS (14)

for all v ∈ V. We can write (14) more succinctly as

aM(J,v) = bM
(
HI ,v

)
, (15)

where the sesquilinear forms are defined by

aM(u,v) = 1
2

∫
S

v̄(x) · u(x)dS −
∫
S

v̄(x) ·
(

n(x)×
∫
S′

u(x′)×∇′G(x,x′)dS′
)
dS,

bM(u,v) =
∫
S

v̄(x) · [n(x)× u(x)]dS.

The CFIE linearly combines the EFIE (13) and MFIE (15) to yield the variational problem: find J ∈ V,
such that

a(J,v) = b
(
EI ,HI ,v

)
∀v ∈ V, (16)

where

a(J,v) = α

η
aE(J,v) + (1− α)aM(J,v), (17)

b
(
EI ,HI ,v

)
= α

η
bE
(
EI ,v

)
+ (1− α)bM

(
HI ,v

)
. (18)

In (17) and (18), α ∈ [0, 1] is the combination parameter, and η =
√
µ/ε is the characteristic impedance of

the surrounding medium. It should be noted this is one of multiple choices for the CFIE [53, 54]; however,
the verification methods presented in this paper can be applied to the other CFIE choices.

To solve the variational problem (16), we discretize S with a mesh composed of triangular elements and
approximate J with Jh in terms of the Rao–Wilton–Glisson (RWG) basis functions Λj(x) [3]:

Jh(x) =
nb∑
j=1

JjΛj(x), (19)
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where nb is the total number of basis functions. The RWG basis functions are second-order accurate [55,
pp. 155–156], and are defined for a triangle pair by

Λj(x) =



`j

2A+
j

ρ+
j , for x ∈ T+

j

`j

2A−j
ρ−j , for x ∈ T−j

0, otherwise

,

where `j is the length of the edge shared by the triangle pair, and A+
j and A−j are the areas of the triangles

T+
j and T−j associated with basis function j. ρ+

j denotes the vector from the vertex of T+
j opposite the

shared edge to x, and ρ−j denotes the vector to the vertex of T−j opposite the shared edge from x.
These basis functions ensure that Jh is tangent to the mesh when using planar triangular elements.

Additionally, along the shared edge of the triangle pair, the component of Λj(x) normal to that edge is
unity. Therefore, for a triangle edge shared by only two triangles, the component of Jh normal to that edge
is Jj . The solution is considered most accurate at the midpoint of the edge [55, pp. 155–156]; therefore, we
measure the solution at the midpoints.

Defining Vh to be the span of RWG basis functions associated with the mesh on S, the Galerkin approx-
imation of (16) is now: find Jh ∈ Vh, such that

a(Jh,Λi) = b
(
EI ,HI ,Λi

)
(20)

for i = 1, . . . , nb. Letting Jh denote the vector of coefficients used to construct Jh (19), (20) can be written
in matrix form as ZJh = V, where Zi,j = a(Λj ,Λi) is the impedance matrix, Jhj = Jj is the current vector,
and Vi = b

(
EI ,HI ,Λi

)
is the excitation vector.

3. Manufactured Solutions

We define the residual functional for each test basis function as

ri(u) = a(u,Λi)− b
(
EI ,HI ,Λi

)
. (21)

We can write the variational form (16) in terms of (21) as

ri(J) = a(J,Λi)− b
(
EI ,HI ,Λi

)
= 0. (22)

Similarly, we can write the discretized problem (20) in terms of (21) as

ri(Jh) = a(Jh,Λi)− b
(
EI ,HI ,Λi

)
= 0. (23)

The method of manufactured solutions modifies (23) to be

ri(Jh) = ri(JMS), (24)

where JMS is the manufactured solution, and r(JMS) is computed exactly.
Inserting (22) and (23) into (24) yields

a(Jh,Λi) = a(JMS,Λi). (25)

However, instead of solving (25), we can equivalently solve (20) by setting

b
(
EI ,HI ,Λi

)
= a(JMS,Λi). (26)

Equation (26) is satisfied by [46]

EI = j

εω

∫
S′

[
k2JMS(x′)G(x,x′) +∇′ · JMS(x′)∇G(x,x′)

