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We show that a laser at threshold can be utilized to generate the class of coherent and transform-

limited waveforms (vt — z)™ e'(k==t)

at optical frequencies. We derive these properties analytically

and demonstrate them in semiclassical time-domain laser simulations. We then utilize these wave-
forms to expand other waveforms with high modulation frequencies and demonstrate theoretically
the feasibility of complex-frequency coherent-absorption at optical frequencies, with efficient energy
transduction and cavity loading. This approach has potential applications in quantum computing,

photonic circuits, and biomedicine.

PACS numbers:
I. INTRODUCTION

There has been a recent explosion of interest in wave
systems described by non-Hermitian operators, leading
to complex eigenvalues in the general case. Such sys-
tems can exhibit singular behaviors not present in sys-
tems well described by a Hermitian operator. In the
current work we study the singularity associated with
the onset of lasing as an optical waveform generator,
and utilize it to generate waveforms associated with
enhanced wave capture and absorption, phenomena
which so far have been inaccessible at optical frequen-
cies. We focus on singularities in the frequency domain
Maxwell equations relating to the time-harmonic solu-
tions of open electromagnetic systems, under asymp-
totic boundary conditions leading to solutions at dis-
crete complex frequencies, in contrast to the conven-
tional case of scattering boundary conditions (which
lead to a continuous spectrum of real frequency solu-
tions).

The well-known example of this is the complex res-
onance spectrum of a scattering structure, where the
boundary conditions at infinity are purely outgoing,
without any input wave [1]. Another example is the
complex spectrum arising from the boundary conditions
of purely incoming waves at infinity; such boundary
conditions can lead to the phenomenon of coherent per-
fect absorption, as we will define and discuss further
below [2, 3]. More recently, complex spectra associated
with reflectionless scattering [4, 5] have been shown to
have properties similar, but distinct from the two ex-
amples just cited. All such spectra are defined by the
boundary conditions on the wave operator at infinity, as
just noted; or equivalently by the behavior of the linear
scattering matrix (S-matrix) at the eigenfrequencies. At
an eigenfrequency corresponding to a resonance, an S-
matrix eigenvalue tends to infinity (a pole), whereas an
eigenvalue of S tends to zero for the purely incoming
case, and an eigenvalue for a sub-matrix of S tends to
zero for reflectionless scattering. Note that only when
one of these eigenfrequencies is real is the correspond-
ing state a steady-state solution of the linear Maxwell
equation.

Singular behavior can arise in the case where two or
more such eigenfrequencies become degenerate, which,
in the absence of continuous symmetry, almost always

involves tuning one or more parameters associated with
the scattering structure (henceforth referred to as a res-
onator for convenience). Generically such a degeneracy
results in coalescence of the two eigenmodes as well, un-
like the hermitian case. The point in parameter space
where this happens is referred to as an exceptional point
(EP); there is now an extensive theoretical and exper-
imental literature on the physics of systems at an EP
[6-10]. The case of resonant EPs is the most widely
studied [6, 11, 12|, but in the discussion of wave cap-
ture below we will focus on a different kind of EP.

The resonance spectrum has special properties not
shared by the complex spectra associated with wave
capture just mentioned. Resonances of passive systems
cannot occur on the real frequency axis; in active sys-
tems (lasers/amplifiers) resonances can reach the real
axis (typically only singly). This corresponds to the
threshold for single-mode CW laser emission from the
resonator, and the corresponding eigenfunction is the
threshold lasing mode. By definition this also corre-
sponds to having a pole of the S-matrix on the real
axis. Due to this pole the response to a small input will
grow indefinitely in time, and we will exploit this prop-
erty of the lasing singularity for waveform generation
below [13-17].

A. Real and Virtual CPA

The laser at threshold is related by time-reversal to
a Coherent Perfect Absorber (CPA) [2]. Quite gener-
ally, the Maxwell wave equation with outgoing bound-
ary conditions for a finite resonator described by a sus-
ceptibility x(r), maps under time reversal to the same
wave equation applied to a resonator with susceptibility
x*(r), and incoming boundary conditions. If the sus-
ceptibility is real, this implies that the eigenfrequencies
corresponding to the zeros of the S-matrix are the com-
plex conjugates of the resonance frequencies and must
occur in the upper half complex plane, and not on the
real axis. However if the resonator has gain and is at
the lasing threshold, then this time-reversal mapping
implies that the system with equivalent loss perfectly
absorbs the time-reverse of the lasing mode, at the same
frequency. Such a resonator, tuned to have the cor-
rect amplitude and spatial distribution of absorption is

SAND2024-00730)

This article has been authored by an employee of National Technology & Engineering Solutions of Sandia, LLC under Contract No. DE-NA0003525 with the
U.S. Department of Energy (DOE). The emﬁloyee owns all right, title and interest in and to the article and is solely responsible for its contents. The United
States Government retains and the publisher, by accepting the article for publication, acknowledges that the United States Government retains a
non-exclusive, paid-up, irrevocable, world-wide license to publish or reproduce the published form of this article or allow others to do so, for United States
Government purposes. The DOE will provide r)ublic access to these results of federally sponsored research in accordance with the DOE Public Access Plan
https://www.energy.gov/downloads/doe-public-access-plan.

@ Sandia National Laboratories
@kiiEksy NISA



called a Coherent Perfect Absorber, because it traps
and then perfectly absorbs a specific coherent spatial
waveform or wavefront (and only that input) [2, 3|.

CPA is the generalization to arbitrary multichannel
scattering of the concept of critical coupling to a lossy
resonator with a single input channel. However, it has
recently been emphasized that zeros of the S-matrix off
the real axis, which cannot be accessed with steady-
state harmonic excitation, can be accessed transiently
with a complex exponential input A exp[—i(w. + iv.)t,
where w, + i, is the eigenfrequency of the zero of the
S-matrix [18]. Note that this waveform has an expo-
nentially growing amplitude at rate v, and can only
be applied transiently. Accessing this "virtual" CPA
does not correspond to actual absorption if the system
is lossless, but rather to energy buildup and storage in
the resonator until the exponential ramp is turned off.
It should be noted that such a concept of reversing de-
cay from a resonator or even spontaneous emission from
a single atom has also been suggested without connec-
tion to the CPA concept [19]. Finally, there is a third
important case [20], noted, but not studied in detail in
earlier work. If the resonator is not lossless, but doesn’t
have enough absorption to bring the zeros to the real
axis, then each zero will have an imaginary frequency
Y2 &= (Y0 — Ya), where 7, is the absorption rate, and
7o is the imaginary part of the frequency of the lossless
resonator. When such a resonator is excited with the
appropriate complex frequency, no scattering will occur
while the drive is on, but during this period the res-
onator will both accumulate energy and dissipate part
of that energy via absorption, so that when the drive is
turned off, some but not all of the incident energy will
be released. We will study such a case below.

B. Absorbing Exceptional Points: Frequency and
Time Domain

The existence of such wave capture processes, sug-
gested that there would be interesting new behaviors
when a resonator’s parameters were tuned to a CPA
EP, where two such eigenfrequencies become degener-
ate. For the case of real—w CPA, this was explored
in the frequency domain first by Sweeney et al. [21],
where an anomalous lineshape for the absorption dip
to zero reflection was predicted and later observed [22].
More recently, two of the authors and coworkers have
extended the concept of virtual CPA to virtual CPA
EP [23], and studied the excitation of CPA EPs in the
time domain. It was shown that the signature of the
EP was the perfect absorption/capture of waveforms
with the time-dependence E(t) = Bt exp|—i(w, —iv,)t]
and A exp|—i(w, +iv,)t] in any coherent superposition.
This statement also holds for the case v, = 0, and cor-
responds to the real CPA EP mentioned above; here the
resonator absorbs a linearly growing plus constant wave
envelope (i.e. without exponential growth) [23]. For a
one dimensional geometry, since the solution must sat-
isfy the wave equation, the spacetime waveform which
is perfectly absorbed at a real or virtual CPA EP is E
Aexp[—i(w, + i7.)/v(z — vt)] + B (vt — z) exp[—i(w, +
i7.)/v(z — vt)]. This generalizes to higher order EPs

(degeneracy m > 2) where the relevant waveform is
S an (vt — 2)" exp[—i(w, + iv.)/v(z — vt)]. Inter-
estingly, all the coherent waveforms within this class
have a frequency content at a single w for infinite time
pulses ie., at 2 = 0 F (tme™1?) = 6™ (w —wy) [23],
which implies that for finite pulses they are transform
limited. While there will always be some imperfection
in the wave capture due to the transient effects of the
turn-on and turn-off of the waveform, it was demon-
strated in that work that the high-order waveforms have
substantially improved performance in wave capturing.
[23]. Experimental realizations in microwave circuits
confirm the basic concept [24].

Up to this point all the excitation properties we have
discussed are independent of geometry or dimension-
ality. We have assumed that the appropriate input
eigenvector of the S-matrix is imposed, which in general
means exciting all the scattering channels with a spe-
cific coherent superposition or wavefront. For simplic-
ity, here we will focus on the time-domain behavior in
the simplest case of a one-dimensional single-sided slab
resonator with a perfect mirror at the origin, so that the
S-matrix reduces to a single scalar reflection amplitude
coefficient, r(w). However, the results we present will
generalize to arbitrary geometry in a similar manner,
by replacing r(w) with the relevant eigenvalue of the S-
matrix, o(w), and the plane wave input, e’**, with the
relevant eigenfunction of the S-matrix.