]
dS′,
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which, from (9), is equivalent to

EI = j

εω

∫
S′

[
k2JMS(x′)G(x,x′)−∇′ · JMS(x′)∇′G(x,x′)

]
dS′, (27)

and [48]

HI = 1
2JMS × n−

∫
S′

JMS(x′)×∇′G(x,x′)dS′. (28)

3.1. Solution-Discretization Error
In (20), if the integrals in a(·, ·) (17) and b(·, ·) (18) are evaluated exactly, the only contribution to the

discretization error is the solution-discretization error. Solving for Jh enables us to compute the discretization
error

eJ = Jh − Jn, (29)

where Jnj
denotes the component of JMS flowing from T+

j to T−j . The norm of (29) has the property
‖eJ‖ ≤ CJh

pJ , where CJ is a function of the solution derivatives, h is representative of the mesh size, and
pJ is the order of accuracy. By performing a mesh-convergence study of the norm of the discretization error,
we can ensure the expected order of accuracy is obtained. For the RWG basis functions, the expectation is
second-order accuracy (pJ = 2) when the error is evaluated at the edge centers [55].

3.2. Numerical-Integration Error
In practice, the integrals in a(·, ·) (17) and b(·, ·) (18) are evaluated numerically, yielding the approxima-

tions aq(·, ·) and bq(·, ·). aq(·, ·) and bq(·, ·) are obtained by integrating over each triangular element using
quadrature, and generally incur a numerical-integration error. Therefore, it is important to measure the
numerical-integration error without contamination from the solution-discretization error.

In [48], approaches are presented to isolate the numerical-integration error by canceling or eliminating
the solution-discretization error. In this paper, we cancel the solution-discretization error and measure the
numerical-integration error from

ea(JhMS) = aq(JhMS ,JhMS)− a(JhMS ,JhMS), (30)
eb (JhMS) = bq

(
EIMS,HIMS,JhMS

)
− b
(
EIMS,HIMS,JhMS

)
, (31)

where JhMS is the basis-function representation of JMS, obtained from (19) by setting the coefficients Jj
equal to the normal component of JMS at the midpoint of each edge associated with Λj(x). The presence of
the basis functions in the minuend and subtrahend of (30) and (31) cancels the solution-discretization error.
Equations (30) and (31) have the properties |ea(JhMS)| ≤ Cah

pa and |eb(JhMS)| ≤ Cbh
pb , where Ca and Cb

are functions of the integrand derivatives, and pa and pb depend on the quadrature accuracy.
Reference [48] shows that ea(JhMS) (30) and eb(JhMS) (31) are proportional to their influence on the

discretization error eJ (29).

4. Electromagnetic Integral Evaluations

As described in the introduction, integrals containing the Green’s function (5) or its derivatives, such as
those appearing in the manufactured electric field EI (27) and magnetic field HI (28) in b

(
EI ,HI ,Λi

)
(20),

are unable to be computed analytically. Additionally, the singularity when R→ 0 complicates their accurate
approximation, potentially contaminating convergence studies.

In [46] and [48], this problem is mitigated by manufacturing the Green’s function in terms of low, even
powers of R, permitting the integrals in a(Jh,Λi) and b

(
EI ,HI ,Λi

)
(20) to be computed analytically for

many choices of JMS. The drawbacks of the manufactured Green’s function are the lack of physical realism
and the practically singular matrices arising from terms containing integrals of the Green’s function or its
derivatives. To mitigate the latter concern, an effective optimization approach was presented to provide a
unique solution and detect coding errors.
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In this paper, we optimally approximate the Green’s function in terms of even powers of R. This enables
us to compute the integrals in (20) exactly, while maintaining some of the physical realism of the actual
Green’s function. Additionally, the condition number of the impedance matrix remains low enough to
conduct meaningful mesh-convergence studies.

4.1. Green’s Function Approximation
We can write the Green’s function (5) alternatively as G(R) = Gr(R) + jGi(R), where

Gr(R) = cos(kR)
4πR , Gi(R) = − sin(kR)

4πR . (32)

The Taylor series expansions of Gr(R) and Gi(R) (32) at R = 0 are

Gr(R) = 1
4π

∞∑
n=0

(−1)nk2n

(2n)! R2n−1, Gi(R) = − 1
4π

∞∑
n=0

(−1)nk2n+1

(2n+ 1)! R2n. (33)

As R → 0, integrands with negative or odd powers of R, such as those appearing in Gr(R) (33), are
singular [15].