While it is possible (although not trivial) to generate
transient exponentially rising waveforms at microwave
modulation frequencies [25], this isn’t by any means
straightforward to achieve at higher modulation fre-
quencies, up to optical, making accessing virtual CPA
quite difficult. This suggests that using an all optical
means of waveform generation might be necessary and
useful. One type of optical processing was identified
using a CPA in Ref. [23]. It was shown that a CPA
converts the waveform (vt — z) e'(F2=“!) to a standard
plane wave; in fact more generally a CPA can be used
as a first-order envelope differentiator [26]. The con-
version process just mentioned is the time reverse of
the process we will study below. Here we show that
a standard continuous (CW) laser at threshold can act
as a processor and potentially a generator for different
time-varying waveforms (envelopes) at optical frequen-
cies relevant to creating novel wave capture, enhanced
absorption and reduced reflection. In Sec. II we present
our results relating to waveform generation by a laser at
threshold. In the first subsection we analyze the linear
response of the system in the time domain. In the sec-
ond we include the critical effects of saturation for long
times. In Sec. III we apply the new waveforms to wave
capture (lossless case) and wave capture and enhanced
absorption in the partially lossy case. In Sec. IV we
summarize our results.

II. WAVEFORM GENERATION BY A LASER
AT THRESHOLD

The previous works reviewed above suggest that it
would be interesting and potentially useful to generate
the growing waveforms that can be efficiently absorbed



at a real CPA EP, or to generate approximations to
the exponentially rising waveforms captured at a vir-
tual CPA (or virtual CPA EP). Such waveforms are
not generated in an emission process. However, the
“native” conversion process of a laser at threshold is
to take a constant amplitude input wave and output
the linearly rising harmonic wave envelope of interest
(see Fig. 1). Specifically, from time reversal of the
CPA response [23], it can be concluded that a laser at
threshold within the linear response regime will convert
e!kFz=wt) s (yt — z) e!*#=“t In principle, this process
can be repeated to generate higher-order polynomial en-
velopes. The setup is illustrated schematically in Fig. 1,
where we assume a single-sided slab cavity as described
above. These waveform conversion processes are intrin-
sically optical with no electronic manipulation neces-
sary, and thus can be very fast. The conversion sets in
after only very few roundtrips within the cavity [27]. If
one uses a microlaser for the conversion processes the
equilibration time is on the order of 10fs and one can
obtain many optical cycles of the desired waveform as
we will show.

We note that an important earlier work has demon-
strated that a laser near threshold can function as an
envelope integrator [27]. This work was focused on
demonstrating accurate all-optical integration of input
pulses of different temporal shape. The demonstration
was done with a fiber laser using electroptically mod-
ulated pulses down to 60ps in duration and the laser
was operated below threshold to avoid saturation ef-
fects. They did not report a saturation time in their
experiments, and did not consider it in their mathe-
matical model.

Here we treat theoretically a laser exactly at thresh-
old (with the ideal linear transfer function prior to sat-
uration) to generate waveforms with optical modulation
frequencies. We calculate the saturation time to deter-
mine the upper time limit on linear functioning. We
consider an approximately square (constant amplitude)
input pulse, which can be processed to generate the de-
sired waveform. We will discuss ways to generate such
pulses after presenting the results assuming such pulses
are available.

A. Laser at Threshold: Linear response

For the 1D slab resonator of Fig. 1 the S-matrix
in the frequency domain is simplified to the reflection
coefficient r(w), which has the analytic form:
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Here 7 is the reflection amplitude of the front mirror,
k = w/c, 1y is the cavity length, ny is a uniform in-
dex of refraction with uniformly distributed gain, to be
described in more detail below. In the second approx-
imate equality we have expanded r(w) near a specific
resonance frequency, wy (assumed to be at threshold).
To calculate the response to transient inputs we need to
include the turn-on (and turn-off) of the input. In order
to gain some intuition, we first express in the frequency

domain the incoming field at z = 0 Ej,. = 0(t)e’“1?,
where 6(t) is a step function, and the laser response
r(w) and the output in the vicinity of a resonance
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where F is the Fourier transform. Hence, taking into
account causality, we expect to have in the time domain

Focat (1) = F 1 (Byear (W) = te™110 (1)

In order to satisfy the wave equation, the electric
field has to be of the form f (vt — z) and we obtain
Fcat (t,2) = (vt — 2) e*2=9D0 () | see Fig. 1.

Note that r(w) has additional poles that will be off
the real axis and some distance away from the lasing
frequency. However, one has to take into account these
poles in the calculation. To that end, we write the in-
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Figure 1: A scheme of the setup: a plane wave
impinging on a laser at threshold that generates the
waveform (vt — z) e?**=Y which in turn is converted

to the waveform (vt — 3)2 pilkz—wt)

verse Fourier transform (IFT) of the output explicitly.
We analyze the IFT integral close to the divergence at
w1 and in the other regions separately, similarly to the
calculation of the conversion process at a CPA [23]
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where a(w) is the numerator of r(w) and has only ex-
ponentials that will generate time shifts in the time do-
main. The contribution of the integral with the pole is
expected to be dominant at large ¢ and it can be shown
that at the large ¢ or large Aw limit it agrees with the
expression obtained by the simpler approximation for
E..t above, see Appendix A for details. From simi-
lar arguments one can show that when the waveform
(vt — z) eF*=“Y) impinges on a laser at threshold, it
will be converted to 3 (vt — 2)? eilh==91) Thus, by in-
putting the output back to the laser or to another iden-
tical laser, it is possible to generate any waveform of the



class (vt — 2)™ e’**=«Y) For a schematic of the setup
see Appendix B.

From this inverse Fourier transform we can obtain a
good approximation to the scattered field in response
to an input square pulse starting at ¢ = 0 and ending
at time ¢1, assuming that saturation hasn’t set in. The
result is,

- [tsgn(t)+(t1 —t)sgn(t—t1)] (14716 (t— 211 )

Esc(t) _
Eine e Tmin
je— w1t tsgn(f)+(t1—1)sgn(t—t1)|(1+r1) =
~ — [ (Tm;n) ( )] , t=1— Tmin(S)
where * denotes convolution, and 7y = M, is

the round-trip time of light travel in the cavit}cf. For
Awpoles > AWinput, only the numerator determines
the equilibration time to the linear envelope behavior,
which is on the order of 7,;,. From this expression the
envelope in the linear regime has the form

- | Eine| (1 + Tl)t

Tmin

| Ese(t)] (4)

In principle n; in the definition of 7y,;, involves the gain
medium and is complex but the gain term is a small
correction, and is negligible in the unsaturated linear
regime.

B. Laser at threshold: Saturated response

In order to calculate the full nonlinear response of the
laser we will need to solve the semiclassical laser equa-
tions with nonlinear coupling between the gain medium
and the wave equation, to demonstrate the conversion
elhbz=wt) s (pt — 2) e'(F2=91) oyer a finite time until
saturation sets in. To do this we performed finite-
difference time domain (FDTD) semi-classical simula-
tions in MEEP utilizing a recently developed laser mod-
ule [28-31] with a an effective two level description,
which approximately maps to a three-level system when
there is a fast 3 — 2 transition. We choose the units
so that the length of our cavity is [y = 4pm, which
is realizable experimentally [32]. This has the effect of
making the roundtrip time of 4-10~14s; the correspond-
ing lasing frequency is in the red optical spectrum. We
assume a smooth but few-cycle turn-on of the drive and
run the simulation until saturation, whereas in the ap-
plications we envision the drive pulse would be turned
off prior to saturation. In our FDTD simulations the
cavity has uniformly distributed gain and is uniformly
pumped. Details and further parameters for the laser
simulations are given in Appendix C.

It is worth noting that in the simulations we neglect
the effect of spontaneous emission, which results in noise
in the output. To include such an effect in a simula-
tion valid for both the linear and nonlinear response
regimes is beyond the scope of the current work. In
the linear response regime (constant gain, unsaturated
inversion) one can approximate the spontaneous emis-
sion using Fermi Golden Rule and the resulting expres-
sions I' = %Pm p = —2Im(Gu(r,r)). where p,
is the density of electromagnetic states, p is the dipole

moment, and G, (r,r) is Green’s tensor [33]. To cal-
culate the Green tensor a full electrodynamic approach
in three dimensions needs to be utilized since {; = A
and the atoms should be modeled as a point source.
We outline such an approach in Appendix D. The ex-
periments using a fiber laser at threshold to integrate
pulse envelopes found that the laser noise did not signif-
icantly degrade the output [27]. In addition, in practice
the waveforms will be trimmed before saturation sets
in; we neglect this effect, since we focus on the linear
response-regime and the switching off shape will depend
on the trimming mechanism.

Consistent with our analytic analysis, as shown in
Fig 2a, the outgoing field (blue, incoming red) is in-
deed rising with a linear envelope. In Appendix E we
plot the laser response for smaller and larger incom-
ing field amplitudes, which shows that the conversion
process is robust to changes in the amplitude of the in-
coming field and at low incoming field amplitudes the
envelope is wavy after the linear-response time window.
We also derive in Appendix F the rate-equation analysis
with a constant drive, which explains these dynamics.
In Fig. 2b we show the behavior on the longer time
scale, where saturation sets in. First the field over-
shoots and then, without significant relaxation oscilla-
tions, relaxes to a lower steady-state output of constant
amplitude, Eycar X Fgare™?. In Fig. 2c we present the
scattered field as a function of z, both within the laser
cavity and in free space. The field in free space has the
form FEgeay o< (vt — 2) eikz=wt) and matches well the
predicted spatial field distribution in Fig. 1.