To avoid contamination from integrating singular integrands, we approximate G(R) using even, nonneg-
ative powers of R for R ∈ [δ, Rm], where Rm = maxx,x′∈S R is the maximum possible distance between two
points on S and δ → 0. We introduce the inner product

〈u, v〉 =
∫ Rm

δ

u(R)v̄(R)RdR, (34)

with the norm ‖ · ‖R = 〈·, ·〉1/2. Let φn(R) denote the orthonormal basis arising from the functions R2n for
n ∈ N0, subject to (34). G(R) is approximated by

G(R) ≈ G̃(R) =
nm∑
n=0

Gnφn(R), (35)

where nm denotes the truncation of an infinite series, and the coefficients Gn are obtained by minimizing
e2
G = ‖G̃−G‖2R = ‖G̃r −Gr‖2R + ‖G̃i −Gi‖2R. By setting ∂eG/∂Gn = 0, Gn = 〈G,φn〉.

For Gi, ‖G̃i − Gi‖2R and Gin are bounded for δ = 0 in (34). For Gr, ‖G̃r − Gr‖2R is bounded for δ > 0
but not for δ = 0. However, Grn

is bounded for δ ≥ 0. Therefore, we compute the approximation (35) for
δ = 0 in (34).

Figure 1 shows G̃ for multiple choices of k and nm. For Gr, increasing nm improves the approximation G̃r
but introduces spurious oscillations that require finer discretizations for mesh-convergence studies. Therefore,
we approximate the Green’s function with only the imaginary contribution by setting Grn

= 0.

4.2. Incident Field Integral Evaluations
In b

(
EI ,HI ,Λi

)
(20), EI (27) and HI (28) take the form

EI = j

εω

(
k2IEA − IEΦ

)
, (36)

HI = 1
2JMS × n− IM, (37)

where

IEA(x) =
∫
S′

JMS(x′)G(x,x′)dS′, (38)

IEΦ(x) =
∫
S′
∇′ · JMS(x′)∇′G(x,x′)dS′, (39)

IM(x) =
∫
S′

JMS(x′)×∇′G(x,x′)dS′ (40)
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Figure 1: Approximations G̃ = G̃r + jG̃i for G = Gr + jGi (L = Rm = 1 m).
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are the integrals that contain the Green’s function. To evaluate these integrals, we replace G with G̃ (35),
which can be written alternatively as

G̃(R) =
nm∑
n=0

G̃nR
2n, (41)

such that

∇′G̃(R) = − G̃
′(R)
R

R = −2R
nm∑
n=1

nG̃nR
2(n−1). (42)

Inserting (41) into (38) and inserting (42) into (39) and (40), (38)–(40) become

IEA(x) =
nm∑
n=0

G̃n

∫
S′
R2nJMS(x′)dS′, (43)

IEΦ(x) = −2
nm∑
n=1

nG̃n

∫
S′
R2(n−1)∇′ · JMS(x′)RdS′, (44)

IM(x) = −2
nm∑
n=1

nG̃n

∫
S′
R2(n−1)JMS(x′)×RdS′. (45)

The evaluation of (43)–(45) is discussed in Appendix A for the cases presented in Section 5.

5. Numerical Examples

In this section, we demonstrate the approaches described in Section 3 by isolating and measuring the
solution-discretization error (Section 3.1) and the numerical-integration error (Section 3.2). We consider two
domains: a cube and an equilateral triangular prism, each with all edges of length L = 1 m. These domains
are shown in Figures 2 and 3 with the total number of triangles nt = 1200 for the cube and nt = 800 for the
triangular prism.

For both domains, we introduce a coordinate system ξ that is fixed to the ns surfaces for which n ·ey = 0.
For the cube, ξ ∈ [0, 4L] is perpendicular to y, wrapping around the surfaces for which n · ey = 0, beginning
at x = 0 and z = L. For the triangular prism, ξ ∈ [0, 3L] is perpendicular to y, wrapping around the surfaces
for which n · ey = 0, beginning at x = z = 0. For both cases, η ∈ [0, L] is equal to y. ξ is depicted in
Figure 3, which shows the nets of these domains. The transformation between ξ and x for the two domains,
which is defined in a piecewise manner for each of the ns surfaces, is listed in Table 1. Table 1 additionally
lists the ξ domain [ξaj

, ξbj
] for each of the ns surfaces.

We manufacture the surface current density JMS(x) = Jξ(ξ)eξ, where

Jξ(ξ) = J0

{
sin(βξ/L) sin3(πη/L), for n · ey = 0

0, for n · ey 6= 0
, (46)

J0 = 1 A/m, and β = π/2 for the cube and β = 2π/3 for the triangular prism. In the x-coordinate
system, eξ = (∂x/∂ξ)j . Equation (46) is chosen because it is of class C2 and its oscillations are minimal,
such that finer meshes are not required for mesh-convergence studies. Figures 4 and 5 show plots of (46).
Additionally we set the permeability and permittivity of the surrounding medium to those of free space:
µ = 1.25663706212× 10−6 N/A2 and ε = 8.8541878128× 10−12 F/m.

When solving (20), numerical integration is performed using polynomial quadrature rules for triangles.
For multiple quadrature point amounts, Table 2 lists the maximum polynomial degree of the integrand the
points can integrate exactly [56, 57], as well as the convergence rates of the errors for inexact integrations of
nonsingular integrands. These properties correspond to the optimal point locations and weights. Figure 6a
shows the optimal 6-point quadrature rule, which can exactly integrate polynomials up to degree 4.

To evaluate b
(
EI ,HI ,Λi

)
in (20), we use G̃ (35) to compute the integrals IEA (38), IEΦ (39), and

IM (40) in EI (36) and HI (37) analytically, as shown in Appendix A. Setting nm = 5, IEA , IEΦ , and
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xy

z

Figure 2: Dimetric view of meshes for the cube with nt = 1200 (left) and triangular prism with nt = 800
(right).

ξ

η

Figure 3: Net view of meshes for the cube with nt = 1200 (left) and the triangular prism with nt = 800
(right).
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Figure 4: Dimetric view of manufactured surface current density JMS for the cube (left) and triangular prism
(right).
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Figure 5: Net view of manufactured surface current density JMS for the cube (left) and triangular prism
(right).
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Cube Triangular Prism

j [ξaj
, ξbj

] xj(ξ)
(
∂x
∂ξ

)
j

xj(ξ)
(
∂x
∂ξ

)
j

1 [0, 1]L
(
∂x
∂ξ

)
j

ξ +

 0
0
1

L

 1 0 0
0 1 0
0 0 1

 (
∂x
∂ξ

)
j

ξ +

 0
0
0

L

 1/2 0 −
√

3/2
0 1 0√

3/2 0 1/2


2 [1, 2]L

(
∂x
∂ξ

)
j

ξ +

 1
0
2

L

 0 0 1
0 1 0
−1 0 0

 (
∂x
∂ξ

)
j

ξ +


0
0√
3

L

 1/2 0
√

3/2
0 1 0

−
√

3/2 0 1/2


3 [2, 3]L

(
∂x
∂ξ

)
j

ξ +

 3
0
0

L

−1 0 0
0 1 0
0 0 −1

 (
∂x
∂ξ

)
j

ξ +

 3
0
0

L

 −1 0 0
0 1 0
0 0 −1


4 [3, 4]L

(
∂x
∂ξ

)
j

ξ +

 0
0
−3

L

 0 0 −1
0 1 0
1 0 0


Table 1: Transformations between ξ and x for the cube and triangular prism.

Maximum Number Convergence Maximum Number Convergence
integrand degree of points rate integrand degree of points rate

1 1 O(h2) 7 13 O(h8 )
2 3 O(h4) 8 16 O(h10)
3 4 O(h4) 9 19 O(h10)
4 6 O(h6) 10 25 O(h12)
5 7 O(h6) 11 27 O(h12)
6 12 O(h8) 12 33 O(h14)

Table 2: Polynomial triangle quadrature properties.