The saturation field amplitude, Fg,; cannot be cal-
culated analytically, but since it does correspond to
a steady-state it can be calculated independently us-
ing using Steady-state Ab Initio Laser Theory (SALT)
[17, 34], and specifically by the method of [35], re-
ferred to as I-SALT, which solves the saturated wave
equation with an injected signal. In this approach one
reduces the coupled Maxwell-Bloch laser equations to
a non-linear frequency domain Maxwell wave equation
with saturation by assuming a single-frequency constant
amplitude harmonic response as we have here for long
times. The equation is solved self-consistently including
spatial hole-burning effects as well as saturation, using
a convenient basis set, providing an exact (up to numer-
ical error) solution for Egu. In Fig. 2d we show that
the saturation field calculated by the two independent
methods (FDTD and I-SALT) agree extremely well.

From knowledge of the saturation field we can place
a lower bound on the time for which the linear response
expressions will be valid. We see from the simulations
that the field is always linear at least until the level
of Eg.; typically it overshoots, becomes nonlinear and
then relaxes. Hence the first time when |Ey(t)| = Esat
provides a lower bound on the saturation time, tg.¢.
From Eq. (4) we see that

|Esat |Tmin
_— 5
Elinc(1 + 7‘1) ( )

This confirms that the system is linear for a time which
scales as the ratio of the saturation field to the incident
field, and can be quite long compared to the roundtrip
time. We plot this lower bound to the saturation time

tsat >
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Figure 2: Semiclassical FDTD MEEP simulation results of the incoming and scattered electric fields with

J = 0.01, Ej, = 0.005 as functions of time for (a) The entire simulation time and (b) the linear-response time
window, and space (c), which confirm the output waveform (vt — z) e*(¥2=<%) in Fig. 1. Note that in (c) the laser
cavity is situated to the left of the vertical line and the gain medium is uniformly distributed along the cavity

The saturated field and tiin/t:¢ as functions of Einc (d). Response of the laser to Einc x (vt — 2) eilkz—wt) resulting in a
scattered field of the form (vt — z)? e!**=%%) in the linear regime (e) and (f).

in Fig. 2d. Note that the roundtrip time is roughly
ten times the optical period, so for the lowest input
power we have used the system is linear for more than
~ 103 oscillations. In applications, by changing the
cavity length or lowering the drive power one can tune
the linear regime to exceed the pulse length of interest.

In Fig. 2e we present the response of the laser to
an incoming field of the form Ej,. o (vt — 2) e'(kz=«t),
As expected, in the linear-response time window, there
is a conversion of the input to (vt — z)2 elkFz=wt) in
agreement with our previous analysis. In Fig. 2f we
present the laser response to this input for later times.
As before, the linear response overshoots and relaxes,
but, distinct from the previous case, here it does not
relax to a constant amplitude after saturation sets in,
because the drive amplitude itself is increasing linearly.
In practice the length of this drive would be limited
by the length of the input drive pulse, which we have
simply neglected here. Again, we do not envision us-
ing the laser converter in the saturated regime for the
applications we discuss here.

In order to switch on and off these optical signals, one
can use optical shutters, which are usually based on two-
photon absorption [36]. Optical shutters were shown to
exhibit 10fs switch off time [37] and operate at low field
intensities [38]. Thus, one could use a pulsed laser to

switch on or off the optical signals that are emitted from
the cw laser.

III. WAVE CAPTURE: ENHANCED
INTERNAL FIELD AND ABSORPTION

The applications we have in mind (at least ini-
tially) are the capture, storage and absorption of op-
tical energy, utilizing the incoming spectral singulari-
ties at complex and real frequencies. The most nat-
ural example is to use our laser converter to take a
roughly square pulse and generate a linearly rising pulse
(vt — 2)e"@t=F2) with an oscillation frequency w equal
to that of a cavity tuned to have CPA EP. Inputting
this waveform instead of e/(“*=*2) significantly reduces
the energy lost to transient scattering when a cavity is
tuned to a CPA EP, see Ref. [23] Fig. 3 b. While both
waveforms are perfectly absorbed by such a cavity in
steady-state, for a finite pulse the interaction of light
with the cavity turns on more adiabatically when the
linear ramp is applied, because the incident field is small
while the system equilibrates to quasi-steady state and
large when the system is perfectly absorbing.

Here we focus on accessing just a single complex zero
with a rising exponential by expanding it with the gen-
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Figure 3: Scattered fields for cavities with complex absorption eigenfrequency w, + iy,; we contrast cases of
constant amplitude illumination with that of an optimized rising waveform (shown schematically in (a)). Figs.
(b) and (e) are for illumination of a lossless cavity with lyn; = 4, ny = 1.22 ,w, = 3.53 + 0.287i. The rising
waveform (e) is much more efficient in capturing and storing energy than the constant amplitude input (b). Figs.
(c),(f) are for scattering from a partially lossy, undercoupled cavity (zero above the real axis) with I;Re(ny) =

4, ny = 1.22 + 0.072i, w, = 3.57 + 0.071i. Again, the optimized rising waveform (f) is much more efficiently
captured during the drive than is the constant amplitude wave (c). Fig. (d) compares the fractional scattered
energy [i E2dt'/ [ E2dt’ vs. t for both resonators and both inputs with 178.7 and 16.3 times less fractional
scattered energy before the switch off for the expanded wave for the lossless and lossy resonators, respectively.

erated waveforms. This approach can also be applied
to the second-order mode excitation of a virtual CPA
EP. We will assume that the absorbing cavity response
always remains linear here, for simplicity. If we excite
the undercoupled cavity with the correct complex fre-
quency rising waveform corresponding to a zero, this
input will be perfectly captured in steady-state. The
field intensity will continue to grow exponentially with
a rate given by the imaginary part of the frequency. In
this case the absorption per unit time will be enhanced,
because of the constantly growing intensity in the cav-
ity. This effect can be used to enhance flux into an
absorbing detector during a finite time interval. Please
note that due to the exponential growth of the input,
much of the total signal is contained in the last few
roundtrip times of the pulse, which will not be trapped
once the drive is turned off. Hence we will find that
the total fractional absorption is not necessarily much
higher, but the absorption during the equilibrated por-
tion of the pulse should be greatly enhanced. Also,
the field within the cavity should be strongly enhanced
(this effect is largest for a lossless cavity), which can be
useful for applications involving high-field or non-linear
effects. This reasoning shows the potential utility for
absorption and wave capture of being able to gener-
ate rising exponential waveforms efficiently, something
which is quite difficult to do at optical frequencies.

We explore this approach in the calculations shown in
Fig. 3, where we assume we can generate polynomials

up to m = 4 and utilize them for absorption/capture
in a lossless and partially lossy, undercoupled cavity.
Comparing Figs. 3b to 3e (lossless cavity) and 3c to 3f
(partially lossy cavity) shows that the expanded wave-
forms exhibit dramatically weaker scattering compared
with the plane waves in both cases, once the transient
loading period is over. Fig 3d shows that before the in-
put switches off, the fractional scattered energies of the
expanded waveforms for the lossless and lossy cavities
decrease to 0.2 and 0.9 percent, respectively, while for
the constant amplitude input it remains at 35 and 14.5
percent, corresponding to much weaker relative scatter-
ing for the first case by factors of 178.7 and 16.3, respec-
tively. For a discussion on the range of possible modu-
lation frequencies using our approach see Appendix G.

IV. CONCLUSION

In summary, we have shown that a laser at threshold
can in principle be used to generate a class of wave-
forms at optical frequencies (vt — 2)™ e!(*2=%%) by iter-
ative processing of a constant amplitude input pulse (or
by sending such a pulse through a laser array). These
waveforms can be used to excite a resonator or detec-
tor with an optimal rising waveform, which strongly
enhances wave capture, and absorption if the cavity is
lossy. Effectively, this provides a way to critically cou-
ple to an undercoupled cavity during the equilibrated



portion of the excitation. For more general resonators
with multiple input channel the appropriate coherent
multichannel input must be applied. Exponentially ris-
ing waveforms are well known to be of interest for cavity
loading, with potential applications in quantum infor-
mation processing [39], photonic circuits [40], and atom
loading [19]. The increased field and absorption rate
could be used for enhanced signal detection and light-
matter interactions.

An interesting possibility would be to generate a
second-order integrator via a laser with an exceptional
point at threshold [41]. While the behavior in linear
response of such an EP laser is easily shown to provide
such an integrator, to implement an EP laser additional
conditions would need to be satisfied [41]. We note that
to successfully implement our setup a fast switch on of
the pulse is required, with recent progress in this field
[36-38]. The potential dramatic enhancement in tem-
poral resolution and wave capture at optical frequencies
provided by such waveforms seems to us novel and wor-
thy of further study.
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Appendix A: The contribution of the second integral

Imposing causality the second integral in Eq. (1) in the main text reads

o0 : w—w 1 w _
a(t) * [7_ window (“5<) (w—w);ez tdw =
a(t) * e“rtsine (tAw) * te1tf (t) = % * elnt x

(2tSi(Awt) + 7t + 2 cos(t)/Aw) 0 (t) — a(t) * e?rtt

where Si(z) = [ sin (t) /tdt and * denotes convolution. From the single pole approximation we get

Esc(t) C 211’!11 —iwnt
_ _ w1 Al
. T [rl +4 (t . ) *] e o (t) (A1)