(a) Maximum polynomial degree: 4 (b) Maximum polynomial degree: 3

Figure 6: 6-point quadrature rules.
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Figure 7: Solution-discretization error: Condition numbers of the impedance matrix Z for αm = m/5,
kn = nπ/L.

IM yield polynomials in x of degrees 10, 9, and 9, respectively. In b
(
EI ,HI ,Λi

)
, multiplication with Λi

increases these degrees by a power. Therefore, a 27-point polynomial quadrature rule, which can exactly
evaluate integrals up to degree 11, can be used to evaluate the integrals.

To evaluate a(Jh,Λi) in (20), we note that G̃ (35) is a polynomial in x and x′ of degree 10, and ∇′G̃
is a polynomial in x and x′ of degree 9. In a(Jh,Λi), multiplication with Λi(x) and Λj(x′) increases these
degrees by a power, such that a 27-point polynomial quadrature rule can be used to evaluate the integrals
with respect to x and x′.

5.1. Solution-Discretization Error
To isolate and measure the solution-discretization error, we proceed with the assessment described in

Section 3.1. As stated previously, integrals on both sides of (20) are computed exactly with a 27-point
polynomial quadrature rule.

To account for potential disparities in the magnitudes of the terms, we consider four values of α: αm =
m/5, for m = 1, . . . , 4, and three values of k: kn = nπ/L, for n = 1, . . . , 3. For both domains, Figure 7 shows
how the condition numbers κ of the impedance matrix Z from these 12 combinations vary with respect to
mesh size. The condition numbers are low enough to conduct meaningful convergence studies.

Figure 8 shows the L∞-norm of the discretization error ‖eJ‖∞ (29) arising from only the solution-
discretization error for both domains. The convergence rates for these cases, which are denoted as reference
cases, are all O(h2) as expected.

To test the ability to detect a coding error, we multiply the diagonal elements of the impedance matrix
by
(

1 + n
−1/2
t

)
. In Figure 8, these cases with the coding error are O(h), instead of O(h2). Therefore, the

coding error is detected.

5.2. Numerical-Integration Error
To isolate and measure the numerical-integration error, we perform the assessments described in Sec-

tion 3.2.
For both domains and the most extreme combinations of α and k, Figures 9 and 10 show the numerical-

integration error ea(JhMS) (30) when the solution-discretization error is canceled. In the legend entries, the
first number is the amount of quadrature points used to compute the integral over S, whereas the second
is the amount used to compute the integral over S′. The numerical-integration error is nondimensionalized
by the constant ε0 = 1 A2. Each of the solutions converges at the expected rate listed in Table 2. For
the finest meshes considered, the round-off error arising from the double-precision calculations exceeds the
numerical-integration error.
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Figure 8: Solution-discretization error: ε = ‖eJ‖∞.
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Figure 9: Numerical-integration error: ε = |ea(JhMS)| (30) for different amounts of quadrature points.

To test the ability to detect a coding error, we replace the optimal 6-point quadrature rule that can
exactly integrate polynomials up to degree 4 (Figure 6a) with a suboptimal rule [58] (Figure 6b) that can
integrate polynomials up to degree 3. Figure 11 shows how the cases with this coding error compare with
the cases presented in Figures 9 and 10. In Figure 11, the convergence rates are O(h4) for the cases with the
coding error, compared to the expected O(h6) rates without. Therefore, ea(JhMS) detects the coding error.

Figures 12 and 13 show the numerical-integration error eb(JhMS) (31) when the solution-discretization
error is canceled. In the legend entries, the number is the amount of quadrature points used to compute
the integral. Each of the solutions converges at the expected rate. For the finest meshes considered, the
round-off error arising from the double-precision calculations exceeds the numerical-integration error.

Figure 14 shows how the cases with this coding error compare with the cases presented in Figures 12
and 13. In Figure 14, the convergence rates are O(h4) for the cases with the coding error, compared to the
expected O(h6) rates without. Therefore, eb(JhMS) detects the coding error.