Appendix B: Suggested Implementation
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Figure 4: A scheme of a suggested implementation. The design of the desired signal can be bottom to top. We
start from the coefficient of the last Taylor expansion component, calculate the input in the last laser using the
transfer function, and add to this input the coefficient of the second to last Taylor expansion component to get
the output of the second to last laser etc. The polarizing beam splitter transfers the polarization of e™* and
reflects the perpendicular polarization obtained by propagating through a A\/4 waveplate twice. Alternatively, one
could use a Faraday rotator which is non-reciprocal

Appendix C: Parameters of the laser setup

Here we specify the laser parameters in our Meep simulation [17, 28, 35]

do
B TLiTT Bl B oit
ny = €1+ - ) I'= 2 2
Wo — Wg + 271 (we —wa)” + (71)
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6> (712 — 721
b 0 fiyr \ 712 + 721
we =40.77, we, =40, 1 =1, n; = 1.50298 — 0.0194,

0 =1, Ny = 37,712 = 0.005065, y2; = 0.005,

N0> =0.06, ¢; = 2.25,

where v, is the gain bandwidth, dy is the pump amplitude, 6 is the light-atom interaction strength coefficient,
12 is the pump rate, 72; is the nonradiative decay rate, Ny is the population density, w, is the atom transition
frequency in the gain medium, w, is the lasing frequency, and we have used SALT units [17]. Note that our gain
value is 1705 1/cm, which is on the order of an experimentally-realized gain at room temperature of 940 1/cm and
one can increase 1 to reduce the gain e.g., by introducing Bragg mirrors [32].

Appendix D: Approximating the spontaneous emission in the linear response regime

Approximately only the resonant mode is dominant in this calculation and we write: G, = %%,E = Eg —

kdkd¢ s, 4mp Ex(20)E_g(20)

(2m)% s—sk €2 (Ex|Eg)
€1 and ep are the cavity and free space permittivities, respectively, and e is the eigenpermittivity. (Ex|Eyx) =
J dVE_g (r) - Ex (r) is the inner product in the cavity volume, z is the dipole location, and Ey is the dipole field
in a uniform medium with the cavity permittivity [15, 42, 43]. Note that both the denominator and numerator
vanish for £ = 0, which is the magnitude of the k vector that is parallel to the interface.

, where Ey, is a full electrodynamic eigenfunction, s; = ea/(€2 — €1), s = €2/(€2 — €1),

Appendix E: Excitation of the laser with additional incoming field amplitudes

Here we excite the laser with 10 times smaller and 5 times larger values of Ej,. and plot the responses in Fig.
4 (a) and (b). It can be seen that at low values of Ei,. the scattered field becomes wavy after the overshoot and
that at large values of Ej,. the response is more rapid.

time (ps) time (ps)
(a) (b)

Figure 5: The laser response for (a) Joxt = 0.001 and (b) Jext = 0.05.

Appendix F: Rate equations for a laser with a constant drive

We consider the rate equations for a three-level atom with a fast 1 — 0 transition (for the I-SALT stability
analysis see Appendix in Ref. [35]). We can thus use an effective two level description [44]. We write the equations
for the photon number n and population at the third level Ny with a constant drive

dn E2
e —2f~m+DWn+T1#C, (F1)
dN-
2 = (N — N2) Wop — w12N2 - WNQ’H, (F2)

dt
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where 2k is the inverse time of a photon in the cavity, which for a laser at threshold reads 2x = % where G is the
gain, T the transmission coefficient, wyy the pump strength, wio the non-radiative decay coefficient, and W is the

1 c?

stimulated emission coefficient defined as W = = ——%5+—, where 7 is the atom lifetime, V is the laser volume, and

. . ; T V8TWw2Aw’
Aw is the atom linewidth.

Since we assume a fast 1 — 0 transition, D = Ny — Ny &~ Ny and we write

dD

—_ = (N — D) Wa0 — wlgD — WDT?,

dt
The stationary solutions read

E?
0= —2mL—|—DWn—|—T1%7

0= (N - D) Woo — ’lU12D — W Dn.

We substitute n = ng + én, D = Dy + dD in the equations and omit the § Dén terms to get

d E
% = —2k (ng + on) + (Dong + ngdD + Dodn) W + T
déD
W = (N — (Do + (SD)) W — W12 (Do + 5D) 4 (DQTL() +ngdD + Doan) .