6. Conclusions

In this paper, we presented code-verification approaches for the method-of-moments implementation of
the combined-field integral equation to isolate and measure the solution-discretization error and numerical-
integration error. To isolate the solution-discretization error, we approximated the Green’s function using a
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Figure 10: Numerical-integration error: ε = |ea(JhMS)| (30) for different amounts of quadrature points.
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Figure 11: Numerical-integration error: ε = |ea(JhMS)| (30) in the presence of a coding error.

16



1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

log10

√
nt

−20

−18

−16

−14

−12

−10

−8

−6

−4

−2

0
lo

g
1
0
(ε
/ε

0
)

O(h2)

O(h4)

O(h6)

O(h8)

1

3

6

12

4

7

13

(a) Cube, α = 1/5, k = π/L

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

log10

√
nt

−20

−18

−16

−14

−12

−10

−8

−6

−4

−2

0

lo
g

1
0
(ε
/ε

0
)

O(h2)

O(h4)

O(h6)

O(h8)

1

3

6

12

4

7

13

(b) Triangular Prism, α = 1/5, k = π/L

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

log10

√
nt

−20

−18

−16

−14

−12

−10

−8

−6

−4

−2

0

lo
g

1
0
(ε
/ε

0
)

O(h2)

O(h4)

O(h6)

O(h8)

1

3

6

12

4

7

13

(c) Cube, α = 1/5, k = 3π/L

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

log10

√
nt

−20

−18

−16

−14

−12

−10

−8

−6

−4

−2

0

lo
g

1
0
(ε
/ε

0
)

O(h2)

O(h4)

O(h6)

O(h8)

1

3

6

12

4

7

13

(d) Triangular Prism, α = 1/5, k = 3π/L

Figure 12: Numerical-integration error: ε = |eb(JhMS)| (31) for different amounts of quadrature points.

basis that can be integrated exactly, eliminating the numerical-integration error. To isolate the numerical-
integration error, we removed the solution-discretization error by canceling the basis-function contribution.

For both approaches, we considered different wavenumbers and combination parameters to vary the
relative weights between the terms in the combined-field integral equation. For these different cases, we
achieved the expected orders of accuracy for cases without coding errors, and we were able to detect cases
with coding errors.

This work can be complemented with unit tests that assess the evaluation of the (nearly) singular integrals
that arise from the actual Green’s function.
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(a) Cube, α = 4/5, k = π/L
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(b) Triangular Prism, α = 4/5, k = π/L
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(c) Cube, α = 4/5, k = 3π/L
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(d) Triangular Prism, α = 4/5, k = 3π/L

Figure 13: Numerical-integration error: ε = |eb(JhMS)| (31) for different amounts of quadrature points.
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(b) Triangular Prism, αm = m/5, kn = nπ/L

Figure 14: Numerical-integration error: ε = |eb(JhMS)| (31) in the presence of a coding error.
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Appendix A. Incident Field Integral Evaluations for Section 5

The integration with respect to x′ in IEA (43), IEΦ (44), and IM (45) can be evaluated in terms of ξ′ on
the ns surfaces where n · ey 6= 0. From Table 1, (∂x/∂ξ)j is constant, and |∂x/∂ξ|j = 1. Therefore,

IEA(x) =
nm∑
n=0

G̃n

∫
S′
R(x,x′)2nJMS(x′)dS′

=
nm∑
n=0

G̃n

ns∑
j=1

∫ L

0

∫ ξ′
bj

ξ′
aj

R(x,xj(ξ′))2nJξ(ξ′)
∣∣∣∣∂x
∂ξ

∣∣∣∣
j

(
∂x
∂ξ

)
j

eξdξ′dη′

=
nm∑
n=0

G̃n

ns∑
j=1

(
∂x
∂ξ

)
j

∫ L

0

∫ ξ′
bj

ξ′
aj

R(x,xj(ξ′))2nJξ(ξ′)dξ′dη′, (A.1)