Subtracting the stationary equations we obtain

da(?7tn = (Dow — 2%)) on + n0W5D,

déD

—— =06D (71020 — W12 — WTLQ) - WD()(STL

dt

We then simplify these equations using the stationary equations and get

s E2 1
" Zine Z sn 4 g WD,

W o ! h o
déD o N’IU20
W = DO 0D WDO(sTL,

where Dy, ng can be expressed from the stationary equations.
We guess solutions of the type

on = Ae™, §D = Be™,

and obtain

EZ 1
(a +T1‘“C> A — BngW =0,
h no

We write for «

E2 1 N
<a+T n) (a—!— 20) +noW2Dy = 0,
h 0 0
E2 1 N 2 1N
a4 | Ty Fme — w201 Line L+ VW20
h no Dy h no Do

(F3)
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E2 N'lUQ() E2 N’LUQ() 2
= — T —inc :l: T me - 4 W2D )
Q12 < h g — + Do ( - o Do ) no o

2
substituting 2kng — T3 Ehf = DoWng, we get

E2 1  Nuwsy B2, 1 Nuwy)® E2
— T mc :l: T mc _— _ 4W 2 _ T mnc .
Q12 ( 1= o — + Do 1= - Do Kng 15
It is clear that the first term (outside of the square root) increases when we increase FEi,. since EZ . increases
more rapidly than ng (see Fig. 2d), and Dy decreases, which implies fast dynamics. Similar arguments follow for

the second term in the square root that can be negative, which means that at large values of Ej,. there are no
oscillations, in agreement with our simulation results.

’n,:t _ E2T1W - 2h/<;w12 - 2h/<;w20 + hNWw20 + \/(E2T1W + 2h/<e(w12 + U)Q()) + hNWw20)2 - 8h2I{NWU)20(U)12 + 'IUQ())
0=
4hkW

E?TVW + 2hkwg + 2hkwag + ANWwsg F \/(E2T1W + 2hk(wig + wag) + ANWwgg)? — 8h2k N Wwgg (w12 + wag)

Dy =
0 QhW(UMQ + w20)

Under the assumption of a small drive we get

\/(E2T1W + 2hk(wig + wag) + ANWwag)? — 82k NWwgg(wia + weg) =

\/(E2T1W)2 +2E2TVW (thi(’LUQ + U)Qo) + hNWU]QO) + (2]’“6(11)12 + wgo) + hNWU}QO)Q — ShQKNWwQQ(wm + ’LUQQ),

a = (2h/€(w12 + ’wgo) + hNW'LUgo)Z - 8h2HNW’lU20(’w12 + wgo),

\/CL + (E2T1W)2 + 2E2T1W (2h/{(w12 + ’w20) + hNW’lUgo) =

. (1 . (E2TyW)? + 2E2T0 W (2h#(wis + wag) + hNWw20)>
a

- a <1 ) (B2TyW)® + 2B2Ty W (2hs(wya + wao) + hNngo)) .
a

we get (choosing the physical solutions)

2 2 2 w
ET\W — 2hiwns — 2hrwsg + ANWwso + y/a (1 (B W) 2P W @l o) NV ""’))

2a
+ ~
"o 4hkW ’
2 2 2
E2TyW + 2hkwia + 2hwwsg + hNWiweg — \/a <1 + (B°TiW)"+2E T1W(2£L:(w12+wzo)+hNszo)>
Df ~

2hW(w12 + 1U20)

(2hn(w12+w20)+hNW“’20) > 1, no and Dar

Since increase and decrease when increasing E?, respectively.

We can express Esat with ng

d
di;‘ = —2nok = —P/h = —E2,/h,

h h
Esat = \/m = \/ nO R1 \/n[) In R1

2nl1 2nly

Finally, we phenomenologically approximate W 4% = NyWn, n = Ae™N2Wt E = hmidl = ehnic/net - g2 —
e2knic/ne At NOW = 2kn;c/n,., W = 2knic/ (n,No;) .
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Appendix G: The range of I'.s that can be generated

We now evaluate the modulation frequency range that can be used in this platform. First, it can be readily seen
that for the waveforms within this class there are no observable deviations from the analytic expression (except for a
short transient) since there is no dicretization of the signal and we conclude that their modulation frequency is very
high. Then, for expanded waveforms, we note that for a single Taylor expansion, we require I't; < 3, where ¢ is the
final pulse time, for the expansion to be accurate using five waveforms. Then, for high-modulation frequencies since
the output is assumed to be valid from a certain time, we also require that ¢y 2 max (2In/c,1/Aw), where Aw is a
width in which the single-pole approximation is valid and is on the order of the free spectral range and also depends
on the laser linewidth and gain bandwidth. Note that for long cavities one can require t¢ < 2In/c, ty 2 1/Aw but
Aw becomes small. Thus, we get I' < 3/ max (2In/c,1/Aw) that we approximate to be on the order of w/5 for our
laser. This limitation may be overcome by utilizing an ENZ laser [45] or reexpanding the output. On the other
hand, for the Taylor expansion to capture significant temporal variations, one can require I't; 2, 1, and due to the
gain saturation we impose tf < tsat. Thus, we get I' 2 1/tsat, which in our case is 2THz. This limit may also be

overcome by using a long ENZ laser. In conclusion, we obtain 1/tes ST S 3/ max (2in/c,1/Aw) .
[