IEΦ(x) = −2
nm∑
n=1

nG̃n

∫
S′
R2(n−1)∇′ · JMS(x′)RdS′

= −2
nm∑
n=1

nG̃n

ns∑
j=1

∫ L

0

∫ ξ′
bj

ξ′
aj

R(x,xj(ξ′))2(n−1) ∂Jξ
∂ξ

(ξ′)R(x,xj(ξ′))
∣∣∣∣∂x
∂ξ

∣∣∣∣
j

dξ′dη′

= −2
nm∑
n=1

nG̃n

ns∑
j=1

∫ L

0

∫ ξ′
bj

ξ′
aj

R(x,xj(ξ′))2(n−1) ∂Jξ
∂ξ

(ξ′)R(x,xj(ξ′))dξ′dη′, (A.2)

IM(x) = −2
nm∑
n=1

nG̃n

∫
S′
R2(n−1)JMS(x′)×RdS′

= −2
nm∑
n=1

nG̃n

ns∑
j=1

∫ L

0

∫ ξ′
bj

ξ′
aj

R(x,xj(ξ′))2(n−1)Jξ(ξ′)eξ ×R(x,xj(ξ′))
∣∣∣∣∂x
∂ξ

∣∣∣∣
j

dξ′dη′

= −2
nm∑
n=1

nG̃n

ns∑
j=1

∫ L

0

∫ ξ′
bj

ξ′
aj

R(x,xj(ξ′))2(n−1)Jξ(ξ′)eξ ×R(x,xj(ξ′))dξ′dη′, (A.3)

where ζ ′ = 0 in ξ′, and the directions of InEA
, InEΦ

, and InM remain expressed in the x-coordinate system.
In (A.1)–(A.3), we can replace x with xj(ξ), such that

R(x,xj(ξ′)) = xj(ξ)− xj(ξ′) =
(
∂x
∂ξ

)
j

(ξj − ξ′), (A.4)

and

R(xj(ξ),xj(ξ′))2 = ‖R(x,xj(ξ′))‖22 =
∥∥∥∥(∂x

∂ξ

)
j

(ξj − ξ′)
∥∥∥∥2

2
= ‖ξj − ξ′‖22. (A.5)

Accounting for (A.5), R2n in (A.1) can be written as

R2n =
n∑

m=0

m∑
k=0

(
n

m

)(
m

k

)
(ξj − ξ′)2(n−m)(ηj − η′)2(m−k)(ζj − ζ ′)2k, (A.6)

and R2(n−1) in (A.2) and (A.3) can be written as

R2(n−1) =
n−1∑
m=0

m∑
k=0

(
n− 1
m

)(
m

k

)
(ξj − ξ′)2(n−m−1)(ηj − η′)2(m−k)(ζj − ζ ′)2k, (A.7)

where ξj = ξj(x).
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Inserting (A.6) into (A.1) and inserting (A.7) and (A.4) into (A.2) and (A.3), (A.1)–(A.3) become

IEA(x) =
ns∑
j=1

nm∑
n=0

n∑
m=0

m∑
k=0

G̃n

(
n

m

)(
m

k

)(
∂x
∂ξ

)
j

IjJ(ξj ; 2(n−m), 2(m− k), 2k),

IEΦ(x) = −2
ns∑
j=1

nm∑
n=1

n−1∑
m=0

m∑
k=0

nG̃n

(
n− 1
m

)(
m

k

)(
∂x
∂ξ

)
j

Ij∇′·J(ξj ; 2(n−m− 1), 2(m− k), 2k),

IM(x) = −2
ns∑
j=1

nm∑
n=1

n−1∑
m=0

m∑
k=0

nG̃n

(
n− 1
m

)(
m

k

)(
∂x
∂ξ

)
j

(
eξ × IjJ(ξj ; 2(n−m− 1), 2(m− k), 2k)

)
,

where

Ij∇′·J(ξ; p, q, r) =


Ij∇′·J(ξ; p+ 1, q , r )
Ij∇′·J(ξ; p , q + 1, r )
Ij∇′·J(ξ; p , q , r + 1)

 , IjJ(ξ; p, q, r) =


IjJ(ξ; p+ 1, q , r )
IjJ(ξ; p , q + 1, r )
IjJ(ξ; p , q , r + 1)

 .

The directions of Ij∇′·J, eξ and IjJ are expressed in the ξ-coordinate system, and

IjJ(ξ; p, q, r) =
∫ L

0

∫ ξ′
bj

ξ′
aj

(ξ − ξ′)p(η − η′)q(ζ − ζ ′)rJξ(ξ′)dξ′dη′, (A.8)

Ij∇′·J(ξ; p, q, r) =
∫ L

0

∫ ξ′
bj

ξ′
aj

(ξ − ξ′)p(η − η′)q(ζ − ζ ′)r ∂Jξ
∂ξ

(ξ′)dξ′dη′. (A.9)

Recalling that ζ ′ = 0 in ξ′, for J(ξ) = J0 sin(βξ/L) sin3(πη/L) (46), (A.8) and (A.9) become

IjJ(ξ; p, q, r) = J0ζ
r

(∫ ξ′
bj

ξ′
aj

(ξ − ξ′)p sin
(
βξ′

L

)
dξ′
)(∫ L

0
(η − η′)q sin3

(
πη′

L

)
dη′
)

= J0I
j
p(ξ)Iq(η)Ir(ζ),

Ij∇′·J(ξ; p, q, r) = βJ0ζ
r

L

(∫ ξ′
bj

ξ′
aj

(ξ − ξ′)p cos
(
βξ′

L

)
dξ′
)(∫ L

0
(η − η′)q sin3

(
πη′

L

)
dη′
)

=
βJ0I

j
p̄(ξ)Iq(η)Ir(ζ)

L
.

where ξ′aj
= ξaj

and ξ′bj
= ξbj

in Table 1, and

Ijp(ξ) =
∫ ξ′

bj

ξ′
aj

(ξ − ξ′)p sin
(
βξ′

L

)
dξ′ =

p∑
p′=0

(
p

p′

)
(−1)p

′
ξp−p

′
∫ ξ′

bj

ξ′
aj

ξ′
p′

sin
(
βξ′

L

)
dξ′ =

p∑
p′=0

(
p

p′

)
(−1)p

′
ξp−p

′
Ijp′ ,

Ijp̄(ξ) =
∫ ξ′

bj

ξ′
aj

(ξ − ξ′)p cos
(
βξ′

L

)
dξ′ =

p∑
p′=0

(
p

p′

)
(−1)p

′
ξp−p

′
∫ ξ′

bj

ξ′
aj

ξ′
p′

cos
(
βξ′

L

)
dξ′ =

p∑
p′=0

(
p

p′

)
(−1)p

′
ξp−p

′
Ijp̄′ ,

Iq(η) =
∫ L

0
(η − η′)q sin3

(
πη′

L

)
dη′ =

q∑
q′=0

(
q

q′

)
(−1)q

′
ηq−q

′
∫ L

0
η′
q′

sin3
(
πη′

L

)
dη′ =

q∑
q′=0

(
q

q′

)
(−1)q

′
ηq−q

′
Iq′ ,

Ir(ζ) = ζr,
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and

Ijp′ =
∫ ξ′

bj

ξ′
aj

ξ′
p′

sin
(
βξ′

L

)
dξ′

= −
p′∑

p′′=0

p′!
(p′ − p′′)!

(
L

β

)1+p′′[
ξ′bj

p′−p′′

cos
(
βξ′bj

L
+ p′′π

2

)
− ξ′aj

p′−p′′

cos
(
βξ′aj

L
+ p′′π

2

)]
,

Ijp̄′ =
∫ ξ′

bj

ξ′
aj

ξ′
p′

cos
(
βξ′

L

)
dξ′

=
p′∑

p′′=0

p′!
(p′ − p′′)!

(
L

β

)1+p′′[
ξ′bj

p′−p′′

sin
(
βξ′bj

L
+ p′′π

2

)
− ξ′aj

p′−p′′

sin
(
βξ′aj

L
+ p′′π

2

)]
,

Iq′ =
∫ L

0
η′
q′

sin3
(
πη′

L

)
dη′

= q′!
8

(
L

3π

)1+q′[
2
(
− 1 + 32+q′

)
cos
(
q′π

2

)

+
q′∑

q′′=0

πq
′′

q′′!
(
− 32+q′

+ 3q
′′){ (−1)(q′′−q′−2)/2(1− (−1)q′′−q′−1), for q′ + q′′ even

0, for q′ + q′′ odd

]
.
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